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Abstract: In this paper, we introduce generalized homographic transformations as hyperhomographies
over Krasner hyperfields.These particular algebraic hyperstructues are quotient structures of classical
fields modulo normal groups. Besides, we define some hyperoperations and investigate the properties of
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1. Introduction

In a recently published paper [1], the authors have initiated the study of elliptic hypercurves
defined on Krasner hyperfields, generalizing the elliptic curves over fields. The main idea consists in
substituting the field with a hyperfield, in particular with the associated quotient Krasner hyperfield.
The power of this algebraic hyperstructure has been already used in solving different problems in affine
algebraic schemes [2], theory of arithmetic functions [3], tropical geometry [4], algebraic geometry [5],
etc. The quotient Krasner hyperfield is practically the quotient F = F/G of a classical field F by any
normal subgroup G of the multiplicative part (F \ {0}, -). It was introduced by Krasner in 1983 [6]
and investigated from the hyperalgebraic point of view mostly by Massouros [7] around 1985. In this
new environment, the definition of an elliptic curve over a field F can be naturally extended to the
definition of an elliptic hypercurve over a quotient Krasner hyperfield. Besides the group operation
on the set of elliptic curves is extended to a hyperoperation on a family of elliptic hypercurves. The
properties of the associated hypergroup have been investigated also in relation with the Berardi’s
cryptographic system [8].

The study developed in this paper goes in the same direction as our recent study. This time we
extend a particular quadratic equation in two variables from a field F to a Krasner hyperfield F/G.
It is well known that a conic section, which is a curve obtained as the intersection between the surface
of a cone and a plane, can be algebraically represented as a quadratic equation with coefficients in a
filed, i.e., g(x,y) = ax®> +bxy +cy?> +dx +ey+ f = 0.Ifa = c = 0 and b # 0, the equation g(x,y) = 0
models a homographic transformation. Generally, after a suitable change of variables, a homographic
transformation y = giis, with ad — bc # 0, can be written in the form (X — A)(Y — B) = 1, where
X=xY= %y, where & = bc;—zad #0,A= —%, and B = % are elements in the field F. Equivalently,

1
x—a’

a homography transformation is given by a functiony = f,,(x) = b+ with a,b elements in a
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field F. The aim of this paper is to generalize the homography transformation from the field F to
the Krasner hyperfield F. First, we generalize the reduced quadratic forms on Krasner hyperfields.
This investigation leads us to introduce the notion of conic hypersection on a Krasner hyperfield.
Secondly, using hyperconics, we define some hyperoperations and the associated hyperstructures
give us the possibility of studying simultaneously some conics. As in our previous research paper [1],
the results can be also applied in cryptography in relation with the Berardi’s cryptographic system [8].

2. Preliminaries

We recall here some basic notions of conics and hyperstructures theory also we fix the notations
used in this paper. We assign the readers to these topics in the following fundamental books [9-11].

2.1. Conic Sections

A conic is a plane affine curve of degree 2, defined by an irreducible polynomial g(x,y) =
ax? + bxy + cy? + dx + ey + f = 0 with coefficients in a field F. Based on the number of the points at
infinity (this number can be 2, 1, or 0), the irreducible conics are divided in three categories: hyperbola,
parabola and ellipse. Certain sets of points on curves can form an algebraic structure, and till now it
is very well known the group structure. Generally the group low on conics is defined over a field F,
following the rule illustrated in Figure 1 or Figure 2. In particular, if we take O an arbitrary point on
the conic, then for two arbitrary points p and g on the conic, their sum p 4 ¢ is obtained as the second
point of the intersection with the conic of the parallel line through O to the line joining p and 4. In this
case O is the identity element of the group.

Figure 1. Addition between two points on a curve when the identity element belongs to the curve

If we consider now that the identity element O is at infinity, then the sum p + g of two arbitrary
points p and g on the conic is the image on the conic of the point obtained as intersection with the
x-axis of the line passing through p and g, as shown in Figure 2.

Figure 2. Addition between two points on a curve when the identity element is at infinity.

Example 1. Consider f(x) = x? over the finite field F = Zs. Then we have a parabola in F and the Cayley
table of its points Q,(F) = {0, (1,1),(2,4), (3,4), (4,1)} where, O = (0,0) is the identity element of the
group, is as follows.
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+ o 1Ly 24 G4 41
%) O  (1,1) (24 (34) (41)
(LY || (1L,1) (24) (34) (41

(2,4) | (2,4) (3,4) (41) O (1,1)
3,4 | 34 1) O (1,1) (24)
4,1) || 41 (L1) (24) (34)

If we take the identity element O at infinity, then the group operation is calculated as in the following
Cayley table:

+ | o @1y 249 (34 (41
[9) O (1,1) (2,4) (3,4 (41)
(1,1 || (L) (3,4) (41) (24 O
2,4) || 24) 41) 1,1) O (34
(3,4) || (34) (24) (4,1) (11)
(4,1) || (41) 34) (1L1) (24

The geometrical interpretation of the associativity of the group law is equivalent with a special
case of Pascal’s theorem, which is a very special case of Bezout’s theorem.

Theorem 1. For any conic and any six points p1, pa, ..., Ps 0 it, the opposite sides of the resulting hexagram,
extended if necessary, intersect at points lying on some straight line. More specifically, let L(p, q) denote the
line through the points p and q. Then the points L(p1, p2) N L(pa, ps), L(p2, p3) N L(ps, ps), and L(p3, pa) N
L(pe, p1) lie on a straight line, called the Pascal line of the hexagon (see Figure 3).

Figure 3. Pascal’s theorem.

2.2. Krasner Hyperrings and Hyperfields

In this section we briefly recall the main definitions and properties of hyperrings and hyperfields,
focussing on the concept of Krasner hyperfield.

