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Abstract: In this article, we construct a new strongly coupled Boussinesq–Burgers system
taking values in a commutative subalgebra Z2. A residual symmetry of the strongly coupled
Boussinesq–Burgers system is achieved by a given truncated Painlevé expansion. The residue
symmetry with respect to the singularity manifold is a nonlocal symmetry. Then, we introduce
a suitable enlarged system to localize the nonlocal residual symmetry. In addition, a Bäcklund
transformation is obtained with the help of Lie’s first theorem. Further, the linear superposition
of multiple residual symmetries is localized to a Lie point symmetry, and a N-th Bäcklund
transformation is also obtained.

Keywords: (2+1)-dimensional strongly coupled Boussinesq–Burgers system; residual symmetry;
Bäcklund transformation; Painlevé analysis

1. Introduction

Integrable equations have wide applications in the field of nonlinear science, such as plasma
physics [1–4], hydrodynamics [5–7], nonlinear optics [8,9], and so on [10–15]. The Painlevé analysis
is an effective way to study the integrability of nonlinear systems [16,17]. In [18–20], the authors
proposed a residual symmetry in the process of the residue of the truncated Painlevé expansion for the
bosonized super symmetric KdV equation which is a nonlocal symmetry.

The Boussinesq–Burgers (B–B) system arises in the study of shallow water waves for two-layered
fluid flow and describes propagation of shallow water waves in lake and ocean beaches [21–27].
In [28,29], the authors were concerned with the application of the nonlocal residual symmetry analysis
to the Boussinesq–Burgers (B–B) system, which has the form as follows:

pt −
1
2
(β− 1)pxx − 2ppx −

1
2

rx = 0, (1a)

rt +
1
2
(β− 1)rxx + β(

β

2
− 1)pxxx − 2(pr)x = 0, (1b)

where v = v(x, t) is the height deviating from the equilibrium position of water, u = u(x, t) is the field
of horizontal velocity, β is a constant representing different dispersive power.

In [30,31], a hierarchy called the Frobenius-valued Kakomtsev–Petviashvili hierarchy which
takes values in a maximal commutative subalgebra of gl(m,C) was constructed. In [32], the authors
considered the Hirota quadratic equation of the commutative version of extended multi-component
Toda hierarchy, which should be useful to Frobenius manifold theory [33]. In addition, we studied
the Zn-Painlevé IV equation and Frobenius Painlevé equations [34]. In this paper, we consider a
new strongly coupled B–B system which is defined by us through taking values in a commutative
subalgebra Z2 = C[Γ]/(Γ2). The form of the strongly coupled B–B system is as follows:
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pt −
1
2
(β− 1)pxx − 2ppx − 2qqx −

1
2

rx = 0,

qt −
1
2
(β− 1)qxx − 2pqx − 2qpx −

1
2

sx = 0,
(2a)

rt +
1
2
(β− 1)rxx + β(

β

2
− 1)pxxx − 2(pr + qs)x = 0,

st +
1
2
(β− 1)sxx + β(

β

2
− 1)qxxx − 2(ps + qr)x = 0.

(2b)

Then, the residual symmetry of the strongly coupled Boussinesq–Burgers system is achieved. In
order to further explore the residual symmetry, we use Lie’s first theorem: Every local analytical group
determines on its tangent vector space at the identity the structure of a unique Lie algebra with the Lie
bracket given by the formula

[x, y] = lim
t→0

t−2(
tx ◦ ty
ty ◦ tx

),

where the local group operation ◦ is transported into the tangent space, and where g/h is written for
g ◦ h−1.

The aim of this paper is to promote a Boussinesq–Burgers system to a Frobenius integrable
system, which is called a strongly coupled Boussinesq–Burgers system. We apply the nonlocal residual
symmetry analysis to the strongly coupled Boussinesq–Burgers system.

