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Abstract: In this paper, we establish several integral inequalities of Chebyshev type for bounded
continuous fields of Hermitian operators concerning Tracy-Singh products and weighted Pythagorean
means. The weighted Pythagorean means considered here are parametrization versions of three
symmetric means: the arithmetic mean, the geometric mean, and the harmonic mean. Every continuous
field considered here is parametrized by a locally compact Hausdorff space equipped with a finite
Radon measure. Tracy-Singh product versions of the Chebyshev-Griiss inequality via oscillations are
also obtained. Such integral inequalities reduce to discrete inequalities when the space is a finite space
equipped with the counting measure. Moreover, our results include Chebyshev-type inequalities for
tensor product of operators and Tracy-Singh/Kronecker products of matrices.

Keywords: Chebyshev inequality; Tracy-Singh product; continuous field of operators; Bochner integral;
weighted Pythagorean mean

1. Introduction

One of the fundamental inequalities in mathematics is the Chebyshev inequality, named after
P.L. Chebyshev, which states that

%Zﬂibi > <711 ;m) (711 ;h) )

for all real numbers a;,b; (1 < i < n)suchthata; < ... <ayandb; <...<by,0ora > ... > a, and
by > ... > by. This inequality can be generalized to

iwiaibi > (iwi&h) (i wibi> 2
i=1 i=1 i=1

where w; > Oforall1 =1,...,n. A matrix version of (2) involving the Hadamard product was obtained in [1].
A continuous version of the Chebyshev inequality [2] says that if f, g : [4,b] — R are monotone
functions in the same sense and p : [a,b] — [0, o) is an integrable function, then

[ v [ pfsa > [ pefx [ progtx ®
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If f and g are monotone in the opposite sense, the reverse inequality holds. In [3], Moslehian and
Bakherad extended this inequality to Hilbert space operators related with the Hadamard product by using
the notion of synchronous Hadamard property. They also presented integral Chebyshev inequalities
respecting operator means.

The Griiss inequality, first introduced by G. Griiss in 1935 [4], is a complement of the Chebyshev
inequality. This inequality gives a bound of the difference between the product of the integrals and the
integral of the product for two integrable functions. For each integral function f : [a,b] — R, let us denote

1) = oy [ flwpe

The Griiss inequality states that if f,¢ : [a,b] — R are integrable functions and there exist real
constants k, K, I, L such that k < f(x) < Kand ! < g(x) < L forall x € [a,b], then

(K=k)(L-1). (4)

N

1Z(f8) = Z(f)Z(9)l <

This inequality has been studied and generalized by several authors; see [5-7]. In [7], the term
Chebyshev-Griiss inequalities is used mentioning to Griiss inequalities for Chebyshev functions T7 which
defined as

Tz(f,8) = Z(f-g) — Z(f) - Z(g)-

A general form of Chebyshev-Griiss inequalities is given by

Tz(f,8) < E(Z.f,8)

where E is an expression depending on the arithmetic integral mean 7 and oscillations of f and g.
Chebyshev-Griiss inequalities for some kind of operator via discrete oscillations is presented by Gonska,
Racga and Rusu [7].

On the other hand, the notion of tensor product of operators is a key concept in functional analysis
and its applications particularly in quantum mechanics. The theory of tensor product of operators has been
investigate in the literature; see, e.g., [8,9]. In [10,11], the authors extend the notion of tensor product to
the Tracy-Singh product for operators on a Hilbert space, and supply algebraic/order/analytic properties
of this product.

In this paper, we establish a number of integral inequalities of Chebyshev type for continuous fields
of Hermitian operators relating Tracy-singh products and weighted Pythagorean means. The Pythagorean
means considered here are three classical means -the geometric mean, the arithmetic mean, and the
harmonic mean. The continuous field considered here is parametrized by a locally compact Hausdorff
space () endowed with a finite Radon measure. In Section 2, we give basic results on Tracy-Singh
products for Hilbert space operators and Bochner integrability of continuous field of operators on a locally
compact Housdorff space. In Section 3, we provide Chebyshev type inequalities involving Tracy-Singh
products of operators under the assumption of synchronous Tracy-Singh property. In Section 4, we
establish Chebyshev integral inequalities concerning operator means and Tracy-Singh products under
the assumption of synchronous monotone property. Finally, we prove Chebyshev-Griiss inequalities
via oscillations for continuous fields of operators in Section 5. In the case that () is a finite space with
the counting measure, such integral inequalities reduce to discrete inequalities. Our results include
Chebyshev-type inequalities concerning tensor product of operators and Tracy-Singh/Kronecker products
of matrices.
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2. Preliminaries

