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Abstract: The aim of this paper is to investigate certain properties such as convexity of order y,
close-to-convexity of order (1 + p)/2 and starlikeness of normalized Mittag—Leffler function. We use
some inequalities to prove our results. We also discuss the close-to-convexity of Mittag—Leffler functions
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function to belong to the Hardy space H?. Some of our results improve the results in the literature.
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1. introduction

The one parameter Mittag-Leffler function E, (z) defined by

[ee] Zm
Ea (Z) = mgom (1)

was introduced by Mittag—Leffler [1]. This function of complex variable is entire. The series defined by
Equation (1) converges in C when Re(a) > 0. Consider that the function E, (z) which generalizes the
function [E, (z) is defined by

[0.0) Zm

o) = L am - x)

m=0

o,k e€C, zeC. ()

It was introduced by Wiman [2] and was named as Mittag-Leffler type function. The series
in Equation (2) converges in C when Re () > 0 and Re (x) > 0. Furthermore, the functions defined
in (1) and (2) are entire of order 1/Re («) and of type 1, for more details, see [3]. The function E, « (z)
and its analysis with its generalizations is increasingly becoming a rich research area in mathematics
and its related fields. A number of researchers studied and analyzed the function given in (2)
(see Wiman [2,4,5]). One can find this function in the study of kinetic equation of fractional order,
Lévy flights, random walks, super-diffusive transport as well as in investigations of complex systems.
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In a similar manner, the advanced studies of these functions reflect and highlight many vital properties
of these functions. The function E, « (z) generalizes many functions such as

e —1
Eii(z) = ¢ Eip(z) = ——,
inh
Barle) = coth(vE), Bagle) = L)
The interested readers are suggested to go through [6-9].
Let A be the family of all functions g having the form
g(z)=z+ ) anz", 6)
m=2
and are analytic in D = {z:|z| <1} and S denote the family of univalent functions from A.

The families of functions which are convex, starlike and close-to-convex of order p , respectively,
are defined as:

Cy) = {g:gEAandRe<1+Zgg,((Z§)>>y, ZGD;0§y<1},
/
S*(p) = {g:geAandRe<Z§(S)>>y, ZED;O§y<1},

and

/
IC(y)-{g:gEAandRe(i,Eii) > u, zeD;O<y<1;h€C}.

It is clear that C* (0) = C, S* (0) = S&* and £ (0) = K. Consider the class H of all analytic
functions in D and u < 1, Baricz [10] introduced the classes

73;7(;4):{p:pe’H,p(O):1,Re{ei’7(p(z)—y)}>0, zeD,neR}

and
Rn(y):{f:feAandRe{ei” (f’(z)—y)} >0, z€D, nER}.

For 17 = 0, we have the classes of analytic functions Py («) and R («) respectively. Also for 7 = 0
and « = 0, we have the classes P and R.
For the functions ¢ € A given by (1) and h € A given by

h(z) =z+ Z b,,z",
m=2
then the convolution (Hadamard product) of g and & is defined as:
(gxh)(z) =z+ Y ambuz", z € D.
m=2

It is clear that the function E, « (z) is not in class .A. Recently, Bansal and Prajapat [11] considered
the normalization of the function E, , (z) given as
r (K) Zm=+1
(

Evyx (z2) =T (k) zEnx (z) =2+ Zm, a, k € C, Re(a) >0,k £#0,—1,---.
m=1
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In this article, we investigate some geometric properties of function E, x (z) with real parameters
« and x.
We need the following results in our investigations.

Lemma 1 ([12]). Ifg € Aand

1_
|zg" (z)] < 4V, zeD, 0<u<l,

then ,
Re{g' (2)} >#, zeD; 0< <1l
Lemma 2 ([13]). Let x € C such that Re(x) > 0,c € Cand |c| <1, ¢ # —1.If h € A satisfies

1
c |z|2l3 + (1 - |z|2!3 2’;,52)’ <1, zeD,

then
z 1/p
Cplz) = {ﬁ/tﬁlh’(t)dt} , z€D
0

is analytic and univalent in D.

