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Abstract: The purpose of this paper is to find out fixed point results for a pair of semi a,-dominated
multivalued mappings fulfilling a generalized locally F-dominated multivalued contractive condition
on a closed ball in complete dislocated b-metric space. Some new fixed point results with graphic
contractions on closed ball for a pair of multi graph dominated mappings on dislocated b-metric space
have been established. An application to the existence of unique common solution of a system of
integral equations is presented. 2010 Mathematics Subject Classification: 46Txx, 47H04, 47H10; 54H25.
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1. Introduction and Preliminaries

Fixed point theory plays a foundational role in functional analysis. Banach [1] proved significant
result for contraction mappings. Due to its significance, a large number of authors have proved many
interesting multiplications of his result (see [1-34]). Recently, Kumari et al. [22] discussed some fixed
point theorem in b-dislocated metric space and proved efficient soloution for a non-linear integral
equations and non-linear fractional differential equations. In this paper, we have obtained common
fixed point for a pair of multivalued mappings satisfying generalized rational type F-dominated
contractive conditions on a closed ball in complete dislocated b-metric space. We have used weaker
class of strictly increasing mappings F rather than class of mappings F used by Wardowski [34].
Moreover, we investigate our results in a better framework of dislocated b-metric space. Additionally,
some new fixed point results with graphic contractions on closed ball for multi graph dominated
mappings on dislocated b-metric space have been established. New results in ordered spaces, partial
b-metric space, dislocated metric space, partial metric space, b-metric space, and metric space can
be obtained as corollaries of our results. We give the following concepts which will be helpful to
understand the paper.

Definition 1 ([16]). Let Z be a nonempty set and d; : Z x Z — [0, 00) be a function, called a dislocated
b-metric (or simply dj-metric), if there exists b > 1 such that for any g, p,q € Z, the following conditions hold:

(i) If di(g,p) = 0, then g = p;
(ii) di (g, p) = di(p, 8);
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(iii) di (g, p) < bldi(g,q) +di(q, p)]-

The pair (Z,d;) is called a dislocated b-metric space. It should be noted that every dislocated metric is a
dislocated b-metric with b = 1.

It is clear that if dj(g, p) = O, then from (i), ¢ = p. But if ¢ = p, d;(g, p) may not be 0. For g € Z
ande > 0,B(g,¢) = {p € Z:4d)(g p) < €} isaclosed ball in (Z,d;). We use D.B.M.S instead dislocated
b-metric space. Let Z = Q* U {0}. Define d;(g,p) = (g+ p)* forall g,p € Z. Then (Z,d,) is a D.B.M.S
with constant b = 2.

Definition 2 ([16]). Let (Z,d;) bea D.B.M.S .

(i) A sequence {g, } in (Z,d;) is called Cauchy sequence if given ¢ > 0, there corresponds ng € N such
that for all n,m > ngy we have d;(gm, gn) < € 0r ; %rgoo di(gn,gm) =0.

(ii) A sequence {gn } dislocated b—converges,(for short d; -converges) to g if nlg‘r(}o d;(gn,g) = 0. In this
case g is called a d;-limit of {g, }.

(iii) (Z,d)) is called complete if every Cauchy sequence in Z converges to a point § € Z such that

di(g,8) =0.

Definition 3. Let Q be a nonempty subset of D.B.M.S of Z and let g € Z. An element pg € Q is called a best
approximation in Q if
41(3,Q) = di(8, po), where di(g, Q) = infdi(g, p).

We denote P(Z) be the set of all closed proximinal subsets of Z. Let X = R* U {0} and
di(g,v) = (g+ p)?. Define a set A = [3,5], then for each x € X

di(x,A) =d;(x,[3,5]) = uér[afS] di(x,u) =d(x,3).

Hence 3 is a best approximation in A for each x € X. Also, [3,5] is a proximinal set.
Definition 4 ([32]). The function Hy, : P(Z) x P(Z) — R, defined by

Hy (N, M) = max{supd;(n, M), sup d;(N,m)}
neN meM

is called dislocated Hausdorff b-metric on P(Z). Let X = Rt U {0} and d;(x,y) = (x +y)*>. If N = [3,5],
R = [7,8], then Hy (N, R) = 144.

Definition 5 ([32]). Let S : Z — P(Z) be a multivalued mapping and o : Z x Z — [0,+o0) . Let K C Z,
we say that S is semi w,-admissible on K, whenever w(i,j) > 1 implies that . (Si,Sj) > 1, for all i,j € K,
where u,(Si,Sj) = inf{a(u,v) : u € Si,v € Sj}.If K = Z, then we say that S is a,-admissible.