In this paper, we consider complex Hilbert spaces H and K. The symbol B(X) stands to the Banach
space of bounded linear operators on a Hilbert space X. The cone of positive operators on X is denoted
by B(X)*. For Hermitian operators A and B in B(X), the situation A > B means that A — B € B(X)*.
Denote the set of all positive invertible operators on X by B(X) .

We fix the following orthogonal decompositions:

n
H=QH K=K
i k=1

where all H; and K; are Hilbert spaces. Such decompositions lead to a unique representation for each
operator A € B(H) and B € B(K) as a block-matrix form:

A = [Ag]]7", and B = [Bulgy,

where A;; € IB%(H]-,Hl-) and By € B(K;, K}) for each i, j, k,I.

2.1. Tracy-Singh Product for Operators

Let A € B(H) and B € B(K). Recall that the tensor product of A and B, denoted by A ® B, is a unique
bounded linear operator on the tensor product space H ® K such that

(A®B)(x®y) =Ax®By, VxeH,VyekK
When H = K = C, the tensor product of operators becomes the Kronecker product of matrices.

Definition 1. Let A = [A,«]«]l'-'fjfl € B(H) and B = [By]1_, € B(K). The Tracy-Singh product of A and B is
defined to be in the form

AREB = [[4;® By, » )
m n
which is a bounded linear operator from @ ED H; ® Ky into itself.
i=1k=1

When m = n =1, the Tracy-Singh product A X B is the tensor product A ® B. If H; = K; = C for all
i,j, the above definition becomes the usual Tracy-Singh product for complex matrices.

Lemma 1 ([10,11]). Let A, B, C, D be compatible operators. Then

(kA)XB = AX (aB) = a(AKB) foranywa € C.

(A+B)X(C+D) = ARC+AXD+BXC+BXD.

(AXB)(CXD) = (AC)X (BD).

If A and B are Hermitian, then so is AX B.

If A and B are positive and invertible, then (AX B)* = A*XB* forany a € R.
IfFA>C>20and B>D >0,then AXB > CXD > 0.

Sk L=

2.2. Bochner Integration

Let (3 be a locally compact Hausdorff (LCH) space equipped with a finite Radon measure y. A family
A = (At),cq of operators in B(H) is said to be bounded if there is a constant M > 0 for which || A¢|| < M
forall t € Q). The family A is said to be a continuous field if parametrization f — A; is norm-continuous
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on Q). Every continuous field A = (A¢),., can have the Bochner integral [ Adp(t) if the norm function
t — ||A¢|| possess the Lebesgue integrability. In this case, the resulting integral is a unique element in
B(H) such that

¢>( I Atdu(t)> = [ ndu

for every bounded linear functional ¢ on B(H).

Lemma 2 (e.g., [12]). Let (X, | - ||x) be a Banach space and (T',v) a finite measure space. Then a measurable
function f : T — X s Bochner integrable if and only if its norm function || f|| is Lebesgue integrable.

Lemma 3 (e.g., [12]). Let f : T — X be a Bochner integrable function. If ¢ : X — Y is a bounded linear operator,
then the composition ¢ o f is Bochner integrable and

[ oondv = ¢ [ fav.

Proposition 1. Let (A;),.q be a bounded continuous field of operators in B(H). Then for any X € B(K),

/QAtdy(t)XX - /Q(At&xw(t).

Proof. Since the map t — A; is continuous and bounded, it is Bochner integrable on (2. Note that the
map T — T X X is linear and bounded by Lemma 1. Now, Lemma 3 implies that the map t — A; X X is
Bochner integrable on (2 and

/Q Adp(HRX = ./(.)(At&x)dy(t).
forall X € B(K). O

3. Chebyshev Type Inequalities Involving Tracy-Singh Products of Operators

From now on, let () be an LCH space equipped with a finite Radon measure y. Let A = (A¢),c,
B = (Bt)icq, C = (Ct);cq and D = (Dt), ., be continuous fields of Hilbert space operators.