Let H be a non-empty set and P*(H) be the set of all non-empty subsets of H. Let o be a
hyperoperation (or join operation) on H, that is, a function from the cartesian product H x H into
P*(H). The image of the pair (a,b) € H x H under the hyperoperation o in P*(H) is denoted by
aob. The join operation can be extended in a natural way to subsets of H as follows: for non-empty

subsets A, B of H, define AocB = |J aob. The notation a o A is used for {a} o A and A oa for
a€A,beB

Ao {a}. Generally, we mean H* = H x H x ... x H (k times), for all k € N and also the singleton
{a} is identified with its element a. The hyperstructure (H,o) is called a semihypergroup if the
hyperoperation is associative, i.e., (aob)oc =ao (boc) forall a,b,c € H, which means that
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U uoc = U aono.

u€aob veboc

A semihypergroup (H, o) is called a hypergroup if the reproduction law holds: aoc H = Hoa = H,
foralla € H.

Definition 1. Let (H, o) be a hypergroup and @ # K C H. We say that (K, o) is a subhypergroup of H,
denoted by K < H, if for all x € K we have Kox = K = x o K.

An element e, (respectively e;) of H is called a right identity (respectively left identity e;) if for all
a € H,a € aoe, (respectively a € ¢; o). An element ¢ is called a two side identity, or for simplicity an
identity if, for alla € H, a € aoeNeoa. Arightidentity e, (resp. left identity ¢;) of H is called a scalar
right identity (respectively scalar left identity) if for alla € H, a = a o e, (respectively a = ¢; 0 ). An
element e is called a scalar identity if foralla € H,a =aoe = eoa. Anelementa’ € H is called a right
inverse (respectively left inverse) of a in H if e, € a 0 a’, for some right identity e, in H (respectively
e; € a’ oa, for some left identity ¢;). An element a’ € H is called an inverse of a € Hife € a'canaod/,
for some identity e in H. We denote the set of all right inverses, left inverses and inverses of 2 € H by
ir(a),i;(a), and i(a), respectively. In addition, if H has a scalar identity, and the inverse of 4 € H exists,
we indicate it by a1

Definition 2. A hypergroup H is called reversible, if the following conditions hold:

(i)  H has at least one identity e;
(ii) every element x of H has at least one inverse, that is i(x) # @;
(iii) x € yozimplies thaty € xoz' and z € y' o x, where 2’ € i(z) and y' € i(y).

Definition 3. Suppose that (H,-) and (K, o) are two hypergroups. A function f : H — K is called a
homomorphism if f(a-b) C f(a) o f(b), forall aand b in H. We say that f is a good homomorphism if for all
aand b in H, there is f(a-b) = f(a) o f(b). Moreover, (H, -) and (K, o) are isomorphic, denoted by H = K,
if f is a bijective good homomorphism.

An exhaustive review for the theory of hypergroups appears in [9], while the book [12] contains
a wealth of applications. The more general algebraic structure that satisfies the ring-like axioms
is the hyperring. There are different kinds of hyperrings. The most general one, introduced by
Vougiouklis [13], has both addition and multiplication defined as hyperoperations. If only the
multiplication is a hyperoperation, then we talk about multiplicative hyperrings [14,15]. If only
the addition + is a hyperoperation and the multiplication - is a usual operation, then we say that
Ris an additive hyperring. A special case of this type is the hyperring introduced by Krasner [6].
An exhaustive review for the theory of hyperrings appears in [16-19].

Definition 4 ([6]). A Krasner hyperring is an algebraic structure (R, +, -) which satisfies the following axioms:
(1) (R,+) is a canonical hypergroup, i.e.,

(i) foreveryx,y,z€ R,x+ (y+z)=(x+y)+z

(i) foreveryx,y € R,x+y=y+x,

(iii) there exists 0 € R such that 0+ x = {x} for every x € R,

(iv) for every x € R there exists a unique element x' € R such that 0 € x + x'; (we shall write —x for x’
and we call it the opposite of x.)

(v) zex+yimpliesthaty € z—xandx € z—y.

(2) (R,-) is a semigroup having zero as a bilaterally absorbing element, i.e., x -0 = 0-x = 0.
(3) The multiplication is distributive with respect to the hyperoperation +.
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A Krasner hyperring (R, +, ) is called commutative, if (R, -) is a commutative semigroup with unit
element, i.e., a monoid. A Krasner hyperring is called a Krasner hyperfield, if the multiplicative part (R \ {0}, -)
is a group.

In the following we recall the first construction of a Krasner hyperfield, as a quotient structure
of a classical field by a normal subgroup. Let (F,+,) be a field and G be a normal subgroup of
(F*,-), where F* = F\ {0}. Take £ = {aG | a € F} with the hyperoperation and the multiplication
defined by:

(i) aG®bG = {cG|c € aG+bG},
(i) aG ® bG = abG,

for all aG,bG € é Then (%, @, ®) is a hyperfield. From now on, we denote 7 = aG, for all aG € %
and the constructed hyperfield (%, ®,®) by F, and call it the Krasner hyperfield. Moreover, we denote

_ 1
the inverse of @ relative to @ by ©a and, for @ # 0, the multiplicative inverse a! by Ft Besides, we will
use the notation S = {5]s € S} and T = {f|t € T} forall S C F, T C F2.

3. Hyperhomographies

In this section we define the notion of hyperhomography on a Krasner hyperfield, as a quotient
structure of a classical field by a normal subgroup. Using it, we introduce some hyperoperations and
investigate the properties of the associated hypergroups.

Definition 5. Let F be the Krasner hyperfield associated with the field F and (A,B) € F2. Define the
generalized homography transformation on Fas1 € (x © A) ® (y © B) on F, and call it the hyperhomography
relation. We call the set Hz 3(F) = {(x,7) € F* | 1 € (x© A) ® (7 © B)} hyperhomography, while
H,p(F) = {(x,y) € F> | y = fap(x) = b+ L} is a homography, for alla € Aand b € B.

