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Abstract: In this paper, complex Appell polynomials and their degenerate-type polynomials are
considered as an extension of real-valued polynomials. By treating the real value part and imaginary part
separately, we obtained useful identities and general properties by convolution of sequences. To justify
the obtained results, we show several examples based on famous Appell sequences such as Euler
polynomials and Bernoulli polynomials. Further, we show that the degenerate types of the complex
Appell polynomials are represented in terms of the Stirling numbers of the first kind.
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1. Introduction

Appell polynomials are very frequently used in various problems in pure and applied mathematics
related to functional equations in differential equations, approximation theories, interpolation problems,
summation methods, quadrature rules, and their multidimensional extensions (see [1-11]). Also, for a
further general account of the study in Appell polynomials, a number of applications can be found (see [4]
and references therein).

The sequence of complex Appell polynomials { A, (z)};>, can be obtained by either of the following
equivalent conditions:

d

EA"(Z) =nA,_1(z), Ao(z)#0, z=x+iyeC, neN, 1)
or the following formal equality
o tn
t= Y Aule) @
n=0 :

where A(t) = Z ant n, , (ag # 0) is a formal power series with coefficients a, called by Appell numbers.
=0

There is a large number of classical sequences of polynomials in Appell polynomials and a list of
famous classical Appell polynomials is shown as the Bernoulli polynomials, the Euler polynomials, the
Hermite polynomials, the Genocchi polynomials, the generalized Bernoulli polynomials, the generalized
Euler polynomials, etc. (see [2,3] for more examples).

Many authors have obtained useful results by considering the Appell polynomials of a complex
variable by splitting complex-valued polynomials into real and imaginary values: Analytic properties
of the sequence of complex Hermite polynomials are studied in [12] and their orthogonality relation is
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established in [13,14]. Also, authors in [15] show the representation of the real and imaginary parts in the
complex Appell polynomials in terms of the Chebyshev polynomials of the first and second kind.

With the help of the research of complex Appell polynomials, their degenerate versions have been also
extensively studied looking for useful identities, as well as their related properties, since Carlitz introduced
degenerate formulas of special numbers and polynomials in [16,17]. Further, there have been studies
of various degenerate numbers and polynomials by means of degenerate types of generating functions,
combinatorial methods, umbral calculus, and differential equations. For example, several authors have
studied the degenerate types of Appell polynomials, such as Bernoulli and Euler polynomials (see [18-23])
and their complex version [24], degenerate gamma functions, degenerate Laplace transforms [25], and their
modified ones [26].

The research for degenerate versions of known special numbers and polynomials brought many
valuable identities and properties into mathematics. In the future, we hope the results of the degenerate
types of complex Appell polynomials can be further applicable to many different problems in various areas.

The aim of this paper is to introduce Appell polynomials of a complex variable and their degenerate
formulas and provide some of their properties and examples. Also, we study some further properties of
the degenerate type of Appell polynomials and show that degenerate cosine- and sine-Appell polynomials
can be expressed by the Stirling numbers of the first kind.

The paper is organized as follows. In Section 2, we recall the complex Appell polynomials with
cosine- and sine-Appell polynomials and present some properties and their relations. Section 3 introduces
the degenerate version of complex Appell polynomials and provides some expressions, properties, and
examples. Finally, Section 4 contains the conclusion of this study.

2. Complex Appell Polynomials

In this section, we introduce the cosine-Appell polynomials and sine-Appell polynomials by splitting
complex Appell polynomials into real ® and imaginary & parts, and present some properties, which can
apply to any Appell-type polynomial, as mentioned in the introduction.

Definition 1. Forn € NU {0}, we define the cosine-Appell polynomials A,(f) (x,y) and the sine-Appell polynomials
A,(f) (x,y) by the generating functions respectively,

ARt cos(yt) = Y A9 (v )L,
n=0 n (3)

Xt s _ - (s) ﬁ

A(t)e* sin(yt) = r;)An (x,y)n!.