Definition 2. The fields A and B are said to have the synchronous Tracy-Singh property if, for all s, t € Q),
(At — As) X (B — Bs) > 0. (6)
They are said to have the opposite-synchronous Tracy-Singh property if the reverse of (6) holds for all 5, t € Q).

Theorem 1. Let A and B be bounded continuous fields of Hermitian operators in B(H) and B(KK), respectively,
and let o : Q) — [0, 00) be a bounded measurable function.

1. If Aand B have the synchronous Tracy-Singh property, then

/ro(s)dy(s)/ro(t)(AtEBt)dy(t) > /ro(t)Atdy(t)&/sz(s)Bsdy(s). @)

2. If Aand B have the opposite-synchronous Tracy-Singh property, then the reverse of (7) holds.
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Proof. By using Lemma 1, Proposition 1 and Fubini’s Theorem [13], we have

[ #©)au(s) [ a(t)(a@Ban() - /()oc(t)Atdu(tm /Qa(swsdy(s)

= //02 )(A¢ X By)du(t) // ) (At B Bs)dp(t)du(s)
-3 /Qz £)(Ar R By) — a(t)a(s)(Ar K Bs)] dpu(t)du(s)
i /02 ) (As B By) — a(s)a(t) (As & By)] du(s)dp(1)

= 5 L8 (A = 4 B (B = B dp()au(s).
For the case 1, we have
J L #En®) (A = A B (B~ B dp(D)dp(s) > 0 ®
and thus (7) holds. For another case, we get the reverse of (8) and, thus, the reverse of (7) holds. O

Remark 1. In Theorem 1 and other results in this paper, we may assume that Q) is a compact Hausdorff space.
In this case, every continuous field on () is automatically bounded.

The next corollary is a discrete version of Theorem 1.

Corollary 1. Let A;, B; be Hermitian operators and let w; be nonnegative numbers for each i = 1,...,n. Let
.A = (Alr--~/An) and B = (B11-~-/Bn)-

1. If A and B have the synchronous Tracy-Singh property, then

=
=

Y oY wilARE) > (iwn) = (f%&)- ©)
i=1 =1

i=1 i=1

2. If A and B have the opposite-synchronous Tracy-Singh property, then the reverse of (9) holds.

Proof. From the previous theorem, set ) = {1,...,n} equipped with the counting measure and «(i) = w;
foralli=1,...,n. O

4. Chebyshev Integral Inequalities Concerning Weighted Pythagorean Means of Operators

Throughout this section, the space () is equipped with a total ordering <
Definition 3. We say that a field A is increasing (decreasing, resp.) whenever s < t implies As < Ay (As = Ay, resp.).

Definition 4. Two ordered pairs (X1, Xp) and (Y1, Y2) of Hermitian operators are said to have the synchronous
property if either

X; <Yifori=12 o0or X; 2 Y for i=1,2.
The pairs (X1, Xp) and (Y1, Y ) are said to have the opposite-synchronous property if either

Xy < Yiand Xo 2 Yy, or X1 =2 Y] and X5 < Y.
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Definition 5. Let A, B,C, D be continuous fields of Hermitian operators. Two ordered pairs (A, B) and (C, D)
are said to have the synchronous monotone property if (A, By) and (Cy, Dy) have the synchronous property for
all t € Q). They are said to have the opposite-synchronous monotone property if (A, By) and (Cy, Dy) have the
opposite-synchronous property for all t € Q).

Let us recall the notions of weighted classical Pythagorean means for operators. Indeed, they are
generalizations of three famous symmetric operator means as follows. For any w € [0, 1], the w-weighted
arithmetic mean of A, B € B(H) is defined by

AVyB = (1—w)A+ wB.

The w-weighted geometric mean and w-weighted harmonic mean of A, B € B(H) ™" are defined
respectively by

1

A#B = AZ(A"IBA"1)VAZ,
-1
AlyB = [(1—w)A*1+wB*1] :

Forany A, B € B(H) ", we define the w-weighted geometric mean and w-weighted harmonic mean
of A and B to be

AtyB = lim (A+el)fw(B +¢€l).

e—0t
AlyB = lim (A+el) !y (B+el),

e—0t

respectively. Here, the limits are taken in the strong-operator topology.

