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Abstract: In the present work, the Hermite-Hadamard inequality is established in the setting of
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1. Introduction

The quantum calculus was initiated by Euler in the 18th century (1707-1783), it is known as
calculus with no limits. In 1910, a systematic study of g-calculus was presented by F. H. Jackson [1], in
which the definition of g—integral was introduced. The studies made by T. Ernst in [2,3], H. Gauchman
in [4], V. Kac in [5], and recently by M.E.H. Ismail [6,7] have enriched some branches of Mathematics
and Physics.

The Hermite-Hadamard inequality provides a lower and an upper estimation for the integral
average of any convex function defined on a compact interval, involving the midpoint and the
endpoints of the domain. More precisely:

Let f : I C R — R be a convex and integrable function on an interval I. Then the following

inequality hold
€q y holds g+b - 1 b p <f(a)+f(b) .
F(57) =50 [ far < 05 <>

foralla,b e I.

Due to modern analysis involving the applications of convexity, this concept has been extended
and generalized in several directions. Various types of generalized convexity have appeared in different
research works, some of them modify the domain or range of the function, always maintaining the
basic structure of a convex function. Among them are: m—convexity [8,9], s—convexity in the first
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and second sense [10,11], P—convexity [12], (s, m) —convexity in the first and second sense [8,13-15],
MT—convexity [16], tgs—convexity [17], and others. In particular, the types of generalized convexity
called (m, hy, hy) —convexity [18] and convexity dominated by a (m, hy, hy) —convex function g are of
interest to this work.

In recent years several works have been published that relate the concepts of g—calculus with
those of generalized convexity, and oriented towards the area of inequalities. In particular, the quantum
Hermite-Hadamard inequality and its variant forms are useful for quantum physics where lower and
upper bounds of natural phenomena modelled and described by integrals are frequently required [19,20].

Following the steps of the excellent works presented by the aforementioned authors, the
Hermite-Hadamard inequality for (m,hy,hy)—convex functions is established, the concept of
dominated convexity by a (m, hy, hy) —convex function g is introduced, and some integral inequalities
involving other types of generalized convexity are deduced. The methodology used reveals, in a sense,
a symmetric mathematical phenomenon.

2. Preliminaries

This section contains the basic information required for the development of this work, and is
divided into two subsections so that its contents are organized according to the topics addressed in
this study.

2.1. About q—Calculus

The following basics about g—calculus can be found in [5].
Definition 1. Let f be an arbitrary function. Its q—differential is defined as
dqf (x) = f(qx) = f(x).
In the particular case f(x) = x we have d;x = (g — 1)x.

Definition 2. Let f : I — R be a continuous function on an interval I, and x € 1. Then the g—derivative of f
in x is given by

_ dgf(x) _ flgx) — f(x)
Daf(x) = qux  (g—Dx

It is said that f is g—differentiable on I if D, f(x) exists for all x € I. Note that

. _df
lim Df (x) = 5:(x)

if f is differentiable on I.
The action of g—differentiation is a linear operator. Indeed, if f, g are functions and «, § are
arbitrary constants it follows that

Dy (af (x) + Bg(x)) = aDgf(x) + BDyg(x)-
Example 1. The g—derivative of f(x) = x", where n is a positive integer is given by

_qnxn_xn_qn_l n,1
Dyf(x) = G-Dx  g-1"

using the notation
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it can be written
qu(x) = [n] "L

Taking limit when q — 1 and using L'Hopital rule it is obtained that

q"—1
lim = limng" ! =n.
-1 g—1 g—1

Proposition 1. Let f, g : I — R be g—differentiable functions then

Dy(f8)(x) = f(gx)Dgg(x) + g(x) Dy f (x)

or
Dq(f)(x) = 8(qx) Dgf (x) + f(x)Dyg(x)

being equivalent expressions, also,

D, <f(X) > _ 8(x)Dqf (x) — f(x)Dyg (%)

or

f(x)\ _ 8(q%)Dqf(x) — f(qx)Dyg(x)
i (5) RERE
being equivalent expressions.

