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Abstract: Based on the conditions ab®> = 0 and b™ (ab) € /9, we derive that (ab)", (ba)", and ab + ba
are all generalized Drazin invertible in a Banach algebra <7, where n € N and a and b are elements of
&/ . By using these results, some results on the symmetry representations for the generalized Drazin
inverse of ab + ba are given. We also consider that additive properties for the generalized Drazin
inverse of the sum a + b.
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1. Introduction

Let &7 be a complex unital Banach algebra with unit 1. The sets of all invertible elements and
quasinilpotent elements of &7 are denoted by <7 ~! and 79", respectively, where &/ ~! := {a € o :
Jx € ax =xa=1}and " = {a € & : grf |a™||'/" = 0}. Leta € o and, if there is a

n [ee]
element b € o/ such that

bab = b, ab = ba, and a(1 — ab) is quasinilpotent, (1)

then b is the generalized Drazin inverse of a, denoted by a9, and it is unique. The set of generalized
Drazin-invertible elements is denoted by &9 = {a € & : 3 a4}. In particular, if a(1 — ab) = 0 (or
aba = a), then b is called the group inverse of a. Note that aad is an idempotent element and let
a™ = 1—aad. Tt was given, in [1] (Lemma 2.4), that a9 exists if and only if there is an idempotent
q € /, such that ag = qa, aq is quasinilpotent, and a + g is invertible.

The generalized inverse in a matrix or operator theory is very useful in scientific calculation and
in various engineering technologies [2—4]. It is well known that the Drazin inverse has been applied in
a few fields, such as statistics and probability [5], ordinary differential equations [6], Markov chains [7],
operator matrices [8], neural network models [9,10], and the references therein. In [11], a study of
the Drazin inverse for bounded linear operators in a Banach space X is given, when 0 is an isolated
spectral point of the operator. In [12], some additive results on the Drazin inverse, under the condition
ab = 0, are obtained. However, as in [12,13], this condition was not enough to derive a formula for the
generalized Drazin inverse for a + b. In [14], authors investigated how to express the Drazin inverse
of sums, differences, and products of two matrices P and Q, under the conditions P°Q = QP and
Q%P = PQ. The representations of the Drazin inverse for (P + Q), such that PQP = 0 and PQ?>=0,is
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given in [15]. The generalized inverses in C*-algebras has been investigated in [16] and a symmetry of
the generalized Drazin inverse in a C*-algebra has been considered in [17].

Some additive properties of the generalized Drazin inverse in a Banach algebra were investigated
in [18]. Recently, the expression for the generalized Drazin inverse of the sum a 4 b on Banach algebra
has been studied, such as in the representations of the generalized Drazin inverse for a +b in a
Banach algebra, obtained in [19]; some new additive results for the generalized Drazin inverse in
a Banach algebra, given in [20]; and additive results on the generalized Drazin inverse of a sum of
two elements in a Banach algebra are derived in [21] and the references therein. In this paper, we
consider the representations of the generalized Drazin inverse of the sum of two elements in a Banach
algebra. By using the assumed conditions ab?> = 0 and b™ (ab) € <79, it is implied that (ab)", (ba)",
and ab + ba € /4, and a symmetry representation for the generalized Drazin inverse of ab + ba is
obtained, where n € N and a,b € &74. We also consider the additive properties for the generalized
Drazin inverse of the sum a + b.

In Section 2, some notation is introduced and lemmas are given. In Section 3, a symmetric
representation of the generalized Drazin inverse for ab + ba in a Banach algebra is derived. The
additive properties of the generalized Drazin inverse of a + b are investigated in Section 4.

2. Preliminaries

Let % be a subalgebra of the unital algebra <. For an element b € 1 the inverse of b in % is
denoted by [b™1] 5. Asin [19], it is given that Z~1 ¢ &/ ~!. Let # = {py,p2, ..., pu} be a total system of
idempotents in o/ if p? = p;, for all i, pipj =0ifi #j,and py +---+pp =1, asin[22]. Ifa € /9, then

1
4= [ Lz)l 0 ‘| , ﬂd — [ [al O]p%p 8 ‘| , arc _ [ 8 , 0 ] ) (2)
2 |5 @ Pl

where p = aad, 2 = {p,1—p}, a1 € [p/p]”}, and a; € [(1 — p)=/(1 — p)]9"". If a has the

representation given as in (2), then a9 = [al’l]p odp = a‘lj.