Notice that the hyperhomography H 4 5(F) is a generalization of a homography H, ;(F), because
(x,y) € Hyp(F) is equivalent with y = f,,(x) = b+ -, ie,, (x —a)(y —a) = 1. The classical
operations on the field F have been extended to the hyperoperation ¢ and operation ® on F, where by
% © A we denote the hyperaddition between ¥ and the opposite of A with respect to the hyperoperation
@. Besides, since the result of a hyperoperation is a set, the equality relation in the definition of a
homography is substitute by a "belongingness" relation in the definition of a hyperhomography.

Moreover denote Hy 5(F) = U Hop(F) and Hyp(F) = Hyp(F) = {(%,9) | (x,) € Hyp(F)},
acAbeB

foralla € A,b € B.Itfollows that H; 3(F) = U H,,(F).
’ acAbeB

Theorem 2. The relation between homographies and hyperhomographies is given by the following identity

Hgz p(F) = Hz p(F).

Proof. (<=). Let (x,y) € Hy (F), thus there exists (a,b) € A x B, such that (x,y) = (%,7) € H,(F),
hence (xg1,yg2) € H,,(F) for some g1,8» € G. Then (xg1 —a)(yg2 —b) = 1 and the following
implications hold:
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1 =(xg1—a)(yg2—0)
1= (g by = _ 00 WY
= (x0a)® (7O b)
—1e(x0A)® (O B)
= (%,7) € Hz 5(F)
= (x,y) € Hs g(F),

SO

(=). Conversely, suppose that (%,7) € H 3(F), then the following implications hold, too:

(x,) e Hy3(F) = 1€ (x0A)® (O B)
—Te@xa(-A)o e (-B))
—1e(x—A)o(y—B)

= 1= (x—a)(y—b),  forsome (a,b) e AxB

:>(y—b)g:m forsome g€ G
VA SV 5

= yg=> +x—a’b =bgeB

= (v,y8) € Hop (F)

= (%,7) = (x,8y) € Hyp (F) = Hyp (F)
( ) U Ha,b(ﬁ)/
acA,beB

= (%,9) €

:I>|
ke~

B(F),

therefore H 4 3(F) € Hz 5(F) and consequently H; 5(F) = Hz 5(F). O

Thanks to Theorem 2, we call the set H; (F) the hyperhomography on F, while the set H, ; (F)
is a homography on F.

Example 2. Let F = Zs be the field of all integers modulo 5 and G = {1,4} < F*. Thus the quotient set
F*/Gis F = {0,1,2} and the hyperaddition & and the multiplication © are defined on F as follows:

o0 1 2 oo 12
o0 1 2
1102 12
22 12 01
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where 0 = {0}, 1= {1,4} and 2 = {2,3}.
Consider now the hyperhomography

Hoi(F)={(x.9) e Pllexo (o)} ={(10),(12),(21),22)}
and the homographies
Hoi(F) ={(x,y) e [y =1+ %} =1{(1,2),(2,4),(3,3),(4,0)},
Hos(F) = {(x,y) e [y =4+ %} = {(1,0),(2,2),(3,1),(4,3)}-
Then it follows that

Ho(F) = Ho(F) = {(1,0),(1,2),(2,1),(2,2)} = Ho4(F) = Hoa(F)

and therefore

as stated by Theorem 2.

Definition 6. A hyperhomography H, ; (F) in F? is called nondegenerate, if the following conditions hold,
respectively:

(i) forallae A,b€B,ifv=a— b=l € F, then (v,0) can be omitted from H, 1,(F),
(ii) foralla,c € Aandb,d € B, there is H,;,(F) N H, 4(F) # @ = H, ,(F) = H.4(F),
(iii) foralla € A,b € B, the element (a, c0) can be added to H, ;,(F), where oo is an element outside of F.

By consequence, under the same conditions, also H,,(F) = Hgg(F) is called a nondegenerate
hyperhomography in F2.
For a nondegenerate hyperhomography in F?, we fix some new notations: F, = FU {co},

E,=FU{co} and (a,0) = (a,00), forany a € F.

Example 3. If we go back to Example 2 and use the concepts in Definition 6, then we can omit (4,0)
from Hyq(F) and (1,0) from Hya(F), respectively, and add in both sets the element (0,00). Then
Ho(F) = {(0,0),(1,2),(2,4),(3,3)} and Hos(F) = {(0,0),(2,2),(3,1),(4,3)} are nondegenerate
homographies, while Hy 1(F) = {(0,00),(1,2),(2,1),(2,2)} is a nondegenerate hyperhomography with the
property Hy 1(F) = Ho,1(F) U Ho4(F) where,

Hoa (F) = Hoa(F) = {(0,), (1,2), (2,3), (3,3)} = {(0,00), (1,2), (2.1, (2,2)},

Hou(F) = Hoa(F) = {(0,%),(2,2),(3,1), (4,3)} = {(0,0),(2,2),(2,1), (1, 2)}.

Definition 7. Let Hz 5(F) be a nondegenerate hyperhomography in F2. Setting f,,(a) = oo, we obtain that

(a,00) = (a, fap(a)) € Hyp(F). Define

{x}, if G={1}
b= {x,2a — x}, if G#{1},b=0
{yeFly=xor(x—v)(y—v) = (a—-v)*}, if G#{1}b#0,

forall x € F\ {v} and (a,b) € A x B, wherev =a — b~
Moreover set X = {% | x € X}, where ¥ = (x, f,(x)), forall (a,b) € A x Band x € X C F.
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Corollary 1. Let Hz 5(F) be a nondegenerate hyperhomography in F? and G be a normal subgroup of F*.
IfG # {1} and 0 # b € B, then G¥, = {x, Wy liraloitly,
Proof. According to Definition 7,if G # {1} and 0 # b € B, theny = xor (x —a+$)(y —a+}) = 5.

