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Abstract: Edge Even Graceful Labelingwas first defined byElsonbaty and Daoud in 2017. An edge
even graceful labeling of a simple graph G with p vertices and ¢ edges is a bijection f from

the edges of the graph to the set {2,4,..,2¢} such that, when each vertex is assigned the sum of all
edges incident to it mod2r where r=max{p,q}, the resulting vertex labels are distinct. In this

paper we proved necessary and sufficient conditions for the polar grid graph to be edge even
graceful graph.
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1. Introduction

The field of Graph Theory plays an important role in various areas of pure and applied sciences.
One of the important areas in graph theory is Graph Labeling of a graph G which is an assignment
of integers either to the vertices or edges or both subject to certain conditions. Graph labeling is a
very powerful tool that eventually makes things in different fields very ease to be handled in
mathematical way. Nowadays graph labeling has much attention from different brilliant researches
ingraph theory which has rigorous applications in many disciplines, e.g., communication networks,
coding theory, x-raycrystallography, radar, astronomy, circuit design, communication network
addressing, data base management and graph decomposition problems. More interesting
applications of graph labeling can be found in [1-10].

Let G=(V(G),E(G)) with p=|V(G)| and ¢=|E(G)| be a simple, connected, finite,
undirected graph.

A function f is called a graceful labeling of a graphG if f:V(G)—{0,1,2,...,q} is injective and
the induced function f*:E(G)—> {1,2,...q} defined as f"(e=uv)=|f(u)-f(v)| is bijective. This
type of graph labeling first introducedby Rosa in 1967 [11] asa f— valuation, later on Solomon W.
Golomb [12] called as graceful labeling.

A function f is called an odd graceful labeling of a graph G if f:V(G)—{0,1,2,...,.2¢g -1} is
injective and the induced function f*:E(G)— {1,3,..,2¢ -1} defined as f"(e=uv)=|f(u)-f(v)| is
bijective. This type of graph labeling first introducedby Gnanajothi in 1991 [13]. For more results on
this type of labeling see [14,15].

A function /' is called an edge graceful labeling of a graphG if f:E(G)—{l,2,...q} is bijective
and the induced function f”:V(G)— {0,1,2,...,p -1} defined as f"(u)= 2 f(e)modp is

e=uveE(G)
bijective. This type of graph labeling first introducedby Lo in 1985 [16]. For more results on this
labeling see [17,18].
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A function f is called an edge odd graceful labeling of a graphG if f:E(G)— {1,3,...,2¢ -1}
is Dbijective and the induced function f":V(G)—> {0,1,2,...,2¢q -1}  defined as
f(u) = Z f(e)mod2q isinjective. This type of graph labeling first introducedby Solairaju

e=uveE(G)
and Chithra in 2009 [19]. See also Daoud [20].
A function f is called an edge even graceful labeling of a graph G if f:E(G)— {2.,4,...,2¢}
is bijective and the induced function f*:V(G)—> {0,2,4,...,2¢g —2} defined as
f*(u)= > f(e)ymod2r, where r=max{p,q} isinjective. This type of graph labeling first
e=uveE(G)
introduced by Elsonbaty and Daoud in 2017 [21].
For a summary of the results on these five types of graceful labels as well as all known labels so
far, see [22].

2. Polar Grid Graph 7, ,

The polargrid graph P, is the graph consists of n copies of circles C, which will be
numbered from the inner most circle to the outer circle as C\, C\»,..., C"™",C!"” and m copies of

intersected at the center vertexv, which will be numbered as P}, P\?),..., P""", P

n+1> n+l > n+l

paths P,

+1

See Figure 1.

y ‘P (m-1)

Figurel. Polar grid graph 7, ,

Theorem 1. If m and nare even positive integes such that m >4 and n=2, then the polar grid graph
P, . is an edge even graceful graph.

m,n

Proof.Using standard notation p = |V(Pm,n) =mn+1,q= |E(Pm’n) =2mn andr = max{p,q} =2mn

Let the polar grid graph P, , belabeled as in Figure 2. Let f:E(G) > {2,4,...,2q}.
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First we label the edges of paths P!, <k<m begin with the edges of the path P!,

n+l n+l

to the edges

of the path P} as follows: Move clockwise to label the edges v,v,,vv,,...,v,V, ,>V,V, by
2,4, ...,2m - 2,2m, then move anticlockwise to label the edges v,v, ,,,V,,V2,> Vo 1Vam-1s+-sV3Vms3sVaVmsa DY