The chain rule does not have a general form but the following is known.

Proposition 2. Let f : [ — R be a q—differentiable function and g(x) = ax + b then

Dy (£(8(x)) = Dqf(8(x)) Dag(x)

and if g(x) = axP it is hold
Dg (f(8(x)) = Dysf(8(x)) Dgg ().

A function F is called a g—antiderivative of f if D;F(x) = f(x). It is denoted by

/f(x)dqx.

The following is known as the Jackson integral of f(x)

[ee]

[ Fdgx = (1= q)x Y- q"F(g"»).

n=0

3of 14

@

®)

)

©)

A rule for a change of variable u(x) = axf for a g—antiderivative is known ([5] p. 66). Suppose

that F is a g—antiderivative of f, then for any 4’

Fu(x)) = /f(u(x))dqx:/Dq/ (F(u(x)) dyx

= /(Dq,ﬁF) u(x)Dyu(x)dyx
_ /(Dq,ﬁp) (u(x)) dyu(x)

choosing g = (¢')"/? we have,
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[ Fdgu = [ fux)d pu().

similarly if u(x) = ax + b, we obtain

Flu(x)) = / (DyF) (u(x) dgu(x).

Definition 3. Let 0 < a < b. The definite q—integral is defined by

[} F0a() = = 3 g1

and

[ 1@ = [ g~ [ a0,

It is useful recall, at this stage, a particular (case u(x) = axhP ) rule of change of variable for the
definite Jackson integral ([5]p. 71):

u(b) b
[ fuydgu = [ pla(e))d,px
Ju(a) a
Remark 1. The previous paragraph is valid for functions such as u(x) = axP + 1.

Theorem 1. (The fundamental theorem of q—calculus) If F(x) is a q—antiderivative of f(x) and F(x) is
continuous in x = 0 then

[ Fa() = F0) — @)

where 0 < a < b < oo.

The g—integration by parts is given by the formula

b

[ F@az () = F0)(0) ~ Fla)s(a) [ slariagf(x).

2.2. About Generalized Convexity

In this part some definitions about generalized convexity are presented. We start with a definition
introduced by Z. Pavic and Z. Ardic in [9].

Definition 4. A function f : [0,00) — R is said to be a m—convex function for m € (0,1] if the following
inequality holds for all a,b € [0,00) witha < b,

flta+m(1—1)b) < tf(a) +m(1— £)£(b). ©)

Obviously when m = 1, the inequality (6) coincides with the classical convexity. When m = 0 it
becomes

fltx) <tf(x)

and this kind of function is called “starshaped” function.
In addition, in the works of W.W. Breckner [21], M. Alomari [10], and E. Set [22] the concept of
s—convex functions in the first and second sense were introduced.
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Definition 5. A function f : [0,c0) — R is said to be s—convex in the first sense if

fltx+ (1 =ty) <Ef(x)+ (1 =) f(y)

and it is said to be s—convex in the second sense if

fltx+ (1 =t)y) <Ef(x)+ 1= f(y),
both inequalities hold for all x,y € [0,00) and t € [0,1] and some fixed s € (0,1].

The definition of s—convex functions in the first sense was introduced by W. Orlicz and used in
the theory of Orlicz spaces [23,24].
Hudzik and Maligranda [25] exposed the following example. Let0 <s <1,4,b,c € R and

a if x=0
f(x)_{bxs—!—c if x>0

then

1. If b > 0and c < a the function f is s—convex in the first sense.
2. Ifb>0and0 < ¢ < athe function f is s—convex in the second sense.

S.S. Dragomir et al., in [26], introduced the concept of P—convex functions and A. O. Akdemir
in [12] used it for functions of several variables.

Definition 6. Lef f : I C R — R be a non negative function, where I is an interval, is said to be P—convex if
forall x,y € Iand t € [0,1] the function satisfies the following inequality

fltx+ (1 =ty) < f(x) + f(y).