Lemma 3 ([14]). Let g (z) = z + a2z + ... + amz™ + ..., be analytic in D and in addition 1 > 2a > ... >
may, > ... > 0o0r1 < 2a, < .. < may, <..<2, then g(z) is in class IC with respect to the function
z — —log (1 — z) . Also if the function g (z) = z + 3a3 + ... + gy _12*" 1 + ..., which is odd and analytic in

D and satisfies in addition 1 > 3a3 > ... > 2m+ 1) agpy1 > ... > 00r1 <3a3 < ... < 2m+1) apy41 <
.. <2, then g (z) € SinD.

Lemma 4 ([[15]). Ifg(z) = ¥ amz™ Y, such that ay = 1 and a,, > 0,Vm > 2, is analytic in D and if
m=1

{am};,_ is a sequence which is decreasing, i.e., Ay 4o + A — 2441 > 0and ay — a1 > 0,Vm > 1, then

Re{ Z amzml} > %, Vz € D.
m=1

Lemma 5 ([15]). If a, > 0, {may,} and {ma,, — (m + 1)a,, 1} both are non-increasing, then the function g
defined by (3) is in S*.

2. Starlikeness, Convexity, Close-to-Convexity

Theorem 1. Let o > % and k > % Then,
Enx (2) 1
Re{ ———~ -, D.
e{ . > 5 forz e

Proof. For the proof of this result, we have to show that

{am}m—1 = {1" (,x(nfycl)) +x) }oo

m=1

is a decreasing sequence. Consider
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A R
o fmerd T(a(m—1)+x) T (am+x)

B I'(am+x)—T (a(m—1)+x)

N F(K){ T (a(m—1)+x)T (am+x) }>0’

where Vm > 1, 0 > % and ¥ > % Now, to show that {a,,}{r_, is decreasing, we prove that

A + A2 2 20541
Take

_ I (x) I (x) 2T (x)
T = 241+ ez = T(a(m+1)+x) T(a(m—1)+«) T (am+x)
I'(aem~+x)T (a(m+1)+x) =2 (a(m—1)+x)T (a(m+1)+x)
+T (a(m —1) 4+x) T (am +«)

=T(x) I(a(m—1)+x)T (am+x)T (a(m+1) +x)
T(a(m+1)+x){T (am+x)—2T (a(m—1) +x)}
T () +T (a(m —1) +x) T (am +«)

IF'(a(m—1)+x)T (am+x)T (a(m+1)+x)

The above expression is non negative Vm > 1, a > % and x > %, which shows that {a,, }5,_; is
decreasing and convex sequence. Now, from the Lemma 4, we have

Re (Z bmzm1> > %, zeD,
m=1

which is equivalent to

Re(E'X’K(Z)>>1,z€D.
z 2

O
Theorem 2. Let o > 2.67 and x > 1. Then, E, « (z) is starlike in the open unit disc D.

Proof. To show that E, « (z) is starlike in D, we prove that {ma,, } and {ma,, — (m + 1)a,,1} both are
non-increasing in view of Lemma 5. Since a,, > 0 for the normalized Mittag—Leffler function under
the given conditions, consider

mI (x) ~ (m+ 1T (x)
I'(a(m—1)+x) T (am+x)

B mI (am+x) — (m+ 1T (a(m—1) +x)
N F(K){ I'(a(m—1)+x)T (am+x) }>0

may — (m+1)a,11

form >1,a > 2.67 and ¥ > 1. Now,
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mT (k) _2(m+1)T (x) (m+2)T (x)
[(a(m—1)+x) I' (am + k) I'(a(m+1)+x)
—2(m+ 1) (a(m —1) +x) T (a(m+1) +«) +

Mmay —2(m+ Va1 + (m+2) =

B mI (am+x)T (a(m+1)+x) + (m+2)T (a(m —1) +x) T (am + x)
=T'(x) T (a(m —1) + )T (am + %) T (a(m + 1) + %)
I'(a(m+1) +x) {ml (am+x)—2(m+1)T (a(m—1)+x)}
T () +(m+2)T (a(m—1)+x) T (am +«x)

I'(a(m—1)+x)T (am+x)T (a(m+1)+x)

The above relation is non-negative V. m > 1, & > 2.67 and « > 1. Thus, from Lemma 5, E,  (z) is
starlike in D. [

Theorem 3. Let « > 3.323 and x > 1. Then,
, 1
Re{E;,(z)} > 5 (z€D).