2m +2,2m +4,2m +6,...,4m — 2,4m, then move clockwise to label the edges

VorotVamitsVmsaVamsas VmasVamsso>Vam-1Vam-1>VmVim DY 4m + 2.4m + 4,4m + 6,....,6m — 2,6m
and so on. Finally move anticlockwise to label the edges
Viie)y+1Ym =)+ Vi (n=1)=1Vmn> Vi (n=1)=1Vmn-12>Ymn-2)+2Vm (n-1)+2 by

2m(n—1)+2,2m(n-1)+ 4, 2m(n—-1)+6,...,2mn—2,2mn . Second we label the edges of the circles

&
C%,1<k<n begin with the edges of the inner most circle C{" to the edges of the circle C,> , then

the edges of the outer circle C. Finally the edges of cirdles ¢ .2 ,c ‘2 % . ¢ (D

m 5 e e m

respectively as follows:

FOmhtres Virktyint) = 2mn 4 2m (k= 1)+ 20, f (Ve Vo) = 2mn+ 2mk 1< i<m —1,1< k < %;

SOmintysi Vi) =3mn+ 20, 1<i<m =1; f(v,,, v, 1) =2mn+2k+1m, %+1S k<n-1.

B 420 -2

Figure 2. Labeling ofthe polar grid graph P, , whenniseven, n>2.

Now the corresponding labels of vertices mod 4mn are assigned as follows:
Case (1) m=4kmod4n,1<k<n-1 and m=2mod4n.
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()
The labels of the vertices of the inner most circle C!" to the circle C,> are given by

I Otymer) = 4m2k = 1)+ 4i, 1 < k < T i<i<m , the labels of the vertices of the outre circle C'” are

N

givenby [ (V(,_jn.;) =2i+2,1<i<m and the labels of the vertices of the circles C:ﬂ%m,...,Cfﬂ”’”
are given by (v, 1)) = 8m(k —%) +4i+2,1<i< m,%+ 1<k<n-1.

The label of the center vertex v, is assigned as follows: when m = 4kmod4n,1<k<n-1,
() E%(Zm +2)=m>+m, since m=4kmod4n thenm =4nh+4k , thus " (v,) = m (4k + 1)
and when m =2mod4n ,wehave [ (v,)=3m.

in the circle C"

Case (2) m=(8k -2)mod4n,1<k S% . In this case the vertex Voo
m-("2)

n—(

will repeat with the center vertex v, .To avoid this problem we replace the labels of the two edges

m+2

v and

v and v
km—('n“;z) km—(%) km—(mTJ) km—(m776

) .That is f (vk

7(m+2

v o, )=2mn+m2k-1)+
) ke

m—2

and we obtain the labels of the corresponding vertices as

flv LV ¢ )=2mn+m(2k-1)+
kmf(m4 ) kmf(m4 )

follows /(v ,..)=m@k-D+2. /(v ,)=m@k-D+4.['(v ., )=mBk-1)+6 and the
m-— 4 m— . m— =

label of the center vertex v, is assigened as f"(v,) = m (8k —1) .The rest vertices are labeled as in

case(1).

in the circle

. 7(m+2)

Case (3) m =8k +2)mod4n, 1<k S%—l . In this case the vertex v

C:?k) will repeat with the center vertex v, .To avoid this problem we replace the labels of the two

. +2
edges v.. ,,v , andv v ., Thatis f(v  ,,v ,)=2mn+mQk+1)+ n
kmf(T) kmf(g) kmf(7) kmf(T) km—( 2 ) km—(;)
and f(v v ,,)=2mn+mQk+1)+ m-2 and we obtain the labels of the corresponding vertices
km—(=) km—-(—)
2 2
as follows

(v wi2 ) =m@Bk+3)+2, (v, )=m@k+3)+4, [T(v o )=m(8k+3)+6 and the
km = ("2 km=(5) m = (==)

2
label of the center vertex v, is assigened f"(v,)=m (84 —29) as .The rest vertices are labeled as
in case(1).

