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Abstract: In this article, a pair of nondifferentiable second-order symmetric fractional primal-dual
model (G-Mond-Weir type model) in vector optimization problem is formulated over arbitrary cones.
In addition, we construct a nontrivial numerical example, which helps to understand the existence
of such type of functions. Finally, we prove weak, strong and converse duality theorems under
aforesaid assumptions.
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1. Introduction

In multiobjective programming problems, convexity plays an important role in deriving optimality
conditions and duality results. To relax convexity assumptions involved in sufficient optimality
conditions and duality theorems, various generalized convexity notions have been proposed.
Multiobjective type programming problem [1] is common in mathematical modeling of realistic
phenomenon with a wide spectrum of utilization. Symmetric duality in nonlinear programming
deals with the situation where dual of the dual is primal. Special dual problems of optimization are
applied to many types of optimization problems. They are used for the proof of optimality of solutions,
for designing and a theoretical justification of optimization algorithms, and for physical or economic
interpretation of received solutions. Quite often dual problems introduce new meaning to modeled
problems. For many interesting applications and developments of multiobjective optimization, we refer
to the work of A. Chinchuluun and P.M. Pardalos [2] and the references cited therein.

In economics, we often come across a case where we have to maximize the efficiency
of an economic system resulting optimization problems whose objective function is a ratio.
Mangasarian [3] proposed the idea of second-order duality for nonlinear optimization problems.
The perusal of second-order duality is important due to the computer simulation benefit over the
first-order duality since this one supplies narrow ranges for the cost of the objectives when estimations
are applied. Suneja et al. [1] and Kim et al. [4] extended the concept of symmetric duality to
arbitrary cones.
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Suneja et al. [5] considered a pair of multiobjective second order symmetric dual problems of
Mond-Weir type without non-negativity constraints and established duality results under #-bonvexity
and y-pseudobonvexity assumptions. Later, Khurana [6] defined cone-pseudoinvex and strongly
cone-pseudoinvex functions and proved duality theorems for a pair of Mond—Weir type symmetric
dual multiobjective programs over arbitrary cones. For more information on fractional programming,
readers are advised to see [7-13].

The purpose of the present work is to study second order multiobjective fractional
symmetric duality over arbitrary cones for nondifferentiable G-Mond-Weir type program under
Gy-bonvexity / G¢-pseudobonvexity assumptions. The paper is organized as follows. In Section 2,
we present some relevant preliminaries. In Section 3, we consider a pair of G-Mond-Weir
type nondifferentiable multiobjective second order fractional symmetric dual problems with cone
constraints and establish appropriate duality theorems under aforesaid assumptions followed
by conclusions.

2. Preliminaries and Definitions

Throughout this paper, R" stands for the n-dimensional Euclidean space and R’} for its
non-negative orthant. Consider the following vector minimization problem:

T
(MP) Minimize f(x) = {fl(x),fz(x),ﬁ(x), ---,fk(x)}
Subjectto X" = {x e X C R": gj(x) <0, j=1,2,..,m}

where f = {fi,fo, ., fi} : X — RFand ¢ = {g1,92,-,gm} : X — R™ are differentiable
functions defined on X.

Definition 1. A point ¥ € X° is said to be an efficient solution of (MP) if there exists no other x € X° such
that fr(x) < fy(X), for somer =1,2,.., kand f;(x) < f;(%), foralli =1,2,..,k.

Definition 2. The positive polar cone S*of a cone S C R?® is defined by
S*={yec R :xTy>0, forall x € S}.
Let C; € R" and C; C R™ be closed convex cones with non-empty interiors and Sy and Sy be non-empty
open sets in R and R, respectively, such that C; x Co C Sy x Sa. Suppose f = (f1, fa, -, fx) : S1 % Sa — RF

is a vector- valued differentiable function.

Definition 3. The function f is said to be invex at u € Sy (with respect to y, where 1 : S; x S — R"), if
YV x € 51 and for fixed v € Sy, we have

fi(x,0) = fi(u,0) > nT(x,u)Vyfi(u,v), foralli=1,2,..k,
If the above inequality sign changes to <, then f is called incave at u € Sy with respect to 1.

Definition 4. The function f is said to be pseudoinvex at u € Sy (with respect to y, where 1 : S; x Sp — R"),
ifV x € Sy and for fixed v € Sy, we have

UT(x,u)foi(u,v) > 0= fi(x,v) — fi(u,v) >0, foralli =1,2,..., k.

If the above inequality sign changes to <, then f is called pseudoincave at u € X with respect to 1.



Symmetry 2019, 11, 1348 30f18

Definition 5. The function f is said to be G¢-invex at u € Sy (with respect to 1), if there exists a differentiable
function Gy = (Gg,, Gy, ..., Gp) : R — R¥ such that each component Gy, @ I (S1 % S2) — R, where
I1,(51 X S2), i = 1,2,3, ..., k is the range of f;, is strictly increasing on its domain and 17 : S; x Sp — R", s0
that ¥V x € Sq, for fixed v € Sy, we have

Gy (fi(x,v)) = Gg(fi(u,v)) > r]T(x,u)G}i(fi(u,v))Vxﬁ(u,v), foralli=1,2,..,k,

If the above inequality sign changes to <, then f is called G¢-incave at u € Sy with respect to 1].