B2
(ab—1)x+a(2—ab) 0

In the second case, solving the equation we get y = bx+(1—ab)

In the following, for a nondegenerate hyperhomography in F 2 we define the lines passing through
two points.

Definition 8. Let H 5(F) be a nondegenerate hyperhomography in F2. Foralla € A,b € Band Xi, Xj €
H,,(F), define Ly = {(x,0) | x € F} and

{(x,) € Ply = fop(v) = 000 (x = x)}, % # 30 & {7}
Lop(%:, %)) = {(xy) € PPly — fap(xi) = Sap(xi)(x = xi)}, X=X #a

{(x/y)h/ € Foo/x € {xi/xj}/x =a<= Y= OO}, Xi # Xj, a € {xi,xj}

{(@y)ly € .}, Xp=xj=a,

where f; p means the formal derivative of f, ;. In addition we call L, ;(X;, X;) the line passing through the points
X; and X;. Intuitively, for each a € F, the line passing through (a, o) is a vertical line. In other words, (a, o)
plays an asymptotic extension role for f, 1.

Taking two arbitrary points X;, X; on the homography H, ;(F), define x; 8, x; by Lo N Ly, (X3, X;) =
{(x; ,,xj,0)}. Using the definition of the lines L, (;, ;) and Ly, for x; # a # x; we have

y= O’y_fll,b(xi) = M(x—xi) — X=X — fll,bT(xl)
a, ( ')_ a, ( i) . _71 . ' ‘
where, m = %' if x; # x; _ ) (i—a)(xj—a)’ if xi # % - -1 o
fé/b(xi)’ if X; = xj ﬁ/ if X; = x]‘ (x’_a)(x]_ﬂ)

and hence x = x; o, x; € F.If x; or x; are equal to 4, according to Definition 8, we have

{(x;,0)}, if x; #a=x; xi, if x; #a=x;
LomLa,b(firfj) = {(leo)}, if xi:g#xj == X;j®,Xj= Xj, if xi:a#xj = X;®,Xj € F.
{(a,0)}, if Xj =a =X a, if x;=a=x;

Thus | Lo N L, (%;, %;) [= 1 and x; e, x; is well defined, therefore we have

X e, X = (xi e, X, fon(x; e, xj)).
We will better illustrate the above defined notions in the following example.

Example 4. Consider the field F = R and the homography transformation f (x) = % over F, so its graph is the

hyperbola Ho(IR) represented below in Figure 4. Taking on Hog(IR) two arbitrary points X; = (x;, f,,(x;)) and
Xj = (x), fo0(x})), we draw the line Lo (X;, X;) passing through X; and X;. Then x; ey x; = Lo N Loo(%;, Xj),
where Ly is the x-axis. Then we obtain the point xi/ooo\x]- = (x; 0y Xj, fo,0(x; @y, x;j)) on the hyperbola Hop(R).
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Figure 4. Hyperbola Hyy(R)

9 of 20

Proposition 1. Let Hy 5(F) be a nondegenerate hyperhomography in F?, and %;,%; € HZ ,(F). Then, it

follows that

x; @, xj = bx;xj — (ab —1)(x; + x; — a).

Proof. Based on Definition 8 and on the fact that f, ,(x) = b
computations, we obtain

1

(x—a)2’

+ -1 and f;,h(x) =

Xifoy (%) = Xjf, (xi)
. . x; # xj,a & {x;,x;},
fon (1) = fop (i) e v
X
xi—fﬂ/b( 0 X =Xxj #a,
Xi Obe]' = fa,b(xi)
x; Xj #a=xj,
x]‘ xj # a = Xxj,
a X;i = 4a= x]-
xi+ (x;—a)(xj—a)(b+ xilﬂ) xi # xj,a & {x;,xj}
xi+(xi—a)(xi—a)(b+xil_ﬂ) Xp=xj#a
= X; X # a = x]'
Xj Xj #a =X
a X =4a= x]-
bxjxj— (ab—1)(x; +xj —a) x; # xj,a & {x, %},
bx? — (ab—1)(2x; — a) Xj =X # a,
=< x; X; £ a= Xj,
x]‘ xj 7& a = Xxj,
a X = a = Xxj.

= bx;x; — (ab —1)(x; + xj — a).

O

Remark 1. (H,;(F),e,,) is a homography group, for all (a,b) € A x B. Moreover, notice that "e,

group operation on the homography H, ,(F).

by simple

b

" is the
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On a nondegenerate hyperhomography H z(F) in F? we introduce the equivalence relation “~"
by considering

— /
(x/y) ~ (x/’y,) — {;C — ;/ ¢ {OO} or y’yl € {OO}

and denote the set of the equivalence classes of Hj5(F) and H,;(F) by Hz5(F) and H,,(F),

1Y) f A
respectively. It follows that y) = {E; y) ) %f x ¢ i
,00), 1Uxe A.

Furthermore, if we introduce the notation @ = A and 0= (O, 0). We will have O = O, 5 =0
and Hzp(F) = Hap(F). ]

Thus H 5 5(F) and H 4 5(F) are called the equipped hyperhomographies in F? and F?, respectively.
Besides, if we admit that Ae , x = x = xe  Aforalla € A,b € Band (x,y) € H,;(F), then the

7 4 'f
bijectivemap IT: H,;,(F) — H,(F) defined by I1(x,y) = M,where () = {g y) %f k. ,
~ ~ , Hx=a

ilg=

equip the quotient Ha,b (F) with a group structure and gives us a group isomorphism (H,;(F), e ,)
(Hap(F),e,)-

In addition, the concepts in Definition (8) can be similarly defined on H,, ;, (F), only by substituting
awith O.