Case (4) m =0mod4n . In this case the vertex v

mn—(

in the outer circle will repeat with

m+2

the center vertex v, . To avoid this problem we replace the labels of the two edges
v m+4 v m+2 and an vm(nfl)Jrl That iS f(V m+4 v m+2 ): m(3n+2) and
’"”*(T) mn— ( 5 ) mn—(T) mn—(T)

SO Viworye) =3mn+m—4 and we obtain the labels of the corresponding vertices as follows

f*(ani(,,,+4))E2m+2,f*(vnlni(m+2))52m+4,f"(vm")zm—z and f (v, (, 1)) =4mn—m
2 2

and the label of the center vertex v, is assigened as f"(v,)=m . The rest vertices are labeled as in
case (1).

Mlustration. The edge even graceful labeling of the polar grid graphs P, ¢, P ¢, P ¢,Pyy ¢ and Pg g

respectively are shown in Figure 3.









Symmetry 2019, 11, 38 7 of 28

© Py,

Figure 3. The edge even graceful labeling of the polar grid graphs P, ¢, P ¢, P> ¢ and
P

26,6 *
Remark 1. In casem=2 andn iseven, n>2

Let the label of edges of the polar grid graph be as in Figure 4. Thus we have the label of the
corresponding vertices are as follows:

£1(v,) = 4n +12; f*(vl.)zl6i—2,2£i£§;f*(v )=16i+ 6,1£i£§—1;

i
2

f*(vn)s4;f*(vi')zl6i+2,1£i§%—l;f*(v; )=2; £, )El6i+10,1£i£§—2;
E-H E+i

ST D)=d4n—-4;"(v.)=4n+8 and [T (v,)=4n+4.
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an +4

Figure 4. Labeling of the polar grid graph P, n is even integer greater than?2 .

no 7

Note that P,, isan edge even graceful graph but not follow this rule. See Figure 5.

14

Figure 5.The polar grid graph P, ,

Theorem 2. If m is an odd positive integer greater than 1 and n an is even positive integer greater than
or equal 2, then the polar grid graph P, , is an edge even graceful graph.

Proof. Let the edges of the polar grid graph P, , be labeled as in Figure 2.

Now the corresponding labels of vertices mod4m n are assigned as follows: There are four

cases
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Case (1): m=(4k—-1)mod4n,1<k<n

The labels of the vertices of the inner most circle C to the circle C,> are given by

I V) =4mQ2k 1) +4i+2,1<k <~ 1<i<m , the labels of the vertices of the outer circle C" are given by

n
2

. . . . . &+
S0 ym) =20 +2,1<i <m  and the labels of the vertices of the circles Cm2+

4y C"Vare given by
T 0 mes) =8m(k —%)+4i +2,1<i Sm,%+1£k <n-l.
The center vertex v, islabeled as f"(v,)=4mk ,and if k =n, wehave f"(v,)=0.

Case (2): m = (8k —3)moddn, 1<k s%.

In this case the vertex v RN in the circle C "’ will repeat with the center vertex v,. To

m—

avoid this problem we replace the labels of the two edges v mal V ao and v LV .
kmf(T) kmf(?) km—(mT) kmf(m2 )

(,H))=2mn+m(2k—l)+l and f(vkwmflv m73))=2mn+m(2k—l)—1
2 2

v
) km—-(— (T) kom—(—=

That iS f(V m+1

km—(——
2
and we obtain the labels of the  corresponding  vertices as  follows
f *(vk (m+l)) =2m (4k -1 +2,f *(v’ (m—l)) =2m(4k -1)+4 and f *(vk 3 )=2m (4k —1)+6. The
e -t moy)

center vertex v, islabeled as f"(v,)=2m (4k —1). The rest vertices are labeled as in case (1).

Case (3): m=(8k+1)mod4n,1<k S%—l .

. : . Gk :

In this case the vertex v oy, I the circle C,2 will repeat with the center vertex v, .
m(—+k)-

2 2

To avoid this problem we replace the labels of the two edges v and

A4
m ()= o Bk (M

m -1
2

w3 That is f (v mﬂ)v wa)=3mn+m(2k -1)+1 and

v
n n n n
m (E+k )—( ) m (5+k )—( 3 ) m (?HL )—(72 m (E+k )— (72 )

fo

ooy Y Y=3mn+m 2k +1)—1 and we obtain the labels of the corresponding
m G G- ()

vertices as follows (v ooy (m+1))z2m(4k+1)+2, (v . (m_l))EZm(4k+1)+4, and

2 2 2 2

frw S (m73))52m (4k +1)+6 and in this case the center vertex v, is labeled as
m E+ - =

S 0v,)=2m (4k +1). The rest vertices are labeled as in case (1).
Case (4): m =1mod4n
In this case the vertex v, , , in the outer circle C!" will repeat with the center vertex v, . To

avoid this problem we replace the labels of the two edges v, , ,v and v, , Vv, .- Thatis

mn-1
SO Vuy)=m@n+2)yand f v, ,v, ,_.)=m (3n+2)-4 and we obtain the labels of the
corresponding vertices as follows f (v ,, ,)=2m +2,f v, )=2m+4,f v, )=2m -2 and
S0 (o) =0, the center vertex v islabeled asf *(v,)=2m. The rest vertices are labeled as in

case (1).