The definition in (3) with the fact (2) implies that
n
Anz) =) (k) 2" = A (v, y) +iAF) (x,y). )
k=0

Also, it is easily observed that for z = x — iy,

[e9)

Y. A

n=0

A (t)e* = A(t)e* (cos(yt) +isin(yt)),
> Al

n=0

(@) =a
z)}t;! = A(t)e = A(t)e™ (cos(yt) — isin(yt)),
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which show

A(t)e* cos(yt) = i (W) ti,,

() - 52 (AnD) = An(2)

Awetsiny) = 3 (HEAE ) T
and - s
A9 (x,y) = An(Z)erAn(Z), A}gs>(x,y):An(Z>2—iAn(z)

Further, noting that A,(f)(x,y) = R(A,(z)) and AE,S)(x,y) = $(Au(2)), z = x+iyforn > 0,
it can be checked that the cosine-Appell polynomials and the sine-Appell polynomials satisfy the
following properties:

(i) Ay (Z) = Ay (Z)/

(i)  Au(z) = X (Dy)" *A(x),

) Anz) = § ()Ax()FY and An(2) = T (A (0) (D
iv) AV (xy) =AY (x,-y),

V) AY(x,0) = Au(x),

i)  AY(x,0)=0.

The above properties are easily proved by the comparison of coefficients after polynomial expansion
of the generating functions and we omit the proofs here for lack of space.
We next investigate further properties of complex Appell polynomials.

Theorem 1. Forn, m € NU {0}, z = x + iy, the following product of complex Appell polynomials is established:
An(2) - An(2) = (A () AR (x, —y) = AL (5, y) AR (x, ) )
+ (A9 (1) 4G (5, =) + 4D () A (5, —1) )
Proof. The product of the identities for A, (z) and A,,(Z) from (4) shows the desired identity. [

Corollary 1. For n € NU {0}, z = x + iy, we have the identity,

Anz) - An(2) = (A o))+ (AP )

Lemma 1. For n € NU {0}, z = x + iy, the real R and imaginary I parts of complex Appell polynomials
satisfy that

(5]
R(An(2)) = AL (x,y) Z( ) DRy A, (), 6)
k=0

n

(s) (o
) = A0 = 1 (5] ) VP A (0 ©
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Proof. Considering that cos(yt) = % (¥ + e~ ¥!), we have

iyt —iyt
A(t)e* cos(yt) = A(t)e™ (e—i—ze) .
Thus, using identity for the binomials convolution of sequences { A (x)}5 and {wt”y”};‘;o,

we get identity (5). Similarly, one can show identity (6) by considering sin(yt) = % (el —e~¥!). O

Remark 1. Note that the sequences {Agf) (x,y)}5oy and {Aff) (x,y) }52 can be explicitly determined when A(t)
is given, namely, complex Euler polynomials E,,(z) for A(t) 2 and complex Bernoulli polynomials By (z) for

t N e+
A(t) = Jd_1’
2 2t © tn
r—l—le _W;)E’AZ)H ()
and P, ] p .
et—le _n;() n(z)ml 8

respectively. For example, the first four consecutive polynomials are listed as in Tables 1 and 2.

Table 1. Expressions of the first four E,(f) (x,y) and Eﬁ,s) (x,y).

n 0 1 2 3

Eﬁ,c)(x,y) 1 x— % x2—x—y2 %(2x—1)(2x2—2x—6y2—1)

E;S) (x,y) O y 2xy —y 3x%y — 3xy — °
Table 2. Expressions of the first four B,(f) (x,y) and Bﬁls) (x,y).
n 0 1 2 3
B,(f>(x,y) 1 x—3% rex?-6x—6y2+1)  F(2x—1)(x® —x—3y?)
B (xy) 0y 20y —y 3(6x%y — 6xy — 20 +y)

Lemma 2. Let n be a nonnegative integer and z = x + iy. Then, the complex Appell polynomials satisfy the
following identities:

kio (Z) Ap(2) Ak (2) = i (Z) Ac(X)A,_k(x), z=x—1iy,

k=0
kg(,) (:) Ar(z) Ay (—2) = é (Z) Aliy) A, _i(iy).