Definition 6. Let (Z,d;) be a D.B.M.S. Let S : Z — P(Z) be multivalued mapping and o : Z x Z —
[0, +c0). Let A C Z, we say that the S is semi a-dominated on H, whenever (i, Si) > 1 for all i € H, where
ay(i,Si) = inf{a(i,1) : | € Si}. If H = Z, then we say that the S is a,-dominated. If S : Z — Z be a self
mapping, then S is semi a-dominated on H, whenever a(i,Si) > 1 forall i € H.

Definition 7 ([34]). Let (Z,d) be a metric space. A mapping H : Z — Z is said to be an F-contraction if there
exists T > 0 such that

Vj,k € Z, d(Hj,Hk) > 0= 1+ F (d(Hj, Hk)) < F (d(j, k))
where F : Ry — R is a mapping satisfying the following conditions:

(F1) F is strictly increasing, i.e. for all j, k € Ry such that j < k, F(j) < F(k);
(F2) For each sequence {a, }$°_; of positive numbers, limy, o &, = 0 if and only if
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limy 00 F(“n) = —o
(F3) There exists k € (0,1) such that lima — 0" a¥F(a) = 0.

Lemma 1. Let (Z,d;) be a D.B.M.S. Let (P(Z),Hy,) be a dislocated Hausdorff b-metric space on P(Z).
Then, for all G,H € P(Z) and for each g € G there exist hy € H satisfies d;(g, H) = d;(g, hg), then
Hy, (G, H) > dy(g,h).

Proof. If Hy (G, H) = supd;(g, H), then Hy, (G, H) > d(g, H) for each ¢ € G. As H is a proximinal set,
geG
so for each g € Z, there exists at least one best approximination g € H satisfies d;(g, H) = d;(g, hy).

Now we have, Hy (G, H) > d;(g, hg). Now, if

Hy (G, H) = supd;(G,h) > supd,(g, H) > d;(g, hy).
heH g€G

Hence proved. O
Example 1. Let Z = R. Define the mapping o : Z x Z — [0, 00) by

SN 1ifj >k
a(j k) _{ %otherwise }

Define S,T : Z — P(Z) by
Sj=1[j—4,j—3]and Tk = [k—2,k—1].

Suppose j = 3 and k = 2.5. As 3 > 2.5, then «(3,2.5) > 1.Now, a.(S3,T2.5) = inf{a(a,b) :
a € S3,b € T2.5} = § # 1, this means the pair (S, T) is not a,-admissible. Also, a,(S3,52) # 1 and
. (T3,T2) # 1. This implies S and T are not a,-admissible individually. Now, a,(j, Sj) = inf{a(j,b) :
be Sj} >1,forall j € Z. Hence S is a-dominated mapping. Similarly o (k, Tk) = inf{a(k,b) : b € Tk} >
1. Hence it is clear that S and Tare a.-dominated but not «.-admissible.

2. Main Result

Let (Z,d;) bea D.B.M.S, gy € Zand S, T : Z — P(Z) be the multifunctions on Z. Let g1 € Sg¢ be
an element such that d;(go, Sg0) = d;(g0,41)- Let g&o € Tgy be such that d;(g1,Tg1) = d;(g1,$2)-
Let g3 € Sg» be such that d;(g2,582) = d;(g2,g3). Continuing this method, we get a sequence
gn of points in Z such that g,41 € Sg2, and goy42 € Tgoy41, Wwhere n = 0,1,2,.... Also,

d1(g2n, Sgon) = d1(g2n, §on+1), d1(§2n+1, TSon+1) = d1(2n+1, $2n+2)- We denote this iterative sequence
by {TS(gn)}. We say that {TS(gx)} is a sequence in Z generated by go.

Theorem 1. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Let r > 0, gy € By, (g0,7) C Z,
w:ZxZ—10,00)and S, T : Z — P(Z) be the semi a.-dominated mappings on By (o, 7). Suppose that the
following satisfy:

(i) There exist T, 111,12, 3,2 > 0 satisfying by + bipa + (14 b)byz + 14 < 1 and a strictly increasing
mapping F such that

)

2(e,Se)-d; (y,Ty)

d
+n3di (e, Ty) + 14

mdi(e,y) + n2d;(e, Se)
T+ F(Hy, (Se, Ty)) < F ,

l+dlz(e,y)

whenever e,y € By, (g0,7) N{TS(gn)}, ale,y) > 1and Hy (Se, Ty) > 0.

i _ mtmtbys
(i) If A = = then

d;(20,5%0) < A(1—bA)r. (2)
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Then {TS(gn)} is a sequence in By, (go,7), &(gn, gnt1) = 1 foralln € NU{0} and {TS(gn)} — u €
By, (80, 7). Also, if the inequality (1) holds for e,y € {u} and either a(gu,u) > 1 or a(u,gu) > 1 for all
n € NU{0}, then S and T have common fixed point u in By (go,7).

Proof. Consider a sequence {T5(g,)}. From (2), we get

dl(go/gl) = dl(go, Sgo) < )\(1 - b/\)r <r.

