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Abstract: Owing to the notion of a complex-valued metric space, we prove fixed point results,
which generalize some common fixed point results under contractive condition for rational expression
in the context of complex-valued metric spaces. In application, we present a homotopy result to apply
the results obtained herein.

Keywords: complex valued metric space; fuzzy mappings; fixed point; common fixed point;
cauchy sequence; contractive condition

MSC: 26A33; 34A08; 35B40

1. Introduction and Preliminaries

Fixed point theory has shown the importance of theoretical subjects, which are directly applicable
in different applied fields of science. In particular, it plays an important role in the investigation of
existence of solutions to differential and integral equations, which direct the behaviour of several
real life problems for which the existence of solution is critical. In 1922, Banach provided a general
iterative method to construct a fixed point result and proved its uniqueness under linear contraction in
complete metric spaces [1]. Researchers solved various types of concrete problems with the help of
Banach contraction principal (for instance, we refer the readers to [2-7]).

Nadler [8] generalized the Banach contraction technique to multivalued mappings, which are
further extended by researchers in the recent years (see [9,10]). Heilpern [11] introduced the concept of
fuzzy mappings to extend Banach fixed point technique in the setting of metric linear spaces.
Many researchers extended the work of Heilpern and obtained fuzzy fixed point results (for details,
we refer to [12-21]). Dass and Gupta [22] utilized the Banach’s fixed point technique for rational
contraction in metric spaces, which is further extended to different spaces by several researchers.
Meanwhile, researchers realized that, due to vectors’ decision, rational contraction is not meaningful
in cone metric spaces.
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Recently, Azam et al. [23] established a special class of cone metric space where they created
the possibility to utilize rational type contraction for vector division in the form of complex
numbers. The newly established class is known as a complex-valued metric space where they
obtained common fixed point results for rational contraction. Subsequently, Sintunavarat et al. [24,25],
Klien-eam et al. [26,27], Rozkard et al. [28], Sitthikul et al. [29] and Kutbi et al. [30] derived results of
common fixed points satisfying different types of rational contraction in complex-valued metric spaces.

In the recent years, Samet et al. [31] initiated the concept of a-admissible mappings. They proved
common fixed point results for such type of mappings. Asl [32] and Kutbi et al. [33] further
improved the notion of #-admissible mappings by introducing coupled a-admissible mappings and
«* — ip-admissible mappings and obtained fixed point results for self mappings and multivalued
mappings, respectively.

Motivated by the above-mentioned work, in this paper, we study common fixed point for fuzzy
mappings by adopting the concept of coupled a*-admissible mapping in complex-valued metric
spaces. Our work generalizes the results of [34] for fuzzy mappings.

We organize our paper as, in Section 1, we have provided some basic definitions and lemmas
upon which our results are based. In Section 2, we obtained our main results. As an application,
we derived common fixed point results for multivalued mappings, which generalize many results
already proved in literature. Also in this section, we have constructed an appropriate example to show
the validity of our main results. In Section 3, we have provided an application of one of our results by
proving a homotopy result. In Section 4, we have concluded our results.

Definition 1 ([23]). Assume C is the set of complex numbers. For €1, &, € C, we define a partial order = on C
as follows:
€1 S e iff Re(er) < Re(ep), and Im(eq) < Im(ey).

It follows that
€ 3 €,

if one of the following conditions is satisfied:

(Ci) Re(ey) < Re(ez), Im(eq) = Im(ey),
(Cii) Re(ey) = Re(ep), Im(eq) < Im(ey),
(Ciii) Re(e1) < Re(ep), Im(e1) < Im(ep),
(Civ) Re(eq) = Re(ep), Im(e1) = Im(ep).

In particular, we write &1 3 €3 if &1 # ez and one of (Ci), (Cii) and (Ciii) is satisfied, and e = e; if and
only if (Civ) is satisfied. Note that

(i) 0Ze1 Fer= leg| <lea], ¥V 1,82 € C,
(ii) e1 Sepand ey < e3 = €1 < €3, Vey,e,e3 €C.
Definition 2 ([23]). Let S be a nonempty setand o : S x S — C be a mapping satisfying the following conditions:

(1) 0 3 0(z,w), forallz,w € S and 0(z,w) = 0 if and only if z = w;
(2) 0(z,w) =0c(w,z), forall z,w € S;
(3) o(z,w) 2 0(z,21) +0(z1,w), forall z,z;,w € S.

Then, (S,0) is called a complex-valued metric space.

Definition 3 ([23]). A point z € S is known as an interior point of a set Z C S, ifwe find 0 < € € C
such that,
B(z,e) ={weS:0(z,w)<e} CZ

A point z € Z is known as the limit point of Z, if there exists an open ball B(z, €) such that

B(ze)N(2\{z}) # ¢,
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where 0 < € € C. A subset Z of S is said to be open if each point of Z is an interior point of Z. Furthermore,
Z is said to be closed if it contains all its limit points.
The family
B={8B(z,¢e):2z€S8,0<¢}

is a sub-basis for a Hausdorff topology T on S.

