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Abstract: The double pendulum type gantry crane is a typical symmetry underactuated motion
system. It has control problems in that the swing of the payload is difficult to suppress and the
precise positioning of the trolley is not accurate. A new nonlinear coupling control method based on
improved energy is proposed in this paper. We define coupled control signal among trolley, hook and
payload. An improved energy storage function is established based on the new coupling control
signal. Consequently, a nonlinear anti-swing controller is constructed straightforwardly, and the
closed-loop system stability is subject to strict mathematics analysis by Lyapunov and LaSalle’ s
theorem. Moreover, the new energy function based on the coupling behaving between the trolley
motion and the payload swing leads to the improved control performance. Numerical simulation
results show that the proposed method has better performance than traditional controllers. It not only
effectively suppresses the swing of the load and the hook, but also precisely controls the displacement
of the trolley. It has strong robustness to the displacement of the payload, the change of the gantry
crane parameters and the external disturbance.

Keywords: symmetry underactuated gantry crane; double-pendulum; nonlinear control;
Lyapunov techniques

1. Introduction

The gantry crane is a kind of common engineering equipment used in construction, port logistics,
manufacturing and other fields [1,2]. The main goal of the gantry crane control system is not only
to move the payload from its initial position to the desired position accurately, but also to quickly
suppress and eliminate the swing of the payload throughout the process. In addition, the number of
system degrees of freedom greater than the number of control inputs is referred to as the symmetry
underactuated system [3]. Gantry cranes are typical representatives of symmetry underactuated
systems. Among different types of nonlinear underactuated control systems [4–7], there are many
unsolved challenges in gantry crane control.

Currently, most gantry cranes are operated manually. Therefore, work efficiency is heavily
dependent on the proficiency of the operator. We all know that manual manipulation is generally
inefficient and inaccurate. Inadvertent incorrect operation can even lead to serious accidents. Therefore,
it is very important to suppress the swing angles of the payload and improve the positioning errors
of the trolley. The safety and efficiency of the gantry crane system has attracted much attention
from researchers and has obtained many useful and constructive advanced control methods, such as
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trajectory planning-based control [8–10], inversion control [11], adaptive control [12–14], nested
control [15], energy control [16–18], intelligent control [19–22], feedback linearization control [23],
delay-based control [24,25], gain scheduled control [26], sliding mode control [27–29], prediction
control [30–32], advanced robust control [33,34] etc.

The control method mentioned above treats the payload swing as a swing of a single pendulum.
The hook and payload are roughly considered to be the same mass point, or the hook is directly ignored.
However, this is obviously unreasonable because the payload is usually suspended from the hook by a
long steel cable. The payload and hook cannot simply be considered the same mass point. This is the
double pendulum phenomenon in which the hook swings around the trolley and the payload swings
around the hook (See Figure 1). When the gantry crane exhibits the double-pendulum phenomenon,
it is very difficult to suppress or eliminate the hook swing and payload swing, even for experienced
operators. In addition, most control methods based on single-pendulum gantry cranes are not suitable
for this situation. So far, research on nonlinear control for gantry crane with double pendulum swing
effect is still in its early days and has some unsolved problems.
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Some proportional derivative (PD) controller and passivity-based controller are proposed in [35,36]
by analyzing the underactuated and passivity characteristics of the gantry crane. However, these two
controllers have very poor suppression performance of payload swing due to the lack of feedback on the
payload and hook motion. In order to improve the control performance of the double pendulum gantry
crane, conventional sliding mode control (CSMC) method [37] and fuzzy control method [38] based on
the single input-rule modules have been designed for the gantry crane with double pendulum effects.
In addition, Sun N et al. suggested a new quasi-proportional integral derivative controller [39] and a
model-based nonlinear anti-swing controller [40] to effectively control underactuated double-pendulum
crane systems. However, these control methods need to get the system parameters of the double
pendulum gantry crane, such as the payload mass, cable length, desired positions et al. It is obviously
unrealistic. Because different payloads have different masses, different cables lengths, and different
desired positions. These system parameters cannot be known before the transportation process begins.
Moreover, Zhang M et al. proposed a novel energy coupling based controller [41] and an enhanced
coupling proportional derivative with sliding mode controller [42] for the double pendulum gantry
crane. Some robust and online trajectory planning methods are presented in [43,44], respectively.
However, these feedback controllers are proposed under complex structures and are difficult to use in
actual double-pendulum gantry cranes. Therefore, the above-mentioned controller has three main
problems: weaker swing suppression control performance, depending on precise system parameters
and complex structures that cannot be practically applied.