Definition 6. The function f is said to be Gg-pseudoinvex at u € Sy (with respect to 1), if there exists a
differentiable function G¢ = (Gg,, Gy,, ..., G ) : R = R¥ such that each component Gy, : I,(S1 X S2) = R,
where I, (S1 x S2), i = 1,2,3,..., k is the range of f;, is strictly increasing on its domain and 1 : S; x Sp — R",
so that ¥ x € Sy, for fixed v € Sy, we have

17T(x,u)G},_(fl-(u,v))fol-(u,v) > 0= Gg(fi(x,0)) — G (fi(w,0)) 20, foralli =1,2,..., k.
If the above inequality sign changes to <, then f is called G ¢-pseudoincave at u € X with respect to 1].
Definition 7. The function f is said to be G¢-bonvex at u € Sy (with respect to ), if there exists a differentiable
function Gy = (Gg,, Gy, ..., Gp) + R — R such that each component Gy @ I5(S1 % S2) — R, where

If,,(Sl X Sp), i =1,2,3,..., k is the range of f;, is strictly increasing on its domain and 1 : S; X Sy — R", so
that ¥V x € Sy, for fixed v € Sy and p; € R", we have

G, (fi(x,0)) = G (filu, v)) = 17 (x,1)[G} (fi(w,0)) Vi filw, 0) + {GF (filw,0)) Vi filwt,0) (Vi fi(w, 0)) T
+ G (i, 0) Vi, 0) il — 2pTIGH (il 0)) Vi (0,0) (Viefi(w,0))T
+ Gjlri (fi(u,0))Vifi(u,0)|p;, foralli =1,2,..., k.
If the above inequality sign changes to <, then f is called Gg-boncave at u € Sy with respect to 1.

Definition 8. The function f is said to be Gg-pseudobonvex at u € Sy (with respect to 1), if there
exists a differentiable function Gf = (Gf],sz,..., Gfk) : R — R* such that each component
Gr @ I(S1 x S2) — R, where I,(S1 x S2), i = 1,2,3,...,k is the range of f;, is strictly increasing
on its domain and 7 : Sy X Sy — R", so that ¥V x € Sy, for fixed v € Sy and p; € R",
0" (x,u) (Gl (fi(u,0)) Ve fi(u, 0) + { G (fi(1,0)) Vi fil1t, 0) (Vi (u,0))T + G (fi(u,0))

Vafi(u,0)}pi] 2 0= G (fi(x,0)) = G (fi(u, 0)) + %P?[G}’i (fi(1,9)) Vi fi(1,0) (Vs fi(u, 0))"
+ GJ’(i(fi(u, 0))Vaxfi(u,0)]p; >0, foralli =1,2,..., k.
If the above inequality sign changes to <, then f is called G -pseudoboncave at u € Sy with respect to 1.
We now give an example of G¢-bonvexity with respect to 7, but not 77-bonvex.

7T 7T
6/6:|/ 1 2 |:

Let f : [—Z,Z} X {—Z,Z] — R* be defined as

Example 1. Letk=4,n=1,5 =5, = [ -7 ﬂ].

66

flxy) ={fx ), 20x0y), (%), fa(x,y)}
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where f1(x,y) = ¢, fa(x,y) = xe¥, f3(x,y) = x*sin’y, fy(x,y) = y* and Gy = {Gy,, Gy, Gy, G, }
R — R* be defined as:

Gr, () =t, Gp,(t) =%, Gy (t) =1, Gy, (t) =~
Letyn : {—E,Z} X {—g,z] — Rbe given as:

n(x,u) = xu.

To show that f is Gg-bonvex at u = 0 with respect to 77, we have to claim that
i = Gy, (fi(x,v)) = Gy (fi(w,0)) = 7 (x,w)[G (fi(,0)) Ve fi(,0) + {Gf (fi(w,0)) Ve fi(u,0)
(Vafi(w,0))T} + GE (fi(w,0)) Vaa fi(u,0) bpi + %PZT[G}Z (fi(u,0)) Vi filu, 0)

(Vfi(u,0))" + G, (fi(u,0)) Vs fiu,0)]pi 2 0, i=1,2,3,4.
Putting the values of f1, f2, f3, fa, G fir sz, Gfa, Gf4 and u = 0 in the above expressions, we have

m=0Vp Vx,ve {_761’71}
2

6

) 7T
- /V /V/ AR Y
73 X“sin-o, p xv€|: 6 6:|

A

T
7'[2:x4e4U,Vp,Vx, vE [6'

and

T
= v E— — .
my=0,Vp, x,ve{ 6'6}
Hence, 1 > 0, m, > 0 (from Figure 1), 713 > 0 (in Figure 2) and 7y > 0, Vx, v € [— %, ]
and V p.

Therefore, f is G-bonvex at u = 0 with respect to 7 and p.

Next, we claim that function f is not #-bonvex. For this, it is sufficient to prove that at least one
f{s is not n-bonvex.

Let

&= f3(x) = fa(u) =" (x,u)[Vafa(u) — Vaxfs(u)ps] + %PsT[Vxxf:s(M)]Pa
or
E=xe"—ue®—0,Vp, Vx,ve {—Z,Z],

T
= xe’ atu = -=,=.
¢ =xe’ atu 06{ 6'6}



Symmetry 2019, 11, 1348 50f 18

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

T
Figure 1. The function 71y = xie® v p,Vx, ve [ — E} is non-negative.