Lemma 4 (see e.g., [14]). The weighted geometric means, weighted arithmetic means and weighted harmonic
means for operators are monotone in the sense that if Ay < Ap and By < By, then AjoBy < Ap0 By where o is any
Of YV, w, ﬁwv

Lemma 5 ([15]). Let A,B,C,D € B(H)" and w € [0,1]. Then
(AN B)t(CRD) = (AfwC) X (BfwD).

Theorem 2. Let A, B,C, D be bounded continuous fields in B(H)" and let & : Q — [0,00) be a bounded
measurable function.

1. If A,B,C,D areeither all increasing, or all decreasing then

[ #&)n(s) [ a(0)[(AE B (C 8 D) ldp(t) w0
> [ at)(ACdu() R [ a(s) (Bt Ds)d(s).

2. The reverse of (10) holds if either

2.1 A,Careincreasing and B, D are decreasing, or
2.2 A,Caredecreasing and B, D are increasing.
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Proof. Let s,t € () and assume without loss of generally that s < t. By applying Lemmas 1 and 5,
Proposition 1, and Fubini’s Theorem [13], we have

[ #()dus) / w(5)[(Ar K B)5(C R D)) — [ a(t)(AikuCodp() 8 [ a(s) (BkwDs)du(s)

=[], ®()a(B) (AR B (C R DY)ldp(t)dp(s)
_//Qz )[(AtfwCt) B (BstowDs)]du(t)du(s)
_ // )[(AtfwCt) B (BitwDy)|du(t)du(s)
_ //Qz )[(ArtCr) B (BetDa)ldp(t)dp(s)
-3/ / (AttwCe) B (BibwDy) — (AttuwCt) B (B Ds)]du()dp(s)
+5 / )[(AstCs) B (BstwDs) — (AstCs) B (BitDr)dp(s)du(t
= / / t)[AttwC — AstwCs] B [Byflw Dy — Byt Ds)dp(t)du(s).

If A, B,C, D are all increasing, we have by Lemma 4 that A¢,C; > AsfwCs and BilyDy > BswDs.
If A, B,C, D are all decreasing, we have Ai,yCr < As#wCs and BifiyDr < BsfiwDs. Both cases lead to the
same conclusion that

(AtwCr — AstwCs) W (BiflwDr — BstiwDs) = 0,
and hence (10) holds. The cases 2.1 and 2.2 yield the same conclusion that

(AthwCr — AsfwCs) B (BefwDr — BstwDs) < 0.
and hence the reverse of (10) holds. O

Lemma 6. Let A, B,C, D be Hermitian operators in B(H) and w € [0,1].

1. If (A, B)and (C, D) have the synchronous property, then
(AKB)V4(CKD) > (AV4C) K (BVyD). 11)
2. If(A,B) and (C, D) have the opposite-synchronous property, then the reverse of (11) holds.

Proof. For the synchronous case, we have by using positivity of the Tracy-Singh product (Lemma 1) that
(A—-C)X(B—D) > 0. Applying Lemma 1, we obtain

0

N

w(l —w)[(Ay — B1) X (A; — By)]

w(l—w) [AlgAQ—Alng—Bl &Az-FB]&Bz]

= [(1=w)(A1 K Ay) +w (B K By)] = [(1 = w) A1 + wBy| K [(1 — w) Az + wBy]
[(A] X Az) Vw (Bl X Bz)] — [(Al Vw Bl) X (Az Vuw Bz)]

Thus (Al Vw Bl) (Az Vw Bz) (A1 X Az) Vw (Bl X Bz)
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For the opposite-synchronous case, we have (A; — B1) X (A; — By) < 0 and hence the reverse of
inequality (11) holds. [

Theorem 3. Let A, B,C, D be bounded continuous fields of operators in B(H)™, let a : Q) — [0, ) be a bounded
measurable function.

1. If (A, B)and (C, D) have the synchronous monotone property and all of A, B,C, D are either increasing or
decreasing, then

[ a)dn(s) [ a(t)](A 8 B)a(Ci 8D dp(t)

(12)
> /Q (1) (ArVaCo)du(t @/ ) (Bs Ve Ds)dpu(s).