To solve the above problems, we propose a nonlinear anti-swing control law for the gantry crane
with double-pendulum swing effects and uncertain parameters, which can achieve effective control for
both trolley position and swing suppression/elimination. Then, the origin of the closed-loop system
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stability analysis is presented by using the Lyapunov techniques and LaSalle’s invariance theorem.
Lastly, several groups of simulations are implemented to demonstrate the proposed controller’ actual
performance. Briefly, the main contributions of this paper are presented as follows:

(1). The proposed nonlinear anti-swing control law is designed based on shaped energy function
of double-pendulum gantry cranes. The defined generalized signals including trolley motion, hook
swing and payload swing increase the state coupling of the system, so the control performance is
improved compared to the traditional feedback controllers.

(2). There are no system parameters in the proposed control method. This means that even if
some physical parameters (for example, hook and payload masses and lengths of cable) are uncertain
or unknown, the control performance will not be seriously affected. For the proposed control method,
it is not necessary to know the system parameters of the gantry crane.

(3). The control method proposed in this paper is useful in the actual gantry crane system because
it has a simpler structure than the other traditional closed-loop feedback controllers.

(4). The proposed method controller is robust to uncertain transfer distances, uncertain model
parameters and various external disturbances.

The rest of this article is organized as follows. Section 2 describes the dynamic model of
underactuated double pendulum gantry crane. Then, the control law development and stability
analysis are carried out in Section 3. After that, Section 4 provides some numerical simulation results
that demonstrate the effectiveness of the control scheme. Lastly, the conclusion of this paper is
presented in Section 5.

2. Dynamics of Gantry Crane with Double-Pendulum

The schematic diagram of the gantry crane with double-pendulum is shown in Figure 2. In the
case of ignoring the air resistance, the Euler-Lagrange equation is used to establish the dynamic model
of the double pendulum gantry crane [39–42]:

M(q)
..
q + Vm(q,

.
q)

.
q + G(q) = U (1)

where q refers to the gantry crane system state vector; M(q) refers to the gantry crane system inertia
matrix; Vm(q,

.
q) refers to the gantry crane system centripetal-Coriolis force matrix; G(q) refers to the

gantry crane system gravitational potential energy vector; U refers to the gantry crane system control
vector. The above parameters are specifically defined as follows:

q = [ x(t) θ1(t) θ2(t) ]
T

(2)

M(q) =


M + m1 + m2 (m1 + m2)l1 cosθ1 m2l2 cosθ2

(m1 + m2)l1 cosθ1 (m1 + m2)l21 m2l1l2 cos(θ1 − θ2)

m2l2 cosθ2 m2l1l2 cos(θ1 − θ2) m2l22

 (3)

Vm(q,
.
q) =


0 −(m1 + m2)l1

.
θ1 sinθ1 −m2l2

.
θ2 sinθ2

0 0 m2l1l2
.
θ2 sin(θ1 − θ2)

0 −m2l1l2
.
θ2 sin(θ1 − θ2) 0

 (4)

G(q) =
[

0 (m1 + m2)gl1 sinθ1 m2gl2 sinθ2
]T

(5)

U =
[

F 0 0
]T

(6)

where M, m1 and m2 represent the trolley mass, the hook mass and the payload mass, respectively;
l1 and l2 denote the cable length and the distance of the payload point-mass from the hook point-mass;
x is the displacement of the trolley; θ1 refers to the swing angle of the hook; θ2 stands for the payload
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swing angle; g represents the acceleration of gravity; F stands for the resultant force applied to the
trolley, which consists of the following two parts:

F = Fa − Fr (7)

where Fa denote the actuating force of the trolley; Nonlinear mechanical friction force Fr between the
trolley and the rail can be described as [39–42]:

Fr(
.
x) = fr0tanh(

.
x/ξ) − kr

∣∣∣ .
x
∣∣∣ .
x (8)

where fr0 and ξ represent static friction-related coefficients, and kr denotes a viscous
friction-related parameter.
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Equation (1) is rewritten to facilitate the development of the following controllers:

(M + m1 + m2)
..
x + (m1 + m2)l1(

..
θ1 cosθ1 −

.
θ

2
1 sinθ1) + m2l2

..
θ2 cosθ2 −m2l2

.
θ

2
2 sinθ2 = F (9)

(m1 + m2)l1 cosθ1
..
x + (m1 + m2)l21

..
θ1 + m2l1l2 cos(θ1 − θ2)

..
θ2

+ m2l1l2 sin(θ1 − θ2)
.
θ

2
2 + (m1 + m2)gl1 sinθ1 = 0

(10)

m2l2 cosθ2
..
x + m2l1l2 cos(θ1 − θ2)

..
θ1 + m2l22

..
θ2 −m2l1l2 sin(θ1 − θ2)

.
θ

2
1 + m2gl2 sinθ2 = 0 (11)

As can be seen from Figure 1, xp(t) is the payload horizontal displacement:

xp = x + l1 sinθ1 + l2 sinθ2 (12)

Herein, we define the generalized payload horizontal displacement signal Xp based on the form
of (12):

Xp = x + ka1 sinθ1 + ka2 sinθ2 (13)

where ka1, ka2 ∈ R+ are yet to be adjusted parameters. The generalized payload horizontal displacement
Xp is a natural coupling signal. It can help to increase the coupling behavior among trolley translation
x(t), the hook swing θ1(t) and the payload swing θ2(t). Therefore, Xp is the basis of the double
pendulum gantry crane nonlinear coupling anti-swing controller development. The following
assumptions are made without loss of generality.
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Assumption 1. The cable is massless and inflexible. In addition, the length of the cable remains constant during
the transferring process and the twisting of the cable can be ignored.

Assumption 2. The payload is always below the trolley during the overall transferring process.

The mathematical expression is as follows:

−
π
2
< θ1,θ2 <

π
2

,∀t ≥ 0 (14)

3. Main Results

This section describes the controller design and the stability analysis. First, the nonlinear coupling
anti-swing controller has been designed based on the improved energy storage function for gantry
crane with double-pendulum swing effects. Then, the stability of the closed-loop system is proven by
Lyapunov techniques and LaSalle’s invariance theorem. The block diagram is provided in Figure 3 to
make the controller design and stability analysis clear.
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3.1. Controller Design

After some physical analysis, the entire energy E(t) (including potential energy and kinetic energy)
of the double pendulum gantry crane can be calculated as follows [39,41]:

E(t) =
1
2

.
qTM(q)

.
q + (m1 + m2)gl1(1− cosθ1) + m2gl2(1− cosθ2) (15)

By taking the derivative of Equation (15) with respect to time, and substituting Equation (9) into
the result equation can be obtained as follows.

.
E(t) =

.
xF (16)

It shows that the double pendulum gantry crane system is passive and dissipative under the input
F(t) and output

.
x(t). There are no terms related to θ1,

.
θ1,θ2 and

.
θ2 in Equation (15). In order to solve
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this problem and improve transient control performance, we plan to construct an energy-like storage
function Ed(t) with the following expression along the time derivative of the system dynamics model
(1):

.
Ed(t) =

.
XpF (17)

where
.

Xp can be derived from the derivative of Equation (13):

.
Xp =

.
x + ka1

.
θ1 cosθ1 + ka2

.
θ2 cosθ2 (18)

Integrating Equation (17) with time to get the Ed(t).

Ed(t) = 1
2

.
qTH(q)

.
q + [(m1 + m2)l1 + ka1(M + m1 + m2)]g(1− cosθ1)

+ [m2l2 + ka2(M + m1 + m2)]g(1− cosθ2)
(19)

where H(q) is a symmetrical matrix as shown below:

H(q) =
M + m1 + m2 (m1 + m2)l1 cosθ1 m2l2 cosθ2

(m1 + m2)l1 cosθ1 ka1
[
M + (m1 + m2) sin2 θ1

]
l1 + (m1 + m2)l21 m2l1l2 cos(θ1 − θ2)

m2l2 cosθ2 m2l1l2 cos(θ1 − θ2) ka2(M + m1 + m2 sin2 θ2)l2 + m2l22

 (20)

In addition, we can derive the following properties of the matrix (20).