As an example, the author exposed that f(x) = x, 0 < p < 1 and x € [0,00) is
a P—convex function.

When Definitions 4 and 5 are combined, as shown in the works of Bakula [8] and N. Eftekhari [15],
the following definition is obtained.

Definition 7. The function f : [0,b] — R, with b > 0, is said to be (s,m) —convex in the first sense if
f satisfies
flbe+m(1—ty) < £f(x) +m (1) f(y)

and it is (s, m) —convex in the second sense if f satisfies
fltx+m(1=t)y) <£f(x)+m(1—-1)f(y),
both inequalities hold for all x,y € [0,b] and t € [0,1] for some fixed s,m € (0,1].

M. Tunc et al. [17] introduced the following definition of generalized convex function.
Definition 8. Letf : I C R — R be a non-negative function. We say that f is tgs—convex function on I, if
(1=t +t0) < HL— 1) (F(u) + £(0))

forallu,v € Iand t € (0,1).

In addition, S.S. Dragomir and N.M. Ionescu, in [27] introduced the so-called dominated convexity.
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Definition 9. Let g : I C R — R be a given convex function. The function f : I C R — Riis called g—convex
dominated on I if the inequality

tf(x) + (A =D f(y) = ftx+ (1 = )y)| < 1g(x) + (1 = 1)g(y) — g(tx + (1 = H)y)
holds for all x,y € Iand t € [0,1].

As S.S. Dragomir established in [27], the class of g—convex dominated on an interval [ is
non-empty. Indeed there are concave functions g—convex dominated, for example —g.

D-P Shi, B-Y Xi, and F Qi introduced in [18] the class of generalized convex functions called
(m, hy, hy)—convex functions, and they were used by Cristescu G. et al. in [28].

Definition 10. Let f : [0,00) — R be a function, hy,hy : [0,1] — R non negative functions and m €
(0,1]. Then f is called a (m,hy,hy) —convex function if for all x,y € [0,00) and t € [0,1] the following
inequality holds

flbe+m(1 = )y) < ha(8)f(x) +mh (£) f(y)-

This work introduces a new class of generalized convex functions, these will be called g —
(m, hy, hy) —convex dominated functions.

Definition 11. Let g : I C R — R be a given (m, hy, hy) —convex function, where hy,hy : [0,1] — Rare
non-negative functions and m € (0,1]. A function f : [0,00) — Riis called g — (m, hy, hy) —convex dominated
if forall x,y € [0,00) and t € [0, 1] the following inequality holds

11 (8)f (x) + mha(8) f(y) — f(tx +m(1 = Dy)| < ki (£)g(x) + mha(£)g(y) — g(tx +m(1 = t)y).

3. Main Results

This section is divided into two subsections—in the first of them some results about the quantum
Hermite-Hadamard inequality for (m, hy, hy) —convex functions are presented and in the second some
properties and results about the same inequality for ¢ — (m, hy, hy) —convex dominated functions
are presented.

3.1. Quantum Hermite—Hadamard Inequality for Generalized Convex Functions

Theorem 2. Let hy,hy : [0,1] — R be two positive functions and m € (0,1]. Let f : [o,00) — R be
a (m, hy, hp) —convex function and a,b € [0, 00) with a < b. If f is q—integrable on [0, 00) then

) o (3) e oo (3) 5 [

bia/abf(u)dqu gf(a)/ol I (£) dgt + mf (:1) /01 ha (£) dgt. ®)

and

Proof. From Definition 10 it follows that
X+y 1 1 y
< = = ).
£(55Y) < (3) Fo0 -+ (5) £ (2)

x=ta+(1—t)b and y=(1—t)a+1tb
we have that

F(557) <m () £+ = ey iy (5) 7 (U222

So, choosing
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forallt € [0,1].
Taking the Jackson integral over t € [0, 1] it follows that

f(wzrb) /oldqt <My (i) /olf(tu+(1+f>b)dqt

iy (;) /olf (W) dt.