Now, recall some definitions from [9,26].

Let (S,0) be a complex-valued metric space. Throughout this paper, we have denoted the
family of all nonempty closed bounded subsets of complex-valued metric space S by CB(S). Forv € C,
we denote

s(v)={zeC:v =<z} (1)

and, forw € Sand B € CB(S),
s(W,B) = Upep s(0(w, b)) = Upep{z € C:0(w,b) < z}.

For A, B € CB(S), we denote

5(A,B) = (Npeas(p.B)) N (Nyeps(a,4))-

Let 7 be a multivalued mapping from S into CB(S). Forz € S and Q € CB(S), we define

W.(Q) = {o(z,q) : g € Q}.

Thus, forz,w € S,
Wz (tw) = {o(z,u) : u € Tw}.

Lemma 1 ([5]). Let (S, o) be complex-valued metric space:

(i) Letz,w € C.Ifz = w, then s(z) C s(w).
(ii) Letz € Sand D € N(S).Ifd € s(z,D), then z € D.
(iii) Letw € C,P,Q € CB(S)and p € P.Ifv € s(P,Q), thenz € s(p,Q) forall p € Porz € s(P,q) for

allqg € Q.
Definition 4 ([23]). Let {w,} be a sequence in complex-valued metric space (S, o) and w € S; then,

(i) w is said to be a limit point of {w, } if for each 0 < € € C there exists an ro € N such that o(w,, w) < €
forall v = v and written as lim, . Wy = w.
(ii) {w,} is a Cauchy sequence if for any 0 < € € C there exists an rg € N such that o(wy, w,4¢) < € for all
r > ro wheret € N.
(iii) We say that (S, o) is complete complex-valued metric space if every Cauchy sequence in S converges to a

pointin S.

Definition 5 ([12]). Let (V, ) be a metric space. A fuzzy set A is characterized by its membership function
fa:V —[0,1], which assigns a grade of membership to each element of A between 0 and 1. For simplicity,
we denote f 4(u) by A(u). The a-level set of a fuzzy set A is denoted here by [ Al which is defined as follows:

[Alg = {u: A(u) > a} if a€(0,1],
[Alo = {u: A(u) > 0}.

Here, A denotes the closer of the set A.
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Definition 6 ([12]). Let £(S) be the family of all fuzzy sets in a metric space S. For G,H € £(S),G C H
means G(z) < H(z) foreachz € S.

Definition 7 ([11]). Suppose S is an arbitrary set, and Y is a metric space. If G : S — £(Y), then G is said
to be a fuzzy mapping. A fuzzy mapping G is a fuzzy subset on S x Y with a membership function G(w)(z).
The function G(w)(z) is the grade of membership of z in G(w).

Definition 8 ([20]). Assume that (S, o) is a complex-valued metric space and Gy, Gy : S — £(S) are fuzzy
mappings. A point w € S is said to be a fuzzy fixed point of Gy if w € [Gyw], for some a € [0, 1] and w is said
to be a common fuzzy fixed point of G, Go if w € [Grw]a N [Gow]a. If & = 1, then w is known as a common
fixed point of fuzzy mappings.

Definition 9 ([20]). Let (S, c) be a complex valued metric space. A multivalued mapping G : S — 2C is said
to be bounded from below if, for each w € S, there exists zy, € C such that

Zw S U
forallu € Gw.

Definition 10 ([20]). Let (S, o) be complex valued metric space. The fuzzy mapping G : S — £(S) is said to
have greatest lower bound property (31b) on (S, o) if, for any w € S associated with some w, the multivalued
mapping F. : S — 2C defined by

F:(w) = W:([gw])

is bounded from below that is, for any z, w € S, there exists an element I,([Sw], € S) such that L, ([Sw], =< u,
forall u € W, ([Gw]), where I, ([Sw], is a lower bound of G associated with some (z, w).

Definition 11 ([20]). Let(S,0) be complex-valued metric space and the fuzzy mapping G; : S — £(S)
satisfies the greatest lower bound property (glb property) on (S,c). Then, for any w € S and a € (0,1],
the greatest lower bound of W, ([G1y]«) exists in C for all w,y € S. Here, we have denoted o(w, [G1y]«) by
the glb of Wy ([G1y]a), ie.,

o(w, [Giyla) = inf{o(w,u) : u € [G1ya}.

Remark 1 ([26]). Let (S,0) be a complex-valued metric space. If C = R, then (S,0) is a metric space.
Furthermore, H(A, B) = infs(A, B) is the Hausdor{f distance induced by o, where A, B € CB(S).