Definition 9. Let H AB (F) be an equipped hyperhomography. We define the hyperoperation "o” on H AB (F)
as follows.
Let (x,y), (x",y') € Hap(F). If (x,y) € Hop(F) and (x',y') € Hpp (F) for some a,a’ € Aand b,b’ €
B, then
{70, %[ (xi,x)) € GX, x G2, if Hap(F) = Hy o (F)
(x,y)o(x,y') = )
(Hap(F)UHy w(F))~{O},  otherwise.

Theorem 3. If H 5 3(F) is an equipped hyperhomography, then (H 4 5(F), o) has a hypergroup structure.

Proof. Suppose that {X,Y,Z} C H j5(F) such that X = (x,y) € H,(F),Y = (¥',y') € Hyp(F)
and Z = (x",y") € Hary(F) where, | = {(a,b),(a’,V"),(a",b")} C A x B. First we notice that
(x,y)o (x",y) C P*(’HA,B(F)), because (x,x') € g;b X Q;‘,/Ib, implies that x/oah\x/ € (x,y)o (x,y),
ie (x,y) o (x',y') is a non-empty set and belongs to P*(H z 5(F)). Besides, if (x,y) = (x1,y1) and
(x",y") = (x},¥}), then x = x1 and ¥’ = x|, meaning that g;‘,b = Q;lb and Q;‘,Ib = Q;qb Hence we have

G, x G, = G x G, and therefore {Z o |(z, w) € G¥, x G2} = {Zo,0|(z,w) € G (f,) x G5 },
equivalently with (x,y) o (x',y') = (x1,y1) o (x},¥}). By consequence, the hyperoperation “o” is
well defined.

If X = (a,00) or Y = (a,00) or Z = (a,0), then the associativity is obvious. If not, we have the
following cases.

Casel: |J| =1.

This means that #,,(F) = M, (F) = Har v (F) and we have

[(x,y) o (x/,y/)] o (x//’y//) — {(xz/'m,\x;)‘(xwle) € Q;b X g;,/b} o) (x//r]/,)

N .0 ron x x! x"
= { (xio ol (i, ), ) € Gy % Gy X Gy}
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Similarly, it holds that

() o (') o (", y")) = {ie (o)l (i) ) € Gy x Gy < Gy } -

On the other hand we have

Lop(5 X)) N Lop(xi 0, 3, 0) = {(xi0,, x,0)} € Lo,

Loy (%)) N Loy (0,37 e, ) = {(x]»,, {,0)} C Lo.

In other words, for the six points p; = Xj, p2 = J/C\]/», p3 = ;?, Py = x,-/o;b\x;, ps5 = O and Do = x;./oab\x;(’ on
the curve we have L, , (p1, p2) N Ly p(pa, p5) € Loand L, ,(p2, p3) N Lap(ps, ps) € Lo and therefore, by
Pascal’s theorem (see Theorem 1), it follows also that L, ,(p3, p4) N L, ,(pe, p1) € Lo, equivalently with

Lop(xy, xi e, x;) N La,b(x]’. o, X/, %) C Lo.

By Definition 8 we know that

{((xi e, xj) &, x¢,0)} = Lo Lyp(xi ®,, X}, x),

{(xie,, (xje, x(),0)} = LoN Lyp(X;, X} @, i)

where, by the associativity of the group operation "e
This leads to the equality

"o / N __ / /!
v itholds (xje, xj) e, x/ =xje, (xje, x).

LoNLap(xie X x) = Loy (x,x; e X)Ly y(x e %/, %) = Lo Ly, (%5, % e %)
Oa,bzabj/k—a,bkztabj a,bjabk/z—o a,bz/]',,bk/
implying that
—_— —_—

/ ny _ / " ’o x x’ x"
((xi ., x].) ., xk) = (xi .. (x]. .. xk)) forall (x;, xj, xi) € Gy X Gppy X Gy

Case 2: |J| = 2.
(1) If Hyp(F) = He py (F) # Har pr (F), then we have

[(X,y) o (x/,y/)] ° (x//’y//) = {@KZ,ZU) S g;,b X g;:b} o (x//,y//)
= U (,v) 0 (x", y")

(u0)e(x,y)o(xy")
— Ha,b(F) @] Hﬂ”,b”(F)'

On the other hand

(o y) o [y o (2, y")] = (1,9) 0 (Hary (F) U Hy o (F))
= (x,9)  Hypr(F) U (x,) o Hy o (F)
= Hup(F) UHy 0 (F).
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(i) If H,pp(F) # Har g (F) = Har pr (F), then the associativity holds, similarly as in the case (i).
(111) If Ha,b(P) = Hﬂ”,b” (F) 7& Ha’,b’ (F), then we have

(G, y) o (5, )] o (x”

(Hab( UHa’h’(F)) ( ,y”)
ap(F) U Hg py (F) U H g (F)
ab(F)UHa/b/( )

H
H
and similarly

(%) o [(¥,y) o (5", y")] = (x,y) © (M pr (F) U Hr o (F))

= Ha,b(F) U Ha/,b/(F) U Ha”,b”(F)
= Hu,b(F) U Hu’,b/(F)'

Case 3: |J| = 3.
In this case we have

(5 9) 0 ()] 0 (", y") = (Hap(F) Uy (E)) o (2", y")
Hop(F) U Moy (F) U o (F).

On the other hand

() o [, ) 0 (7, y")] = (%,) © (Hur s (F) U Hn o (F)
= Ha (F) Uy (F) U Ho o (F).

"n_n

Therefore the hyperoperation "o" is associative.

In order to prove the reproduction axiom, we consider two cases as below:

Case 1. If |[A x B| = 1, then F = F and H 4 3(F) = H,(F), wherea € A,b € B. It follows that
(Hap(F), 0) is a homography group, so the reproduction axiom holds.