2. Residual Symmetries of (2+1)-Dimensional Strongly Coupled Burgers System

We first introduce the truncated Painlevé expansion:

p =
α0

∑
i=0

(pi(ψ + φ)i−α0 + pi(ψ− φ)i−α0 − qi(ψ− φ)i−α0 + qi(ψ + φ)i−α0),

q =
α1

∑
i=0

(qi(ψ + φ)i−α1 + qi(ψ− φ)i−α1 − pi(ψ− φ)i−α1 + pi(ψ + φ)i−α1),

r =
α2

∑
i=0

(ri(ψ + φ)i−α2 + ri(ψ− φ)i−α2 − si(ψ− φ)i−α2 + si(ψ + φ)i−α2),

s =
α3

∑
i=0

(si(ψ + φ)i−α3 + si(ψ− φ)i−α3 − ri(ψ− φ)i−α3 + ri(ψ + φ)i−α3),

(3)

where pα, qα are a set of arbitrary solutions of the equation, and pα−1, pα−2, · · · , p0, qα−1, qα−2,· · · ,q0

to be expressed by derivatives of ψ and φ. By balancing the dispersion and nonlinear terms according
to the leader order analysis to the system Equation (2), the truncated Painlevé expansion has the
following form:

p =
p0ψ− q0φ

ψ2 − φ2 + p1,

q =
q0ψ− p0φ

ψ2 − φ2 + q1,
(4a)

r =
r0(ψ

2 + φ2)− 2s0ψφ

(ψ2 − φ2)2 +
r1ψ− s1φ

ψ2 − φ2 + r2,

s =
s0(ψ

2 + φ2)− 2r0ψφ

(ψ2 − φ2)2 +
s1ψ− r1φ

ψ2 − φ2 + s2.
(4b)
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Then, plugging Equation (4) into Equation (2), and vanishing all the coefficients of each power of
(ψ + φ)−1 + (ψ− φ)−1 and (ψ− φ)−1 − (ψ + φ)−1, we obtain

p0 = −1
2

ψx, q0 = −1
2

φx, (5a)

p1 =
ψx(ψxx + 2ψt)− φx(φxx + 2φt)

4(ψ2
x − φ2

x)
, q1 =

ψx(φxx + 2φt)− φx(ψxx + 2ψt)

4(ψ2
x − φ2

x)
, (5b)

r0 = − β

2
(ψ2

x + φ2
x), s0 = −βψxφx, (5c)

r1 =
β

2
ψxx, s1 =

β

2
φxx, (5d)

r2 =
β

4
(ψ2

xx + φ2
xx)(ψ

2
x + φ2

x)− 4ψxφxψxxφxx

(ψ2
x − φ2

x)
2 − β

4
ψxxxψx − φxxxφx

ψ2
x − φ2

x

+
β

2
(ψxxψt + φxxφt)(ψ2

x + φ2
x)− 2ψxφx(ψxxφt + φxxψt)

(ψ2
x − φ2

x)
2 − β

2
ψtxψx − φtxφx

ψ2
x − φ2

x
,

s2 =
β

2
ψxxφxx(ψ2

x + φ2
x)− ψxφx(ψ2

xx + φ2
xx)

(ψ2
x − φ2

x)
2 − β

4
φxxxψx − ψxxxφx

ψ2
x − φ2

x

+
β

2
(ψxxφt + φxxψt)(ψ2

x + φ2
x)− 2ψxφx(ψxxψt + φxxφt)

(ψ2
x − φ2

x)
2 − β

2
φtxψx − ψtxφx

ψ2
x − φ2

x
.

(5e)

Further, the Schwarzian form of the field ψ and φ is obtained as follows:

Ct = CCx + DDx −
1
4

Sx − Cxx,

Dt = CDx + DCx −
1
4

Tx − Dxx,
(6)

where

C =
ψtψx − φtφx

ψ2
x − φ2

x
, D =

φtψx − ψtφx

ψ2
x − φ2

x
,

S =
ψxxxψx − φxxxφx

ψ2
x − φ2

x
− 3

2
(ψ2

xx + φ2
xx)(ψ

2
x + φ2

x)− 4ψxφxψxxφxx

(ψ2
x − φ2

x)
2 ,

T =
φxxxψx − ψxxxφx

ψ2
x − φ2

x
− 3

ψxxφxx(ψ2
x + φ2

x)− ψxφx(ψ2
xx + φ2

xx)

(ψ2
x − φ2

x)
2 .