Ilustration. The edge even graceful labeling of the polar grid graphs P ,P;,P,, and P

respectively are shown in Figure 6.
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PR
R N
e

B P 586

@ e,

Figure 6.The edge even graceful labeling of the polar grid graphs Py; (,Ps,P;, and Py.

Theorem 3. If m is an even positive integer greater than or equal 4 and n is an odd positive integer
greater than or equal 3 . Then the polar grid graph P, , is an edge even graceful graph.
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Proof. Let the polar grid graph P, , be labeled as in Figure 7. Let /: E(G) > {2,4,...,2¢}.

First we label the edges of the circles C*),1<k <n begin with the edges of the inner most

circle C" to edges of the outer circle C" as follows:

f (Vm(k71)+,Vm(1\-71)+,+1): 2m (k _1)+2i3f(vkmv(k7])m+]): 2km 1 <i <m -1,1<k <n.

Second we label the edges of paths P*),1<k <m begin with the edges of the path P, as

n+l 2

follows: Move anticlockwise to label the edges v v, ,v v ,,v v LV Vs,V v, by

m —12"

2mn +2,2mn +4,2mn +6,...,2m (n +1)-2,2m (n +1), then move clockwise to label the edges
by 2m(n+1)+2,2m (n+1)+4,2m (n +1)+6,...,

VVoasisVa2V ms2oV3Vuaas oV utVom-1VmVonm

2m (n +2)-2,2m (n +2), then move anticlockwise to label the edges v , .,V ., .1V 2nV 3m >
VoiaVamss DY 2m(n+2)+22m(n+2)+4,2m (n+2)+6,...,

Vom-1tVism-1sV ma3Vomsess
2m (n +3)-2,2m (n +3) and so on. Finally move anticlockwise to label the edges

V-4V m-D+10Y m -1y mansV m-1-1Y mun-12Y mn-2143Y m (m-1)+3Y mn-2)+2Y m (m -1)+2

by 2m (2n -1)+2,2m (2n —1)+4,2m (2n -1)+6,...,4m n —2,4m n .

Figure 7. Labeling of the polar grid graph P, , when n isoddand n2>3.

The corresponding labels of vertices mod4m n are assigned as follows: There are four cases

Case (1) m =4k mod 4n,1<k <n-2;m =(4n -2)mod 4n and m =0mod 4n

0 iyme)=4m 2k —1)+4i +2,1<i <m ,1<k <n—1. That is the labels of the vertices in

the most inner circle C!" are assigned by f*(v,)=4m +4i +2,1<i <m, the labels of the vertices in
n-l1
)

the circle C* are assigned by (v, )=12m +4i +2, the labels of vertices of the circle C'?  are

m+i

v el
assigned by f(-2“= +i)=4mn —8m +4i +2, the labels of vertices of the circle C ,(n ' are assigned by

2
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n+3

\% n+o
f*(% +i)=4i +2, the labels of vertices of the circle C; > are assigned by f”(v’Lz”*”ﬂ')ESm +4i +2,...,

the labels of the vertices in the circle C"™" are assigned by ["® )=d4mn—-12m+4i +2,1<i <m

m(n=2)+i

and the labels of the vertices of the outer circle C\" are assigned by f"(,,,.,;)=4mn—4m +2i +2,
1<i<m. The labels of the center vertex v, is assigned by f¢,)=m>*@2n+1) when m=4kmod4n,
we have f'w,)=m@+]) , when m=(4n-2)mod4n, f*(v,)=4mn—-m and when m=0mod4n ,
fiv)=m.

n-1

Case (2) m = (8k~2)mod 4n, 1<k <——.