Proof. The right side of the first identity we get directly by the 2-fold binomial convolution of sequence
{An(x)}, (thus using the square of exponential generating function (A(t)e*)?). Alternatively, rewriting
(A(t)e")? as the product of two exponential generating functions by this way: (A(t)eX ) (A(t)e¥=i)t),
we obtain the left side of the first identity by the binomial convolution of sequences {A,(z)} and {A,(2)}.
The second identity we obtain in a similar argument. [
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Remark 2. In particular, if we consider A(t) = 1 in Definition 1, Equation (3) shows that
R(A(t)e*) = R(e*) = e cos(yt) = 2 Cn(z

and
[e) tn

J(A(t)e*) = I(e*) = e sin(yt) = ;)Sn(z)m

for some sequences Cy,(z) and S, (z). As Ay(x) = x" for A(t) = 1, we have from identities (5) and (6)

< > myZm X" Zm’

( n )(_1)nzy2m+lxn2ml'

SM“E

:

1]

5(2) = io

2m+1
The sequences Cy,(z) and S, (z) satisfy the following formulas.

Theorem 2. For z1, zp € C, the following identities are established:
(1) (oo cutem) = siatmsic=), ©)
(1) (suostencian) + Cotsitan), (10)

Proof. If we denote z; = x; +iy; € C, (I = 1,2), the trigonometric identities yield that
R(eF1H22)t) = (1Ex2) o5 ((yy £ yp)t) = €1 cos(y1t)e™™2 cos(£yat) — 1 sin(y1t)e™2 sin(£yyt), (11)

S(e1F2)) = eE)bgin((yy £ yp)t) = e sin(y1t)e™2! cos(yat) + %1 cos(yt)e™2 sin(£yat). (12)

As the right hand side of (11) exponential generating functions for C,(z1 & z5), we have the first formula (9)
by the difference between the binomial convolutions of sequences {Cy,(z1)}5>, and {Cy(%22)}5>, and
the binomial convolutions of sequences {S,(z1)}5", and {S,(%z2)}5" . The second formula (10) we get
in a similar way by using (12). O

The following two subsequent theorems show that the complex Appell polynomials can be split into
Cy(z) and Sy (z) and their relations.
Theorem 3. For n € NU {0}, the Appell-type polynomials satisfy the following relations with C,(z) and S,(z),
n n .
An(z) = 2 (k) an,k(Ck(z) +sz(z)). (13)

k=0

Proof. As A(t)e (cos(yt) + isin(yt)) exponential generating functions for A,(z), z = x + iy, we have
directly equation (13) by the binomial convolution of sequences {a,,};> , and {Cy(z) +iS,(z)}5 . O
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Theorem 4. For k > 0, the cosine-Appell polynomials and the sine-Appell polynomials satisfy the
following properties,

A()k:I:xy Z( )Al )(£1)"C,y (x + iy)
o (14)
n ne .
:; z) ”Jkl >(ﬂ) 'Coi(x+iy),
(S) (ktx,y) = ( > () (1)1, (x +iy)
(15)

L
i ( ) (2 C,)a]-k’—f> (£1)"7!S,(x + iy).

j=0

Proof. As A(t)ekte*™! cos(+yt) exponential generating function for A (k£ x,y), we get the first line in
formula (14) by the binomial convolution of sequences { A, (k) }>_; and {Cp, (x +iy)(£1)"}5°_,. The second
line of (14) follows from formula (5). Similarly, identity (15) can be proved. O

Next, the derivatives of A,(f) (x,y) and AEf) (x,y) show that the sequence {A;(z)}5, satisfies the
condition (1).

Theorem 5. Forall n € NU {0} and z = x + iy, the sequence { A, (z) }5y_ is verified by a sequence of complex
Appell polynomials in terms of A (x,y) and AP (x,y).