The following lemmas are required in what follows.

Lemma 1 ([19]). Let & = {p,1 — p} be a total system of idempotents in </, and let a,b € o have the

following representation
(3] o[es),
z Y, Y 15

Then there exist (z,)5, C (1 —p)a/p and (t,)5, C po/ (1 — p), such that

n n
P 0 , =" b , VneN
zn Y 0 "
@ @

Lemma 2 ([22]). Let a,b € of be generalized Drazin invertible and ab = 0. Then, a + b is generalized Drazin
invertible and

((1 +b)d —p7 Z bn<ad)n+l + Z(bd)nJrlanarr‘
n=0 n=0

Lemma 3 ([22]). Let x,y € <7, p be an idempotent of <f, and let x and y have the representation

0 b
leib] , y=l0§] - 3)
{p1-p} {1-pp}
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(i) Ifac [popldandb e [(1—p)e/(1—p)]9, then x,y € o/9 and

ad 0 b4 u
xd:lu bd] ) yd:[O ad] i 4)
{p1-p} {1-pp}

Z bd n+2., Ty Z bﬂbnc(ad)n—HZ _ deﬂd. (5)
n=0 n=0

where

(ii) Ifx € % anda € [potp]d, thenb € [(1— p)o/ (1 — p)]9, and x4 and y9 are given by (4) and (5).
Lemmad ([11]). Leta € /9. Then [(a)"]? = [a®]", foralln =1,2,---.
Lemma 5 ([11]). Ifa,b € /9 and ab = ba = 0. Then, (a + b)9 also exists and (a +b)? = a9 4 9.

Lemma 6 ([23]). Let a,b € o79. Then (ab)"* is generalized Drazin invertible, for some n € N, if and only if
ab is generalized Drazin invertible.

Lemma 7 ([23]). Let a,b € «/% and (ab)"*! be generalized Drazin invertible for some n € N. Then, (ba)" is
generalized Drazin invertible and [(ba)"]¢ = b[(ab)"1]%a.

3. The Symmetric Representation for the Generalized Drazin Inverse of ab + ba

Leta,b € /9. A symmetric expression of (ab 4 ba)9 is given, by using ab, ba, (ab)?, and (ba)9,
with the following assumed conditions

ab*> =0, b™(ab) € 9. (6)

Theorem 1. Leta, b € /9 satisfy (6). Then, (ab)", (ba)",ab+ba € /4 (n =1,2,---), and a representation
of (ab + ba)4 is given as

(ab + ba)® )T Y (ba)" 1 [(ab)" 2 d(ab)"~1(ab)". @)
n=1 n=1
Proof. Letb = [ lg bO 1 , where & = {bbd, b™}, by is invertible in the subalgebra bbd o7bb9, and
2
P

. .. . a a
by is quasinilpotent. Let us write a = 12 . From ab? = 0, we have
a1 A4 P
ay = 0, az = 0, alzb% = O, and azzb% =0. (8)

0 Lllzbz

Thus, we have ab = [0 troby

1. By Lemma 3, we obtain that ab € & d if and only if axb; is

generalized Drazin invertible. Thus, (b™ab)? exists. By using Cline’s formula, it proves that (ab)? also
is. Therefore, we obtain (ab)", (ba)" € <79 by using Lemma 6 and 7. Since ab®> = 0, by Lemma 2 we
can prove that ab + ba is generalized Drazin invertible and that (7) holds. If n = 1, then (ab + ba)9 =
(ba)™(ab)? 4 (ba)9(ab)™. By using mathematical induction, we derive that the representation can be
given, asin (7). O

Remark 1. Note that the expression given in Theorem 1 is symmetric.
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Theorem 2. Let a,b € /9 satisfy (6) and a> = 0. Then ab + ba € /% and [(ab + ba)4]" = [(ab)d]" +
[(ba)d)", foralln =1,2,- - -.