Proof. Consider

= T (x)z™
E z) = z+ ,
ax (2) mX::zl"(oc(m—l)+1c)
d mI (k) _
Ene(z) = 1+ ml,
(2) m;zl”(oc(m—l)—i—x)
Et/X,K (z) = 1+ 2 AmZm*1
m=2
Here, A;, = W(:"nri_(gm By taking the same computations as in Theorem 2, we get the proof. [

Theorem 4. Ifa > 1and x > 1, then z — E,x (z) is in K with respect to the function —log (1 —z) .

Proof. Set -
Eux (Z) =z+ Z aym-12",
m=2
and we havea,,_1 > Oforallm >2and a; = % < 1. For the proof of this result, we use Lemma 3.

Therefore, we have to show that {ma,,_1},,~, is decreasing. Now,

May_1 — (m+1)ay =T (k) m mt 1 }

T(a(m—1)+x) T (am+x)
mI' (am+x) — (m+1)T (a(m — 1) +x)
T'(a(m—1)+x)T (am+x)

= T (x) ]>0.

By restricting parameters, we note that ma,, 1 — (m + 1) a,, > 0 for allm > 2. Thus, {ma,,_1},,~,
is a decreasing sequence—hence the result. O

Theorem 5. Ifa > Land k > 1, then z — zEy « (22) is in K respect to the function 1 log (%) :
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Proof. Set -
zEq x (zz) =z+ Z Agpy_122" L,
m=2

% for all m > 2. In addition, it is clear that 2; < 1. Mainly,

we have to show that {(2m — 1) a,,_1},,-, is decreasing. Now,

Here, Ay 1 = a1 =

(2m—1)ay_ 1 — (2m+1)ay, =T (x) [1‘ (“Eim_1;)+ 5o r((2;nm++1i)} ’
_ @2m—-1)T (am+x)— 2m+1)T (a(m —1) +x)
= T (x) [(a(m—1)+x)T (am+x) }>O.

By using conditions on parameters, we observe that (2m —1)a,,_1 — (2m+1)a, > 0 for all
m > 2. Thus, {(2m — 1) ay_1},>, is a decreasing sequence. By applying Lemma 3, we have the
required result. O

Theorem 6. If « > 1and x > 3.214319744, then E,  (z) € S* in D.

Proof. Let p (z) = ZEE “’K((ZZ)) ,

is starlike in D, we just prove that Rep (z) > 0in z € D. For this, it is enough to show |p (z) — 1] < 1
for z € D. By using the inequalities

z € D. Then, the function p is analytic in D with p (0) = 1. To prove E,, (z)

rw 1

,a>1,xk>1, meN,

I'(am+x) — (k),
m(x), < 2" '(x+1), ,,x>1, meN,
we have
E’ (e}
E! (Z) _ Tax (Z) Z r (K) mz™
ax z =T (am + x)

2m—1

IN
e

IN
R =
gk
=/
=
+ N
—_
S~
7

>1). 4)

Enx (2)
z

\V4

—_

|
e %
-
=

3
_|_
X

Vi
—_
|
hgk

vV
—_
|
e
[-7e
a2
+ |~
—_
N———
7

= ———— (k>0). (5)
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By combining (4) and (5), we get

2By (2) < k(k+1) ' ©)
Enx (2) (k—1) (k2 —x—1)
Therefore, Eyx (z) € S* in D if _Ketl) < 1. In other words, we have to show that

(k—1)(k2—x—1)
3 —3k2—x+1>0. The inequality is satisfied for x > 3.214319744. Hence, E,« (z) is starlike
inD. O

Remark 1. Recently, Bansal and Prajpat [11] proved that E,, (z) is starlike, if « > 1 and
k> (34 V/17)/2 ~ 3.56155281. The above result improves the result in [11].