In this case the vertex v in the circle C’ will repeat with the center vertex v,. To
k

o2

avoid this problem we replace the label of two edges Ve eV ez and
m— % m— =
v v . That is ' - s mt2 and
km—(mA;Z) km—(#) f(vkmf(%)vkmf(%)) m(2k =)+ 2
Fac v )=m @k -+ 2 —2 and we obtain the labels of the corresponding vertices as
kom— (T) k mf(T)
follows f"(v/c (m+2))zm(8k —1)+2,f*(vk (m_z))zm(Sk -1)+4 and
m= e m— 7

[ we)=m@Bk-1)+6. In this case the center vertex v, is labeled as
om0

STv)=m2mn+m+1)=m (8k —1). The rest vertices are labeled as in case (1).

Case (3) m = (8k — 6)mod 4n, 1k <"1 in the

and m = 2 . In this case the vertex v, .,, | ..,
m (- ()
n+2k -1

circle C,, ? " will repeat with the center vertex v,.To avoid this problem we replace the labels of
. That is

)

m+2 v n+2k -1 m =2

the two edges v ~
& woAr2Eoly mr2y T, a2kl omo2y m(

and v 2V a2k
2 4 2 3 2

n+2k -1 m-—
f)* (T) m(———

m+2
SO okt w2V sk ma)=mn+2m(k =1+ and SOV i w2V ik s )=
w2 ()T, 2 (2, 2 m (I (e (- (Y

m—2

mn+2m(k —1)+ and we obtain the labels of the corresponding vertices as follows

S0 i ) =m @k =5)+2,70 L, ,,)=m(8k-5+4 and
m (f)*(T) m (f)*(T)
)= m@8k -5)+6 and in this case the center vertex v, 6 is labeled as

) 0

f*(vm(n+2k—l m=6
2

-
S (v,)=m (8k —5). The rest vertices are labeled as in case (1).

Case (4) m =(4n—4)mod 4n. In this case the vertex v in the outer circle C! will

,,,("”2)

repeat with the center vertex v,. To avoid this problem we replace the labels of the two edges

v m+2 and vmnvm(n—l)ﬂ That 18 f(VMI_(m+6)Vm"_(m+2
4 4

v
mnf(mTJré) mn—( 2 )

))=2mn and

SOV uma)=m(@2n—-1)-4 and we obtain the labels of the corresponding vertices as follows
4 4
S0 o) =4mn —5m and in this case the center vertex v, is labeled as f*(v,)=m (4n-3).

The rest vertices are labeled as in case (1).

Mlustration. The edge even graceful labeling of the polar grid graphs P,, s,P,, s,P, s,P s,P s and

P,, s respectively are shown in Figure 8.
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Figure 8. The edge even graceful labeling of the polar grid graphs B, 5,5, 5,B, 5,F, 5B s and Py
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Remark 2. Incase m =2 ,n isodd, n > 3 .

17 of 28

Let the label of edges of the polar grid graph P, , be as in Figure (9). Thus we have the labels

of the corresponding vertices as follows:

n n

-1 .. . .
3 3 W ) =160 —10,1<0 <
2ol
n-—1 U . . . on-1
3 0 )=20"0w L, )=16i —6,2<i < 3
LEa! 2]

2

Frv)=12, 0 )=16i -2, 2<i < :

fre=16i+2, 1<i <

4n -2

4n +2

Figure 9. The labeling of the polar grid graph P, ,,n >3.

Mlustration.The edge even graceful labeling of the polar grid graphs P, s is shown in Figure 10

Figure 10.The labeling of the polar grid graph P, ;.

Theorem 4. If m and n are odd positive integers greater than 1. Then the polar grid graph P,
even graceful graph.

,n

ey =8n-2;

i f7w;)=0 and [ (v,)=4

is an edge
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Proof. Let the polar grid graph P, , be labeled as in Figure 7. Let f :E(G)— {2,4,...,2¢} -

The corresponding labels of vertices mod4mn are assigned as follows: There are two cases:
Case (1) n =1mod4, this case contains five subcases as follows:

SubCase (i) m = (4k —3)mod4n,2<k<n

S0 ima ) =4m(2k =) +4i +2,1<k <n-1,1<i <m. Thatis the labels of vertices of the most inner

circle C" are assigned by f*(v,)=4m +4i +2 , the labels of vertices of the circle C? are assigned
n-l

by f'(v,.,)=12m +4i +2 , the labels of the vertices of the circle C;Z " are assigned by
n+l