Property 1. H(q) is a positive definite symmetrical matrix, which has the flowing property:

h1‖ξ‖
2
≤ ξTH(q)ξ ≤ h2‖ξ‖

2
∀ξ ∈ R2 (21)

where ‖ · ‖ denote the Euclidean norm of vectors, h1 and h2 are shown as follows:

h1 = min{M, ka1Ml1, ka2Ml2} > 0 (22)

h2 = max
{
M + 2m1 + 2m2, ka1(M + m1 + m2)l1 + 2(m1 + m2)l21, ka2(M + m1 + m2)l2 + 2m2l22

}
(23)

Proof of this property can be done directly, so for the sake of brevity, it will be omitted. It can be
concluded from the Property 1 that the Ed(t) of formula (19) is also positive.

For the gantry crane control system with double-pendulum swing efforts, the basic control
objectives can be expressed as:

(1). Drive the trolley to the desired location pdx.
(2). Limit and eliminate the double-pendulum swing angles θ1 and θ2.
Therefore, the control objectives can be shown as the following:

lim
t→∞

[ x(t) θ1(t) θ2(t) ]
T
= [ pdx 0 0 ]

T
(24)

To this end, the generalized payload position error σp(t) is defined as:

σp = Xp − pdx = e− ka1 sinθ1 − ka2 sinθ2 (25)

where e(t) ∈ R represents the positioning error of the trolley motion.

e = x− pdx (26)
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A positive definite scalar function V(t) is being designed based on the improved energy-like
storage function Ed(t) of (19):

V(t) = Ed(t) +
kp

2
σ2

p (27)

where kp ∈ R+ is a positive control gain. By taking the time derivative of V(t) along the system
dynamics (9), (10) and (11), one can derive

.
V(t) = (F + kpσp)

.
σp (28)

Therefore, we designed a closed-loop feedback controller as shown below:

F = −kpσp − kd
.
σp = −kp(e− ka1 sinθ1 − ka2 sinθ2) − kd(

.
e− ka1

.
θ cosθ1 − ka2

.
θ cosθ2) (29)

where kd ∈ R+ is a positive control gain. σp(t) will be adjusted to 0. The system state will also be driven
by (29) to the desired state. These will be represented in the theorems described below. In the overall
double-pendulum gantry crane control system as shown in Figure 4, the actuation force Fa(t) applied
to trolley is composed of the feed forward compensation term Fr(t) and the feedback force F(t).
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Remark 1. The friction model (8) is used as the feed forward assembly to compensate for friction between the
trolley and the tracks. For the sake of conciseness, we will focus on the development of the resultant force F(t) ,
because we can get the actuated force Fa(t) directly from (7).

Remark 2. This paper presents a simpler structure controller with σp(t) and
.
σp(t) . The controller proposed in

this paper takes a simpler structure with respect to σp(t) and
.
σp(t). It does not include gantry crane system

parameters. This means that the controller does not rely on an accurate system parameter model.

3.2. Stability Analysis

Theorem 1. The proposed controller (28) can drive the trolley to the desired target location pdx asymptotically
and eliminate the hook swing angle θ1 and the payload swing angle θ2 in the following manner:

lim
t→∞

[
x(t)

.
x(t) θ1(t)

.
θ1(t) θ2(t)

.
θ2(t)

]T
=

[
pdx 0 0 0 0 0

]T
(30)
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Proof. The positive definite scalar function (28) is used as a Lyapunov candidate function. Substituting
controller (29) into (28) and getting the following formula:

.
V(t) = −kd

.
σ

2
p ≤ 0 (31)

which indicates that the closed-loop system is Lyapunov stable at the origin [45]. The following
conclusions can be easily obtained:

V(t) ∈ L∞ (32)

And the state quantity of the gantry crane system is bounded. Therefore:

e(t),
.
e(t),

.
θ1(t),

.
θ2(t), Fx ∈ L∞ (33)

To prove the asymptotic convergence of the close loop system state, we let Γ be the largest invariant
set in Ω, where

Ω =
{ (

x,
.
x,θ1,

.
θ1,θ2,

.
θ2

) ∣∣∣∣ .
V(t) = 0

}
(34)

Then, the conclusion can be obtained from (30) in Γ

.
σp =

.
x− ka1

.
θ1 cosθ1 − ka2

.
θ2 cosθ2 = 0 (35)

Therefore, the following conclusions can be drawn:

σp = e− ka1 sinθ1 − ka2 sinθ2 = α (36)