The Schwarzian form Equation (6) is invariant under the Möbius transformation:

ψ→ (a + bψ)(c + dψ)− bdφ2

(c + dψ)2 − (dφ)2 , φ→ bφ(c + dψ)− dφ(a + bψ)

(c + dψ)2 − (dφ)2 , (a, b, c, d ∈ C),

which means the field ψ and φ possesses six point symmetries, σψ = a1, σφ = a2, σψ = b1ψ, σφ = b1φ,
σψ = c1(ψ

2 + φ2), σφ = 2c1ψφ, where a1, a2 , b1 and c1 are arbitrary constants.
Actually, the residuals p0, q0, r1, and s1 are nonlocal symmetries of Equation (2) with p1, q1, r2,

and s2 as solutions. Then, we introduce dependent variables f , g, h, and k with the relations f = ψx,
g = φx, h = fx, and k = gx to obtain a local symmetry.

Substituting Equation (5) into Equation (4), one has

p = −ψxψ− φxφ

2(ψ2 − φ2)
+

ψx(ψxx + 2ψt)− φx(φxx + 2φt)

4(ψ2
x − φ2

x)
,

q = −φxψ− ψxφ

2(ψ2 − φ2)
+

ψx(φxx + 2φt)− φx(ψxx + 2ψt)

4(ψ2
x − φ2

x)
,

(7)
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r = − β

2
(ψ2

x + φ2
x)(ψ

2 + φ2)− 4ψxφx

(ψ2 − φ2)2 +
β

2
ψxxψ− φxxφ

ψ2 − φ2 + r2,

s = −β
ψxφx(ψ2 + φ2)− ψφ(ψ2

x + φ2
x)

(ψ2 − φ2)2 +
β

2
φxxψ− ψxxφ

ψ2 − φ2 + s2.
(8)

Then, one can get the localized Lie point symmetry

σp = − f
2

, σq = − g
2

, (9a)

σr =
βh
2

, σs =
βk
2

, (9b)

σ f = −2( f ψ + gφ), σg = −2(gψ + f φ), (9c)

σh = −2( f 2 + g2)− 2(hψ + kφ), σk = −4 f g− 2(kψ + hφ), (9d)

σψ = −ψ2 − φ2, σφ = −2ψφ, (9e)

and the corresponding Lie point symmetry vector takes the following form:

−→
V =− f

2
∂p +

βh
2

∂r − 2( f ψ + gφ)∂ f − 2( f 2 + g2 + hψ + kφ)∂h − (ψ2 + φ2)∂ψ,

−→
W =− g

2
∂q +

βk
2

∂s − 2(gψ + f φ)∂g − 2(2 f g + kψ + hφ)∂k − 2ψφ∂φ.
(10)

Next we will give the Bäcklund symmetry theorem, which is obtained by using a finite
transformation of the Lie point symmetry Equation (10).

Theorem 1. If {p, q, r, s, f , g, h, k, ψ, φ} is a solution of the extended system Equation (9), then so is
{p, q, r, s, f , g, h, k, ψ, φ} with

p = p− ε

2
f (εψ + 1)− εgφ

(εψ + 1)2 − ε2φ2 , q = q− ε

2
g(εψ + 1)− ε f φ

(εψ + 1)2 − ε2φ2 , (11a)

r = r +
A((εψ + 1)2 + ε2φ2)− 2B(εψ + 1)εφ

2(εψ + εφ + 1)2(εψ− εφ + 1)2 , s = s +
B((εψ + 1)2 + ε2φ2)− 2A(εψ + 1)εφ

2(εψ + εφ + 1)2(εψ− εφ + 1)2 , (11b)

ψ =
ψ(εψ + 1)− εφ2

(εψ + 1)2 − ε2φ2 , φ =
φ(εψ + 1)− εψφ

(εψ + 1)2 − ε2φ2 , (11c)

f =
f ((εψ + 1)2 + ε2φ2)− 2g(εψ + 1)εφ

(εψ + εφ + 1)2(εψ− εφ + 1)2 , g =
g((εψ + 1)2 + ε2φ2)− 2 f (εψ + 1)εφ

(εψ + εφ + 1)2(εψ− εφ + 1)2 , (11d)

h =
C0((εψ + 1)3 + 3ε2φ2(εψ + 1))− D0(3εφ(εψ + 1)2 + ε3φ3)

(εψ + εφ + 1)3(εψ− εφ + 1)3 ,

k =
D0((εψ + 1)3 + 3ε2φ2(εψ + 1))− C0(3εφ(εψ + 1)2 + ε3φ3)

(εψ + εφ + 1)3(εψ− εφ + 1)3 ,
(11e)

where
A = βhε− βε2( f 2 + g2) + βε2(hψ + kφ), B = βkε− 2βε2 f g + βε2(hφ + kψ),

C0 = −2ε( f 2 + g2) + ε(hψ + kφ) + h, D0 = −4ε f g + ε(kψ + hφ) + k,

and ε is an arbitrary group parameter.