Proof. Let a,b be written as in the proof of Theorem 1, and, by ab®> = 0, we derive ab = lo 012b2]

0 azzbz
and ab, ba, (ab)", (ba)" € <79. Since ab®> = 0 and a® = 0, we have

(ab)"(ba)" = (ba)"(ab)" =0, (ab+ ba)" = (ab)" + (ba)", )
foralln =1,2,---. By Lemma 4, Lemma 5, and the first equality of (9), we derive
[(ab+ba)]" = [(ab+ ba)"]® = [(ab)" + (ba)"}* = [(ab)"]¥ + [(ba)"]¢ = [(ab)]" + [(ba)"]".
O

At the end of Section 3, let &/ be a C*-algebra, as in [17]. Then, a simple application of the
generalized Drazin inverse in a C*-algebra can be given, as follows.

Theorem 3. Let a,b € o7 be group invertible. If (6) is satisfied, then (ab + ba)™ exists.

Proof. By using Theorem 1, we derive that ab + ba is group invertible. As pointed out in [16], ab + ba
is generalized invertible. Thus, (ab + ba)t exists. 0

Theorem 4. Let a,b € /9. If (6) is satisfied, then (ab + ba)4 is self-adjoint in a C*-algebra.

Proof. Note that ab + ba is self-adjoint in a C*-algebra. By Theorem 1 and using [17] (Theorem 3.2),
we obtain that (ab + ba)9 is self-adjoint in a C*-algebra. [

4. The Representation for the Generalized Drazin Inverse of a + b

In this section, we consider some results on the expression of (a + b)d, by using a, b, a9, and b9,
where a,b € «79.
Lemma 8. Let a,b € 79 satisfy ab®> = 0. Then, (a + b)9 exists if and only if b™ (a + b) € 79,

Proof. Similarly, we rewrite 4, b as in the proof of Theorem 1. Since ab? = 0, we derive

by a12

10
0 by+ap (10)

a—}—b—l

z

By Lemma 3, note that (a + b)? exists if and only if (a2, + by)9 exists; that is, (a + b)9 exists if and only
if b (a + D) is generalized Drazin invertible. [

Theorem 5. Let a,b € /9 satisfy the conditions of Theorem 2. Then

(agk

(a+b)d = ¥ (pd)2r+1 [bd (ab)™ (ab)"a + (ab)”(ab)”]

0

3
Il

[7e

bann {[(ab)d}n-&-la + b[(ab)d}n-ﬂ} )

Il
o

n

Proof. By Lemma 8, it also leads to (10). By Lemma 3, we can prove that (a + b)9 exists if and only
if (a + by)9 exists; that is, (a + b)9 exists if and only if b (a + b) is generalized Drazin invertible.
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If bab € «79, then (axby)? exists. By Cline’s formula, we have that (bya;)? exists. As in the proof of
Theorem 1, by Lemma 6 and 7, we also obtain that (ab)", (ba)" € /9, foralln =1,2,---.

By a? = 0, we get

aipay =0 and a%z =0. (11)

By (8) and (11), we have (baa)(axnby) = 0, (axnby)(baax) = 0. Using Lemma 5, and by Cline’s
formula, we derive

(a22by + b2a2)? = (azabp)? + (bpany) . (12)

By induction, let [(axbs)? + (b2ax)?]" = [(axbz)9]" + [(baaxy)9])" for all n > 1. Therefore, we can
prove that

[(a22D2 + b2an) 9] [(a22b2)? + (b2a22)%)" = [(a2202) )" + [(baaz2) )" .
Since (axnb, + bzazz)b% = 0 and b; are quasinilpotent, by Lemma 5 and (12), we obtain
(a2 +02)2]? = (azaby + bpax + b3)°
= Z b3"[(anaby + brany) )"

= Z b |: u22b2 (bzﬂzz)d} " . (13)

Then, b™ (a +b) € o7/9 implies that (ay + by)9 exists and (azp + bp)9 = [(az + b2)?](ax + by). Finally,
2
by (13), and (bzazz)d =by {(azzbz)d} a7, we obtain