..
σp =

..
x + ka1(

.
θ

2
1 sinθ1 −

..
θ1 cosθ1) + ka2(

.
θ

2
2 sinθ2 −

..
θ2 cosθ2) = 0 (37)

where α ∈ R is a pending constant. Therefore, it can be derived directly from (29), (35) and (36) that

F = −kpα (38)

It can be obtained from Equation (37) that

..
x = ka1(

..
θ1 cosθ1 −

.
θ

2
1 sinθ1) + ka2(

..
θ2 cosθ2 −

.
θ

2
2 sinθ2) (39)

After some substitutions, Formula (9) can be rewritten as:[
F− (M + m1 + m2)

..
x
]

(m1 + m2)l1
=

..
θ1 cosθ1 −

.
θ

2
1 sinθ1 +

m2l2
(m1 + m2)l1

(
..
θ2 cosθ2 −

.
θ

2
2 sinθ2) (40)

Therefore, the relationship between ka1 and ka2 is set with reference to the structures of Equations (39)
and (40).

ka1

ka2
=

(m1 + m2)l1
m2l2

(41)

Additionally, by substituting Equation (41) into the previous term (40), it can be concluded that

ka1
[
F− (M + m1 + m2)

..
x
]

(m1 + m2)l1
= ka1(

..
θ1 cosθ1 −

.
θ

2
1 sinθ1) + ka2(

..
θ2 cosθ2 −

.
θ

2
2 sinθ2) (42)

Subsequently Equations (38) and (39) into Equation (42), it can be derived that

..
x = −

ka1kp

ka1(M + m1 + m2) + (m1 + m2)l1
α (43)
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Suppose that α , 0, it is concluded that

.
e(t) =

.
x(t) =

+∞ α < 0

−∞ α > 0
as t→∞ (44)

which contradicts the conclusion in Equation (33), so the assumption of α , 0 does not hold, and in Γ

α = 0 (45)

After substituting Equation (45) into Equations (38) and (43), we can get

F = 0 (46)

..
x = 0 (47)

.
x =

.
e = β (48)

It is obtained in the similar way that

.
x =

.
e = β = 0 (49)

Further, the swing angle θ1 of hook and the swing angle θ2 of payload are usually kept within 10
degrees due to the acceleration of the trolley in practice. In this case, the swing angle θ1 of hook and
the swing angle θ2 of payload satisfy the following approximation [37,41,46,47]:

sinθ1 ≈ θ1

cosθ1 ≈ 1
sinθ2 ≈ θ2

cosθ2 ≈ 1

(50)

After combining Equations (9), (10), (11), (46), (47) and (50), the Equations (9)–(11) can be rewritten
as follows:

(m1 + m2)l1
..
θ1 + m2l2

..
θ2 = 0 (51)

(m1 + m2)l1
..
θ1 + m2l2

..
θ2 + (m1 + m2)gθ1 = 0 (52)

l1
..
θ1 + l2

..
θ2 + g sinθ2 = 0 (53)

Substituting Equation (51) into Equation (52), the following formula holds in Γ

θ1 = 0 (54)

It can be obtained from Equation (54) that

.
θ1 = 0 (55)

..
θ1 = 0 (56)

It can be concluded from Equations (51), (53) and (56) that

θ2 = 0 (57)

In the similar way,
.
θ2 and

..
θ2 can be derived as

.
θ2 = 0 (58)
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..
θ2 = 0 (59)

Substituting Equations (45), (54) and (57) into Equation (36), we can get

e = 0 (60)

Thus, it is easily obtained from Equation (26) that

x = pdx (61)

After the above analysis, it can be concluded that the maximum invariant set

only contains the equilibrium point of lim
t→∞

[
x(t)

.
x(t) θ1(t)

.
θ1(t) θ2(t)

.
θ2(t)

]T
=[

pdx 0 0 0 0 0
]T

. The closed-loop system states asymptotically converge to the desired
ones according to LaSalle’s invariance theorem [45]. Therefore, Theorem 1 is proved. �

4. Simulation Results and Analysis

In this section, there are a series of simulations to validate the control performance of the proposed
control method. The numerical simulations are implemented in Matlab/Simulink. More precisely,
compared with the existing two traditional methods, the proposed method shows excellent control
performance. Then, the robustness of the proposed method to the crane control system is tested,
including different initial hook and payload swing disturbances, uncertain system parameters, and
external disturbances. The system parameters of the double pendulum gantry crane system are shown
in Table 1. The initial trolley position x(0), the hook swing angle θ1(0) and the payload swing angle
θ2(0) are determined as 0.