Definition 12 ([34]). Let P,Q : S — CB(S), and let ¢ : S x & — [0,+00). Then, we say that P,Q
are coupled o*-admissible if o(u,v) > 1 implies 0*(Pu, Quv) > 1 for all u,n € S, where 0*(Pu,Qu) =
inf{o(u,v) : u € Pu,v € Qu}.

2. Main Results

Theorem 1. Let (S,0) be complete complex valued metric space and P,Q : & — £(S) be coupled
o*-admissible mappings, which satisfy the glb property. Assume that, for P and Q, the following condition holds

go(u, [Pula)o (v, [Qula) + 1o (v, [Pula)o(u, [Qula)
Go(u,v) + 1+ 0(u,0)
po (, [Pula)o(u, [Qu]a) + 60 (v, [Pula)o(v, [Qula)
1+0(u,v)

€ 0" ([Pula, [Qu]a)s([Pula, [Qv]x) ()
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forall v,u € B(ug,t), where ug € S and 0 < t € C, with

(1—23)t € s(ug, [Puola), (3)
where {, 11 and ¢ are nonnegative real numbers such that 3 = 1525 5 < 1. Suppose o(ug,u1) > 1, for some

uy € B(ug,t) and for each v,u € S. Let [Pu]a, [Qu]y be nonempty closed, bounded subsets of S associated
with some « € (0,1]. If {uy} is a sequence in B(ug, t) with o(ug, ug1) > 1 and uy — z as q — +co,
then o(ug,z) > 1 forall q.

Then, there exists a point u* € B(ug,t) such that u* € [Pu*], N [Qu*],.

Proof. Take arbitrary point ug € S since

(1-3)t €s(up, [Pugla) = 1—-3)te |J s(o(ugur)).

u]E[Pugh

Since [Puy), is a nonempty, closed and bounded; therefore, for some u; € [Pug|,, one can write
(1—=23)t € s(o(ug,u1)).

By definition, we obtain
o(ug,u1)) 2 (1=3)t,
which yields
o (1o, 1)) < (1= 3)]¢]. )

Hence, u; € B(ug,t). As we have supposed that o(up,u1) > 1, and {P,Q} is coupled
o*-admissible, thus o* ([Puol«, [Qu1]x) > 1. Using (2), we have

o (uo, [Puola)o(u1, [Quila) + 10 (ur, [Pugla)o (o, [Quala)
1+ o (ug,up)

pa (1o, [Pugla)o(uo, [Quala) + 60 (1, [Puig]a)o (11, [Qu1]a)

1+ U'(Ll(), M])

€ Q* ([Puo]a, [Qul]a)s([Puo}zxz [Qul]a)'

Go(ug,ur) +

Using Lemma 1 (iii), we obtain

o (uo, [Pugla)o(u1, [Quala) + o (ur, [Pugla)o (o, [Quala)
1+ o (uo, u1)

po (uo, [Pugla)o (1o, [Quila) + 60 (11, [Pupla)o(ur, [Quia)

1+ o(up,up)

€ 0*([Puola, [Quila)s(u1, [Quila).

Go(ug,ur) +

By definition, there is some up € [Qu;], such that

N o (uo, [Pugla)o(u1, [Quila) + 0 (ur, [Pugla)o (o, [Quala)
1 +0'(1/l0, Ll1)

po (uo, [Pug)a)o(uo, [Quila) + 80 (uy, [Puo)a)o(uy, [Quila)

1+ o(ug,up)

€ 0" ([Puola, [Qu1la)s(o(ur, uz)).

o (uo, uy)
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Using Definition 1, we conclude that

0" ([Puola, [Quila) (o (u1,u2)) = Go(uo,u1)
L, Goluo [Puola)o(u, [Qin]e) + 1o, [Puola)o (i, [Quir]a)
1+0(u0,u1)
pa (uo, [Pugla)o(uo, [Quala) + 60 (1, [Puiga)o (11, [Qurla)
1+ o (ug,up) ’

+

Utilizing the glb property of P and Q, we obtain

0" ([Puola, [Quale) (0 (u1, u2)) = Go(uo, ur)

go(ug, uy)o(uy, ua) + no(uy, uy)o(ug, un)
1+ o (uop,u1)

po (o, u1)o (uo, ) + o0 (uy, uy)o(u1, uz)
1+(7(u0,u1) ’

+

which implies that

o1, 12) < ¢" (1Pl (Quile) (o, 10)) = Qoo uy) + G0 E) 2o li),

Thus,

Clo(uo, uq)||o(uy, uz)| 4 plo(ug, ur)|[|o(uo, ur)| + |o(uy, up)|]

o(uy, < o(uo, +
o (u1,12) | Clo(uo,u1)| 1+ |o(ug, uq)] 1+ [o(ug, ur)|

< Glo(uo, ur)| + Clo(uy, u2)| + plo(uo, ur)| + plo(ur, u2)|,
which yields
_|_
o) < ST ol m)
= 3|(T(l/l0,1,[1)|.

