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Abstract: In power engineering, the Y}, is a symmetric N X N square matrix describing a power
system network with N buses. By partitioning, manipulating and using its symmetry properties,
it is possible to derive the K and Yy matrices, which are useful to define a loss minimisation
dispatch for generators. This article focuses on the case of constant-current loads and studies the
theoretical framework of a second order optimization method for analytic loss minimization by taking
into account the symmetry properties of Y3,;. We define an appropriate matrix functional of several
variables with complex elements and aim to obtain the minimum values of generator voltages.
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1. Introduction

Electrical power system calculations rely heavily on Y},s, a symmetric square N X N matrix,
which describes a power system network with N buses. It represents the nodal admittance of the buses
in a power system, see Figure 1.
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Figure 1. On the left: The red arrows in this network diagram indicate where overloading of power
lines could occur in the case2382wp power system, due to short-term fluctuations in (notionally)
renewable generator outputs. On the right: The diagram shows the nesta case2224 edin test power
system, see [1,2].

By taking advantage of its symmetry properties, it is useful to split the Y3, into sub-matrices
and separately quantify the connectivity between load and generation nodes in the network; see [3].
This idea has been also further applied to several power engineering problems [4-7]. Currents (I)
and voltages (V) in an electrical power system are related by the symmetric admittance matrix, Yp,s,
in such a way as to group generator (G) and load (L) nodes separately (see [8,9]):
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where I, Vg € C", I}, V; € C" and:

Since Yj,s is symmetric, we have Yi g = YgL; where Ygg € C"™*", Y € C", Y5 = Y& €
C*™™ and n +m = N with n # m. The kernel of Y},; is known and has dimension one, unless the grid
graph is disconnected. From this, one can conclude that Y7 is invertible. The use of a pseudo-inverse
could be considered only if all nodes are loads. Let Z;; = YELl. Then, we can define ([10,11]) two
useful sub-matrices:

Yoom = Yoc + YgrFra, )

and:
Fig = —Z11Yic = —KE,. 3)

Using (2) and (3), we give (1) the form:

VL
Ig

I
Ve

Zir Fic
Kgr Ygom

7

from where more insightfully, one can use to derive an expression for this optimal generator dispatch:
Ig = Kol + YeomVe. 4)

Furthermore, by using these expressions, we can arrive at Vg Ig = Vg KgrIp + VGT Yoom Vg and
I LT V=1 LT Zipl +1 LT FicVi. Then (see [12-14]), given that generator powers will be positive and
loads negative, the total system loss is given by the sum Vg Ic+1 LT Vi, = Vg Yoom Vs + Vg (YoLZ1 —
YI.ZI )1, + IFZ], I;. From the three components in this sum, the circulating current loss is directly
a consequence of generator voltage mismatches, i.e., it depends on the product Ysoum V. How may
in general generator voltage mismatches be avoided? It is trivial to achieve a consistent || Yoom Vi1
profile, as voltage magnitudes are directly controlled by arbitrary set points using automatic reactive
power control. Under minimum loss condition, the work in [4] implies that V; is homogeneous, and by
obtaining the min ||Ygom Vi |1, the second term of (4), corresponding to current circulated between
generators, reduces with the ideal conditions being: I = Kgrlp = Sgpt. This is equivalent to the
loss-minimizing formula presented in [4] and gives two terms for I, which the system operator can
control by generator dispatch. We used || - ||; because of its properties in robustness and sparsity.
However, in general, the proposed method could also work by replacing this norm with || - [|5.
Loss minimization in power systems is usually achieved using optimization techniques. There are
several methods in the literature that avoid matrix factorizations and have low memory requirements;
however, in most of these methods, which are usually first order methods, essential information is
missing, and practical convergence is slow. In this article, we propose a second order method that
aims to be memory efficient, provide effective computational results and have noticeable progress
towards a solution. Note that when loads are constant-power, their current I} becomes a function
of their voltages, and therefore, the different terms in (4) cannot be treated independently. Hence, in
a case like that, it would not be clear whether the proposed solution would minimize losses when
constant-power loads are present. For this reason, in this article, we focus on and apply the results to
the case of constant-current loads.