It follows that £ 20, u € [ - 7'(] and V p (in Figure 3). Therefore, f3 is not #-bonvex at u = 0

n
6’6
with respect to p3. Hence, f = (f1, f2, fa, fa) is not -bonvex at u = 0 with respect to p.
Definition 9. Let C be a compact convex set in R". The support function of C is defined by
s (x|C) = max{xTy :y € C}.
The subdifferential of s(x|C) is given by

0s(x|C) = {z € C:zTx = 5(x|C)}.
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For any convex set S C R", the normal cone to S at a point x € S is defined by
Ns(x) ={y € R": y'(z —x) <0 forall z€ S}.

1t is readily verified that for a compact convex set S, y is in Ng(x) if and only if

s(yls) = xTy.
Suppose that S C R" and So C R™ are open sets such that C; X C; C S1 X Sa.

0.07

0.06

0.05

0.04

0.03

0.02

0.01

2

Figure 2. The function 713 = x

) o, .
sinv, ¥V p,Vx, ve {— o g} is non-negative.

6 of 18
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T
Figure 3. The function { = xe” becomes negative at some x,v € { ~ % g} .

3. Second-Order Nondifferentiable Multiobjective Symmetric Fractional Programming Problem
Over Arbitrary Cones

Now, we consider the following pair of a nondifferentiable multiobjective second-order fractional
symmetric dual program over arbitrary cones

(GMFP) Minimize U(x,y,z,1,p) = (U1 (x,y,21,71, p1), Ua(x, Y, 22,72, P2), - - -, U (X, Y, 2z, 1k, pk))T

subject to

k

— ; MIGE(Filx,y) Wy filx,y) =20 + {GE(fi(x, ) Vy fix, ) (Vy fi(x, )T + G (filx,y))
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Vyy filx,y) ypi — Ui(x,y, Pi){G,i(gi(x/y)) Vy 8i(x,y) +1i +{Gyg, (8i(x,v)) Vy &i(x,y)}

(Vy8i (%, y)T + Gy (8i(x,y)) Vyy gi(x,y)}pil € C3,

[i {Gh ) 9y fil5,9) = 21 (G () T4 i) (T )T + G )
Ty fiy)ypi = Ui(x,y, pi){Gy, (i(x,y)) Vy 8i(x,y) +7i + {Gy,(8i(x,y)) vy gi(x,y)}
Ty ) + Gy 81(9)) Ty vy f| 20,
X€C, A>0,z€D;, 1 €F, i=12,..k
(GMFD) Maximize T(u,v,w,t,q) = (Ty(u,v, w1, t1,q1), (Ta(4, 0,2, t2,q2), . . ., Te (1, 0, Wi, t, Gx)) T

subject to

D (G (fi(#,0)) Vx fi(1,0) +w; + GF (fi(u,0)) Vx fi(w,0)(Vafi(1,0))T + Gy (fi(u, 0))
Vax fi(1,0)]q; — Ti(u,v,4;) G, (8i(1,0)) Vx &i(1,0) — t; + { Gy, (8i(1,v)) Vx &i(u,0)
(Vx8i(1,0))T + Gy, (8i(1,0)) Vxx gi(1,0) }qi] € Cf,
ul [i_flm{c}i (fil#,0)) Vx fi(1,0) = w; + GF(fi(u,0)) 7 fi(w,0) (7xfi(w,0)) + G (fi(w,0))
Var fil,0)]q; = Ti(1,0,4:) Gy, (811, 0)) Vx gi(1,0) — ti + {Gy (8:(u, 0))
7281(0,9)(9385(0,9)7 + Gl (5300, 0) Tas il )i )| <0,

veC,A>0,w €Q;, ti€E;,i=12,..,k

where
(.25 70 ) = Gr(fix,y)) +5(x1Qi) —y"zi — 3p] [GE (filx,y)) Wy fix, ) (Vy fi(x, )T
Gg, (i(x,y)) — s(x|E;) +yTri — 3p] (G (8i(x,y)) Wy 8i(x, ) (Vy8i(x, )T

+Gy (fi(x,9)) Vyy fi(x,9)]pi
+G/gz Si(x,y)) Vyygz(x/ )pi

and

oot g = ARG S0P 7 7 IGH ((0,9) 9 i) (750"

S Ge(giu,0)) + (0l ) — uTt — 307 [GY (8i(,0)) W gi(1,0) (Vi (1, 0))T
+Gp (filu,0)) Vxx fi(u,0)]g;
+Gg, (8i(1, ) Vax &i(11,0)]q;”

and

S1 € R"and S, € R"; C; and C, are arbitrary cones in R" and R™, respectively, such that
C1 xCp © 51 xSy fi: 51 xSy — Rand g; : S1 X S; — R are differentiable functions; Gp I, = R
and Gg, : I, — R are differentiable strictly increasing functions on their domains; Q;, E; are compact
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convex sets in R"; and D;, F; are compact convex sets in R”,i = 1,2,3, ..., k. C] and C; are positive
polar cones of C; and Cy, respectively. It is assumed that in the feasible regions, the numerators are
nonnegative and denominators are positive. p; and g; are vectors in R and R", respectively, A € R¥.
Equivalently, the above problem is reduced in the given form:
(EGMFP) Min R(x,y,z,7,p) = (Ri(x,y,21,71, 1), Ra(x,y, 22,12, p2), - - ., R (%, , 2k, T, )
subject to