From (4), we get

lo(uy,u2)| < 3(1-3)t.

Now, consider
|0 (1o, u2)| < oug, ur| + oy, up| < (1= 3) [t} +3(1=3)[t] = (1—=3)(1+3)[t] = (1—3)[t].

Therefore, uy € B(uo, t). Since 0(up, u1) > 1and {P, Q} are coupled ¢*-admissible,
0*([Pupa, [Qui]a) > 1. Following (2), we have

Go(uq, [Puy]a)o(uz, [Quala) + 170 (uz, [Pus]a)o (1, [Quala)
1+ 0(uy,up)
po(u1, [Pur]a) o(u1, [Quala) + 60 (ug, [Pur]a)o(ua, [Quala)
14+ o(uy, up)
€ Q* ([Pul]ou [Q’Q]tx)s([Pule/ [QuZ]a)-

Go(uy, up) +
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Using Lemma 1 (iii), we obtain

Eor(ug, ) + Co(uy, [Puq)a)o(us, [Qtllzj}f()razcz(zzgz, [Puq]a)o (1, [Quala)
oo (11, [Pur)a) o(uy, [Quala) + 60 (g, [Pur]a)o(uta, [Quz)s)
1+ U'(ul, l/lz)

€ 0" ([Pur]a, [Quala)s(u2, [Quala).

By definition, there is some u3 € [Quy], such that
Go(uq, [Puy]a)o(uz, [Quala) + 170 (uz, [Pus]a)o(u1, [Quala)
Go(uy, u2) + 1+ 0(uy,up)

po (u1, [Pus]a) o(uy, [Quala) + 60 (up, [Pus]a)o(ua, [Quala)
1+ 0'(1/{1, uz)

€ 0" ([Pu1]a, [Quala)s (o (ua, u3)).

By Definition 1, we get

0" ([Pu1]a, [Quala) (0 (uz, u3)) = Go(ug, ua)

Go(uq, [Puq]a)o(uz, [Quala) + 170 (uz, [Pur]a)o (1, [Quale)
1+ o (uy, up)

po (u1, [Pus]a)o(ur, [Quala) + 00 (u, [Pur]a)o(uz, [Quala)
1+0’(H1,Li2) )

+

+

Utilizing the the glb property of P and Q, we conclude that

0" ([Put]a, [Quola) (0 (uz,uz)) = Go(uy, uz)

Co(uy, up) o(up, uz) + no(uy, up) o(uy, uz)
1 +0'(u1, 1/[2)

po (u1, uz)o (uy, us) + 60 (uz, uz)o (uz, u3)
140 (uq,uz) ’

+

+

which implies that

o(uz,u3) < 0" ([Pr]a, [Quala) (0 (12, u3)) = Go(ur, uz) + ga(luizz(ifﬁl)ua)

o0 (11, up)[o(u, uz) + o(up, uz)]
1 "1‘0’(1/!1,1/{2) )

+

Hence,

Clo(uy, un)||o(uz, uz)| n plo(u, uz)|[|o(ur, up)| + [o(ua, us)|]
1+ |o(uq,uz)] 1+ [o(uy, uz)l

o(uz,u3)| < Elo(uy,uz)| +

< Glo(ur,ua)| + Clo(uz, uz)| + plo(ur, u2)| + plo(uz, us)].
Therefore,
+
o)) < ol uw)

= 3lo(uy,up)],

where 3 < 1. From (4), we get
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|0’(Ll2,u3)’ < 32(1 —S)t.
Since
|0 (uo, us)| < | (uo, )| + 0wy, uz| + olug, us| < (1—3)+3(1—3t| +3*(1 = 3)[t| = (1 - 3%)t,

which show that u3 € B(ug, t). By continuing the process, one can construct a sequence {u} in B(u, t)
withp =0,1,2,3,..
Q(ugp, ugpr) =1 and  o(upiuzpi2) > 1

such that
0(uzp, 1) < 3P |o(uo, )| and  o(ugpi1, uzpi2) < 374 o (o, ur)l,

where
Uzpi1 € [P”2p]a and Ugp € [Q”2p71]zx-

By induction, we can construct a sequence in S such that forp =0,1,2, ..
o(up,upy1) > 1 and [0 (up,upi1)| < 3P|o(uo, ur)|. 5)

Suppose q > p, then, utilizing (5) and triangular inequality, we obtain

o) < 10y, )|+ 0y, 1p2)] + -+ o (itg1, 1)
< B3I 30 fo (g, )
p
< 1313|(7(u0,u1)\ — 0, when 3 — co.