With the change u(t) = ta+ (1+t)band v(t) = ((1 — t)a + tb) /m, and using Remark 1, then

(22 () i (3) 25 L s

In order to proof the inequality (8), from Definition 10 we have

fta+(14+t)b) <hy(t)f(a)+mhy (t) f <b> .

m

Taking the Jackson integral over t € [0, 1]

[t a-on)age < @ [Tt ems (1) [T

and with the change of variable u(t) = ta + (1 — t)b we obtain

o [ g < 560 [ @t ot (2) [ ).

The proof is complete. [

The following corollaries are obtained using Theorem 2 with a particular choice of the parameters
m, hi and hy.

Corollary 1. Let f : [a,b] — R be a convex function. If f is q—integrable then

b b b
F(50) =52 [ s < L0 0 ©)

Proof. Lettingm =1and hy =t,hy =1 —tfort € [0,1] in Theorem 2 it is obtained that

1h dgt = 1d —71
t)d,t = td,t =
/o 1(5)dg /o 1 g+1

and replacing these values in the inequalities (7) and (8) it is obtained

b

The proof is complete. [

Remark 2. Ifin corollary we take limit when q — 1 it is attained

() < s s 810

making coincidence with the classical Hermite—Hadamard inequality (1).
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Corollary 2. Lets € (0,1] and f : [a,b] — R be a s—convex function in the second sense. If f is q—integrable then

4 b _
27 (U57) < s [ fdg < s (£ ).

Proof. Lettingm = 1and hy = t°,hy = (1 —t)° for t € [0,1] in Theorem 2 it is had that

1 1 1 g—1
— S — —
| m@dg= [ rage= il

and
1

1 1 ) q—
Replacing these values in the inequalities (7) and (8) the inequality (10) is obtained. [

Remark 3. Ifin corollary it is taken limit when g — 1

25 () < o [ e < = (e + £ 0).

This coincides with Theorem 2.1 in [29].

Corollary 3. Let m € (0,1] and f : [a,b] — R be a m—convex function. If f is g—integrable then

()=t o g o

LT 1 (r@+ns (1))

Proof. If in Theorem 2 itis chosen h; = t,hy =1 —t for t € [0,1] itis had that

1 1 2
| eyage= [y = [%]

Y0 d ! d
Ndt= [ (1—t)dt=——
/0 1(8)dg /0( ) g+1

Replacing in the inequalities (7) and (8) the inequalities (11) and (12) are attained. O

and

g 1

o [ aq+1

and

(10)

(11)

(12)

Remark 4. Ifin Corollary 3 is chosen m = 1 then it is obtained the quantum Hermite Hadamard inequality for
convex functions (9). If it is taken limit when q — 1 the classical Hermite—-Hadamard for m-convex functions is

obtained

42)2 ) s om0

o [ pwa < 3 (s ()

and

Corollary 4. Let f : [0,00) — R be a (s,m) —convex function in the second sense, m,s € (0,1] and

a,b € [0,00) witha < b. If f is g—integrable on [0,b/m] then
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() = g [ s s [ g )
and
bia/ubf(u)dquﬁ [541_” {f(a)—kmf <:1>} (14)

Proof. Letting hy = t5,hy = (1 —t)® for t € [0,1] in Theorem 2, and using the scheme of proof in the
above corollaries the inequalities (13) and (14) are obtained. [

Remark 5. Ifin Corollary 4 m = 1 then we have the quantum Hermite Hadamard inequality for s—convex
function in the second sense (10), and if it is chosen s = 1 then it is obtained the quantum Hermite Hadamard
inequalities (11) and (12) for m—convex functions. In addition, if s = 1 and m = 1 then is obtained the
quantum Hermite Hadamard inequality for convex functions.