Proof. According to Lie’s first theorem on vector Equation (10) with the corresponding initial
value problem:
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dp
dε

= − f
2

,
dq
dε

= − g
2

, (12a)

dr
dε

=
βh
2

,
ds
dε

=
βk
2

, (12b)

d f
dε

= −2(ψ f + φg),
dg
dε

= −2(ψg + φ f ), (12c)

dh
dε

= −2( f
2
+ g2 + ψh + φk),

dk
dε

= −2(2 f g + ψk + φh), (12d)

dψ

dε
= −(ψ2

+ φ
2
),

dφ

dε
= −2ψφ, (12e)

p(0) = p, q(0) = q, r(0) = r, s(0) = s, f (0) = f ,

g(0) = g, h(0) = h, k(0) = k, ψ(0) = ψ, φ(0) = φ,
(12f)

one can find the solutions of the above system is Equation (11). Therefore, we have completed the
proof of Theorem 1.

3. Bäcklund Transformations of Strongly Coupled Burgers System Related to Multiple
Residual Symmetries

In the strongly coupled B–B system Equation (2), the original residual symmetry have forms:

σp = −1
2

ψx, σq = 2bφx, σr =
β

2
ψxx, σs =

β

2
φxx,

which is related to the solution of the Equation (6). Then, according to the linear property of symmetry
equations, the multiple residual symmetries are expressed in terms of any linear superposition
of symmetries

σ
p
n =

n

∑
i=1

ciψi,x, σ
q
n =

n

∑
i=1

ciφi,x,

σr
n =

n

∑
i=1

diψi,xx, σs
n =

n

∑
i=1

diφi,xx, (n = 1, 2, 3, . . .),
(13)

where ψi and φi i = 1, 2, 3, . . ., are different solutions of Equation (6). The symmetry Equation (13)
should be localized to a Lie point symmetry by introducing more variables. In fact, one can find the
finite transformation group of the symmetry Equation (13).

Theorem 2. The symmetry Equation (13) is localized to the Lie point symmetry

σp = −1
2

n

∑
j=1

cj f j, σq = −1
2

n

∑
j=1

cjgj, (14a)

σr =
β

2

n

∑
j=1

cjhj, σs =
β

2

n

∑
j=1

cjk j, (14b)

σψi = −ci(ψ
2
i + φ2

i )−
n

∑
j 6=i

cj(ψjψi + φjφi),

σφi = −2ciψiφi −
n

∑
j 6=i

cj(ψjφi + φjψi),
(14c)
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σ fi = −2ci( fiψi + giφi)−
n

∑
j 6=i

cj( f jψi + gjφi + fiψj + giφj),

σgi = −2ci(giψi + fiφi)−
n

∑
j 6=i

cj( f jφi + gjψi + giψj + fiφj),
(14d)

σhi = −2ci( f 2
i + g2

i )− 2ci(hiψi + kiφi)−
n

∑
j 6=i

cj(hjψi + k jφi + 2 f j fi + 2gjgi + hiψj + kiφj),

σki = −4ci figi − 2ci(kiψi + hiφi)−
n

∑
j 6=i

cj(hjφi + k jψi + 2 f jgi + 2gj fi + kiψj + hiφj),
(14e)

where {p, q, r, s, fi, gi, hi, ki, ψi, φi} (i = 1, 2, . . . , n) is a solution of the enlarged system

pt −
1
2
(β− 1)pxx − 2ppx − 2qqx −

1
2

rx = 0,

qt −
1
2
(β− 1)qxx − 2pqx − 2qpx −

1
2

sx = 0,
(15a)

rt +
1
2
(β− 1)rxx + β(

β

2
− 1)pxxx − 2(pr + qs)x = 0,

st +
1
2
(β− 1)sxx + β(

β

2
− 1)qxxx − 2(ps + qr)x = 0,

(15b)

p =
ψi,x(ψi,xx + 2ψi,t)− φi,x(φi,xx + 2φi,t)

4(ψ2
i,x − φ2

i,x)
,

q =
ψi,x(φi,xx + 2φi,t)− φi,x(ψi,xx + 2ψi,t)