2. Mathematical Background

We are interested in the following optimization problem:

minimize ||Yoom Vi1, subjectto: AVg =b,
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where:
YoL

A—
YL

Vi,

Yee p— | o | _
Yig | I
and Ygom, Yoo € C"", Vg, Ig — Yo VL, € C", Y € CY" Vi, I — Y11 Vi € C". Let:

n
2
Yoo =W, and YgemVo=Y e C", with Y= y

Ym

In the next section with the main results, we will apply a second order optimization method,
i.e., we will use derivatives of first and second order. However, the ¢;-norm is not differentiable.
Many researchers in the literature use first order optimization methods and apply appropriate
smoothing to the problem by using the Huber function. In our case, this is not possible since the
Huber function is differentiable, but not twice differentiable. Hence, we propose to replace the ¢1-norm
with the pseudo-Huber function [15,16], see Figure 2. The pseudo-Huber function parametrized with

u>0is:
¥ (WVG) = p Y ([1+ V;Zi ~1). (5)
i=1

i 00
™
0009}, & 000,
) 53 “ 1=0.0001 &
00| A% (2 oooa| %, ¥
0 . Y K
£ K % ’
0.007 £ 0.007 Y ’
* ’ b ’
", 5 £y »
0.006 S " 0.006 s, o
o\ E * &
g ¥ 0.005 i
0 e 55 s # n=000
v L s
0.004 -, 0.004 [+ AJ g .
- ) - - L - 4
», ’
2 F ‘o . * &
0.003 ) ; 0003 . . 54 w001 o
£\ i %, £y # 0
0002 * L 0.002 o kY ’ 3
* - ., ‘s £ -
L e RS - o ra ‘\'
0.001 || —— L1-norm ) & 0001 > ., 5 =
= =1 Huber » a2 = L1-norm g . A B
1111 Pseudo-Huber NV Ai | = = Pseudo-Huber i g B=01
AVE £ IT.). ¥ /SR g P T Y =
-0.01 -0008B -0006 -0.004 -0.002 o 0.002 0.004 0.006 0.008 o -0.01 -0.008 -0.006 -0.004 -0002 o 0.002 0.004 0.006 0.008 om

Figure 2. A comparison between the /; norm, the Huber & the pseudo-Huber function, and the
norm & pseudo-Huber function for different values of u; see [15,16].

The gradient of the pseudo-Huber function ¥, (WV;) is then given by:

1, ., =, 2 . 7w
VTM(WVG):ZV[ J1+1150 \/1+y%gm \/1+y;% /1+3’*;’¢Z'”} W (6)

and the Hessian is given by:

1 - A - 2 2 w
2 _ T T :
s * * \/ \/ >k W
+ diag { s Yh Y, L, Y } W ] ), (7)
where: 1 1
Y, = —— +
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and: )

i = T2

ke Ja+ By
The following lemma shows that the gradient of the function ¥, (WV;) is bounded.
Lemma 1. The gradient VY, (WV;) satisfies:
—2Kml, < VY, (WVg) < 2Kmly,

where 1y, is a vector of ones of length m, and:

Proof. Since:
(Rey;)? < (u)* + (Rey;)* + (Imy;)?, and (Imy;)* < (u)* + (Rey;)? + (Imy;)?

we get
L v Rey; . Imy;

— — — l ,
HLHER ViRt ng Ve i

or equivalently,

1 Yi ) 1 7i )
—— <144, and ———<1-1i.
iz /1+y’% iz 1+y;%
Then,
1 . . . ) W
va(wvc)gé[uz, v 14, 1—id, ., 11][“’]'

or equivalently,
VY, (WVg) <

1
S| QDT @+ A=) T wn, e (U1 Ty @i+ (L= ) K i |

or equivalently,
V¥, (WVg) < [ Y (@n +wi), . L (Wi + wiy) } < 2Km1,.

Furthermore, in a similar way, it can be proven that —2Km1, < VY¥,(WV;). The proof is
completed. O

Lemma 2. The Hessian matrix V¥, (WV;) satisfies:

0, < VX¥,(WVg) < 1,

OO

Proof. It is known that for every induced norm ||-||, we have:

+

whereL:%H[WT WT}H(Z VV\\;

A< HVZ‘I’H(WVG)

7
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where A > 0 is a random eigenvalue of VZ‘I’H (WV;). Observe that:

- 1 1
|Y;| < —— | + —| <2,
V(14533 ‘,/Hy;gl
and:
\%‘2\2
7| = <1
‘1+ ylgl 2
because: )
|yi2| §1+y1712/1§(1+y11;1)g
H M
Thus:

or equivalently,

The proof is completed. [
The next lemma shows that the Hessian matrix of the pseudo-Huber function is Lipschitz

continuous.