Corollary 5. Let f : [a,b] — R be a P—convex function. If f is g—integrable then

a-+b 2 b
f <o [ Fdgu < 2(f(@) + £ (0)).
2 b—a/a
Proof. Letting m = 1,hy(t) = hp(t) = 1 for t € [0,1] in Theorem 2 then it is obtained
1 1
/ Iy (£) dyt = / Iy (£) dgt = 1
0 0
so, replacing in inequalities (7) and (8) the inequality (5) is obtained. [

Remark 6. If it is taken limit when q — 1 then it is had that

(50 <52 [ s <26 @+ F o)

making coincidence with Theorem 3.1 in [26].

Corollary 6. Let f : I = [a,b] C R — R be a tgs—convex function. If f is q—integrable on [a, ] then
1 1

2f (0) < 5 [ < (5 - 1o ) (@) + 50D,

Proof. Letting m =1, and hy(t) = hy(t) = t(1 —t) for all t € [0, 1] in Theorem 2, then

1(1/2) = ha(1/2) = %

and
1 1

1 1
J) i@y = [T = -5 - T

therefore, by replacement of these values we have the desired result. O

This last result coincides with Theorem 2.1 in [30].

3.2. Quantum Hermite—Hadamard Inequality for Generalized g—convex Dominated Functions

First it is given a characterization of g — (m, h11, hy) convex dominated function.
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Proposition 3. Let g a (m, hy, hy) convex function on an interval I and f : I — R. The following statements
are equivalent

(i)  fisag— (m, hy,hyp) convex dominated function
(i) The mappings g + f and g — f are (m,hy, hy) convex function
(iii)  There exists two (m, hy, hy) convex function h, k defined on I such thatf = (h—k) /2and g = (h+k) /2.

Proof. Let ga (m, hy,hy) convex function on an interval I . The statement f isa g — (m, h1, hy) —convex
dominated function is equivalent to

g(tx +m(l —t)y) —hi(t)g(x) — mha()g(y)
< Iy (8)f(x) +mha(8) f(y) — f(tx +m(1 = H)y)
< hi(1)g(x) +mha(t)g(y) — g(tx +m(1 —t)y)
forall x,y € I and t € [0,1]. These two inequalities may be rearranged as
h(5)(f(x) +g(x)) + mha(t) (f(y) +8(y))

> f(tx+m(1—t)y) + g(tx + m(1 — t)y)

and

hy(t)(g(x) — f(x)) + mha(t) (g(y) — f(¥))
>g(tx+m(1—t)y) — f(tx + m(1 —t)y)

forall x,y € I and t € [0,1], which are equivalent to the (m, hy,hy) convexity of ¢ + f and g — f.
This prove the equivalence between (i) and (if).

The equivalence between (ii) and (iii) is proved taking h = f + gand k = g — f.

The proof is complete. [

Theorem 3. Let ¢ : I — R be a (m,hy,hy) convex function on an interval I and f : [a,b] — R be
a g — (m, hy, hy) convex dominated function. Then

i (3) e L st (3) 525 ) oot (7))

1 1 b 5 1 1 b/m a+b
< — - _
sh <2) b—a/a g(u)dgu +mhy <2> b—a/ah” glu)dgu g( 2 )

@ [ @ (2) [ - 2 [ st

< g(a) /01 Iy (£) dgt +mg (:1) /01 Iy (£) dyt — ﬁ /abg(u)dqu.

Proof. From the Proposition 3 and using the Theorem 2 we have

o) () =i (3) s [ 0+ @i (3) 52 [ () ()

bia/ah (f+8) (W)dqu < (f +3) <a>_/:h1 (£ dgt+m (f +) (,i) (o (1) dt;

and

and
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also,

50 (20 < (3) 5 [ o gt (1) 5 [ G5 1)

biu/ab(g—f)(u)dquﬁ(g—f)(a)/o 1(t)dgt +m(g—f) ( )/ ho (t

This inequalities are equivalent to those in the enunciate. O

Corollary 7. Let g : I — R be a convex function on an interval I and f : [a,b] — R be a g convex dominated

function. Then
1 b a+b 1 b at+b
‘b_a/ﬂf(“)dq“—f( > )‘ Sb_a/ﬂg(“)dq”_g(z)

‘f@;+1 a —a/1f

Proof. Letting m = 1,hy(t) =tand hy(t) =1 —t for t € [0,1] in Theorem 3 then the desired result is
attained.
The proof is complete. [J

and

gla)+g®) 1
=TT _b—a/a g(u)dgu.