Gr,(fi(x,y) +5(x]Qi) = y"zi = 3p] (G (fi(x, 1) Wy filx, ¥) (Vi )T + G (fi(x,y))
Vuy filx, )pi — Ri(x,y, 2,71, pi) (G, (8i(u,0)) — s (x| ) + yTr; — %%T[Gg’,- (8i(u,0))

Vxgi(1,0) (Vxgi(u,0)" + G (8i(1,0)) Vax gi(u,0)]qi] =0, i=1,2,...k, 1

k
*;/\i[G}i (fiCe ) 7y filx,y) = zi + [GE(filx, ) 7y fi(x, y)(Vyfi(x, )T+

G}i (fi(x,y)) Ty fi(x, )i — Ri(x, ¥, 21,74, Pi){G;i(gi(xry)) + 1 Vy 8i(x,y) + (Gg,(gi(x,y))

V81 (%, 9) (7481 (%, )T + Gy, (8i(x,9)) Vyy 8i(x,y))pi}] € G5, 2
k
yTY MG (fi(x, 1)) Wy filx,y) — 20+ [GE(fi(x,y)) Wy filx, v) (Vy fi(x,y) T+

i-1
(f( Y) Vg fi(x )lpi — Ri(x, ¥, 20,11, pi){ Gy, (81(x,y)) Wy 8i(x,y) +7i + (G, (3i(x,v))

81 (%, 9) (7481 (2, )T + Gy, (8i(x,9)) Ty 8i(x,y))pi}] > 0, ®3)

x€C,A>0,z,€D;, 1, €F,i=1,2,..k 4)
(EGMFD) Maximize S(u,v,w,t,q) = [S1(u,v, w1, t1,91), S2(u, 0, wa, t2,q2), - . ., Si(u, v, wy, tr, gx )]
subject to
G/ (fiw,0)) = s(o]Dy) + ulw; — 39 {Gf (fi(u,©)) W fi(w,0) (Vxfi(w,0))T + Gy, (fi(u,0))
Vaxfi(1,0) 1 — Si(1,0,wi, ti, ;) [Gg, (8i(1,0)) + s(v|F;) — uTt; — 3q7{ Gy, (8:(,0)) Vx &i(u,0)
(Vxgi(1,0))" + Gy (8i(1,0)) Vx i (1,0)q:}] = 0, i =1,2,..,k. ®)

k
Y AilG (fi(1,0) Vi fi(w,0) +w; + {G} (fi(w,0)) T filw,0) (W filu,0)) "+

i=1
Gy (fi(1,0)) Vxx fil1,0) }qi = Ti(u, 0,wi, ti, 1) { Gy (8i(1,0)) Vv 83, 0) — £ + Gy (8i(,))

Vx8i(1,v) (Vx&i(u, )" +G (8i(u,0)) Vxx gi(u,0) }qi] € CY, (6)
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k
uTY MG (fi(1,0)) Vs £i(1,0) + w; + (G (i (1,0)) Vi (1,0) (Vi fi(,0)) T+

i=1

Gy (fi(1,0)) Vs fil1,0) }ai = Ti(u, v,wi, 11, 1) { Gy (8i(1,0)) Vx g1, 0) — t; + Gy (8i(u, )

V8i(11,0) (Vx8i(11,0)) T + Gy, (8i(1,0)) Vax 8i(1,0) }q1] <0,

veCy, A>0, w; € Bi, t; € Ei,i =1,2,..k

10 0of 18

@)

®)

Let Z9 and WY be the sets of feasible solutions of (EGMFP) and (EGMFD), respectively. Next, we
prove duality theorems for (EGMFP) and (EGMFD), which equally apply to (GMFP) and (GMFD),

respectively. Let z = (z1,22,...,2¢), ¥ = (r1,72,..,1%), W = (w1, Wa, ..., wx), t = (t1,t2,...,

A= (A1, Agy ooy Ag).

fr) and

Theorem 1. (Weak Duality). Let (x,y,R,z,1, A, p) € 7% and (u,v,S,w,t, Aq) € WO, Assume that for

i=1,23,... ,k

(i) fi(,v) is G- bonvex and (. )Tw; is invex at u for fixed v with respective to ;.
(ii) gi(.,v) is a Gg,- boncave and (. )Tt is invex at u for fixed v with respective to 1;.
(iii) fi(x,.) is a G- boncave and (. ) z; is invex at y for fixed x with respective to 1;.
(iv) gi(x,.) is a Gg,- bonvex and (.)Tr; is invex at y for fixed x with respective to 1,.
(v) 17 (x,u) +u € Cyand nx(v,y) +y € Ca.

(vi) Gg,((x,0)) +0Tr; —xTt; > 0.