Case 2. If |A x B| > 1, consider an arbitrary element X € H,;(F) € H 7 3(F). Then

XoHsp(F)=Fo |J Hij(F))U(XoHuu(F)),
a#i€Ab#jEB
U Xo#H;j(F)) UM, (F),
a#i€Ab#jEB
= (UHij(F)) UH,qu(F),
i€A,jeB
=Hap(F).

Similarly, (H45(F)) oX = Hzp(F) and thus the reproduction axiom is proved. Therefore,
(H 4 5(F), o) is a hypergroup. [

Remark 2. If G = {1}, then the hyperhomography and the associated hypergroup are the classical homography
and the homography group, respectively.

Example 5. Let us consider again Example 3, where we deal with the nondegenerate hyperhomography
Hyi(F) as a subset of F?, having the form Hg1(F) = Hoa(F) U Hoa(F) where, Ho1(F) =
{(0,0),(1,2),(2,4),(3,3)} and Hys(F) = {(0,00),(2,2),(3,1),(4,3)}, while the associated equipped
hyperhomography is Hy 1(F) = Ho (F) U Ho4(F) where,
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Ho1(F) = {0,(1,2),(2,4),(3,3)}, Hoa(F) =1{0,(2,2),(3,1),(43)},
for © = (O, fo(0)) = (0, f4,,(0)) = (0,00) = (0, 0).

Now let T = Ho1(F) and K = Hoa(F). Then (T,o) and (K, o) are reversible subhypergroups of
(Hg,1(F), o), which are defined by the following Cayley tables, respectively

(T, o) H (0, 00) (1,2) (2,4) (3,3)

(0,00) || (0,00)  (1,2),(2,4) (1,2),(24)  (3,3)
(1,2) || (1,2),(2,4) (0,00),(3,3) (0,20),(3,3) (1,2),(24)

(2,4) || (1,2),(2,4) (0,00),(3,3) (0,%0),(3,3) (1,2),(2,4)

(3,3) (3,3) (1,2),(24) (1,2),(24) (0,00)
(K, o) H (0, 0) (2,2) (3,1) (4,3)
(0, 0) (0, 0) (2,2) (3,1),(4,3) (3,1),(4,3)
(2,2) (2,2) (0,00) (3,1),(4,3) (31),(43)

(3,1) || (3,1),(4,3) (3,1),(4,3) (0,0),(2,2) (0,0),(2,2)

4,3) || (3,1),(4,3) (3,1),(4,3) (0,00),(2,2) (0,0),(2,2)

For a better understanding, we will explain all details in computing, for example, in the table of T the
hyperproduct (1,2) o (2,4). For doing this, since T = H1 (F), we use the function fo1(x) =1+ 1 and the
field F = Zs. Based on Corollary 1, we obtain

Gha =L gt = (L2 = (1,-3} = (1.2}
0,1 ’ 1 + 1 7 7 7 7

2

et = {223 = 2 - = 21,

G, = {2
and therefore,
(L,2)o(24) = {xﬁol\x]' | xi € g&,l/x]' € ggl} ={le, 1,110,220, 1'2/'E}'

Based on Proposition 1, we have

legyl = 1-1-1—(=1)-(1+1-0)=3

leg2 = 1.1.2—(=1)-(1+2-0)=5=0
2,1 = 1:2.1—(=1)-2+1-0)=5=
2e,2 = 1:2.2—(=1)-(242-0)=8=3

which imply that

(1,2) 0 (2,4) = {(3,f01(3)), (0, fo1(0)} = {(3,1+ %)/ (0,00)} = {(3,3),(0,00)}.
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Similarly, all the other hyperproducts in both tables can be obtained.

The next result gives a characterization of the subhypergroups of the equipped
hyperhomographies in F2.

Theorem 4. Let H be a non-empty subset of the hypergroup H z 5(F). Then H is a subhypergroup of the

equipped hyperhomography H z 5(F) if and only if it can be written as H = U H;;(F), where I =
(ij)eICAxB
{(i,j) € Ax B| HNH,;;(F) # @}, or H is a subhypergroup of H; ;(F), for some (i,j) € A x B.

Proof. (=). Suppose that H is a subhypergroup of H 5 3(F) and H £ H,;;(F), for every (i,j) in
A x B. There exist (i',j') # (s',t') in A x B such that HNHy i(F) # @ # Hﬂ?—ls #(F). Now let
I={(i,j) € Ax B| HNH,;;(F) # @}. Thuswehave HC U H,;(F) C U (Hyp(F)NH)o
(i))el (i )5 1) el
(Hy y(F)NH) C H. Hence H = ('L)Jelin'j(F).
i,
(«). Itis obvious. O ]

Theorem 5. Let H be a subhypergroup of the hypergroup H z g(F). Then H is reversible if and only if H is a
subhypergroup of H, ,(F), for some (a,b) € A x B.

Proof. (<). First we prove that any subhypergroup H of H, ;(F) is a regular reversible hypergroup,
for any (a,b) € A x B. The regularity is clear, because O is an 1der1t1ty and each element is an inverse
for itself. In order to prove the reversibility, let # = (x,y) and x’ = (x/,’) be arbitrary elements in
H,p(F). We distinguish three different situations.

Case 1. If x' ¢ Gy} = {x,a}, where x e, « = a, then

W= (") € (x,y) o (¥ y) = (x"y") = Zegw, with (z,w) € Gry x Gl
= 1" =zeyw,
— z = x" o ,yh, where we h =a,
= (2, fap(2) = ¥ oghand h € G¥, = G,z € G,

= (2 fap(2)) € (x N/fa,b( ")) o (1, fap(h))
= (x,y) € (X, fap(x")) o (1, fap(h))

Case 2. If x' € G, = {x,a}, then = () € (vy)o (X, y) = (",y") = Teymw,
withz,w € G, Thus (x",y") € {Fopx, oy & O}. It follows that ¥ € X oR.