Table 1. Gantry crane system parameters.

Name Symbol Numerical
Value Unit

Trolley mass M 12 kg
Hook mass m1 1.5 kg

Payload mass m2 1 kg
Gravity acceleration g 9.8 m/s2

Cable length 1 l1 1.2 m
Cable length 2 l2 0.5 m

Desired trolley location pdx 3 m
Static friction-related coefficient 1 fr0 8 NA
Static friction-related coefficient 2 ξ 0.01 NA
Viscous friction-related parameter kr −1.2 NA

4.1. Comparative Study

We present the following three traditional control methods, including PD controller [35],
passive-based controllers [36] and CSMC controllers [37]:

1. PD controller [35]:
F = Fr − kd

.
x + kp(x− pdx) (62)

where kd, kp ∈ R+ are control gains.
2. Passivity-based controller [36]:

F = Fr − (keI + kDZM−1(q)ZT)
−1
× [kp(x− pd) + kd

.
x + kDZM−1(q)(C(q,

.
q)

.
q + G(q))] (63)

where ke, kd, kD and kp ∈ R+ are control gains and I denotes available identity matrix, Z = [ 1 0 0 ]
T

.
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3. CSMC controller [37]:

F = Fr − (M + m1 + m2)(λ
.
x + α

.
θ1 + β

.
θ2) − (m1 + m2)l1(cosθ1

.
θ1 −

.
θ

2
1 sinθ1)

−m2l2
..
θ2 cosθ2 −m2l2

..
θ2 sinθ2 −Ktanh(s)

(64)

where λ,α ∈ R+ and β ∈ R− denote the control gains, K ∈ R+ stands for the SMC gain. s is the sliding
surface, and it is given as follows:

s =
.
x + λ(x− pd) + αθ1 + βθ2 (65)

We fully adjust the control gain of the proposed controller, passive controller and CSMC controller
to get the best control performance. The control gain results are shown in Table 2. The simulation
results and some quantitative indicators are shown in Figure 4, Figure 5, Figure 6, Figure 7 and Table 3.
Table 3 includes the following five performance indicators:

Table 2. Control gains for different controllers.

Controllers kp kd ka1 ka2 ke kD λ α β K

Proposed method 5 15 6 1 NANA NA NA NA NA NA
PD 6.8 2 NA NA NA NA NA NA NA NA

Passivity-based 6.5 20 NA NA 1 1 NA NA NA NA
CSMC NA NA NA NA NA NA 0.5 17 −11 30
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Table 3. Control performances comparison for different controllers.

Controllers θ1max
(deg)

θ2max
(deg)

θ1res
(deg)

θ2res
(deg)

pf
(m)

ts
(s)

Fmax
(N)

Proposed method 3.47 4.29 0.03 0.02 3.005 7.46 21.27
PD 7.85 10.62 7.20 9.69 2.936 > 20 21.40

Passivity-based 6.94 9.95 1.69 2.37 2.989 > 20 25.40
CSMC 7.89 9.18 0.04 0.04 2.986 7.75 22.82

1. θ1max/θ2max denote the maximum hook/payload swing amplitude during the
transferring process.

2. θ1res/θ2res refer to the maximum hook/payload swing amplitude after the trolley stops.
3. p f is the trolley final position.
4. ts is defined as the time when θ1(t) and θ2(t) enter the ranges of

∣∣∣θ1(t)
∣∣∣ ≤ 0.5◦∀t ≥ ts and∣∣∣θ2(t)

∣∣∣ ≤ 0.5◦∀t ≥ ts.
5. Fmax is maximum actuating during the transferring process.
It could concluded from Table 3 and Figures 5–8 that with the similar trolley final position p f

and maximum actuating Fmax during the transferring process, the anti-swing control performance of
the designed controller in this paper is the best, as compared to other tradition controllers, such as
PD controller, passivity-based controller and CSMC controller. The proposed controller effectively
suppresses the hook swing angle and the payload swing angle during the transferring process.
Moreover, the residual swing angle of the hook and the residual swing angle of the payload are
eliminated in time after the trolley arrives at the desired positions. In particular, the proposed
control method has the smallest maximal hook swing θ1max ≈ 3.47 deg, the smallest maximal payload
swing θ2max ≈ 4.29 deg, the smallest residual hook swing θ1res ≈ 0.03 deg, the smallest residual
payload swing θ2res ≈ 0.02 deg, the smallest setting time ts ≈ 7.46 s, and the smallest maximum
actuating force Fmax ≈ 21.27 N. The anti-swing transient control performance of the gantry crane with
double-pendulum swing effects is increased by at least 50%.
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4.2. Robustness Verification

The robustness of the proposed method controller is tested with respect to different desired
positions, initial payload swing, payload masses, cable lengths and external disturbances. There are
five cases of numerical simulation tests in this section.