Then, the following can not hold simultaneously:
R; <Sj, foralli =1,2,3,..,k and Rj < Sj,for somej=1,2,3,..m

Proof. From Assumption (v) and Equation (6), we get

k

(71 (%, 1) + u)T;Ai[G}i (fi(u,2)) Vx fi(u,0) + w; + [GF (fi(1,0)) x fi,0) (Vs fi(u,0))"
+G, (fi(1,0)) Vs fi(,0)]0: = Ti(1,0,q:){ Gy, (8:(1,0)) Vx i(1,0) — t;
+(Gy, (8i(1,0)) Vi 8i(14,0)(V28i(1,0)) " + G (8i(1,0)) Vax i(1,0))4;}] = 0
Using Equations (7) and (9), we obtain,

k
o ) | (G 0 0)) 1 flw2) (G 0)) il 2) (7 0

+G (fi(1,0)) Vax fi(1,0)19; — Ti(u,0,9:){ Gy, (8i(1,0)) Vx gi(1,0) — ;

+(Gy(8i(1,9)) Vx &i(1,0) (Vx8i (1,0)) " + Gy, (8:(1,0)) Vi &i(,0))q:}) | = 0.
From Assumption (i), we have
Gy, (fi(x,0)) = G (fiu,0)) = nf (x,u)G (fi(u,0)) Vx fi(u,0) + [G} (fi(u,0)) Vi fi(u, )
(Vafi(w,0)T + G (fi(4,0)) Vax fi(w, 0)]pi = 5piT (G (fi(w,0)) Vx fiw,0)

(Vfi(1,0))7 + Gy (fi(1,0)) Vxx filw,0)pil, i = 1,2,k

)

(10)

(11)
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and
xTw; — uTw; > ile(x,u)wi, i=1,2,..k (12)

Since A > 0 and combining above inequalities, it follows that

k
(G, (fi(x,0)) + xTw; = G (fi(u,0)) — uTwi] = nf (x,u ZA (G, (fi(1,0)) Vx fiw,0) + w;
1

i=

+[GE(fi(1,0)) x fi(w,0) (Vxfiw, )" + G (fi(w,0)) Vxx fi(w,0)]pi
pi" {G} (fi(w,0)) Vx filw, 0) (7 fi(,0))T + G (fi(1,0)) Vs fi(w,0)}pi] (13)
Similarly, from Assumption (ii), we get
— Gy, (8i(x,0)) + G, (8i(1,0)) = —n{ (x,1)[Gg, (gi(1,0)) T gi(u, v) + [GF (gi(u,0))
Vx8i(1,0) (Vx8i(1,0)) T + G, (8i(1,v)) Vax 8i(1,0)pi + 3T { Gl (8:(1,0)) Vx 8i(,0)

(V8i (1, 0)) T + Gy, (8i(1,0)) Vx (1w, 0) }pil, i =1,2,..,k (14)
and
xTt—ult; > UlT(x,u)ti, i=1,2,..k (15)

Multiplying by A;T; in above inequalities and taking summation overi = 1,2,3, ..., k, it follows that
"k
ZA T;[—Gq, (gi(x,0)) + xTt; + Gg,(8i(u,0)) —u't)) Z Gg, (8i(u,v)) — ti+
Vx8i(1,0)[GY(8i(11,0)) Vx 8i(1,0) (Vxgi(1,0))T + G, (8i(1,0)) Vax 8i(1,0) ] pi

ZPZT{G& (81(1,0)) Vx 8i(1,0) (Vx8i(1,0))" + G (8i(,0)) Vx gi(u, 0)pi}. (16)

Adding the inequalities in Equations (13) and (16), we get

“k
Y AilGr (fi(x,0)) = G (fi(u,v)) — Ti(Gg,(8i(x,v)) — Gg;(gi(u,v)))]
i=1
£ A ‘LT T
> —Z [Gf (fi(u,0)) Vax fi(u,0) + GE (fi(,0)) Va fi(u, 0) (Vi fi(1,0))

—Ti{ Gy, (31(1,0)) Vaxi (14, 0) + Gy (8:(14,0)) Vi (1,0) (Vagi(,0)) T }gi]. (17)
Since vTr; < s(v|F;), from Equations (17) and (5), we get
u T T T
Y AilGr (fi(x,0) 4+ x'w; — s(v| D) + Ti(x't; — ' r; — Gg,(gi(x,0)))] > 0. (18)
i=1
Similarly, using Hypotheses (iii)-(v) and the primal constraints in Equations (1)—(4), we have
k

ZA, ~Gy, (fi(x,v)) +olz; —s(x|Q;) + Ri(— Tti—l-vTri—l—Ggi(gi(x,v)))] > 0. (19)
i—1
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On adding the inequalities in Equations (18) and (19), we get

on

Ailo"z; — s(0|D;) + xTw; — G (fi(x,0)) — s(x]|Q;)

i=1

+(R; — Si)(—foi +olr+ Gy, (8i(x,0)))] > 0. (20)
Since A; > 0, v'z; — s(v|Di) + xTw; — s(x|Ci) < 0,i =1,2,3,..., k, it yields

k

Y Ai(Ri = T;) (G, (8i(x,0)) +0'r; — xTt;) > 0,

i=1

From Assumption (vi), we have, G¢,((x,v)) + ol —xTt; >, i =1,2,3,..,k. Since A > 0, it
follows that R f S, hence the result. O

Remark 1. Since every convex function is pseudoconvex, the above weak duality theorem for the symmetric
dual pair (EGMFP) and (EGMFD) can also be obtained under pseudobonvexity assumptions.