This shows that {1, } is a Cauchy sequence in B(uy, t). Since S is complete and B(uy, t) is a closed
subspace of S, therefore, there is z € B(uy, ) such that u, — z when p — co. Finally, we are to show
that z € [Pz], and z € [Qz]s. As 0(up,z) > 1and {P,Q} are ¢*-admissible, so 0*([Pupla, [Qz]a) > 1
for all p. In the light of Equation (2), we obtain

go(uzp, [Puzpla)o(z, [Qz]a) + 10 (z, [Puzpla)o (uzp, [Qz]a)
1+ 0(uzp,z)

p0 (ti2p, [Puzpla)o(uzp, [Qza) + 60(z, [Puzpla)o(z, [Qz]a)
1+ 0(uzp,2)

€ Q* ([Puzp]ar [QZ]W)S([PMZ;:]&/ [Qz]zx)'

ga(“Zpl Z) +

+ o+

Using Lemma 1 (iii), we obtain

o (uap, [Puzpla)o(z, [Qz]a) + 10 (z, [Puzpla)o (uzp, [Qz]a)
1+ 0(uzp,z)

PU(UZpI [Pu2p]a)a(u2p/ [QZLX) + ‘5‘7(Zr [P”Zp]tx)o'(zf [Qz]a)

1+ 0(uzp,z)

€ ¢ ([P“2p]0¢/ [Qz]a)S(MZpH/ [QZLx)-

§o(uzp, z) +

+ o+
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By the definition, there is some 1, € [Qz],, such that

Go (uap, [Puzpla)o(z, [Qz]a) + 10 (2, [Puugpla)o(u2p, [QZ]a)
1+ 0 (uzp,z)

P02y, [Pizpla) o (uzp, [Q2]a) + 002, [Puizpla) o (2, [Qzla)

1+ O'(ngp, Z)

€ 0" ([Puzpla, [Qz]a)s (o (uzps1, up)).

CU(uZPrz) +

+

By Definition 1, we get

0" ([P“Z;ﬂ]ar [Qz]ﬂc) (‘T(uZerlruP)) = Ca(uzplz)

Go (uap, [Puzpla)o(z, [Qz]a) + 10 (2, [Pupla)o(u2p, [Qz]a)
1+ 0(uzp,z)

00 (uzp, [Puizpla)o(u2p, [Qz]a) + 60 (2, [Puzpla)o(z, [Qz]a)
1+ 0 (uzp, z) '

+

+

Utilizing the the glb property of P and Q, we obtain

0" ([Puzpla, [Qzla) (0 (uzps1,up)) = Co(uzp,2)
Go(uzp, uap1)0(z,up) +n0o(z, uzpy1)0 (Uzp, up)
1+ o (ugp, z)

p0 (uzp, Uap11)0 (Uop, Up) + 00(2, Uzpi1)0 (2, 1p)
1+ 0(uzp,z)

+

+

7

which implies that

U(”Zerlr ”p) < Q* ([P”2p]a¢/ [QZ]IX) (‘7(”2p+1/ ”p)) = C‘T(MZp/ Z)

Co(uzp, uzpy1)0(z,up) +10(z, uzp1)0 (U2p, tip)
1 + U(”prz)

p0 (Uap, tzp+1)0 (Uap, Up) + 00(2, Uzp41)0 (2, up)
1+ o(uzp,z)

7

so we conclude that
Go(uap, uzp11)0 (2, up) + 110(2, ugp41)0 (Uap, up)
1+ O'(lep, Z)

p0 (Uap, tzpi1)0 (Uzp, Up) + 60(2, Uzp41)0 (2, 1p)
1+ o (uzp, 2)

Olizptty) 3 Coluzy,2) +

(6)

since
o(z,up) 2 0(z,upy1) +0o(Upiq, up).

Therefore, following (6), we have
o (ap, tzp41)0(2,up) 4 10(2, gy 1)0 (t2p, Up)
1+ O’(uzp, z)

p0 (uzp, Up11)0 (Uap, Up) + 00(z, uzpi1)0 (2, up)
1+ 0 (uzp,z)

o(z,up) = 0(z,upi1) +o(uzp,z) +

+

4

which implies that
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Clo(uap, uzpi1)llo(z,up)| +1nlo(z, uzp1)||o(uzp, up)|
1+ [o(uzp, 2)|

plo(uap, uzp1) |0 (uzp, up)| + 6|0 (2, uzp11)|0 (2, 1p)|
1+ |U(u2p,z)|

lo(z,up)| < oz upir)| +Glo(uzp, 2)| +

If we take limit as p — o, then we obtain |0'(z, up)| — 0, that is, u, — z when p — co. Since [Pz],
is closed therefore, z € [Pz],. In the same way, we can obtain that z € [Qz],. Hence, P and Q have a
common fuzzy fixed point. O