Lemma 3. The Hessian matrix V¥ ,,(WV() is Lipschitz continuous:
2 2 1
[v29u2) = 9| < zMllz =1

where:

1

=31 v [ ] el we [ 4])

Proof.

< ds,

[T,
0

LV2¥,(y+s(z—y))
ds /0 ;

[ 724 = 7| = 7

or equivalently,
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& fdig| 75w Zio Zi o Z || s
where: 1 .
Zi= — + —,
\/(1 + [%‘Jrs(Zi*yi);]l[zyﬁs(zﬁyi)] )3 \/1 + [yﬁs(zﬁyi)i[zyﬁs(zi*yi)]
and:
g 1 lyi + s(zi — yi)]?
i e \/(1+ [yf+S(Z[*yi);]l[zy_#s(ff*y_i)])3
Furthermore:

el 2 2ot )

d, .. 5 -
VEC(%(dlag[Zl, wr L, L1, e Zm})H =

d . A A N a
—max|[(diag [ 21, o Zu Za, s Zw Ni| =
1 1
= max [% — + ———;i| =
\/(1 + [yi+5(zi*yi)£l[2yi+S(Zi*yz‘)] )3 \/1+ [yz‘+S(Zi*yi)£l[2yi+5(zi*yi)]
= max (—§ L — _%( L — )°)
\/(1 + []/iJrS(Zi*yi);[zyiﬂ(zﬁyi)] )5 \/1 + [yiﬂ(zi*yi)gl[zyiJrS(Zi*yi)}

'M;u%+qamnm-zﬁ+wfzﬂﬁ+42%ﬂﬂﬂ

o lyi +s(zi —yi)] lyi +s(zi —yi)]

1 3
<2 12 = | max(

1
5 =S|+ | )+
\/(1 4 lsteuletz-ull s \/1 ¢ bttt
+ [§ []71 +S<Zi _]71')] + 1( [yi+s(zi _]71')] )3) )
2\/(1+ [yi+s(zi*yi)ll[zﬁi+5(ii*?i)])5 2 \/1+ [yi+5(zi*yi);[2?i+s(7:i*gi)]
1 o921
< — — [ _ :
< L le-yl b < Ly

or equivalently,

. 5 2 1
Hds(dlag[zl, o Ty 21y Zm})H§V|z—y|| ®
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and:

vec(

= max

d . * * 7 % 7 %
[%(dlag{zl, A/ A })]zz’

1

= maxX |——

[yi +s(zi —yi)]

(,7
ds' p? sy litsE1,
" \/(1+ lesylfeleim50)

)3

Vlz ly — z|| max 2[y; +s(zi — yi)]

_|_

(1+ lyits(zi—yi)l [2y'i+3(2’i—?i)]

+% lyi +s(zi — yi)]®

H \/(1 + [%‘Jrs(Zz‘*yi)}]l[zy‘ﬁs(fi*%)}

IN

Nig

32 2
< 22 |z — Zly —
< %5 Iz =yl < —llz=yll,

K
or equivalently,

d, .. .
Hds(dlag[ Z3,

From (8) and (9), we get:
|72 - v < || [ 7 w7 ]| H [ v ] H ==yl +
sl w1 W]

|79 - V0| < Mzl

w1 w13 ][I0 w13

The proof is completed. [

_ - 2
. Zh 7, ZH)HSVHZ_” )

2zl
}/{ 7

or equivalently,

where:

3. Main Results

In this section, we will present our main results and the proposed optimization method. We begin
with a proposition that will be useful in the main Theorem.

Proposition 1. The it" row of the matrix Yogm, given in (2), sums tod;, ¥V = 1,2, ..., m; where d; is the sum
of the it" row of the matrix Yo + Y as defined in (1).
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Proof. From (3):
Fig = —Zi1Y1G,

whereby multiplying by 1,,, we get:

1 1
1

Fic | = —Z11.Y1G
1 1

Let ¢; be the sum of the it row of the matrix Y;; + Y| ¢ as defined in (1). Then:

1 C1 1
1 Co 1
Fig| . | =—Zu| . | =Y | . |)
1 Cm 1
or equivalently,
1 1 Cc1
1 1 Co
Fig| . | =Y | . |—Zw

1 1 Cm

For the sum of each row of Yggum, we have:

1 1 1
1
Yoem | . | = (Yo + YerFig) | =Yec| .| * Yor( S| 4
1 1 1 1
or equivalently,
(1
1 1 (05}
Yeom | . | =(Yec+Yer) | . | —YerZir | . |,
1 1 Cm
or equivalently, from [10]:
1 dq
1 dy
Yoom = .
1 dy

The proof is completed. [
Theorem 1. We consider the following optimization problem:

minimizey, ||YoomVcll1, subject to: AVg =b,

(el p— | Io | _
Yig |’ I

where:
Yo

A =
Yo

Vi,

8of 11

1
(6]

Cm

(10)
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and Yoom, Yo € C", I — Yo VL € C", Y6 € C™ I} — Y Vi € C". Then, by using a second
order optimization method, an approximate solution of (10) in respect of Vg € C™ is given by the solution of the
linear system:

AV = 1V (YoouV) + A*(AVY) —b) + AV, 11)

where A = [’sztpy(YGGMVéO)) + A*A|, v and u are a priori-chosen scalars, 1/JV(YGGMVéO)) is the
pseudo-Huber function given by (5) and:

dq
do

Véo) = , YGGMVéO) = . |-
1 dm

where d; is the sum of the it" row of the matrix Yo + Y as defined in (1).
Proof. We have the following optimization problem:
minimizey, ||[YoomVe|l1, subjectto: AVg =b.

In this case, the optimal solution of the following /;-analysis problem:
o 1
minimize f,(Vc) := 7[[YoomVcl + 51lAVe — bl3,

is proven to be a good approximation to V;; where 1 is an a priori-chosen positive scalar and || - || is
the Euclidean norm. Let:

n
. Y2
YoomVe =Y € C", with Y = .
Ym
Since we will apply a second order optimization method, we will use derivatives of first and
second order. However, the ¢1-norm is not differentiable. As mentioned in Section 2, we can apply
appropriate smoothing to the problem by using the pseudo-Huber function as defined in (5), which is

a twice-differentiable function. Hence, we propose to replace the ¢1-norm with the pseudo-Huber
function [15]. By using (5), the pseudo-Huber function parametrized with p > 0 is:

Pu(YoomVe) = pu(Y) = n Z(\/@— 1),
i=1

where 7j; is the complex conjugate of y; and u controls the quality of approximation, i.e., for p — 0,
then ¢, (x) tends to the ¢;-norm. Our optimization problem is then approximated by:

o 1
minimize £} (Vc) = 1¥u(YeemVe) + 5| AVe — bll3.
Note that f} : C" — C. From Lemmas 1 and 2, it can be observed that the Hessian of f is

bounded and from Lemma 3 that it is Lipschitz continuous.

A second order approximation of f;‘ at a given state VC(;O) is:

} . 1 .
Fe) = V) + VA VE Y (Ve =vE) + 5 s = vy A (V) (Vs = V).
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With *, we denote the conjugate transpose. Note that V £5 (Yp) is m x 1 and V2fJ(Yy) is m x m.
For the optimality condition at VP we set:

VA (VY = 01,

or equivalently,
VAWV + (Vo = VeV VP VE) = 01,
or equivalently,
VAV + PHVE) Ve = Vg") = O

Hence:
YV (YoamVe)) + Yoo (AVE) = b) + (192 (YaamVY) + A Al (Ve = V) = 0p1,
and consequently:
PV 9u(YeouVe) + A" Al (Ve = V) = 1V (YoeuVE") + A%(AVE ~b).

We may choose V((;O) = 1,,. Then, from Proposition 1:

dq

dy
Ycom Vc(;o) =

dm

The proof is completed. [

4. Conclusions

This work has derived a new optimization method for loss minimization of power systems.
We defined the function of several variables with complex coefficients that describes this optimization
problem and obtained the minimum values of generator voltages, so that the active power losses reduce
the irreducible component, which arises from serving load currents. For this purpose, we proposed
a second order method and provided all the theoretical framework needed. This new result on the
optimization of network topology may bring insights from the established literature on graph analysis
to bear on electrical engineering problems. In particular, several parts in the method proposed are
written generally and in a way that it can be applied to a much bigger class of problems, including
sparsity-promoting fitting problems.

Funding: This material is supported by the Science Foundation Ireland (SFI), by funding Ioannis Dassios under
Investigator Programme Grant No. SFI/15/1A/3074.
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