It follows that,
g1 € By, (0,7).
Let g2,---,8; € Bgy/(80,7) for some j € N. If j is odd, then j = 2i +1 for some i € N.
Since S,T : Z — P(Z) be a semi a.-dominated mappings on By, (go,7), S0 &«(g2;,5¢2) > 1 and

(82141, Tgn+1) > 1. As au (g2, 5¢21) > 1, this implies inf{a(gx,b) : b € Sgm} > 1. Also, 211 € Sg2,
s0 (921, 821+1) > 1. Now, by using Lemma 1, we have

T+ F(di(82141,821+2)) < T+ F(Hy, (S8, Tg2141))

Now, by using inequality (2.1), we have

T+ F(di(8a+1,82+2)) < Flmd; (82, 821+1) + 12d1 (821, Sg21) + 1131 (821, T2141)
d7 (g2, 58m) - (82141, T&2i41)

1+ d? (821, 82i41)
= Flind; (821, 821+1) + 1241 (821, 82141) + 13d (821, §2142)
dzz (821, 821+1) ~di (822+1,g2z+2)]

1+d? (821, 82141)

+14

+14

< Flmd; (821, §2i41) + 11241 (821, §2i+1) + byyad; (821, 82141)
d? (821, §2i41) - d1(82141, §2i42)
14 d? (821, 8214+1)
< F((m1 +n2+by3)d; (821, §21+1) + (byyz + 114)d; (82141, $2142) )-

+bid; (2141, 82142) + 14

This implies
F(di(gn+1,8242)) < F((m +m2+bnyz)d; (g2, 82141)
+(bn3 4 14)d; (82141, 82142))-

As F is strictly increasing. So, we have

d1(g41,821+2) < (71 + 12+ byz)d; (21, 821+1)
+(byz + n4)d; (82141, §2142) -

Which implies

(1= byz — 14)di (82141, 821+2) < (11 + 12+ bys)d; (82, §2i41)

171+’72+b'73>
d 1+1,821 < —|d 17 821 .
1(821+1, 821+2) ( J—— 1 (821, 82141)
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_ mtntbys
As A = E— < 1. Hence

d1(g2i41, §2i42) < Ay (921, 82141) < A% (g2i-1,8m) < -+ < A*Tld; (g0, 1)
Similarly, if j is even, we have
d;(g2i+2, 821+3) < A% 12d; (0, 81) -

Now, we have

di(8j,8j+1) < Md, (g0,81) forsomej € N. (3)
Now,
di(x0,8+1) < bdi(g0,g1) +b*di(g1,82) + -+ V() 8j11)
< bdi(g0,81) + b°A(dy(80,81)) + - -
+UTIAT (d) (g0, 81)), (by (3))
b(1 — (bA)IT1
d1(80,8j+1) < b = (GA)T) I E b)z )/\(1 —bAr<r,

which implies g; 11 € By, (g0, 7). Hence, by induction g, € By, (go,7) foralln € N. Also, a(gn, gn11) > 1
foralln € NU {0}. Now,
d1(gn,§n+1) < A"d; (g0,41) foralln € N. 4)

Now, for any positive integers m, n (n > m), we have

di(gm &) < b(di(8m &mi1)) + b2 (d1(gms1,8mr2)) + - -
+b0" 7" (d1(gn-1,8n)),
< bA™d)(g0,81) +BPA" N (g0, 81) + - -
+b" A (g0, 81), (by (4))
< bA"M(1+bA+---)di(g0,81)

As 11,12,113,12 > 0,b > 1 and byy + by + (14 b)byz + 114 < 1,50 |bA| < 1. Then, we have

m

bA
d(&m,&n) < 1= b)\dz(go,gl) — 0 asm — oo.

Hence {TS(gx)} is a Cauchy sequence in By, (go,7). Since (Bg,(8o,7),d;) is a complete metric
space, so there exist u € By, (go,7) such that {TS(g,)} — u as n — oo, then

Tim dy(ga, 1) = 0. 5)

By assumption, a(g,, u) > 1. Suppose that d;(u, Tg) > 0, then there exist positive integer k such
that d;(gu, Tu) > 0 for all n > k. For n > k, we have

dy(u, Tu) dy(u, ont1) + di(g2n+1, Tn)

dy(u, gan+1) + Ha, (Sg2n, Tu)

d;(u, g2n+1) + 1md; (g2n, u) + 1201 (820, Sg2n)

d12 (821, Sg2n) - di(u, Tu)
1+d?(gon,u)

VAN VAR VAN

+173d;(g2n, T) + 174
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Letting n — oo, and by using (5) we get

dy(u, Tu) < nad;(u, Tu) < d;(u, Tu),

6 of 16

which is a contradiction. So our supposition is wrong. Hence d;(u, Tu) = 0 or u € Tu. Similarly,
by using Lemma 1, inequality (1), we can show that d; (1, Su) = 0 or u € Su. Hence the S and T have a

common fixed point u in By (o, 7). Now,

dy(u,u) < bdy(u, Tu) + bd;(Tu,u) <O0.