2. If (A, B)and (C, D) have the opposite-synchronous monotone property and if either

2.1 A,C areincreasing and BB, D are decreasing, or
2.2 A,Caredecreasing and B, D are increasing,

then the reverse of (12) holds.

Proof. Lets,t € () and assume without loss of generally that s < ¢. First, we consider the case 1. We have
by using Lemmas 1 and 6, proposition 1, and Fubini’s Theorem [13] that

[ #(&)an(s) [ a(0[(AEB)Tu(CiBDIAu() — [ a(t)(ATuCdp(t) B [ a(s) (B7wD)du(s)

- // )[(A¢ B By) Voo (Cr B Dy)dpa(£)dpa(s)
//Q2 V(AtVeCr) B (BsVioDs)]du(t)du(s)
> [ a6)a(t[(AvuC) B (B7wD)ldn(tdu(s)
//ﬂz )(ArVeCr) B (BsVeDs)]du(t)du(s)
_ // )[(ArVCt) B (BiVDy) — (ArVeCr) B (Bs Ve Ds)]dp(t)du(s)
= / /Q 2 )(A17wCr) — (AsVaCs)] B [(BiVoDy) — (Bs Vo Ds)]du(t)du(s).

Now, by Lemmas 1 and 4, we have
(AtiCt — Asvas) X (BtiDt — stst) >0
and hence (12) holds. The case 2 can be similarly proven. [

Lemma 7. Let A, B, C, D be positive operators in B(H) and w € [0,1].

1. If(A,B)and (C,D) are synchronous, then
(ARB) 1, (CHD) < (AlyC)R(Bly D). (13)

2. If(A,B)and (C, D) are opposite-synchronous, then the reverse of (13) holds.
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Proof. Assume that (A, B) and (C, D) are synchronous. By continuity, we may assume that A, B,C, D > 0.
We have
(At—chrB1'-D1 >0 (14)

Using Lemma 1 and (14), we get

0 < wl-wA'X®B '+wl-w)C'®D ' —w(l-w)A'XD ! —w(1l-w)C 'KB!
- [(1 —w)—(1— w)z} A'RB ' + (w-w?)C'RD '~ w(l-w)A" KD}
—w(l-w)C'®B!
- (A*l X B*l) Vo <C*l X D*l) - (A*1 Vo C*l) < (B*l Vo D*l) .
This implies that
(A—1 b B—l) Ve (c—1 X D‘1> > (A—l Ve c—l) X (B—l Vao D—l) .
Hence,

(ARB)!, (CRD) =

—~

AXB) v, (ch)*l}*l

(A—1 X B—l) Ve (c—1 X D—l) }71
(A—1 Ve c—l) X (3—1 Ve D_l) }71
A lv, c—l)f1 b (B_l Ve D—l)*1
Aly C)K (Bl D).

—

For the opposite-synchronous case, we have
(Al-chrB'!'-D <0
and hence the reverse of (13) holds. [

Theorem 4. Let A, B,C, D be bounded continuous fields of operators in B(H) "™ and a : Q0 — [0, 00) be a bounded
measurable function.

1. If (A, B) and (C, D) have the opposite-synchronous monotone property and if all of A, B,C, D are either
increasing or decreasing, then
[ #©)du(s) [ a()(ARB) b (3 Do) Jau(t)

(15)
> /sz(t)(At Lo Ct)dy(t)ﬁ/na(s)(Bs o Ds)du(s).

2. If(A,B)and (C, D) have synchronous monotone property and if either

C are both increasing, and B, D are both decreasing, or

21 A
2.2 A,C are both decreasing and B, D are both increasing,

then the reverse of (15) holds.
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Proof. Lets,t € Q with s < t. If the pairs (A4, B) and (C, D) are opposite-synchronous, then we have by
applying Lemmas 1 and 7, Proposition 1, and Fubini’s Theorem [13] that

[ #©)an(s) [ a()[(A R B b (CRD)Ip(E) — [ a(t)(Art Cdp(t) B [ a(s)(Bstw D)dn(s)