S0 )=4mn—8m+4i+2 , the labels of the vertices of the circle C;Z) are assigned by

2
n+3

S0, )=4i+2 , the labels of the vertices of the circle c'? are assigned by
— i

m

0 ey )=8m+4i+2,., the labels of the vertices of the circle C,™ are assigned by
fiﬁ'

(n)
m

S0y ) =4mn —12m +4i +2,1<i <m and the labels of the vertices of the outer circle C,” are

assigned by " Y=4mn—12m +2i +2,1<i <m . The label of the center vertex v, is assigned

m(n—=1)+i
- +1 .
byj'@052mn+2m@k—b,whalk:ﬁz—,wehmwawﬁza
SubCase (ii) m =(8k —5)mod4n,1<k < ngl, m#3.In this subcase the vertex v ek e in
m (- (
4 2
(n+4k—l)
the circle C, ¢ will repeat with the center vertex v . To avoid this problem we replace the
labels of the two edges v % and v - LV _ 5o
g m(n+ik—l)7(mT+l) m(n+ik—l)7(mz—l) m(n+44k 1)_ (mTl) m(n+44k 1)_(17123)
That is S ikt otV ekl (mfl)):m [2k + B 2_3]+1 and
T ey

n-3

f (v,,,(”+4l"l), PRGN L73)):m[2k +——]-1 and we obtain the labels of the corresponding vertices as
4 2 4 2
follows

SV i wa)=2mn+Am 2k =D+ 2,70, )=2mn+4m (2k —1)+ 4,

m (- (P e

[ w3 )=2mn+4m 2k -1)+6, and in this case the center vertex v, is labeled as
m ;)

2

n+4k -1
( 4

)-(

S ) =2mn +4m (2k —1). The rest vertices will be labeled as in subCase (i).

-1
. . ey
. Inthecircle C,* = will repeat
1

Remark 3 .When n =1mod4 and m=3, in this case the vertex v
3

with the center vertex v . To avoid this problem we replace the labels of the two edges v, v ., and
3
4

)42 3(T’)+3

—1)+6 and f(v}(n_1 \% n—1)+3):3(n

O 3

-1
Y+4 and
2

)=6n+10,
)+1

w1 Vo a0 . Thatis f@
3 3(

v _ =3
3 3 ) n-1 H) (

n
%

n—1

2 3 2

n-1

we obtain  the labels of the corresponding vertices as follows f *(v3(
4

f*(v}(H) 2)E6n +18,f"(v3(H) 3)z6n +16 and the center vertex v, is labeld as f*(v,)=6n +12.
T+ T+

n-5 .
m
)

SubCase (iii) m = (8k —1)mod4n,1<k < . In this subcase the vertex v FYRSTRRIP
m — —_—

)= ( 2

3n+4k -1
the circle C, * " will repeat with the center vertex v . To avoid this problem we replace the

and

m+1 YV 3ntdk+l om-1

labels of the two edges v 5, .., .1
m (74 )- (72 ) m (= n )= ( 2 )



Symmetry 2019, 11, 38 19 of 28

Vo osuiaket ma V' speaka. -3 - Lhatis
m(————)= (——) m( )= (——)
3 2 4
n+1
FO siiasin a1V aesars, ma ) =2mn+m[2k - J+1 and f(v 5,4 m -1
m (I (2 A 2 m (- (P

+1 . . .
v i) (m_3)) =2mn+m [2k—n7]—1 and we obtain the labels of the corresponding vertices as
I
follows
frw (mﬂ)) =2mn +8km +2,f°0V 5, . n171)) =2mn +8km +4,f (v
m 2 " g 2 8

Swsdk sl w3 )=
n (T)7 (T)

(3n+4k +1
4

)- n( )-(

2m n +8km +6, and in this case the center vertex v, islabeledas f "(v,)=2m n +8km. The rest

vertices will be labeled as in subCase (i).
n+3 n—1
4

SubCase (iv) m =(8k —1)mod4n, <k < s in the

. In this case the vertex v ,, .,
neET 5

4n—k+1
circle C; v will repeat with the center vertex v,. To avoid this problem we replace the labels of

the two edges v ,, , wil V' akwe owo@nd v v, . That
m (74 )- (72 ) m (74 - (= ) m (74 - (72 ) m( n - 2 )
. n+1 n+l1
1S fO g wnV skean wa)=m[2k - 1+1 and SO st maV osiwn wa)=m[2k - 1-1
n (- () m (R () 2 (=) () m ()= () 2

and we obtain the labels of the corresponding  vertices as  follows

I

4k -n+l Lﬂ))Ezmn +8km +2af*(vm RIEEIN M))ESkm -2mn +4sf*(vm<4k—n+1
2 2

m=3 ) =
T 3 =)

- (
8km —2mn +6, and in this case the center vertex v, is labeled as f"(v,)=8km —2mn. The rest

vertices will be labeled as in subCase (i).