This implies that d;(u,u) = 0. O

Example 2. Let Z = QT U {0} and let d; : Z x Z — Z be the complete D.B.M.S defined by

dy(s,0) = (s +0)* forall s,0 € Z.

with b = 2. Define the multivalued mapping, S, T : Z x Z — P(Z) by,

Sg_{ £ 2gir5e014nz
(g, g+1]ifg € (14,00)NZ

and,
z 3 ..
Tp: [Z’Zz]lfpe [0,14}02
[p+Lp+3lifpe (14,00)NZ

Suppose that, go = 1, r = 225, then By (go,7) = [0,14] N Z and {TS(gn)}
Take 11 = 15,112 = 55, 113 = o5, f1a = =5, then byy +bya + (1 +b)bys + 174 < Land A =

16 11 22
d;(80,580) = 35 < %(1 - %)225 =A1—bA)r

Consider the mapping « : Z x Z — [0,00) by

_ ) lifg>p
*(8:p) = { 1 otherwise }
Now, if g, p € By, (g0,7) N{TS(gn)} with a(g, p) > 1, we have

Hy(Sg,Tp) = max{supdi(a,Tp), sup d;(Sg,b)}
acsg beTp

= max{supd(a,|
acsSg

2
= max{d, (3, [£,

{1

11
737127

U Now

1.
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= max{ai (%3, 2,48, )
8

{30252

4¢* | (4g+p)*

1 40g*p?
< e GE Tt

243{1+ (¢ + p)*}
= ot p) + (eS8 + e B, )
idlz(g/ [gz 38]) -di(p, [%/ %P])
30 1+d?(g p) '

Thus,

d?(g,Sg) - di(p, Tp)
1+d3 (g, p)

Hy, (Sg, Tp) < mdi(g, p) +12d;(8,Sg) +n3di (g, Tp) + 14

which implies that, for any T € (0, &) and for a strictly increasing mapping F(s) = Ins, we have

2 )
14 d; (8,5¢)-d1(p.Tp)

mdi(,p) +12di (g, 58) + 13dy (g, Tp) )
1+d?(g,p)

T+ F(Hy (Sg, Tp)) < F (
Note that, for 16,15 € X, then «(16,15) > 1. But, we have

11d;(16,15) + 172d, (16, S16) + 413, (16, T15)
T+ F(Hy (516,T15)) > F .

d?(16,516)-(15,T15)
1 , i
T 2 (16 15)

So condition (1) does not hold on Z. Thus the mappings S and T are satisfying all the conditions of
Theorem 1 only for g, p € By, (go,7) N{TS(gn)} with a(g, p) > 1. Hence S and T have a common fixed point.
If, we take S = T in Theorem 1, then we are left with the result.

Corollary 1. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Letr > 0, gy € By, (g0,7) C Z,
w:ZxZ—[0,00)andS : Z — P(Z) be the semi a.-dominated mappings on By (o, 7). Suppose that the
following satisfy:

(i) There exist T,111,12, 13,4 > 0 satisfying by + bypa 4 (1 4 b)byz + 174 < 1 and a strictly increasing
mapping F such that

(6)

d?(e,Se)-d; (y,5y)

md;(e,y) + nad; (e, Se)
+n3d;(e, Sy) + 14 1+d? (x,y) ,

T+ F(Hg, (Se,Sy)) < F (

whenever e,y € Wﬂ {SS(gn)}, a(e,y) > 1and Hy (Se, Sy) > 0
(if) IF A = B0 then
d;(g0,Sg0) < M1 —DbA)r.
Then {SS(gu)} is a sequence in By, (0,7), &(gn,§ns1) = 1foralln € NU {0} and {SS(gn)} — u €
By, (go, 7). Also, if the inequality (6) holds for e,y € {u} and either a(gn,u) > 1 or a(u,gn) > 1 for all
n € NU {0}, then S has a fixed point u in By (go, 7).
If, we take 7o = 0 in Theorem 1, then we are left with the result.
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Corollary 2. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Letr > 0, gy € By, (g0,7) C Z,
w:ZxZ~—1[0,00)and S, T : Z — P(Z) be the semi «.-dominated mappings on By (go, ). Suppose that the
following satisfy:

(i) There exist T,11,113, 14 > 0 satisfying by 4 (1 + b)byz + n4 < 1 and a strictly increasing mapping F
such that
@)

?(e,Se)-dy (y,Ty)

d
+14

mdi(e,y) +nadi(e, Ty)
T+ F(Hg,(Se, Ty)) < F ,

1+d,2(e,y)
whenever e,y € By, (g0,7) N{TS(gn)}, «(e,y) > 1and Hy, (Se, Ty) > 0.

i _ _mntbys
(i) If A = T=br5—13’ then

d1(20,580) < A(1—bA)r.