=[] o)1 By b (€ D)) (s
//Qz [(At tw Ct) B (Bs Ly Ds)|dp(t)du(s)
> // At “w Ct) (Bt lw Dt)]d‘u(t)dy(s)
//02 [(At tw Ct) X (Bs o Ds)]dp(t)du(s)
= 2 //QZ At lwCr— Asly Cs] X [Bt lw Dt — Bs !y Ds]d‘u(t)dy(s)

For the case 1, we have, by Lemmas 1 and 4,

(At !w Ct - As !w Cs) X (Bt !w Dt - Bs !w Ds) = 0

and hence (15) holds. Another assertion can be proved in a similar manner to that of the second assertion
in Theorem 3. [

5. Chebyshev-Griiss Inequaities via Oscillations

Throughout this section, let (2 be an LCH space equipped with a probability Radon measure y.
For any continuous field A = (A¢)scq in B(H) and B = (Bt);ecq in B(K), we define

AXB = (AW Bi)tea, Z(A) = /QAth(t>
osc(A) = max{||Ar — As| : (t,5) € supp(p x u)}.
Here, we recall that the support of the product measure i x y is defined by
supp(u x ) = {(t,5) € O : (ux u)(G) > 0 for all open sets G C O? containing (¢,s)}.
We call osc(.A) the oscillation of the field \A.

Theorem 5. Let A = (A¢),cq and B = (Bt),cq, be continuous fields of Hermitian operators in B(H) and B(K),
respectively. Then

Z(AXRB)-Z(A)XKZI(B) < %OSC(A) -osc(B) (u x p)(OP\A)(Ig X Ix), (16)

where A = {(t,t) : t € O}
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Proof. We have by using Lemma 1, Proposition 1 and Fubini’s Theorem [13] that

T(ARB) — I(A)RI(B) = / du(s /Athtdy /Ady @/ Bedu(s)
— / Ay R Bydu(t)du(s) / A X Bsdp(t)du(s)
_ E. /Qz(AtXBt — Ay® B, + A, K By — Ay B By)du(t)du(s)
_ %//(At — As) B (By — By)dp(t)dp(s)
02\A

< %OSC(A) 0sc(B)(u x ) (Q*\A) (Iy R Ig). O

Corollary 2. Let A; € B(H) and B; € B(K) be Hermitian operators foralli = 1,...,n. Then

i—1 — 1<i,j<n

n n n n(n—1)
) (A;XB) Z X() B| < —— max |A; — Ajll - Jax | B; — Bj| (I X Ic).
i=1 Isijsn

Proof. Set ) = {1,...,n} equipped with the counting measure. We have

(nx w)(QA\A) = @, supp(p x p) = Q x Q

and thus

osc(Ay,...,Ay) = max ||A;—Aj|, osc(By,...,By) = max ||B;—Bjl|. O
1<i,j<n 1<i,j<n

Example 1. Let QO = [0,1], w € Qand 0 < « < 1. Consider the probability Radon measure y = aA + (1 — a)dy,
where A is Lebesgue measure on Q) and 6, is the Dirac measure at w. Set

- /1Ad (t) = a/lAd)\(t)+(1—oc)A
o “tH o v

We have

puxu = a2(AxA) +a(l—a)(Axdp) 4+ (1 —a)a (b x A) + (1 —a)? (5 X dy) .

Then supp(u x p) = [0,1] x [0,1] and (u x p)([0,1]*\A) = a(2 — ). For any continuous fields A = (At)ieq
and B = (By);eq of Hermitian operators, the inequality (16) becomes

T(ARB) - I(A)RI(B) < %w(Zfa)OinaleAt As]| - jmax 1B — B (1 ¥ I,

6. Conclusions

We establish several integral inequalities of Chebyshev type for continuous fields of Hermitian
operators which are parametrized by an LCH space equipped with a finite Radon measure. We also obtain
the Chebyshev-Griiss integral inequality via oscillations with respect to a probability Radon measure.
These inequalities involve Tracy-Singh products and weighted versions of famous symmetric means.
For a particular case that the LCH space is a finite space equipped with the counting measure, such integral
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inequalities reduce to discrete inequalities. Our results include Chebyshev-type inequalities for tensor
product of operators and Tracy-Singh/Kronecker products of matrices.
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