SubCase (v) m =(2n —3)mod4n . In this case the vertex v in the outer circle C" will

mn—1
repeat with the center vertex v,. To avoid this problem we replace the labels of the two edges

v v

mn=2" mn-1

and v, v . That is f(v,,,v,,)=2mn—-4,fV, v, ,,)=2mn and we

mn " m(n-1)+1
obtain the labels of the corresponding vertices are as follows
fv,,)=4mn-2m+2,{°@,, )=4mn-2m+4, v, )=4mn—-2m -2 and

mn

S0 ) =4mn—4m , and in this case the center vertex v, is labeled as f"(v,)=4mn —2m. The

rest vertices will be labeled as in subCase (i).

Ilustration.The edge odd graceful labeling of the polar grid graphs P, s ,P\y 5,P, s,P,,,P 5 sand P

respectively are shown in Figure 11.
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Figure 11.The polar grid graphs P; s, P,; s, P, s,P; 4,P s s and P, ..

Case (2) n = 3mod 4 . This case contains also five subcases as follows:
SubCase (i) m = (4k —=3)mod4n,2 <k <n
S 0 )=4m 2k =1)+4i +2,1<k <n-1,1<i <m. That is the labels of vertices of the
most inner circle C” are assigned by f*(,)=4m +4i +2, the label of vertices of the circle C? are
n-1
)=12m+4i +2 , the labels of vertices of the circle C,(n ) are assigned by

n+l

f 0y )=4mn—8m+4i+2 , the labels of vertices of the circle C;T are assigned by
2 7

assigned by [

m+i

n+3

f 0,y )=4i+2 , the labels of vertices of the circle C, 2 are assigned by
2

f 0 )=8m+4i+2,., the labels of vertices of the circle C,™ are assigned by
72 +i

0 )=4mn—12m +4i +2,1<i <m and the labels of the vertices of the outer circle C," are

assigned by /(v y=4mn —12m +2i +2,1<i <m . The label of the center vertex v, is assigned by

m(n—1)+i

f'0,)=2mn+2m(2k -1), when & =”T”, we have f'(,)=0.

SubCase (i) m = (8k —S)mod4n, 1<k <=2 m=3
3n+4k -1
In this subcase the vertex v Gredkol et in the circle C, * will repeat with the center
m (5
vertex v, . To avoid this problem we replace the labels of the two edges
v w (3nAk =1 mel Voo 3nadk-1 and v 3nsdk -1 m-3 - That is

_ _ \%
) m (=t PRELELLEEE Ry bR

-1 3n+4k -1 )
4 2 4 2 4 2 4
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n+3
SO siaa waV swrako wa)=2mn+m [2k - 1+1 and f(vm(3n+4k71)7 (ol Vm(3n+4k—1)7 (m—})) =
) () m () () 2 2 = 4 2
n+3 . . .
2mn+m[2k - ]-1 and we obtain the labels of the corresponding vertices as follows

f*(Vn 3n+dk-1
4

» u))EZmn+4m(2k—l)-4—2,f*(vm(““”(f
4

. wa )E2mn+4m 2k -1)+ 4,
)*(2 )*(T)

ST STy (m_3)) =2mn+4m(2k—1)+ 6, and the label of the center vertex v, is assigned by

S v,)=2mn +4m (2k —1). That rest vertices will be labeled as in subcase (i).

3n-1
Remark 4. Whenn = 3mod 4 and m=3, we have the vertex v ,, ,  in the circle C,(n Y will repeat
3 (24

with the center vertex v,. To avoid this problem we replace the labels of the two edges v, _, _—
3 2T

v
(T)+2 3( ) )+3

3n -1
and . That is ¢ 3t and f (v v =3 +4
v3<3"4—’1>+1 v3<3"4—’1>+3 Y (vgﬁ"fmzvsﬁ"f‘m) 356 I 3 3<%>+3) ( 2 )
and we obtain the labes of the corresponding verticesmod4mn are as follows: f (v J3nel )=6n +10,

(T)H

f"(v}(hfl) 2)E6n +18 ’f*(vs(“’l 3)E6n +20 and the label of the center vertex v, is assigned by
T+ +

fiv,)=6n+12.