Then {TS(gn)} is a sequence in By, (go,7), &(gn, §nt1) > 1 foralln € NU{0} and {TS(gn)} — u €
By, (80,7). Also, if the inequality (7) holds for e,y € {u} and either a(gn,u) > 1 or a(u,gn) > 1 for all
n € NU{0}, then S and T have common fixed point u in By, (g0, 7).

If, we take 173 = 0 in Theorem 1, then we are left with the result.

Corollary 3. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Let r > 0, go € By (g0,7) € Z,
w:ZxZ—1[0,00)andS, T : Z — P(Z) be the semi a.-dominated mappings on By (o, 7). Suppose that the
following satisfy:

(i) There exist T,11,12,14 > 0 satisfying by, + by + na < 1 and a strictly increasing mapping F
such that

®)

2 (e,Se)-d (y,Ty)

mdi(e,y) + n2d;(e, Se)
d ,
T4

T+ F(Hg,(Se, Ty)) < F
Ltdj(ey)

whenever e,y € By, (g0,7) N{TS(gu)}, «(e,y) > 1and Hy, (Se, Ty) > 0.

(i) IfA = %, then

dl(go, Sgo) < /\(1 - b/\)?’

Then {TS(gn)} is a sequence in By, (go,7), &(gn, gnt1) = 1 foralln € NU{0} and {TS(gn)} — u €
By, (go,7)- Also, if the inequality (8) holds for e,y € {u} and either a(gn,u) > 1 or a(u,gn) > 1 for all
n € NU {0}, then S and T have common fixed point u in By, (go, 7).

If, we take 14 = 0 in Theorem 1, then we are left only with the result.

Corollary 4. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Let r > 0, go € By, (0,7) € Z,
w:ZxZ~—1[0,00)and S, T : Z — P(Z) be the semi a.-dominated mappings on By (go, 7). Suppose that the
following satisfy:
(i) There exist T,111, 12,3 > 0 satisfying by + by + (1 + b)bys < 1 and a strictly increasing mapping
F such that
T+ F(Hg (Se, Ty)) < F (mdi(e,y) + n2di(e, Se) + nadi(e, Ty)) , )

whenever e,y € By, (g0,7) N {TS(gn)}, a(e,y) > 1and Hy (Se, Ty) > 0.
(if) IF A = D0, then
d1(80,5g0) < A(1—DbA)r.
Then {TS(gn)} is a sequence in W, a(gn,gni1) > 1foralln € NU{0} and {TS(gn)} — u €
By, (0, 7)- Also, if the inequality (9) holds for e,y € {u} and either a(gu,u) > 1 or a(u,gu) > 1 for all
n € NU{0}, then S and T have common fixed point u in By (go,7).
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3. Fixed Point Results For Graphic Contractions

In this section we presents an application of Theorem 1 in graph theory. Jachymski [20] proved
the result concerning for contraction mappings on metric space with a graph. Hussain et al. [14]
introduced the fixed points theorem for graphic contraction and gave an application. Furtheremore,
avoiding sets condition is closed related to fixed point and is applied to the study of multi-agent
systems (see [30]).

Definition 8. Let Z be a nonempty set and Q = (V(Q), W(Q)) be a graph such that V(Q) = Z, A C Z.
A mapping S : Z — P(Z) is said to be multi graph dominated on A if (p,q) € W(Q), forall g € Sp
and q € A.

Theorem 2. Let (Z,d;) be a complete D.B.M.S endowed with a graph Q with constant b > 1. Let r > 0,
80 € By, (80,7) and S, T : Z — P(Z). Suppose that the following satisfy:

(i) S and T are multi graph dominated on By (go,7) N {TS(gn)}-

(ii) There exist T, 111,12, 13, 14 > 0 satisfying by + byy + (14 b)byz + 4 < 1and a strictly increasing
mapping F such that

d%(p,Sp).d;(q, 10
13 (9, Tq) + 1 2(p,Sp)-d1(q,Tq) (10)

mdi(p,q) +mn2d;(p, Sp)
T+ F(Hy (Sp, Tq)) < F ,
1+d?(p.q)

whenever p,q € By, (go,7) N{TS(gx)}, (p,9) € W(Q) and Hy,(Sp, Tq) > 0.

e b
(iii) dj (g0, Sg0) < A(1 — bA)r, where A = %

Then, {TS(gn)} is a sequence in By, (g0,7), {TS(gn)} — m* and (gu, gn+1) € W(Q), where gn, gn11 €
{TS(gn)}. Also, if the inequality (10) holds for p,q € {m*} and (g,, m*) € W(Q) or (m*,gn) € W(Q) for

alln € NU {0}, then S and T have common fixed point m* in By (o, 7).