Theorem 2. (Weak Duality). Let (x,y,R,z,7,A,p) € Z% and (u,v,S,w,t,Aq) € WO, Assume that for
i=1,23,...k

(i)  fi(.,v) is G- pseudobonvex and (.)Twj is pseudoinvex at u for fixed v with respective to 1;.

(ii) (., v)isa Gg,;- pseudoboncave and (. )Tt is pseudoinvex at u for fixed v with respective to 1.
(iif) fl(x, ) is a G- pseudoboncave and (. )Tz; is pseudoinvex at y for fixed x with respective to 1.
(iv) gi(x,.) is a Gg,- pseudobonvex and (.)Tr; is pseudoinvex at y for fixed x with respective to 1.
(

(

v) 7 ( u)+u€C1and112(vy)+y€C2
i

X,
G ((x,0)) +olr; —xTt; > 0.
Then, the following cannot hold simultaneously:
R; < Sj, foralli=1,2,3,..,k and Rj < S]-,for somej=1,2,3,..m
Proof. The proof follows on the lines of Theorem 1. [

Theorem 3. (Strong Duality). Let (%,7,R, 2,7 A, p) be an efficient solution to (EGMFP), fix A = A in
(EGMFD). Further, assume that

{G (fi(%,9)) Vuy fi(2,9) + GL(fi(2,9) Wy fi(%,y) (7o fi(%,9))" — Ri{Gy, (8i(%, 7)) Vyy &i(%,7)
+Gy, (8i(%, 7)) Vy 8i(%,7)(Vygi(%,9))T}] is positive definite

and

PG (Fi(% 7)) Vyy fi(®9) + [GE (% 7)) Vy fil®y)(Vyfi(£ )T — Ri[Gg,(8i(%,7))
Vyy&i(%,7) + GE(8i(%,9)) Vy &i(%,5)(Vy8i(%,9))" > 0, forall i =1,2,3,...k.

(ii) The matrix {G},. (Fi(%9)) Vyy fi(£9) + GE (X 9) Vy fi(® ) (Vyfi(£9)T — Ri[Gg,(8i(%, 7))
Vyy8i(%, ) + Gy (8i(%, 7)) Vy gi(f/y‘)(vygi(f,y))T} is positive definite for i = 1,2,3, ..., k.

(iii) For p > 0and p; € R™, p; #0,i=1,2,..., k implies that
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k
Y- BifilGy (fi(%, 7)) Vyy fi(%,9) + [GF(fi(%,9)) 7y fi(% v)(Vy fi(%, 7)) = Ri[Gg, (8:(%, 7))
i=1
Vy8i(%,7) + Gg’i(gi(f/]?)) Vy gi(x/y)(Vygi(f/]?»T # 0.
(i0) [G (fil% 7)) Vyy fi® 9) +{G}(fi(x ) Wy fi £ 9) (7 fi(£,9)T — Ri(Gy, (8i(%, 7)) Vyy 8i(%,7)
. - _ k .. .
—i—Gé’i (8i(%, 7)) vy gi(x,y)(vygi(x,y))T)}]izl is linearly independent.
(iv)R; >0,i=1,2,3,..., k.
Then, there exist w; € Q and f; € E;, i = 1,2,3,..,k such that (%,7,R,@, A}, § = 0) is
feasible for (EGMFD). Furthermore, if the assumptions of Theorem 1 or Theorem 2 are satisfied, then
(%,7,R, @, A, E G = 0) is an efficient solution to (EGMFD).

Proof. Since (%,7,R,@w,A,f,§ = 0) is an efficient solution of (EMFP), by Fritz John necessary
conditions [14], there exists « € R, BeR,,yeCy deRand ¢ € RF such that

k 1

-9 L B[ G20 Vafie.0) + 0 39TV (G] <fi<x,y>>vyﬂ<x,y-><vyﬁ-<x,y>>T
G (% 9) Vi fi (5. )} i — ( (85 0)Vegi(5.7) + F — 2TV {G! (515, 7)) Vyi(5,7)
(V,5:(50)T + Gl (51(5. 7)) Vi (£,7))] )] Ty [G}’(fz(f )V fi(5 )V fi(5,9)

+ Gy (fi(%, 7)) Vay fi(%,7) + V2 [{GF <fi(f,y>>vyfi<f,y7>(vyﬂ w)) + G} (fi(%, 7))

Vi fi(%,9)}pil = R; <G§’,. (8i(%, ) Vx8i(%, 7) Vy8i(%,7) + Gy, (8i(%,7)) Vay8i (%, 7)

+V 2 [{ Gy (8i(%,9)) Vy8i(%,7)(Vygi(£,7))" + Gy, (gi(f/y))vyygi(xry)}ﬁio} >0,VxeCy, (21)

f{ [<ﬁf — MG (fi(%7) Vy fi(%7) =2+ (GL(fi(%,9)) Yy fi(% ) + (G} (fi(%,9))
Vufi(® ) (T fi &) )B:) — Ri((Gl (8i(%,9)) Vy (%, 7) +Fi + (Gl (8i(%,9)) Ty 8i(%,9)
+(Gg,(8:(%,9)) 7y & (%) (7y8:(% 7)) )P)}) + (v = 69)Ai — Bipi) { (G, (fi(%, 7))
Vyfi(%9) + (GLA(E9)) Wy fi(Zy) (T fi( £ 9)T) = Ri(Gy, (3i(%,9)) Vyy (%, 9)

(G (5.9)) 9y 50) (Tui (5,9} + (0 = 090 = BTG 5, 9) Ty fil.)