4(ψ2
i,x − φ2

i,x)
,

(15c)

r =
β

4

(ψ2
i,xx + φ2

i,xx)(ψ
2
i,x + φ2

i,x)− 4ψi,xφi,xψi,xxφi,xx

(ψ2
i,x − φ2

i,x)
2

− β

4
ψi,xxxψi,x − φi,xxxφi,x

ψ2
i,x − φ2

i,x

+
β

2

(ψi,xxψi,t + φi,xxφi,t)(ψ
2
i,x + φ2

i,x)− 2ψi,xφi,x(ψi,xxφi,t + φi,xxψi,t)

(ψ2
i,x − φ2

i,x)
2

− β

2
ψi,txψi,x − φi,txφi,x

ψ2
i,x − φ2

i,x
,

s =
β

2

ψi,xxφi,xx(ψ
2
i,x + φ2

i,x)− ψi,xφi,x(ψ
2
i,xx + φ2

i,xx)

(ψ2
i,x − φ2

i,x)
2

− β

4
φi,xxxψi,x − ψi,xxxφi,x

ψ2
i,x − φ2

i,x

+
β

2

(ψi,xxφi,t + φi,xxψi,t)(ψ
2
i,x + φ2

i,x)− 2ψi,xφi,x(ψi,xxψi,t + φi,xxφi,t)

(ψ2
i,x − φ2

i,x)
2

− β

2
φi,txψi,x − ψi,txφi,x

ψ2
i,x − φ2

i,x
,

(15d)

fi = ψi,x, gi = φi,x, (15e)

hi = fi,x, ki = gi,x, (15f)

(i = 1, 2, . . . , n).

Proof. The extended system Equation (15) has the following linearized form:

σ
p
t −

1
2

βσ
p
xx +

1
2

σ
p
xx − 2pσ

p
x − 2qσ

q
x − 2σp px − 2σqqx −

1
2

σr
x = 0,

σ
q
t −

1
2

βσ
q
xx +

1
2

σ
q
xx − 2pσ

q
x − 2qσ

p
x − 2σpqx − 2σq px −

1
2

σs
x = 0,

(16a)
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σr
t − βσ

p
xxx +

1
2

β2σ
p
xxx −

1
2

σr
xx +

1
2

βσr
xx − 2pxσr − 2qxσs − 2σ

p
x r− 2σ

q
x s

− 2pσr
x − 2qσs

x − 2σprx − 2σqsx = 0,

σs
t − βσ

q
xxx +

1
2

β2σ
q
xxx −

1
2

σs
xx +

1
2

βσs
xx − 2pxσs − 2qxσr − 2σ

p
x s− 2σ

q
xr

− 2pσs
x − 2qσr

x − 2σpsx − 2σqrx = 0,

(16b)

σp =
ψi,x(σ

ψi
xx + 2σ

ψi
t )− φi,x(σ

φi
xx + 2σ

φi
t )

4(ψ2
i,x − φ2

i,x)
−

A0(ψ
2
i,x + φ2

i,x)− 2B0ψi,xφi,x

4(ψ2
i,x − φ2

i,x)
2

,

σq =
ψi,x(σ

φi
xx + 2σ

φi
t )− φi,x(σ

ψi
xx + 2σ

ψi
t )

4(ψ2
i,x − φ2

i,x)
−

B0(ψ
2
i,x + φ2

i,x)− 2A0ψi,xφi,x

4(ψ2
i,x − φ2

i,x)
2

,

(16c)

σr =− β

2

A1(ψ
3
i,x + 3φ2

i,xψi,x)− B1(φ
3
i,x + 3ψ2

i,xφi,x)

(ψ2
i,x − φ2

i,x)
3

+
β

2

A2(ψ
2
i,x + φ2

i,x)− 2B2ψi,xφi,x)

(ψ2
i,x − φ2

i,x)
2

+
β

4

A3(ψ
2
i,x − φ2

i,x)− 2B3ψi,xφi,x

(ψ2
i,x − φ2

i,x)
2

− β
A5(ψ

3
i + 3φ2

i ψi)− B5(φ
3
i + 3ψ2

i φi)

(ψ2
i − φ2

i )
3

− β

4
A4ψi,x − B4φi,x

ψ2
i,x − φ2

i,x
,

σs =− β

2

B1(ψ
3
i,x + 3φ2

i,xψi,x)− A1(φ
3
i,x + 3ψ2

i,xφi,x)