Proof. Define, a : Z X Z — [0,00) by

_J 1, ifp € By(gor) (p.9) € W(Q)
“(p,q) = { 0, otherwise.
As S and T are semi graph dominated on By, (go, ), then for p € By (go,7), (p,q) € W(Q) for
allg € Spand (p,q) € W(Q) forallg € Tp. So, a(p,q) = 1forall g € Sp and a(p,q) = 1 for all
g € Tp. This implies that inf{a(p,q) : g € Sp} = 1 and inf{a(p,q) : g € Tp} = 1. Hence a«(p,Sp) =1,

a«(p, Tp) = 1forall p € By (go,7). S0, S,T : Z — P(Z) are the semi a.-dominated mapping on
By, (go, 7). Moreover, inequality (10) can be written as

d2(p,Sp).d;(qg,
Fipady(p, Tq) + 5y L2540 T0)

T+ F(Hy, (Sp, Tq)) < F
1+d7 (p.g)

mdy(p,q) +12ds(p, Sp) )

whenever p,q € By, (g0,7) N {TS(gn)}, a(p,q) > 1 and Hy (Sp, Tq) > 0. Also, (iii) holds. Then,
by Theorem 1, we have {TS(gx)} is a sequence in By (go,7) and {TS(gn)} — m* € By (go, 7). Now,
gn,m* € By (go,7) and either (g, m*) € W(Q) or (m*,gx) € W(Q) implies that either a(g,, m*) > 1
or a(m*, gu) > 1. So, all the conditions of Theorem 1 are satisfied. Hence, by Theorem 1, S and T have
a common fixed point m* in By, (go,7) and d;(m*,m*) = 0. O
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4. Fixed Point Results for Single Valued Mapping

In this section, we discussed some new fixed point results for single valued mapping in complete
D.B.M.S. Let (Z,d;) bea D.B.M.S,cp € Zand S, T : Z — Z be the mappings. Let ¢c; = Sco, c; = Tcq,
c3 = Scp. Continuing in this way, we get a sequence ¢, of points in Z such that 3,11 = Scp, and
cont2 = Tcppy1, where n = 0,1,2,.... We denote this iterative sequence by {TS(c,)}. We say that
{TS(cn)} is a sequence in Z generated by co.

Theorem 3. Let (Z,d;) be a complete D.B.M.S with constant t > 1. Let r > 0, ¢y € Bdl(co, r) C Z,
a:ZxZ— [0,00)and S, T : Z — Z be the semi a-dominated mappings on By, (co, 7). Suppose that the
following satisfy:

(i) There exist T, 11,12, 13,14 > O satisfying tyy + tya + (1 + t)tyz + 174 < 1 and a strictly increasing
mapping F such that

2(e,Se).d) (y,Ty) (11)

d
+i3di(e, Ty) + 14

d;(e, d; (e,
T+ F(d;(Se, Ty)) SF( mdi(e,y) + 124, (e, Se) )

1+d]2 (ey)

whenever e,y € By (co,r) N{TS(cn)}, (e, y) > 1and Hy, (Se, Ty) > 0.
” it
(i) If A = %, then
dl(Co, SCO) < )\(1 — i’/\)?’.
Then {TS(cy)} is a sequence in By (co, 1), a(cn, cuq1) > 1foralln € NU{0} and {TS(cy)} — u €
By, (co, ). Also, if the inequality (4.1) holds for e,y € {u} and either a(cn,u) > 1 or a(u,cy) > 1 for all
n € NU {0}, then S and T have common fixed point u in By, (co, 7).

Proof. The proof of the above Theorem is similar as Theorem 1.
If, we take S = T in Theorem 3, then we are left with the result. O

Corollary 5. Let (Z,d;) be a complete D.B.M.S with constant t > 1. Letr > 0, ¢y € Bd,(co, r) CZ,
w:ZxZ— [0,00)and S : Z — Z be the semi a-dominated mappings on By (co, 7). Suppose that the
following satisfy:

(i) There exist T, 11,112,113, 14 > 0 satisfying tny + tip + (14 t)tyz + 174 < 1 and a strictly increasing
mapping F such that

2 (e,Se).d) (v,Sy) (12)

d
+i3di (e, Sy) + 114

( mdi(e,y) + 124 (e, Se) )
T+ F(d;(Se,Sy)) < F ,

1+d12 (ey)

whenever e,y € By (co,7) N{SS(cn)}, a(e,y) > 1and Hy (Se,Sy) > 0.
’ it
(i) If A = %, then
di(co, Sco) < A(1—tA)r.

Then {SS(cn)} is a sequence in By, (co, ), a(cn,Cny1) > 1 foralln € NU{0} and {SS(cn)} — u €
By, (co, r). Also, if the inequality (12) holds for e,y € {u} and either a(cy,u) > 1 or a(u,c,) > 1 for all
n € NU {0}, then S has a fixed point u in By (co, 7).