+HGE(fi(x 7)) vy fi% 9)(Vyfi(%9)T)Pi) — Ri(Vy (G, (8i(%, 7))

Vyy8i(%,7) + (G, (gi(% 17))vygf(f,y)(vygi(f,y)(f,y‘))T)ﬁi)}} =0, (22)
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(v = 89{(C, ((5.9) y il 9) — 2+ <G}l. (F(59) Ty fil5.) + (G5, 9))
Vofi(X9)(Vyfi(%, 7
K (23)

8i(%,7) + (Gg,(8i(%,7
) Vyy fi(%, ) + GE(fi(%,9) (Vy fi(%, 7))

)) 7y 8i(%,7)(Vy8:i(%,7)))pi) =0,i =1,2,3

X, 7)) Vyy Si(%,7) + Ggﬂ(gi(f,?))(vygi(f/?))

(Vygi(x )] =0,i=1,23,...,k

(gz( 7)) Vyy 8i(%,7)

(24)

+ Gy, (8i(%, 7))

a; — BilGg, (8i(%,9)) — s(x|E;) + 77 — 37" [G

(Vygi(f/?))(Vygi(f/y_ TPi i
1=0,i=12,...,k (25

Biy+ (v —69)A; € Np.(2;),i =1,2,...,.K (26)
BiRij + (v — 69)R;A; € Ng(7), i =1,2,3,...,k (27)
k
7' ;Xz[Gf, (fi(%.9)) vy fi(%9) — 2 + (G, (fi(2, 7)) Vyy fi(%, ) + GL (fi(%,7))
(Vfi® 7)) (Vyfi(x 7)) T)pi = RilGy (fi(%,7) vy fi(%9) +Ti + {Gg, (i(%,7))
Vyy8i(%,9) + Gy (8i(%, 7)) (Vy8i(%, 7)) (Vy8i(%, 7)) pil] = 0 (28)
k
7" ;Xz[Gfi(fi(x 7)) 7y fi(%9) — 2i + (G, (fi(%, 7)) Vyy fi(%,7) + GE(fi(%,7))
(Vofi® 7)) (Vyfi(x 7)) T)pi — RilGy (fi(%,7)) vy fi(%,9) + Ti + {Gg,(i(%,7))
Vyy8i(%7) + G, (8i(%,7))-(Vy8i (%, 7)) (Vy8i(£, 7)) pil) = 0 (29)
ATe=0 (30)
; € Q;,f; € E;, #'F; = S(x|E;), * w; = S(%|Q;), i = 1,2,3,...,k, (31)
(“’ 5/ (’7{) Z 0/ (0" IB’ ,Y/ 5’ g) # 0 (32)
From Assumption (i) and Equation (24), we have
(33)

YAi — Bipi — Aidy = 0.
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We claim that B; # 0,Vi. The proof is by contradiction. Let f; = 0 for some i. Since A > 0, the
relation in Equation (33) yields
v = §y (34)
From the relation in Equations (22), (33) and (34), we obtain
k = ! !
Y (Bi = 0A)[G (fi(%,9)) 7y fi(%,§) — Zi + (G, (fi(%,§)) Vyy fi(%,7)+
i=1

G (i@ D)V fi(% D)(Tyfi (%, 9)T)Fi = RilGy, (8i(%,9)) y 8i(%,9) +7i
G (512 9)) (Vi (2 9) (Vi (£,9)T) + Gy (Vi (£,9)) }51)] = 0. (35)
On using Asumption (iv), this gives
Bi—0A =0,i=1,2,...k (36)

Since B; = 0, we obtain 6A; = 0but A; >0, i =1,2,...,k and thus the relation in Equation (36)
implies 6 = 0. Thus, from the relation in Equations (25), (34) and (36), we geta; =0, i =1,2,... k.
In addition, from the relation in Equation (34), we get v = 0, which is a contradiction, since (&, B, 7, ) #
0.Hence,weget; #0, i =1,2,... k.

Since A > 0, using Equations (22) and (33), we get

k
;ﬁ BilGy (Fi(%,9)) Vy fi(29) + @i + (G (fi(£9)) Vyy fi(%,7)+
G (fi( % 9) (Vufi(2 ) (Vyfil £ 9)T)Pi — RilGy, (8:(%,7)) vy 8i(%,9) — Fi
+H{Gy (81(%,9)) (Vy8i (%, 7)) (748 (%,9)T) + G, (Vi (%,9)) } )] = 0. (37)

Hence, from Assumption (iii), we get p; = 0, i = 1,2, ..., k. From the relation in Equation (33),
pi=0,i=1,2,...,kand A > 0, we have y = 7, from Equations (21) and (22), we have

k

; MGy (fi(%,9)) Vx fi(%,9) + @ — Ri[Gy,(8:(%,9)) Vi 8i(%,§) — E] = 0. (38)
k
; MG (fi(%,9)) 7y fi(%,9) + @i — RiGy, vy 8i(%,7) — Fi] =0, (39)

By Assumptions (i) and (iii), we have
Bi=6A,i=1,2,...,k (40)

Since B; > 0and A; >0, i = 1,2,...,k, the relation in Equation (40) implies that § > 0, and the
relation in Equation (38) reduces to

k
0T L AlC &I VAiE9) + 0 = RilCy (512 9) Vagi(£.9) ~B)] 20, Vx € G (4)
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Let x € Cq. Then, x + % € Cy as C; is a closed convex cone. On substituting x + X into the place of
x in Equation (41), we get

k
;7\ (G, (fil%, 7)) Vafi(%,7) + @) — Ri(Gy, (8i(%, 7)) Vagi(%,9) — E)] = 0.