Theorem 2. Let (S, 0) be complete complex-valued metric space and P : S — £(S) be coupled o*-admissible
mapping such that glb property holds. If P satisfies

)+ o (u, [Pula)o (v, [Pola) + 1o (v, [Pula)o (4, [Pv]a)
1+0(u,v)
po (1, [Puly)o(u, [Pv]y) + 00 (v, [Pula)o (v, [Po]y)
1+0(u,v)
€ o"([Pula, [Po]a)s([Pula, [PV]a)

éo(u,v

forall v,u € B(ug,t), where ug € Sand 0 < t € C, then

(1 —3)t € s(up, [Puga),

where (,1 and ¢ are nonnegative real numbers such that 3 = ﬁgf ; <L Suppose o(uo, u1) > 1 for some
uy € B(ug,t) and, for each v,u € S associated with some a € (0, 1], there exists [Pu], that is a nonempty
closed, bounded subset of S. If {ug} is a sequence in B(ug, t) with o(ug, ug1) > 1and uy — zas g — +oo,

then o(ug,z) > 1 for all q. Then, there exists a point u* € B(ug, t) such that u* € [Pu*], N [Qu*],.
Proof. By letting P = Q in Theorem 1, we obtain the above corollary. [

Example1. Let X3 = {w € C: Im(w) > 0 and Re(w) = 0} and X, = {w € C: Re(w) > 0 and Im(w) = 0}
and let X = X3 U Xy. Consider a metricd : X x X — C as follows:

1 i .
Z|3/1 — Yol + §|y1 —y2| fw,wp € Xy,

1 i .
sl —xf+ v —x| fw,w € X,
d(wy, wy) =

2 i .
§|x2+y1| + 6|X7_ +y1‘ ifw € Xy, wp € Xo,

1 2i .
§|x1 + | + §|x1 +yo| ifwy € Xo,wn € Xy,

where wy = x1 + iy1, w1 = X + iy € X. Then, (X, d)is a complex valued metric space. Take wy = 0 + %l
and t = % + %i. Then,

B(wg, t) ={w € X1:0 < Im(w) <1} U{w € X, : 0 < Re(w) <1}

and
if wy,wy € B(wy,t),

otherwise.

1,
o(wy, wy) = { 4
gl
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Define P,Q : X — £(X) by

05 ifz==x +01€X1wzth0<1m(w)<1Re( ) =0,
7

07 ifz=0+ gyi € Xy with Im(w) > 1, Re(w) =0,

P(z)(w) x

0.4 ifz:0+gi€X2 with 0 < Re(w) < 1,Im(w) =0,

. 6 .
02 ifz= 7x +0i € X, with Re(w) > 1, Im(w) =0,

05 ifz==< +OL€X1w1thO<1m( ) <1,Re(w) =0,

0.7 ifz=0+ 67‘1/[ € Xy with Im(w) > 1,Re(w) =0,

Q(z)(w) , x ,
04 ifz=0+ ?’E Xp with 0 < Re(w) < 1,Im(w) =0,
02 ifz= %C +0i € X, with Re(w) > 1, Im(w) = 0.
Then, ; ;
[Pwlo7 = {0+ 21}, [Pwlos = {4 + 01,0+ 1),
Y 7y Y ninl 7Y x. 6x
[Pw]0,4:{1+01,0+ Y4t }, [Pw]0,2:{1+01,0+ 10+§z 7+OL}

and
[Qw]o7 = {0+ 67yi}, [Qw]os = {Z +0i,0 + 67yi},

6
[Qw]o,4:{%+0i,0+ 7yi,0+%i}, [Qw]o,z—{y—i—Oz = +0[0+710+ﬂ}

by a routine calculation, one can verify that the mappings P and Q satisfy the conditions (2) and (3) of Theorem 1
with ¢ = %,g = ﬁ,q = %,p = % and 6 = % Hence, P and Q are contractions on B(wy,r).

It is interesting to notice that P and Q are not contractions on the whole space X for w1 = wp = 0+ %i ¢
B(wo, ) and for « = 0.7, as

0" ([Pw1]a, sz «) 0 ([Pw1]a, [Qwala)

4/ 1 7,235 5,788 .