Remark 7. Taking limit when q — 1 it is had that

’bia/abf(u)du—f(a;b)‘ < bia/:g( )du —g<a+b>

a b a
L0101 P g <o

which coincides with Theorem 1 in [31].

and

);g(b) 3 bla/abg“‘)d”

Corollary 8. Let g : I — R be a s-convex function in the second sense on an interval I and f : [a,b] — R be
a § — s—convex dominated function then

’bia/abf(u)dqu—25—1f<a;b>’ < bia/abg(u)dqu—zs—lg (‘12"'17)

and

(s@) +50) ~ 5 [ sl

e @+ £ ) = 5 [ g <

s+1]

Proof. Letting m = 1,hy(t) = 5 and hy(t) = (1 —1t)° for t € [0,1] and some fixed s € (0,1] in
Theorem 3, the desired result is attained.
The proof is complete. [

Remark 8. Taking limit when q — 1 we have

o st () < L sz (U50)
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and
1

s+1

(Fla) + £ (b)) - < (s g 0) o [ st

biﬂ/ﬂbf(u)du

Corollary 9. Let g : I — R be a m-convex function on an interval I and f : [a,b] — R be a § — m—convex
dominated function then

2 b/ m

s [ g s [ g (150

1\ 1 b ,1 1 pb/m a+b
<(2)b—a/ug(u)dqu+m2b—a./u/m g(u)dqu—g< 5 )

and

1 (r@ s (1))~ 52 [ o

< qur1 (g(a) +mf <Z>> - bia /abg(u)dqu-

Proof. Letting hi(t) =t and hy(t) =1 —tfort € [0,1] in Theorem 3 the desired result is attained.
The proof is compete. [

Remark 9. Taking limit when q — 1 we have

st s iy s (557

1 b/m

Sz(b_a)/abg(u)dquz(bmia)/am g(u)dug(a—;b>

and

bia/ubf(u)du

E(f(awmf(f;)) Si(g(aHmf(Z))bia/ubg(u)dw

Corollary 10. Let g : I — R be a (s, m) —convex function in the second sense on an interval I and
f:]a,b] = Rbea g — (s, m)—convex dominated function then

o [ Fwan—r ()| < g [ s —g (1)

and

= [sj—l] [g(”) tmg (iﬂ - bia /jg(u)dq”'

Remark 10. Taking limit when q — 1 it is had the inequality for ordinary integral

Zs(bl_a) /abf(u)du g (a er b) ’ < - (b1_ > /ubg(u)du -8 (T)
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and

Sil [ﬂ”)‘“ﬂf (:1)] s+1 [g(ﬂ)-Fmg <:1>} - bla/ubg(u)du.

Corollary 11. Let g : I — R be a P—convex function in the second sense on an interval I and f : [a,b] — R
be a § — P—convex dominated function then

lbza/abf(u)dqu—f<a;b>’ < bza/abg(u)dqu—g(;b)

@+

and
du <

Remark 11. Taking limit when q — 1 then it is had that
2 b a+b 2 b a+b
_ < = _
a/a f(u)du f( 5 )’ < b_u/a §(u)du g( > )

@+ F0) - 5= [

and

4. Conclusions

In the development of this work the quantum Hermite-Hadamard inequality for
(m, hihy) —convex function was established and from this result some inequalities of the same type
for s—convex functions in the second sense, m—convex functions, (s, m) —convex functions were
deduced, making coincidence with particularized results found in [26,29]. In addition, the definition
of dominated (m, h1hy) —convexity function by a function ¢ which is (m, h1hy) —convex function was
introduced, and with this definition some inequalities of Hadamard type were deduced, and some
others for generalized convex functions were established.

The authors hope that this work contributes to the development of this line of research.
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