(ψ2
i,x − φ2

i,x)
3

+
β

2

B2(ψ
2
i,x + φ2

i,x)− 2A2ψi,xφi,x)

(ψ2
i,x − φ2

i,x)
2

+
β

4

B3(ψ
2
i,x − φ2

i,x)− 2A3ψi,xφi,x

(ψ2
i,x − φ2

i,x)
2

− β
B5(ψ

3
i + 3φ2

i ψi)− A5(φ
3
i + 3ψ2

i φi)

(ψ2
i − φ2

i )
3

− β

4
B4ψi,x − A4φi,x

ψ2
i,x − φ2

i,x
,

(16d)

σ
ψi
x = σ fi , σ

φi
x = σgi , (16e)

σ
fi
x = σhi , σ

gi
x = σki , i = 1, 2, . . . , n, (16f)

where

A0 = ψi,xxσ
ψi
x + φi,xxσ

φi
x + 2ψi,tσ

ψi
x + 2φi,tσ

φi
x ,

B0 = ψi,xxσ
φi
x + φi,xxσ

ψi
x + 2ψi,tσ

φi
x + 2φi,tσ

ψi
x ,

A1 = (ψ2
i,xx + φ2

i,xx)σ
ψi
x + 2ψi,xxφi,xxσ

φi
x ,

B1 = (ψ2
i,xx + φ2

i,xx)σ
φi
x + 2ψi,xxφi,xxσ

ψi
x ,

A2 = ψi,xxσ
ψi
xx + φi,xxσ

φi
xx + ψi,xxσ

ψi
t + φi,xxσ

φi
t + ψi,tσ

ψi
xx + φi,tσ

φi
xx + ψi,xtσ

ψi
x + φi,xtσ

φi
x ,

B2 = ψi,xxσ
φi
xx + φi,xxσ

ψi
xx + ψi,xxσ

φi
t + φi,xxσ

ψi
t + ψi,tσ

φi
xx + φi,tσ

ψi
xx + ψi,xtσ

φi
x + φi,xtσ

ψi
x ,

A3 = ψi,xxxσ
ψi
x + φi,xxxσ

φi
x , B3 = φi,xxxσ

ψi
x + ψi,xxxσ

φi
x ,

A4 = σ
ψi
xxx + 2σ

ψi
xt , B4 = σ

φi
xxx + 2σ

φi
xt ,

A5 = (ψi,xxψi,t + φi,xxφi,t)σ
ψi
x + (ψi,xxφi,t + φi,xxψi,t)σ

φi
x ,

B5 = (ψi,xxφi,t + φi,xxψi,t)σ
ψi
x + (ψi,xxψi,t + φi,xxφi,t)σ

φi
x .

Let us first consider the special case: for any fixed m, cm 6= 0, while cj = 0, j 6= m in
Equation (13). In this case, the localized symmetry for {p, q, r, s, fm, gm, hm, km, ψm, φm} can be obtained
from Equation (9):
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σp = −1
2

cm fm, σq = −1
2

cmgm, (17a)

σr =
β

2
cmhm, σs =

β

2
cmkm, (17b)

σψm = −cm(ψ
2
m + φ2

m), σφm = −2cmψmφm, (17c)

σ fm = −2cm( fmψm + gmφm), σgm = −2cm(gmψm + fmφm), (17d)

σhm = −2cm( f 2
m + g2

m)− 2cm(hmψm + kmφm), σkm = −4cm fmgm − 2cm(kmψm + hmφm). (17e)

In Equation (15c), p and q can be eliminated by taking i = m and i = j, respectively, and then
we obtain

ψj,xx =
A6ψm,x − B6φm,x

ψ2
m,x − φ2

m,x
,

φj,xx =
B6ψm,x − A6φm,x

ψ2
m,x − φ2

m,x
,

(18)

where
A6 = ψj,xψm,xx + φj,xφm,xx + 2ψj,xψm,t + 2φj,xφm,t − 2ψm,xψj,t − 2φm,xφj,t,

B6 = ψj,xφm,xx + φj,xψm,xx + 2ψj,xφm,t + 2φj,xψm,t − 2ψm,xφj,t − 2φm,xψj,t.