Theorem 7. If « > 1 and x > 3.56155281, then E, x (z) € C in D.

Proof. Letp (z) =1+ Zéf’i"((zz)), z € D. Then, p (z) is analytic in D with p (0) = 1. To show that E,, (z)

is convex in D, it is enough to prove that |p (z) — 1| < 1, z € D. By using the inequalities

I (x)
> >
Tam+n = 0. a>1,x>1 meN,
2m(m+1)(x), < 4" 'k(x+1), ,,>1, meN,
we have
" - r (K) m
|zEf  (z)] mZ::ll"(zxm+K)m(m+l)Z
©0 4m71
<
- m;zx (k+1)"""
% i 4 m—1
ok \e+1
2(k+1)
= . 7
2 w0 )
Furthermore, using the inequality m (x)™ < 2"~1 (k), , then we have
/ _ .- L) w
|Eb . (2)] = 1—1—11;1 (m+1) T (am + 1)
S I (x)
> _
z 1 Z(Zij_l)l"(am—i-x)
=1
> 1-
0,
) m—1
= 128 ()
= \K+1
K2 — 3Kk —2
From (7) and (8), we get
zE}  (2) 2 (k2 1) )
Ex(z) | = (k—1)(x2 =3k —2)
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.. . . . 2 271
This implies that E, « (z) € Cin D if %

%3 — 6x2 + 7k + 6 > 0. The inequality is satisfied for x > 3.5615528. Hence, Ey « (z) is convexin D. [

< 1. To prove our result, we have to show that

Consider the integral operator 7, : D — C, wherey € C, v # 0,

Fy(z) = {’Y/ﬂzsz,K (t)dt} , z€ D.
0

Here, 7, € A. We prove that 7, € SinD.

Theorem 8. Let M € R such that |Ey (z)| < M in D. If

x(k+1) +M<l

U T @ e T S

then F,, € SinD.

Proof. A calculation gives

zFY(z)  zEh, (z) 271
0% oK
= Exx(z)+7v—2, z€D.
Fi (z) Enx (2) v =)+

Since E « (z) € A, then by Schwarz Lemma, triangle inequality and (6), we obtain

(TG = o) e

Enx (2)
z

|

< (1-1P) [”_1|+ (x—lx)((;;;—ll—l) +II’\Y/II}

By using Lemma 2, 7, € SinD. O

Theorem 9. Leta > 1,4 € [0,1) and z € D.
. 1— ViZ—12u11
(i) Ifx > a 3}1);(1fy) 2 then Eqx (z) € K (1—”) .

+
2
ii) Ifj <1_ {(K+2)(K+0(0)(K+0(0—1)+(K+1)}/ then Enx(2) cp (]4) )

( x(k+1) (k+a) (k+ag—1)
(@) If (1 —u) x>+ (2u —3) k> —x + (1 — p) > 0, then Epx (z) € S* (1)
(iv) If (1 — u) k> + (6p — 8) k2 + (7 — 7u) k + (8 — 61) > 0, then Eyx (z) € C (1)

Proof. (i) Using (7) and Lemma 1, we get

2(k+1) - 1—u

"
[2Eux (2)] < Kk (x —3) 4 7

where 0 < pu <1— igzig and x > (11_3”);(1Vf:)_1zy+17. This shows that E, « (z) € K (HT”) .
(ii) To prove E"‘%(Z) € P (u), we have to show that |g(z) — 1| < 1, where g(z) = {Eux(2)/z} -y

(=)
By using triangle inequality with

T (x) 1
I' (am + ) = (%),

() >
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(see [16]), where
ag =~ 1.302775637...

is the largest root of the equation
2 4a—3= 0,

we have

lg(z) =1 =

1 1 1 = 1
= (I—p) {K+K(K+1) +mZgK(K+Déo)m_1}
1 {(x+2)(k+ap) (k+a0—1)+ (k+1)}
(1—=p) k(k+1) (k+ag) (k+ao—1)

Ea«( Eax(z) {(x42) (rtao) (x+ap—1)+(x+1) }
This implies that €eP(u),for0<pu<1— K(K+1)(?<+ao)(?<+ao—1) .