Note that P, , is an edge even graceful grapg but not follow this rule. See Figure 12.

16

20

Figure 12. The polar grid graphs P, , .

1
SubCase (iii) m = (8k —5)mod4n, nts <k< % ,
(4/(—71—1)
In this subcase the vertex v kennt | mel in the circle C, * will repeat with the center
me 5

vertex v, To avoid this problem we replace the Ilabels of the two edges

Vm(4k—n—l)7(m+l)vm(4k—n—l)7(m—l) and Vm(4k—n—)7(m—l)vm(4k—n— )7(m—3) That 18
4 2 4 2 4 2 4
SO went maV osins wa)=Qk=Dm+1 and f(v .\ .V 4,0 .3)=Q2k-1m-1
"1(T)7(T) m(f)*(T) m(f)*(T) W(T)*(T)
and we  obtain the labels of the corresponding  vertices as  follows:
* — * —
ST w1 )=2m 4k -1)+ 2, f (v i, w1 ) =2m(4k - 1)+ 4 and
m(74 )= ( 2 ) m ( 4 )=« 2 )

7O g ws)=2m(4k—-1)+ 6. The label of the center vertex v, is assigned by
m(————) = (——)

4 2

S (vy)=2m(4k —1). The rest vertices will be labeled as in subCase (i).
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n-1

SubCase (iv) m =8k —1)mod4n,1<k <

n+dk+1
in the circle C :ﬂ 4 will repeat with the center

In this subcase the vertex v ,.,,.;
m (PR -

m+1
- )

vertex v, To avoid this problem we replace the Ilabels of the two edges

Vo onsaks mal Vo aidk+l m -1 and v L0 m-1 Vo a4kl m =3 That is
m (I S (M) (R - (B m () - (M) () - (
n—1
VAT mil Vo avdke wot )= (2k + ym +1 and
m (S () T (- ()
4 2
n—1 .
SO i o Vi owms ) =2k + ym —1 and we obtain the labels of the
m (f)* (T) m (f)* 3 2
corresponding vertices as follows ST e am)=2mn+8km+ 2,

m (

4 > )

))=2mn+8km+6 and the

f*(Vm ntdk+l
4

; m?]))=2mn+8km+4,f*(v nt Akl m-3
2

m(————) - (——

)=« 4 3

label of the center vertex v, is labeled as f*(v,)=2mn+8km. The rest vertices will be labeled as in
subCase (i).

Remark 5. If & :nTH we have

f*(V n+4k+1 m+l ):Skm_zmn+2’f*(v n+4k+1 m
m(———)= () m (=)~ (5

L )=8km-2mn+4, f(v
) m(

kel ﬂ))=8km—2mn+6
4

2

and the center vertex v, is labeled as 1™ (v,) =8km—2mn.

SubCase (v) m=(2n—-3)mod4n
In this subcase the vertex v,,, in the outer circle C!” will repeat with the center vertexv, .
. That is

SOV, ) =2mn—=4,f(v, v, ,)=2mn and we obtain the labes of the corresponding

To avoid this problem we replace the labels of the two edgesv, , ,v,,., and v, v, .,

vertices as follows:
SOy =4mn=2m+2, (v, )=4mn-2m+4, f*(v, )=4mn-2m-2 and f'(v, ., )=4m(n-1)

mn

and the label of the center vertex v, is assigned by f*(v,)=2m(2n-1).

The rest vertices will be labeled as in subCase (i).

Ilustration.The edge odd graceful labeling of the polar grid graphs P, ,,Fs ;,F, ,,F, , and Fs, respectively

are shown in Figure 13.
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(e) A,

Figure 13. The polar grid graphs 7, ,,F; ;, B, ;,B,; and F;,

3. Conclusions

This paper gives some basic knowledge about the application of Graph labeling and Graph
Theory in real life which is the one branch of mathematics. It is designed for the researcher who
research in graph labeling and graph Theory. In this paper, we give necessary and sufficient
conditions for a polar grid graph to admit edge even labeling. In future work we will study the
necessary and sufficient conditions for the cylinder P, xC,, torusC, xC, and rectangular P, x P,

grid graphs to be edge even graceful.
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