Case3.If (x,y) = O, then Y € O 0 X = X 0 O, implying that O € Y o X and X € O o Y. Notice
that O € Xo X, forall X € Hi,j(F ) (i.e. every element is one of its inverses).

(=). Suppose that H is a reversible subhypergroup of # 4 5(F) such that it is not a subhypergroup

of any H,,(F), with (a,b) € A x B. Based on Theorem 4, we have H = U  H,;;(F), where
(i,j)eICAxB

I={(i,j) € AxB|HNH;;(F) #D}. Let (x,y), (x',y') be arbitrary elements in HN#; ;(F) and H N
H,,t (F), respectively, that are not equal to O, with (i, ) # (s,t). If (x",y") € ((x,y) o (¥/,y)) N H;,(F),
then, based on the reversibility, we have (x',y') € (z,w) o (x",y") C H,;(F), where z € G}, hence
(x',y") € Hij(F) N Hsi(F) = {O}. Thus (x',y') = O, which is in contradiction with the supposition
that (x',y') # O. Therefore H < H, ;(F), for some (i,j) € Ax B. O

In the following we will present two new hypergroup structures isomorphic with the equipped
homography #, ;(F) in the case when b # 0 and b = 0, respectively.
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Theorem 6. Consider the field F and define on F* = F \ {0} the hyperoperation

Ly

Vxx' € Ff,xox = {xx/,
XX

77 7

R‘;{
R R

Then, for every b # 0, there is the homomorphism (H,;(F), o) = (F*, ®).

Proof. It is easy to see that (F*, ®) is a hypergroup. Now, taking v = a — b~!, consider the bijective
function ¢ : F\ {v} — F* defined by ¢(x) = bx + 1 — ab and the function ¢ : H,;(F) — T'(¢)
defined by ((x,y)) = (¥, 9(x)), where T(g) = {(x,p(x)) | x € F\ {v}} and &((a,c9)) = (,1) =
¢((A,00)) = ¢(0O). Geometrically, I'(¢) is the graph of the function ¢, thus it is the line passing through
the points of (v,0) and (a,1), while ¢ is the map that projects the points of the hyperhomography
M, (F) on the above mentioned line.

Thus, using Proposition 1, for all x;, x; € F \ {v}, we have
(p(xl- 0[1 bx]-) = b(xi .ﬂ bX]') +1-— le,
=b(bx;xj — (ab—1)(x; + xj —a)) +1—ab
= (bx; +1—ab)(bx; +1 —ab)
= ¢(x;)(x;).

Now suppose that (x,y), (x’,y’) are arbitrary elements in 7, ;(F). It follows that

E(xy)o () = {Exie x)) | % € G, x € G}

={(xie xj p(xie xj))|xi€G,

ab’

% €G3}
= {(xi e, xj, 9(x)p(x)) | x; € GF, xj € GX ).
Take now IT: F x F* — F* with II((x,y)) = y as the projection map on the second component and

define ¢ : H,,(F) — F* by ¢p =TI 0.

We have ¢((x,y)) = ¢(x), for all (x,y) € H,p(F), thus ¢ is a bijective map and also a
homomorphism because

P((x,y) o (¥, y) =TI ((x,y) o (¥,¥)))
p(xi)o(xj) [ xi € G, xj € gf;}
(

{
{o(x)p(x)) | p(x;) € 9(G%,), 9(x)) € 9(G,)} (g is bijective map)
{

1 no 1
= {o(x)o(x)) [ 9(xi) € {(x), o) bo(xg) € {o(x), fp(x’)}}
= ¢(x) @ p(x')
= 9((x,) o p((+', ).

Therefore (H,(F), o) is isomorphic to (F*,®). O
Theorem 7. Consider the field F and define on F* = F \ {0} the hyperoperation
Vx,x' €F, xo0x ={x+x,x—x,—x+x/,—x—x'}.

Then, if b = 0, there is the homomorphism (H,,(F),o) = (F,®).
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Proof. Clearly, (F,®) is a hypergroup. Consider the bijective function ¢ : F — F defined by
¢(x) = x—aand beT(¢) = {(x,¢(x)) | x € F} its graph. Besides define ¢ : H,;(F) — I'(¢) by
&((x,y)) = (x,9(x)), where &((a,)) = (a,0) = §((A, )). Therefore, for all x;, x; € F, we have

and for all (x,y), (x',y') € H,p(F)

2(xy)e () = {Elxie ) | 1€ G52 € L),
= {(xie xj,p(xie 1) | xi € G5, x € G5},
= {(xie, 3, 9(x) + 9(x))) | 1 € G, x; € G 1
As in the previous theorem, let IT : F x F — F, II((x,y)) = y be the projection map on second
component and define ¢ : H,,(F) — Fby ¢ =II1o¢.

Therefore, for all (x,y) € H,,(F), ((x,y)) = ¢(x) and thus ¢ is a bijective map. We claim that
1§ is a homomorphism, too, because

P((xy) o () =T1(E((x,y) o (+',¥)))

={p(x)+o(x)) | x; € G, x; € G¥}
= {p(x)) + 9(x)) | 9(x;) € 9(G¥,), () € 9(G¥,)}(g is bijective map)
= {p(x;) + ¢(x))|p(x;) € {p(x), —p(x)}, 9(x;) € {p(x'), —p(x')}}

X
9(x) @ p(x')
P((x,y) o p((x,y)).