(iii) We use the inequality ‘ ZEE ‘;"‘(Z)) — 1‘ < 1 — u to show the starlikeness of order y for the function

Exx (z) . By using (4) and (5), we have

zE}, . (2) k(k+1)
4 -1 < 1—u.
Ear (2) ‘—(K—1)(K2—K—1)< #
This implies that
p<1- k(x+1)

This completes the proof.

(iv) We use the inequality ’

< 1— ptoshow that Eyx (z) € C (i) . By using (7) and (8),

we have . )
zEy . (z) - 2(k*—1) c1p
Eie(2) | = (x=3) (@ —3x—2)
This implies that
2 (k> —1)
u<l-—

(k—3) (k2 -3k —2)’

hence the result. O

Substituting y = 0 in Theorem 9, we obtained the following results.

Corollary 1. Leta > 1,z € D.
(i) If x> 57, then Ene (2) € K (3).-

(id) If “"*5115“(%’&;5"‘&&0 S <1, then s e P,
(iii) If k> — 3k% —k +1 > 0, then Eqx (2) ES*.
(

iv) If i® — 8K2 + 7k +8 >0, then Eox (z) € C.

Remark 2. It is clear that Eqox (z) € K (%) when o« > 1, k > 7.56155 and Eyx (z) € C when o > 1,
K > 6.796963. It concludes that our results improve the results of ([17], corollary 2.1).
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3. Hardy Space of Mittag-Leffler Function

Consider the class H of analytic functionsin D = {z : |z| < 1} and H* denote the space bounded
functions on H. Let g € H, set

27 1/q
1 0\ 19
My (r,8) = (“ﬂgwﬂde , 0<g<os,
max{|g(z)|;|z|§r}, g = oo.

If M, (r,g) is bounded for r € [0,1), then g € H1. It is clear that
HEYCHP CHI,0<p <g< o0

For some details, see [18]. It is also known [18] that, if Re (g’ (z)) > 0in D, then

g € HP, p<1,
geMHP/I=P), 0<p<l

Hardy spaces of certain special functions are studied in [10,19,20].

Lemma 6 ([21]). Py (1) * Po () C Po(y), wherey =1 —2(1—u) (1 —1n) and u, y < 1. The value vy
can not be improved.

Lemma 7 ([22]). For y, § < land v = 1 —=2(1—u) (1 —1n), we have Ry (1) * Ro (1) C Ro (),
or equivalently Py (1) * Po (1) C Po (77) -

Lemma 8 ([23]). If the function g, convex of order y, where u € [0,1), is not of the form

(z) = l—l—dz(l—zeig)zﬂ_l, u#£1/2,
g l+dlog(1—zei€), n=1/2,

ford, | € C,and ¢ € R, then the following statements are true:
(i) There exist 6 = 5 (g) > 0 such that g’ € HO+1/[2(0=1)],
(i) If u € [0,1/2), then there exists T = T (g) > 0 such that g € H™+1/(1=21),
(i) If u > 1/2,then g € H*.

Theorem 10. Let u € [0,1), (1 — p) x3 + (6y — 8) k> + (7 — 7u) x + (8 — 6u) > 0.
(i) If p € [0,1/2), then Ey (z) € H/ (121,
(i) If u > 1/2, then Eyx (z) € H™.