Hence,

M»

7\1[(Gf,(fz(f 7))Vfi(%7) + @) - Ri(Gg, (8:(%, 7)) Vagi(%,9) — )] € Cf. (42)

Il
—_

In addition, by letting x = 0 and x = 2% simultaneously in Equation (41), we have

Zk:x (G (fi(%9)) Vafi(%,§) + @) — Ri( Gy, (8i(%,9)) Vgi(%,5) — )] = 0. (43)
Since v = 4 and § > 0, we have
j=1€C. (44)
From Equations (26) and (34) and using B > 0, we get 7 € Np,(Z;), i = 1,2,3, ..., k This implies
7'z = S(y|Dy), i =1,2,3, ..., k. (45)
Similarly, by Equation (27) and Assumption (iii), ¥ € Nf,(7;), i = 1,2,3, ..., k, we obtain
717 = S(y|F), i=1,2,3,.., k. (46)
Combining Equations (31), (45), (46) and (31), it follows that
(G, (fi(%,7)) = S(7ID;) + & @;) — Ri(Gg,(8i(%,7)) + S(7IF) —%'6;) =0, i =1,2,3,..k. (47)

This together with Equations (42), (43) and (47) shows that (%,7,R,A,@,F) € WC. Now, let
(%,7,R, A, @, F) be not an efficient solution of (EGMFD). Then, there exists other (u,v, R, A, w,t) € WO
suchthatR; < S;,,Vi=1,2,.., kand R]- < §j, for some j = 1,2, ..., m. This contradicts the result of the
Theorems 1 and 2. Hence, the proof is complete. [

Remark 2. In the case of symmetric programming problem, the proof of converse duality theorem remains same
as Theorem 3.

Theorem 4. (Converse duality theorem). Let (i1,9,S,t,®, A, §) be an efficient solution to (EGMFD), fix A = A
in (EGMFP). Further, assume that

{G(fi(1,9)) Vxx fi(1,0) + G} (fi(1,0)) Vx fi(#,0) (Vxfi(,0)T = Si{ Gy, (8i(1,9)) Vxx 8i(5, 0)

+Gy,(8i(#1,0)) Vx 8i(#1,0)(V8i(, 0))T}] is positive definite and

471G (fi(1,0)) Vs fi(,0) + G} (fi(,0)) Vi fi(1,0) (Vxfi(1,9))T = Si[Gy,(8:(1,0))

Vx&i(11,0) + Gy (8i(11,0)) Vx &i(11,0) (Vx8i(#,9))" >0, forall i =1,2,3,... k.

() The matrix { G} (1(5,9)) W (5,0 + (G} ((5,0)) 7 i, 0)(73i(m,0))T = 5,(G4, 51(m)



Symmetry 2019, 11, 1348 17 of 18

Vxxgi(,0) + G” (£i(11,0)) Vx £i(1,0)(Vxgi (i, ))T} is positive definite fori = 1,2,3,... k.
iiiyFor B >0and §; € R", §; #0,i =1,2,...,k implies that
q q p

— !/

BidilGy, (fi(1,9)) Vax fil1,0) + [GF (fi(1,9)) T fi(#,0)(Vfi(1,0))T — 5i[Gy, (8:(7,9))

M»

l
—

i

Vxgi(#,0) + Gy (8i(#,0)) Vx 8i(1,0) (Vx8i(1,0))T # 0,
(iv) [G}i(ﬁ(ﬂfﬁ))vxxfz(ﬂ 9) + {G}(fi(11,9)) = fi(1,0)(Vfi(11,0))" — S;(Gg, (8:(11,9))

Vxx8i(#1,0) + Gy, (8i(11,0)) Vx 8i(#1,9) (Vx(gi (1, ))T)}]f:l is linearly independent.

(v) S; > 0, i = 1,2,3,...,k. Then, there exist z; € D; and ¥; € E;, i = 1,2,3,...,k such that
(i,0,5,2,A,7,p = 0) is feasible for (EGMFP). Furthermore, if the assumptions of Theorem 1 or Theorem 2
are satisfied, then (i1,09,5,2,A, 7, p = 0) is an efficient solution to (EGMFP).

Proof. The results can be obtained on the lines of Theorem 3. [

4. Conclusions

In this paper, we use the concept of G- bonvex/ G ¢-pseudobonvex functions to establish duality
results for G- Mond-Weir type dual model related to multiobjective nondifferentiable second-order
symmetric fractional programming problem over arbitrary cones. Numerical examples are also
illustrated to justify the existence of such type of functions. The present work can be further extended
to nondifferentiable higher-order symmetric fractional programming over cones. This will orient the
future task for the researcher working in this area.
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