If, we take 17, = 0 in Theorem 3, then we are left with the result.

Corollary 6. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Letr > 0, cg € Bdl(Coﬂ”) C Z,
a:ZxZ— [0,00)and S, T : Z — Z be the semi a-dominated mappings on By, (co,r). Suppose that the
following satisfy:
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(i) There exist T, 11,13, 4 > 0 satisfying tyy + (1 + t)ty3 4 14 < 1 and a strictly increasing mapping F

such that
di (e, Se) - di(y, Ty)
1+d%(e,y) ’

T+ F(d(Se, Ty)) < F (mdz(e,y) +1adi (e, Ty) + 14 (13)
whenever e,y € By (co,r) N {TS(cu)}, a(e,y) > 1and Hy (Se, Ty) > 0.

i _ ity
(i) If A = Tof3 =13’ then

d;(co, Sco) < A(1—tA)r.

Then {TS(cy)} is a sequence in By, (co,7), &(cn, 1) > 1 foralln € NU{0} and {TS(cy)} — u €
By, (co, 7). Also, if the inequality (13) holds for e,y € {u} and either a(cy,u) > 1 or a(u,cy) > 1 for all
n € NU {0}, then S and T have common fixed point u in By (co, 7).

If, we take 173 = 0 in Theorem 3, then we are left with the result.

Corollary 7. Let (Z,d;) be a complete D.B.M.S with constant t > 1. Letr > 0, ¢y € By, (co, r) C Z,
w:ZxZ— [0,00)and S,T : Z — Z be the semi x-dominated mappings on By (co, 7). Suppose that the
following satisfy:

(i) There exist T, 111,112, 114 > 0 satisfying tny + tna + 14 < 1and a strictly increasing mapping F such that

d? (e, Se) - di(y, Ty)
1+d?(e,y) ’

T+ F(d;(Se, Ty)) < F <771dz(e,y) + 12d; (e, Se) + 14 (14)

whenever e,y € By, (co,7) N{TS(cn)}, a(e,y) > 1and Hy (Se, Ty) > 0.

i _ It
(i) If A = T=ns " then

dl(Co, SCO) < )\(1 - b)\)r.

Then {TS(cy)} is a sequence in By, (co,7), &(cn, 1) > 1 foralln € NU{0} and {TS(cy)} — u €
By, (co, 7). Also, if the inequality (14) holds for e,y € {u} and either a(cy,u) > 1 or a(u,cy) > 1 for all
n € NU {0}, then S and T have common fixed point u in By (co, 7).

If, we take 174 = 0 in Theorem 3, then we are left with the result.

Corollary 8. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Let r > 0, ¢y € Bdl(Coﬂ’) C Z,
w:ZxZ — [0,00)and S, T : Z — Z be the semi a-dominated mappings on By (co,r). Assume that the
following hold:
(i) There exist T,11, 172,13 > 0 satisfying tiy + tio 4 (1 + t)tyz < 1 and a strictly increasing mapping F
such that
T+ F(dy(Se, Ty)) < F (dile,y) + madi(e, Se) + yadi(e, Ty)) (15)

whenever e,y € By (co,r) N{TS(cxn)}, a(e,y) > 1and Hy (Se, Ty) > 0.
(ii) If A = 1120, then
dl(Co, SC()) < )L(l — l’/\)?’.
Then {TS(cy)} is a sequence in By (co,7), a(cn, cny1) > 1foralln € NU{0} and {TS(cu)} — u €
By, (co, 7). Also, if the inequality (15) holds for e,y € {u} and either a(cy,u) > 1 or a(u,c,) > 1 for all
n € NU {0}, then S and T have common fixed point u in By, (co, 7).
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5. Application to the Systems of Integral Equations

Theorem 4. Let (Z,d;) be a complete D.B.M.S with constant b > 1. Let co € Zand S, T : Z — Z. Assume
that, There exist T,111,12, 13,14 > 0 satisfying byy + byp + (1 4 b)bys + ya < 1 and a strictly increasing
mapping F such that the following satisfy:

£ (e/Se).di (y,Ty) (16)

i
+i3di(e, Ty) + 14

( mdi(e,y) +mn2d; (e, Se) )
T+ F(d)(Se, Ty)) < F ,

1+d?(e,y)

whenever e,y € {TS(cy)} and d(Se, Ty) > 0. Then {TS(cn)} — g € Z. Also, if the inequality (16) holds for
g, then S and T have unique common fixed point g in Z.

Proof. The proof of this Theorem is similar as Theorem 1. We have to prove the uniqueness only. Let p
be another common fixed point of S and T. Suppose d;(Sg, Tp) > 0. Then, we have

d2(g,Sg) - di(p, Tp))

T+ F(di(Sg, Tp)) < F | mdi(g, p) +1241(8,58) + 13d1(g, Tp) + 14
1+di (g, p)

This implies that
di(g,p) < mdi(g, p) +13di(8, p) < di(g, p),
which is a contradiction. So d;(Sg, Tp) = 0. Hence g = p.