Substituting Equation (17a) into Equation (16c) with i = j and vanishing ψj,xx and φj,xx through
Equation (18), we have

σψj = −cm(ψmψj + φmφj),

σφj = −cm(ψmφj + φmψj).
(19)

The symmetries for f j, gj, hj, and k j can be obtained from Equation (19) as follows:

σ f j = −cm(ψm f j + φmgj + fmψj + gmφj),

σgj = −cm(ψmgj + φm f j + fmφj + gmψj),
(20)

σhj = −cm(hjψm + k jφm + 2 fm f j + 2gmgj + hmψj + kmφj),

σkj = −cm(hjφm + k jψm + 2 fmgj + 2gm f j + kmψj + hmφj).
(21)

Further, Equation (14) can be obtained by taking a linear combination of the above results for
m = 1, 2, . . . , n. Therefore, we have completed the proof of Theorem 2.

According to Lie’s first theorem, the initial value problem of the Lie point symmetry Equation (14)
has the following form:

dP(ε)
dε

= −1
2

n

∑
j=1

cjFj(ε),
dQ(ε)

dε
= −1

2

n

∑
j=1

cjGj(ε), (22a)

dR(ε)
dε

=
1
2

β
n

∑
j=1

cj Hj(ε),
dS(ε)

dε
=

1
2

β
n

∑
j=1

cjk j(ε), (22b)

dΨ(ε)

dε
= −ci(Ψ2

i (ε) + Φ2
i (ε))−

n

∑
j 6=i

cj(Ψj(ε)Ψi(ε) + Φj(ε)Φi(ε)),

dΦ(ε)

dε
= −2ciΨi(ε)Φi(ε)−

n

∑
j 6=i

cj(Ψj(ε)Φi(ε) + Φj(ε)Ψi(ε)),
(22c)
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dF(ε)
dε

=− 2ci(Fi(ε)Ψi(ε) + Gi(ε)Φi(ε))

−
n

∑
j 6=i

cj(Fj(ε)Ψi(ε) + Gj(ε)Φi(ε) + Fi(ε)Ψj(ε) + Gi(ε)Φj(ε)),

dG(ε)

dε
=− 2ci(Fi(ε)Φi(ε) + Gi(ε)Ψi(ε))

−
n

∑
j 6=i

cj(Fi(ε)Φj(ε) + Gi(ε)Ψj(ε) + Fj(ε)Φi(ε) + Gj(ε)Ψi(ε)),

(22d)

dH(ε)

dε
=− 2ci(F2

i (ε) + G2
i (ε))− 2ci(Hi(ε)Ψi(ε) + Ki(ε)Φi(ε))

−
n

∑
j 6=i

cj(Hi(ε)Ψj(ε) + Ki(ε)Φj(ε) + 2Fj(ε)Fi(ε) + 2Gj(ε)Gi(ε) + Hj(ε)Ψi(ε) + Kj(ε)Φi(ε)),

dK(ε)
dε

=− 4ciFi(ε)Gi(ε)− 2ci(Hi(ε)Φi(ε) + Ki(ε)Ψi(ε))

−
n

∑
j 6=i

cj(Hi(ε)Φj(ε) + Ki(ε)Ψj(ε) + 2Fj(ε)Gi(ε) + 2Gj(ε)Fi(ε) + Hj(ε)Φi(ε) + Kj(ε)Ψi(ε)),

(22e)

P(0) = p, Q(0) = q, R(0) = r, S(0) = s, Ψi(0) = ψi, Φi(0) = φi,

Fi(0) = fi, Gi(0) = gi, Hi(0) = hi, Ki(0) = ki,
(22f)

i = 1, 2, . . . , n.
Then, one can get the following N-th Bäcklund transformation for the extended system

Equation (15) by solving Equation (22).

Theorem 3. If {p, q, r, s, fi, gi, hi, ki, ψi, φi} is a solution of the coupled system Equation (15), then so is
{P(ε), Q(ε), R(ε), S(ε), Fi(ε), Gi(ε), Hi(ε), Ki(ε), Ψi(ε), Φi(ε)}, (i = 1, 2, . . . , n), where

P(ε) = p− 1
4
(ln(M + N) + ln(M− N))x, Q(ε) = q− 1

4
(ln(M + N)− ln(M− N))x, (23a)

R(ε) = r− β

4
(ln(M + N) + ln(M− N))xx, S(ε) = s− β

4
(ln(M + N)− ln(M− N))xx, (23b)

Ψi(ε) =
Ni N −Mi M

M2 − N2 , Φi(ε) =
Mi N − Ni M

M2 − N2 , (23c)

Fi(ε) = Ψi,x(ε), Gi(ε) = Φi,x(ε), (23d)

Hi(ε) = Ψi,xx(ε), Ki(ε) = Φi,xx(ε), (23e)

where

M =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c1εψ1 + 1 c1εA1,2 · · · c1εA1,j · · · c1εA1,n
c2εA1,2 c2εψ2 + 1 · · · c2εA2,j · · · c2εA2,n

...
...