Therefore (H,(F), o) is isomorphic with (F*,®). [

4. Associated H,-Groups

Vougiouklis [13] introduced the notion of H,—group as a generalization of the notion of
hypergroup, substituting the associativity of the hyperoperation with the weak associativity, i.e.,
o(boc)N(aob)oc # @foralla,b,c € H. The motivation of introducing this hyperstructure is the
following one. We know that the quotient of a group with respect to a normal subgroup is a group,
while the quotient of a group with respect to any subgroup is a hypergroup. Vougiouklis stated that
the quotient of a group with respect to any partition of the group is an H,—group.

In the following we equip the hyperhomography H 5 5(F) = U H,(F) as a subset of
(a,b)eAxB

F2U {0} with an H,— group structure, by defining the following hyperoperation
(% 7)a(xy") = {(1,9) | (u,0) € (xx7) o (¥ xy')}.

Notice that
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and

(c,d) & (£ x§) N Hyp(F) or (c',d') ¢ (&' x§)NHyp(F) = (c,d)o(d,d)=0.

Moreover according with Thorem 2, the hyperoperation & is well defined on H ( ) and in addition
we have

(x,y) o (¥, y') € (£,7)3(x,y).
Proposition 2. (H 3 5(F), o) is an Hy-group.

Proof. Let (x,y), (x',y') and (x”,y") be elements in H 4 5(F). Then we have

(x,y) o (x,y) o (x",y") € (£ 7)s(x,y)]a(x",y") N (£, 9)3[(x,y)3 (", y")].
O

Proposition 3. Let ¢, , : H5(F) — Hzp(F), V,5(0,y) = (£,7). Then ¢, ; is an epimorphism of
Hy-groups.

Proof. Suppose that (x,y) and (x',y’) belong to H 4 3(F). We have

Vi ((ny) o (¥, y) = {(@9)|(u,0) € (x,y) o (¥, ')}
C (x,7)5(%,¥)
=, (xy)op, (¥, ).

O

Example 6. If we consider the hyperhomography Hy1(F) = {0,(1,2),(2,1),(2,2)}, then after long
calculations similarly s those in Example 5, we get the following H,-group table.

s | O (1,2) (2,1) (2,2)

@] O 1,2),(2,1) (1,2),(2,1) (2,2)
(12) || (1,2),(21) Mo (F) Hy1(F) (1,2),(21),(22)
2D || (12,21 Mo (F) Ho1(F) (1,2),(21),(22)
22 22 (12,21),22) 12),21),(22) M1 (F)

Proposition 4. On H,,,(F), as a subset of H 5 5(F), define the hyperoperation

Koy} O {(xy), &y}
(xy) - (<) = § (xy), if (x',y') = O
" y"), if (x,y) = O
Then (Ha,a(F), ) is an Hy — group.

Proof. First we prove that, if O # X and X € H,,(F), then f,, a( ) € Haa(F). To this aim, consider an
arbitrary element X € H,,4(F) not equal to O and notice that f2, = idp. Then
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X € Hoa(F) = (x,y) € Haa(F),y = fau(x)

= (y,x) € Haa(F), x = fauly)
= J € Haa(F)

—

= faa(x) € Haa(F).

Consequently, (x,y) « (X', ") C Haqa(F), forall (x,y), (x',y) € Haa(F) and “.” is well defined. Now,
let (x,y), (x",y"), (x",y") belong to H, . (F). We get

{red ey oy oyt € (1Y)« ()] "y 0 (o)« [ )« (7 y") # 2,
thus the weak associativity condition holds. It can easily be seen that the reproduction axiom is valid, too. [

Example 7. The Cayley table of the H,—group (Hoo(F),.) where, F = Zs is again the field of order 5, is
as follows:

| © (1,1) (2,3) (3,2) (4,4)
O o (1,1) (2,3) (3,2) (4,4)
LD 1LY 23 (32),(44) (32),(44) 9]
2,3) || 23) (3,2),(44) (1,1),(4,4) 9] (1,1), (2,3)
(3.2) || 32) (32),(44) @ (1L1),(44) (23),(1,1)
(4,4) || (4,4) 9 (1,1),(2,3) (1,1),(23)  (3,2)

In this table, we have O . (x,y) = (x,y) = (x,y). O, for all (x,y) € Hoo(F) and

(xy) () ={(x+2,(x+x)"), y+y, y+y) ")},

forall (x,y), (X, y) € Hoo(F) ~ {O}. The hyperoperation is not associative, but only weak associative, as we
can notice here below:

O =[(1,1).(1,1)].(3,2)] #[(1,1).[(1,1).(3,2)]] = {0, (3,2), (4,4)}.
5. Conclusions

In the last few years, researchers in the hypercompositional structure theory have investigated,
principally from a theoretical point of view, all types of hyperrings: general hyperrings [20],
multiplicative hyperrings [15], additive hyperrings [21], superrings [22], but till now, only the Krasner
hyperrings have found interesting and useful applications in number theory, algebraic geometry,
scheme theory, as mentioned in the introductory part of this article. Here the authors continue the
study on the research topic started in [1] about elliptic hypercurves defined on quotient Krasner
hyperfield, with applications in cryptography [8]. In a similar way, the notion of a homography
on a field is extended to hyperhomography over Krasner hyperfields. More exactly, considering an
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arbitrary field F and a normal subgroup G of its multiplicative group, we get a Krasner hyperfield
F = F/G. Then the homography H,;(F) = {(x,y) € F* | y = f,(x) = b+ 1-}, wherea,b € F is
naturally extended to the hyperhomography H 3(F) = {(%,7) € F? |1 € (x© A) ® (§© B)} over
the hyperfield (F, ®, ®). Besides, the group operation on a homography leads to a hyperoperation on
the associated equipped hyperhomography # z 5(F), that becomes a hypergroup. Then, all reversible
subhypergroups of an equipped hyperhomography are characterized. In the last part of the paper,
other hyperoperations are defined on hyperhomographies and their properties are investigated in
connection with weak associativity.
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