3(1 68 ) 1,342,656 ' 1,342,656

_ co(wy,w) + go(wy, [Pwr]a)o(wz, [Qws]a) + 10 (wa, [Pwi]a)o (wr, [Quz]a)
1+ o(wy, wy)

po (w1, [Pwy]a)o(wi, [Qua]a) + 00 (wo, [Pwi]a)o(w), [Quiz]a)

1+ o(wy, wy) ’

Therefore,

go(wy, [Pwi]o)o(wa, [Quala) + 7o (ws, [Pw]a)o(wy, [Quzla)
Eo(wy, ws) + 1, [Pwy 2 1ig(w1,w2)2 1 1, [Qua

po (w1, [Pwy]a)o(wy, [Qua]a) + o0 (wy, [Pwi]a)o (w2, [Quz]a)
1+ U'(Zl)l, ZUQ)

+

Zo" ([Pwl]a, [QWZ]zX)S([Pwl]m [QWZ]zx)-
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Theorem 3. Let (S,0) be complete complex valued metric space and A1, Ay : S — CB(S) be coupled
0*-admissible mappings such that glb property holds. If A1 and A, satisfy

go(u, Aqu)o(v, Ayv) + no(v, Aqu)o(u, Ayv)
1+0(u,v)
po(u, Aqu)o(u, Ayv) + 60 (v, Aqu)o (v, Apv)
1+0(u,v)
€ 0" (A1u, Ayv)s(Aqu, Axv)

éo(u,v) +

forall v,u € B(ug,t), where ug € Sand 0 < t € C, then

(1 — 3)t S S(MQ, Aluo),

where (,1 and & are nonnegative real numbers such that 3 = 126 ; < L Suppose o(ug,u1) > 1 for

some uy € B(uo,t). If {ug} is a sequence in B(ug, t) with (ug, ugy1) > 1and uy — z as g — +oo,
then ¢(ug,z) > 1 for all q. Then, there exists a point u* € B(ug, t) such that u* € Aqu* N Ayu*.

Proof. Let P,Q : S — &(S), i = 1,2 be fuzzy mappings defined as

x, ifue Au,
P(u) = e
0, if u¢g Aju,

] if ue Au,
Qu) = {O, if u¢g Au.

Then, for any « € (0,1], [Pu]o = Aju and [Pul, = Apu.
Since for every u,v € S, s([Pu]q, [Qu]a) = s(A1u, Apv), therefore, one can apply Theorem 1 to
obtain some u € S such thatu € A1(u) N Ax(u). O

Corollary 1. Let (S, o) be complete complex valued metric spaceand A : S — CB(S) be coupled ¢*-admissible
mapping such that glb property holds. If A satisfies

go(u, Au)o(v, Av) + no(v, Au)o(u, Av)
1+ 0(u,v)
po(u, Au)o(u, Av) + 60 (v, Au)o (v, Av)
1+0(u,v)
€ 0" (Au, Av)s(Au, Av)

¢o(u,v) +

forall v,u € B(ug,t), where ug € Sand 0 < t € C, then

(1—=23)t € s(ug, Aug),

where (,1 and & are nonnegative real numbers such that 3 = 1525 ; < L Suppose o(ug,u1) > 1 for

some uy € B(ug,t). If {uy} is a sequence in B(uy, t) with o(ug,ugy1) > land ug — zasq — +oo,
then (ug,z) > 1 for all q. Then, there exists a point u* € B(ug, t) such that u* € Au* N Au*.

Proof. Proof is immediate by setting A = Ap = A in Corollary 3. O
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Remark 2. (1) In Theorem 1, if condition (3) is replaced by

(1 —3)t € s(ug, Qup),

then the result remains the same.
(2) By setting p = 6 = 0 in Theorem 3, we get Theorem 2.9 of [34].
(3) By setting p = 6 = 0 in Corollary 1, we get Theorem 2.12 of [34].
(4) By settingn = p = 6 = 0in Theorem 3, we get Corollary 2.11 of [34].
(5) By setting { =n = p = = 0in Theorem 3, we get Corollary 2.13 of [34].

3. Application

Theorem 4. Let (S,0) be a complete complex valued metric space and let U be an open subset of S. Let F :
[0,1] x U — CB(S) be multivalued mapping with the glb property. Suppose that there exist 1° € S and
0 < € € C such that

(a) 5 & [F(r,n)] forally € oU and r € [0,1];
(b) F(r,.) : U — CB(S) is a multivalued mapping satisfying

Ny §o G E(rom)o (', E(r, ') +ea (', E(r, ) (g, E(r, "))
Go () + 1+ o(n, 1)

pa (11, F(r,n))o(n, E(r',n")) +éa(y', F(r,n))o (', F(r',n"))
1+o(n,1')

+
e s(F(r,n),F(r,1"),
(1-3)e€s(n’ F(r,n°)),

where £, 1 and ¢ are nonnegative real numbers such that 3 = 1€+ﬁ <1

(c) there exists a continuous increasing function ® : (0,1] — KU {0} such that

@(s) — d(r) € s(F(s,n),F(r,1"), P(s) € D(r)
foralls,r € [0,1] and n € U where K = {w € C: 0 < w}.
Then, F(0, .) has a fixed point if and only if F(1,.) has a fixed point.