Case 1. In this case, we check the proposed controller robustness at different desired locations
while keeping the control gain the same as in Table 2. Therefore, the following three transferring
distances are set:

1. pdx = 2 m;
2. pdx = 3 m;
3. pdx = 4 m.

The simulation results are recorded in Figure 9. The trolley is accurately driven to the destination
for different desired positions. The maximum hook swing is less than 6 degrees, and the maximum
payload swing is less than 5 degrees. There is no residual swing when the trolley arrives at the
desired location. It can be seen that the transferring distance has little effect on the amplitude of the
double pendulum.
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Case 2. Next, we add the initial swing of hook and swing of payload to disturb the gantry crane
control system. The control gains are shown in Table 2. The three groups of initial swing of hook swing
and swing of payload are set as:

1. Initial θ1 = −3 deg,θ2 = −5 deg;
2. Initial θ1 = 0 deg,θ2 = deg;
3. Initial θ1 = 3 deg,θ2= 5 deg.
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The simulation results are shown in Figure 10. The hook swing and payload swing are suppressed
and eliminated quickly. In addition, by comparing the three groups of simulations, we can conclude
that the initial hook swing and payload swing hardly affect the control performance of the gantry crane
with double pendulum.
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Case 3. In this case, the control performance of the proposed controller will be tested for different
payload masses. At the same time, we use the same control gains in Table 2. There are three different
payload masses:

1. m2 = 0.5 kg;
2. m2 = 1 kg;
3. m2 = 1.5 kg.

The simulation results are shown in Figure 11. The trolley can accurately transfer all three
different mass payloads to the desired location. At the same time, hook swing and payload swing are
suppressed and eliminated quickly. Therefore, the proposed control method is robust against different
payload masses.

Case 4. In this case, we consider verifying the robustness of the gantry crane with double
pendulum control system to different cable lengths. Three groups of different rope lengths are set
as follows:

1. l1 = 1 m, l2 = 0.3 m;
2. l1 = 1.2 m, l2 = 0.5 m;
3. l1 = 1.5 m, l2 = 0.8 m.

Figure 11 shows the simulation results. From Figure 12, it can be concluded that the change
in cable length does not have a significant impact on the position of the cart, the hook swing and
the payload swing elimination. This indicates that the proposed controller is not sensitive to cable
length uncertainty.
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Case 5. There may be external disturbance such as wind resistance and collision during the
transportation process of the gantry crane. In this simulation, the disturbances are added to the hook
and payload swing to simulate external disturbances throughout the transportation process. We add a
sine wave interference of 2 degrees between 10 s and 11 s.
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Figure 13 gives the simulation results of Case 5. As can be seen from Figure 12, the trolley
displacements, the hook swing angles and the payload swing angles are disturbed between 11 s and
12 s. However, the external disturbances are suppressed and eliminated within 5 s. This shows that the
proposed control method is robust.
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5. Conclusions

This article has presented a nonlinear coupling anti-swing control method of double pendulum
gantry crane based on improved energy. First, a new energy-like storage function has been designed
for the double pendulum gantry crane based on the coupling signals among the trolley motion, hook
swing and payload swing. Then, a nonlinear coupling closed-loop feedback anti-swing controller
has been proposed. Lyapunov techniques and LaSalle’s invariance theorem help to support the
theoretical derivations. Lastly, the simulation results show the effectiveness of the proposed control
method. The main contribution of the article is that the proposed controller has a better control
performance than the other traditional controllers. The anti-swing suppression effect is increased by at
least 50%. The designed control law is robust enough to withstand different desired locations, different
initial swing angles, different payload masses and different cable lengths. The system can adjust the
return to steady state within 5 s when external disturbances occur. In future work, we will focus on
some experiments to test the proposed method and research the nonlinear control problems of other
underactuated systems.
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