Proof. Noting that %Aéc) (x,y) = 0, the derivative of the cosine-Appell polynomials satisfies

ST y S %
Z oA (v E == (A(t)e™ cos(yt)) = A(t)te™ cos(yt) = Z (nA ) o
which implies that
0
o y) = n A (x,y). (16)

Similarly, it can be seen that

a a c a C
g ) = A y), A wy) = Al ), AT ) = A (wy). )

By using (16) and (17), it is easily shown that

0 %]

(e = 5 (50— 150 ) (400w +ia8 ) = (420 ) +145 (5,9)) = a2,

dz ox  dy

O

3. Degenerate Type of Complex Appell Polynomials

In this section, we introduce the degenerate type of complex Appell polynomials based on the
non-degenerate ones given in Definition 1 and study some of their properties. To do this, we first recall
and introduce several definitions, some notations, and basic properties.
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Let us recall several definitions: the degenerate exponential function e () for A € R\{0} is defined
by (see [27-29])
eX(t) = (14 At)1. (18)

It is noted that /1\11)% ex(t) = e
The falling factorial sequence is defined by (see [30-34])
(x)o=1, (X)p=x(x—1)---(x—n+1), (n>1). (19)
Similarly, the A-falling factorial sequence is given by (see [27])
(Ko =1, (W)up =x(x =A)(x =24)--- (x = (n =1)A), (n=>1). (20)

Then, it can be easily checked that the factorial sequences in (19) and (20) satisfy )l\nnl (X)pr = (%)n
—
and lim (x), , = x" foralln > 0.
A—=0 §

Further, the A- binomial expansion is defined by (see [27])
e (ani =S (%) A=y 4 21
ex(t) == (1+A)r =) ; - Z(X)l,/\ﬂr (21)
1=0 A =0 :
in which the A-binomial coefficient satisfies

<X> _ (i x(x=A)(x—24) - (x = (1= 1)A)
L)y I! I :

Definition 2. Let us assume that A (t) := Z‘, A AT k, for some sequence {ay ) }r>o and satzsfy hrn Ap(t) = A(t).

Then we define the degenerate type of complex Appell polynomials by the generating function

%) tn
()=} An(zA)—, A €R\{0}. (22)
Remark 3. If A)(t) is considered as eA(tt)—l and 2+1 for ex(t) = ei(t), then one can have the

sequences {En(z;A)}o0 g and {Bu(z; M)} of degenemte types of complex Euler polynomials and complex
Bernoulli polynomials

2 N N
Wq(t) = W;OEW(Z,/\)T” (23)
and .
t . . ad ) L
We/\(t) = n;OBn(Z/)\)n!/ (24)
respectively.

Letting x = i in Equation (18), we find, for A € R\{0}

é(t) = (1+A)F,
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and we can formulate the following degenerate Euler formula given by
el (t) := cosy (t) + isiny (t), (25)

where , 1
cos, (1) := cos (X log(1+ )Lt)), siny (1) := sin <X log(1+ /\t)>.

Thus, the complex value of the degenerate exponential function is split into the real and
imaginary values.
Note that
lim e}, = ¢, lim cos)(t) = cos(t), lim siny () = sin(t).
lim ef = ¢, lim cosy (1) = cos(t),  lim siny (1) = sin(®)

Similarly, Vy € R, we can put

where
os(Ay)(t) = cos (% log(1+ At)) , Sin&y)(t) = sin (% log(1 + At)) , (26)

so that
lim eAy(t) = cos(yt) + isin(yt).

A—0

Now, using the degenerate functions (26), we define the following polynomials.

Definition 3. For a nonnegative integer n, let us define the degenerate cosine-Appell polynomials AS,C) (x,y;A) and
the degenerate sine-Appell polynomials ASIS) (x,y; A) by the generating functions, respectively, as follows:

n n

Ax(t)ex(t) cosA Z xy, L!/ Ap(t)ex(t) sm ZA (x,y; A Lu 27)

From Definitions 2 and 3 with property (21), one can see that for z = x + iy,

n

A0 =3 () malheosn = A (x50 4145 () 08)

Also, the following property can be stated.