In this section, we discuss the application of fixed point Theorem 4 in form of Volterra type
integral equations.

k
g) = [ Hulk,h,g()dh, 17)
0
k
p(k) = [ Ha(k b, p(i)dh (18)
0

for all k € [0,1]. We find the solution of (17) and (18). Let Z = C([0,1],Ry) be the set of all
continuous functions on [0, 1], endowed with the complete dislocated b-metric. For ¢ € C([0,1],Ry),

define supremum norm as: ||g||- = sup {|g(k)|e~™}, where T > 0 is taken arbitrary. Then define
ke[0,1]

2
de(g,p) = Lsm{!g(k) +p(k)| eT"}] =g +pl3

for all g, p € C([0,1], R ), with these settings, (C([0,1], R;.), dr) becomes a complete D.B.M.S. with
constant b = 2.
Now we prove the following theorem to ensure the existence of solution of integral equations. [J

Theorem 5. Assume the following conditions are satisfied:
(i) H;,H : [0,1] x [0,1] x C([0,1],R4) — R;
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(ii) Define
k
Sg(k) = / Hy (k, 1, g(h))dh
0
k
Tp(k) = / Ha (k, 1, p(h))dh.
0
Suppose there exist T > 0, such that
M(g, p)

Hy(k,h,g) + Hy(k, h,p)| <
b g) + Halloh S G, py e+ 1

forallk,h € [0,1] and g, p € C([0,1],R), where

M(g(h),p(h)) = mlg(h) + p(h)[]* + n2llg(h) + Sg(h)|]* + n3[|g(h) + Tp(h)|]?

+,74[Ig(h)+5g(h)l] [p(r) + Tp(m)|)?
1+ [Ig(h) + p(n)[]* '

where 111, 2, N3, 4 > 0, and 211 + 2172 + 613 + 4 < 1. Then integral Equations (17) and (18) has a solution.

Proof. By assumption (ii)

k
Sg(k)+ Tp(k)| = [ |l g(h) + Ha(k b, p()| i,
0

k
/ T||M(g,;) e +1 (IM(g p)le™)e™dn

T
T||M(g, p)ll« +1

IM(g, p) |l ce™dh

o .. °

k
Mg p)le [ oy,
Mg, p)lle+1)

IM@ P)llx ok
T||M(g p)llc +1

This implies
_ Mg p)l+
Se(k) + Tp(k)| e ™ < H )
|Sg(k) + Tp(k)| T[M(g, p)ll- + 1

Mg, p)ll~
1Sg(k) + Tp(k)||. < Mg, ) + 1

Mg p)ll-+1 _ 1
IM(g, p)ll-  — [ISg(k) + Tp(k)||«
1 1
MG )l = TS0 + Tp®)T
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which further implies
1 -1

— < .
15g(k) + Tp(k) [ — |M(g, p)llx
So all the conditions of Theorem 4 are satisfied for F(p) = :/—%; p>0anddc(gp) = llg+pl2

b = 2. Hence, the integral equations given in (17) and (18) has a unique common solution. []

Example 3. Consider the integral equations

k
(/ n)dh, p(k
0

Define Hy, Hp : [0,1] x [0,1] x C([0,1],Ry) — R by Hy = 1g(h), H, = 1p(h). Now,
=3 o
0

Take 11 = 11—0, My = 21—0, 73 = %, Ny = 31 T = g, then 211 + 213 + 613 + 114 < 1. Moreover,
all conditions of Theorem 5 are satisfied and g(k) = p(k) = 0 for all k, is a unique common solution to the
above equations.

w\»—\
u>\>—\

k
/ ))dh, where k € [0,1].
0

Sg(k h)dh, Tp(k

)-PM—‘

U)\'—‘
o\»

6. Conclusions

In the present paper, we have achieved fixed point results for new generalized F-contraction on
an intersection of a closed ball and a sequence for a more general class of semi a.-dominated mappings
rather than «,-admissible mappings, and for a weaker class of strictly increasing mappings F rather
than a class of mappings F used by Wardowski [34]. The notion of multi graph dominated mapping
is introduced. Fixed point results with graphic contractions on a closed ball for such mappings
are established. Examples are given to demonstrate the variety of our results. An application is
given to approximate the unique common solution of nonlinear integral equations. Moreover, we
investigate our results in a better, new framework. New results in ordered spaces, partial b-metric
space, dislocated metric space, partial metric space, b-metric space, and metric space can be obtained
as corollaries of our results. One can further extend our results to fuzzy mappings, bipolar fuzzy
mappings, and fuzzy neutrosophic soft mappings. More applications on delayed scaled consensus
problems can be investigated (see [31]).
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