Proof. By using the definition of the hypergeometric function

< ()" (b)) 2"
F ,b, ; = ’
Aleb s = b T
we have
L I 4 dzoF (1 1-2a 1‘zeig)
(1—zeig)1_2}‘ ’ Y ’

> (1-2 ;
= 144 Z ( 'D‘)melgmzm—&-ll
=0 n.
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forl, d € C, u # 1/2 and for real g. On the other hand,
I+ dlog (1 - ze’”) = | —dznF (1, 1,2; zeig) ,
_ _ - L igm m+1
= I—d Z v LA
Therefore, the function E, (z) is not of the form of I + dz (1 — ze”)zy - (for u #1/2) and

I +dlog (1 —ze™) (for u = 1/2) . We know that, by part (iv) of Theorem 9, Eq « (z) € C (1) . Therefore,
by using Lemma 8, we have the required result. O

Theorem 11. Let {(Hz()ng)}r’;i?{ +11x)0+({<)+1)} < land f € D. Then, convolution Ey x * f is in H* N'R.

Proof. Leth (z) = Eyx (z) xg(z). Then, I (z) = E“( ) ¢’ (z) . Using the Corollary 1 part ii, we have

E”(Z) € P. As g € R; therefore, by using Lemma 6 h € R. Now, the function “( ) is complete;

therefore h (z) is complete. This implies that /1 (z) is bounded. Thus, we have the requlred result. O

Theorem 12. Let < < 1— {(K+K2()K(ﬁrf‘(‘:€)$§;‘(°};30t(f)+1)}, wel0,1)andz e D.Ifg € P (), then Eyy (z) *

SER(y), wherey=1-2(1—pu)(1—n).

Proof. Leth(z) = Eyx (z) * ¢ (z) . Then, it is clear that i’ (z) = E“( ) 4 ¢’ (z) . Using Theorem 9 part

(ii), we have E“+(Z) € P(u). As g € R, therefore, by using Lemma 6 and the fact that ¢’ € P (),
we have I’ (z) € P (), where .y =1—2(1—pu) (1 —17).Consequently, h € R (7). O

Corollary 2. Let ¢ € [0,1) and <X < 1-— {(K+K2()K(ﬁrf‘(ok)$;5"(?< +1a)0+(1'<+1 CIf g € Ry,
n = (1—2u)/(2—2u),then Eyx (z) xg € R(0).

Corollary 3. Let u € [0,1) and {(sz()x(ﬂr;((?c)f;;ri?;?ot(ﬁJr1)} <1.Ifg € R(1/2), then Eyy (z) g € R (0).

4. Applications

Now, we present some applications of the above theorems. It is clear that

20 —z—1 6% — 322, -6z — 6
Eip(z) =e*—1, Ej3(z) = B — E14(z) = .

72

From Theorem 9, we get the following;:

Corollary 4. (i) If0 < p < po, where g ~ 0.26759, then E1, (z) € P ().
(ii) If 0 < p < pq, where py ~ 0.55988, then E1 53 (z) € P ().
(1ii) If 0 < p < pp, where py ~ 0.68904, then E1 4 (z) € P (u).

Corollary 5. If0 < u < ps, where pz ~ 0.39393, then E1 4 (z) € S* (p) .

Corollary 6. (i) Let 0 < p < pg, where ug ~ 0.2675930. If ¢ € R(n), n = (1—2u)/ (2—-2u),
then E15 (z) * g € R(0).

(ii) Let 0 < p < ps, where s ~ 0.55987780.If g € R (), n = (1 —2u) / (2 —2u), then Eq 3 (z) *
g€ R(0).

(iii) Let 0 < p < pg, where pg ~ 0.68904320.If g € R (17), 1 = (1 —2u) / (2 —2u) , then Eq 4 (z) *
g€ R(0).
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5. Conclusions

In this paper, we have studied certain geometric properties of Mittag-Leffler functions such as
starlikeness, convexity and close-to-convexity. We have also found the Hardy spaces of Mittag-Leffler
functions. Further, we have improved some results in the literature.
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