Lemma 3. Forn > 0and z = x + iy, let Agf)(x, y;A) and AP (x,; A) be the degenerate cosine-Appell and
sine-Appell polynomials defined in (27). Then, we have

An(z;A) + An(Z A Az A) — Ay(Z A
o) = BN EAED) i gy M) =)

AV

Proof. We first note that from (26) and (27), A,(f) (x,—y;A) = A(C)(x,y;)\) and A,(f) (x,—y;A) =
Ags)(x,y;)x), since cos(Ay)( ) = cosE\_y)(t) and sin(A_y)(t) = sm(Aj)(t). Thus, A,(z;A) = An(zA)
from (28), so that the desired identities are easily obtained. O

Remark 4. It is noted that the sequences {A,(f) (v, y;A) }oo and {A,(f) (x,y; A) }o can be explicitly determined
when A, (t) is specified. For example, for Ay(z; A) = En(z;A) and A, (z; A) = By(z; A) as defined in (23) and (24)
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respectively, the first four consecutive polynomials can be listed as in Tables 3 and 4. One can check that from
Tables 1 and 2, lim Eﬁf)(x,y; A) = E,(f)(x,y), lim Eﬁ,s)(x,y;)t) = E,(f)(x,y), lim Bi(f)(x/ VA) = B;(qc)(xfy)/ and
A—0 A=0 A—=0

lim B,(f)(x, LA) = B,(f)(x,y).
A—0

Table 3. Expressions of the first four Eﬁf) (x,y;A) and Eﬁ,s) (x,y; 7).

n 0 1 2 3

EF (x,y;0) 1 x—3  —Ax+iA+x®—x—y? A2(2x—1) = 3A(x2 —x—y?) + F(2x —1)(2x2 — 2x — 62 — 1)

Eﬁf) (x,y;A) 0 y —yA+2xy —y 272y — A(6x — 3)y + 3x%y — 3xy — y°

Table 4. Expressions of the first four B,(f) (x,y;A) and B,(,s) (x,y; A).

n 0 1 2 3

BY(x, ;1) 1 x4+ L2462 —6x—62+1) 1 (A—2x+1)(A2+A(2x — 1) — 222 +2x + 62)

B,(f)(x,y;)\) 0 y 2xy —y 3y (A(3—6x) + 6x2 — 6x — 22 + 1)

Lemma 4. Let n be a non-negative integer. The degenerate cosine and sine functions, namely cosE\y ) (t) and

sin(Ay ) (t), are the exponential generating functions of the sequences

4] *
{ (—1)kyPAn—2kg, (n,Zk)} (29)
k=0 =0
and -

(2]

Yo (—1)kyPAn g (n, 2k + 1) , (30)

k=0

n=0

respectively, where Sy (n, m) are the Stirling polynomials of the first kind, which satisfy (for details see [35-37])

x(x—=1)---(x—n+1) = i Sy(n,m)x™ = (x).
m=0

Proof. We show the proof for cosE\y ) (t) only, as the proof for sing\y) () can be done similarly:

0 (_ 1\k
o= £ I (0 g2
= i(_l)ky2k2f2k i sl(n,zk)();ﬁ
k=0 n=2k

3] o

( (—1)ky2k/\"2k51(ﬂ,2k)) —,
fr n!

I
=
Lr7e
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where we use the well-known identity (see [35,37])

o o1l
n;mSl(T’l,m)E = %log (1 +t)

O
(C)(

We next give an expression of A,
first kind.

x,y;A) and A,(f)(x, y;A) in terms of Stirling numbers of the

Theorem 6. Let n be a non-negative integer. Then, the following identities hold:

n
A win) = 53 () An el 2) 1A, 1 2m),
m=0k=2m
0, whenn =0,
(s) (x Y n=1
y;A) (7]
! i i (D Ay (x;A) (—1)my?mHIAR=2m=1g, (k,2m + 1), whenn € N.
m=0 k=2m+1

Proof. The identity for A(C) (x,y;A) we get easily by the binomial convolution of the sequence

{An(x; 1)}, and the sequence in Formula (29). Similarly, the identity for Af )(x, y; A) we obtain by
the b1nom1als convolution of sequences {A,(x; 1)}, and (30). O

®© n
Lemma 5. If we assume that 5= Z iy )\ 55 for some sequence {dy}, then for n > 0, we have

i( )an “A (x; 1) i ; ( ) nka(— 1)"My?AR=2m 8, (K, 2m),

( ) i p (= 1)MAHIART2mELG (e om 1),

Proof. We show the proof of the first formula only, as the proof of the second one can be done similarly.