...
...

...
...

cjεA1,j cjεA2,j · · · cjεψj + 1 · · · cjεAj,n
...

...
...

...
...

...
cnεA1,n cnεA2,n · · · cnεAj,n · · · cnεψn + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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N =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c1εφ1 + 1 c1εB1,2 · · · c1εB1,j · · · c1εB1,n
c2εB1,2 c2εφ2 + 1 · · · c2εB2,j · · · c2εB2,n

...
...

...
...

...
...

cjεB1,j cjεB2,j · · · cjεφj + 1 · · · cjεBj,n
...

...
...

...
...

...
cnεB1,n cnεB2,n · · · cnεBj,n · · · cnεφn + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

Mi =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c1εψ1 + 1 c1εA1,2 · · · c1εA1,i−1 c1εA1,i c1εA1,i+1 · · · c1εA1,n
c2εA1,2 c2εψ2 + 1 · · · c2εA2,i−1 c2εA2,i c2εA2,i+1 · · · c2εA2,n

...
...

...
...

...
...

...
...

ci−1εA1,i−1 ci−1εA2,i−1 · · · ci−1εψi−1 + 1 ci−1εAi−1,i ci−1εAi−1,i+1 · · · ci−1εAi−1,n
A1,i A2,i · · · Ai,i−1 ψi Ai,i+1 · · · Ai,n

ci+1εA1,i+1 ci+1εA2,i+1 · · · ci+1εAi−1,i+1 ci+1εAi,i+1 ci+1εψi+1 + 1 · · · ci+1εAi+1,n
...

...
...

...
...

...
...

cnεA1,n cnεA2,n · · · cnεAi−1,n cnεAi,n cnεAi+1,n · · · cnεψn + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

Ni =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c1εφ1 + 1 c1εB1,2 · · · c1εB1,i−1 c1εB1,i c1εB1,i+1 · · · c1εB1,n
c2εB1,2 c2εφ2 + 1 · · · c2εB2,i−1 c2εB2,i c2εB2,i+1 · · · c2εB2,n

...
...

...
...

...
...

...
...

ci−1εB1,i−1 ci−1εB2,i−1 · · · Bi−1εφi−1 + 1 ci−1εBi−1,i ci−1εBi−1,i+1 · · · ci−1εBi−1,n
B1,i B2,i · · · Bi,i−1 φi Bi,i+1 · · · Bi,n

ci+1εB1,i+1 ci+1εB2,i+1 · · · ci+1εBi−1,i+1 ci+1εBi,i+1 ci+1εφi+1 + 1 · · · ci+1εBi+1,n
...

...
...

...
...

...
...

cnεB1,n cnεB2,n · · · cnεBi−1,n cnεBi,n cnεBi+1,n · · · cnεφn + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

with

Ai,j =
1
2
(ψiψj + φiφj + ψiφj + φiψj)

1
2 +

1
2
(ψiψj + φiφj − ψiφj − φiψj)

1
2 ,

Bi,j =
1
2
(ψiψj + φiφj + ψiφj + φiψj)

1
2 − 1

2
(ψiψj + φiφj − ψiφj − φiψj)

1
2 .

From any seed solution of the strongly coupled B–B system, one can get an infinite number of
new solutions because n is an arbitrary positive integer.

4. Conclusions

To sum up, a new strongly coupled B–B system was first introduced. Then, the Schwarzian form
of the strongly coupled B–B system was obtained by using the truncated Painlevé expansion, and the
corresponding residual was the nonlocal symmetry. To localize the residual symmetry, we introduced
a suitable enlarged system. According to Lie’s first theorem, the ralated finite transformation was
found. Further, the N-th Bäcklund transformation of the strongly coupled Burgers system was
obtained by localizing the linear superposition of multiple residual symmetries, and the N-th Bäcklund
transformation was expressed by determinants in a compact form.
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