Proof. Let F(0,.) have a fixed point w, so w € F(0, w).
With the help of assumption @), we can define the following set:

X ={(r,n) €[0,1] xU :5 € F(r,n)}.
Clearly, X # ¢. One can define partial ordering < as below

(r,7) = (s,1) if r<s,

2
-3 (D(s) — @(r)).

Assume that M is a totaly ordered subset of X and r* = sup{r : (r,7) € M}
Consider {(r¢, 7x)k>0} to be a sequence in M such that (r, 17x) = (rk41,k+1) and rp — % as k — oo.
Then, for any k > 1 with | > k, we obtain

IA

o(n,1")

(1) = 15 (@) = (1)) 0
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as k,I — oo, which yields that {7} is a Cauchy sequence. Since (S, ) is a complete complex valued
metric space, there exists #° € S such that 7 — 1°. From (a), let kg € N such that, for all k > k,

go-(nk’ 170) + €U(Wk, F(T’kr ﬂk))U(TIOI F(rollﬂi);z?kgf;(ozo, F(rk’ Wk))o'(ﬂk/ F(ro, 1,10))
po (11, F(ric, 1) )0 (i1, E(r€, 1°) ) + 00 (n°, F(rie, 1) ) (1, F(r°,1°))
L+ o (e, 1°)

€ s(F(ri,m), F(r°,1°)),
Eo (o) + éa(vk,F(rk,vk))v(n°,F(roaﬁj?zizi?;gz”,F(rk,nk))v(nk,F(r“,ﬂo))
po (1, F (i, i) ) (i, E(r°,11°)) + 60 (n°, F(re, i) ) o (n°, E(r°, 11°))
1+ (n,1°)

+

€ s F(r°1n°).
Since 1; € F(ry, k), there exists 7, € F(r°,5°) such that

n Co (i, F(re, i) )e(n°, F(r°, %)) + 00 (7%, F(ri, i) )o (i, F(r°,11°))

o) = Co(nen’)

1+ o (m,1°)
P 1k, E(rie, 1) )0 (i, E(1°, 1)) + 80 (1%, E(ri, i) o (1, E 1%, 7))
L+ o (nk,1°)
Utilizing glb property of F, we obtain
U(T]k ;7”) < Eolnn®) + 00 (1%, 1) (k. 77n>
’ - ’ 1+ o (1, 1°)
oo (n°, m)o(n°, 1)
L+ o (nk,1°)
which implies that
0 0(770/ 77k)
< _ N k)
lo(mkomn)| < Elo(m )|+_Q‘1-+-a(nk,n0) o (1, 1)
a(n° ) 0
+ T (00 m)l,
’1‘+’0(7k1ﬂ0) o 1)
which yields
lo(meomn)| < Ela(mn®)| +elo(e )| +8lo(n, )|,
< &lo(m )| + el )|+ 6|a(® m) | + o (e, 1n) |1
E+6 .
< m’”(ﬂ k)|
Consider
|O(770/ 17”)‘ < ’0.(170, ﬂk)| + ‘U(ﬂkl 771’1)‘

+6 o
< |o(® )| +1Ep_(5“7(’7 )| =0

forallk > ko. Hence, 7, — 1#° € F(r°,11°) and therefore #° € U implies that (r°,1°) € X. Thus, (r,17) =<
(r°,n°) for all (r,n7) € M; this shows that (+°,%°) is an upper bound of M. Therefore, by utilizing
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Zorn’s Lemma, we obtain that (#°,7°) is the maximal element of X'. Now, we are going to show that
r® = 1. Suppose, on the contrary, that v’ < 1,let0 < € € C and r° < r with

B(°,€) CU where €= 17(<I>(r) — (7).

In the light of the condition ¢), we get

(@(r) — @(r%)) € s(F(r,n), F(r°,51°))
(®(r) —®(r°)) € s(F(r,n),n°) forall 5° e F(r°n°).

Therefore, there exists some 77 € F(r, 1), such that

(@(r) = @(r)) € s(e(,1°)),

which implies that

oly) < (@() — () < 12 <13

so that
(7, 1°)| < (1= 3)]el.

Using the condition b), we obtained that the mapping F(r,.) : B(1°,€) — CB(S) enjoys all the
conditions of Corollary 1. Thus, there exists 7 € B(51°, €) such that 7 € F(r,7); therefore, (17,7) € X. As

ol 1°) < € = 1o (@() — (),

3
this yields that (%, 7°) < (r,77), which is a contradiction; hence, r = 1. Thus, F(.,1) has a common
fixed point. Conversely, by following the same techniques, we can prove that, if F(1,.) has a fixed
point, then F(0,.) has a fixed point. [J

4. Conclusions

We have successfully derived common fixed point results for fuzzy mappings by using the
concept of coupled a*-admissible mapping in complex-valued metric spaces. We have generalized
many results in the existing literature by providing the application of our main result to multivalued
mappings and a homotopy result.
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