(v)

We will consider product e} () cos;”’ (t). Firstly, using the binomial convolution of sequences {(x), 1 }5

()

and (29), we have that e} (t) cos,”’ (t) is the exponential generating function of the sequence

o)

k=0m=0

w1
{Z ) (k) (x)nk,)\(_l)myzm/\kzm51(k,2m)}

n=0
Secondly, by rewriting the product e (¢) cosE\y ) (t) as

1

YOI (Ar(B)e; () cos (1)
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and using the binomial convolution of sequences {d, )}, and {A,(x;A)}o,, we get that e (¢) cos(Ay ) (1)
is the exponential generating function of the sequence

n [ee]
{2 (’;)ank,m,i%x;m} ,
k=0 n=0

thus, the first identity is proved. O

Example 1. Type 2 degenerate Euler polynomials E,(12) (z; A) are defined by the generating functions (see [26])
2 X t"

&)=} E )(Z;)‘)ﬁ'

e (t)+e, (1) n=0 '

One can check that the identities in Lemma 5 are established, considering that i, ) = % ((%)n;\ +(— %)n,;\).

Finally, we show that the degenerate types of cosine- and sine-Appell polynomials, A,(f) (x,y;A) and
AP (x,y; A), are represented by the Stirling numbers of the first kind Sy (1, m).
Theorem 7. For n € NU {0}, the degenerate type of cosine-Appell polynomials is satisfied by

( gl w ok n n—k m y k—2m 2m
(x, ;2 2 2 Yol ) U ) aa @k a (S0 AT Sy (K, 2m).
m=0k=2m 1=0
In particular, for n € N, the degenerate type of sine-Appell polynomials holds true:
AB)( Tk ek k—2m—1, 2m+1
con= Y L% (o) ("7 ) nmscsa a2ty 2nets 2 1),
m=0 k=2m+1 =0

Proof. We prove the first identity only, as the second one can be proved similarly. By the binomials
convolution of sequences {A,(x;A)}5, and (29) and using identity (28) we obtain the first identity. [

Example 2.

1. IfAN(E) = ; OS] t) 7, then we have the sequence {Ey(z; A) };7, of the degenerate Euler polynomials defined
in (23). Thus, the degenerate cosine-Euler polynomials and sine- Euler polynomials can be obtained by (see [22]

(Theorem 3)
© 5 o, )
ES(xyur) =Y Y (k)En_k(x;)\)(l)m/\ “2my2mg, (k,2m),
m=0k=2m
I
Byt =) % (k)Enk<x;A><—1>mAk—2m-1y2m+lsl<k,2m+1>,
m=0k=2m+1

replacing An(x; A) = i (Nar(x)u—1.2 by En(x; A) in Theorem 7.

Il
o
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2. When A(t) = W, the sequence { By, (z; M)}, of degenerate Bernoulli polynomials defined in (24) can be
considered. Hence, the degenerate cosine-Euler polynomials and sine-Euler polynomials can be obtained by
(see [22] (Theorem 7))

5] =
BY (vl =Y. ¥ <Z>Bnk(x;/\)(—l)mAkzmyzmsl(k'zm)'
m=0k=2m

5] =

BY (xyih) = Y

(Z) By (x; A) (—=1)MAR=2m=1y 2mH1 g, (e 2 4 1),
m=0k=2m+1

replacing A, (x; A) =

(Naga(x)u—1.2 by Bu(x; A) in Theorem 7.
!

L=

4. Conclusions

In this paper, we study the general properties and identities of the complex Appell polynomials
by treating the real and imaginary parts separately, which provide the cosine-Appell and sine-Appell
polynomials. These presented results can be applied in any complex Appell-type polynomials such as
complex Bernoulli polynomials and complex Euler polynomials. Further, we consider the degenerate
version of complex Appell polynomials by splitting them into the degenerate cosine-Appell and
sine-Appell polynomials and present some of their properties, relations, and examples. Finally, we show
that any degenerate cosine-Appell- and sine-Appell-type polynomial can be expressed in terms of the
Stirling numbers of the first kind.
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