(ap +by)d = [(ﬂzz + bz)dr (a2 + by)
o n n+1
= Z b%" { {(azzbz)d} +1 n (bZ [(gzzbz)d}2a22> } (ﬂzz + bz)
n=0
o n [ n+1
= Z b2 [ 11221’}2 } o ar + Z b%n [bz ((azzbg)d)zazz} by
n=0 n=0
= Z b 2n { [ lezbZ }”*1 ax + by [(tlzzbz)d}rﬂrl} (14)
n=0
and
(a2 +02)™ = (anby)™ — Y b5" { [(ﬂzzbz)drﬂ axn + by {(ﬂzzbz)d} ”H} : (15)
n=0

By Lemma 3, we get thata + b € 74 and

@sbd=| u (16)
0 (a2+b)! |’
and -
u= Z (bl_l)n+2a12(b2 +ax)*(ax +b2)™ — (axn + bz)da12bl_1. (17)

n=0
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Evidently, we have [bf 1} P b4 and

b7, 0 0 a 0 a
bdbﬂ: [ 10 1 0 ] [ 0 alZ ] _ [ 0 (1)2 ] = ap.
P 2 |» @

One easily has (by induction and by using (8) and (11)) that, if n > 1, then

)n/2

1
alz(bzazz)(n_l)/zbz if nis odd. ( 8)

a10(bra if nis even,
ﬂlz(ﬂzz +b2)n _ { 12( 2022
By Lemma 1, we obtain that, for any n > 1,

0 0 0 X 0 0
b (ba)" = l n 1 " ] = [ n ] = (b2a22)",
0 b P 0 (bgan) P 0 (bzazz) P

where (x,)%_, is a sequence in «/. Furthermore, one has b, = b™b = bb™ and ab™ = a(1 — bb9) =
a(1—b%(b9)?) = a. Hence, if n > 1 is even, then

a12(a22 4 b2)" = a12(boan)™'? = bbab™ (ba)"'? = bba(ba)"'? = b9 (ba)("+2)/2,
and if n > 11is odd, then

a12(az + by)" = a1 (baagy) " 2by = b9bab™ (ba)*=V/2p7 b = b9 (ba) 1)/ 2,
From (15), we have

a12(azn + b2)™ = a1p(1 — ba(azby)%a2),
ap(axn +b2)™ = (anby) ™ ax,
a12by (a0 + bo)™ = aypbo(annby)™,

axba(axn + by)™ = axnby(axnby)™.

Thus, by using the obvious equality (ba)*b = b(ab)¥, and by (14)~(16) and (18), we have

@+ = BWtu=[0]7+ Y.( [bl—l} gz)”+2a12(b2 + )" (axp + )"
n=0
—(ax + b)%agpby 4 (ax + by)®

_ Z(bd)2n+2bn<ab)na+ Z(bd)2n+1b7I(ab)n
n=0 n=0

_ i bann {[(ab)d]n-Ha —}—b[(ab)d]"H}
n=0

[
agk

(pd)2n+1 [bd (ab)™ (ab)"a + (ab)ﬂ(ab)"}

n=0

_ i brrbZn {[(ab)d]nJrla + b[(ab)d]nJrl} )
n=0

The proof is completed. [
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Theorem 6. Let a,b € o79 satisfy (6) and b™a®> = 0. Then,
(a+b) =04 +u+o,

where

O — — {bda(ba)d i i pdp2n+l [((ab)d)nﬂ + ((ba)d)n—l—l}},
n=0
u= i (b 2a(a +b)" + i (1—b™)b"a0"+? — bdav.
n=0 n=0

Proof. Let p = bb and & = {p,1 — p}. Let a and b have the following representation

b:[lg ;] , a:[a3 al] ) (19)
2 | » ag ap >

where b is invertible in p./p and b; is quasinilpotent in (1 — p)</(1 — p). Let us find the expression
of b™a? in the system of idempotents &2

0 1—-p » 0 ap P 0 a » 0 a; P
Thus, a% = 0. On the other hand,
R — 0 o b3 02 _ |0 albg '
0 a » 0 b3 » 0 axb; o

Therefore, ab3 = 0. By b™ab, b ba € 7/, we obtain (ayb,), (baaz) € 7. We can appeal to Theorem 5,
obtaining (recall that b; is quasinilpotent and b§ = 0) that

(a2 +b2)? = —ay(bpap)? — ) 63" [((ﬂzbz)d)"+1 + ((bzﬂz)d)”ﬂ} :
n=0
From Lemma 3 and the representation of a 4 b in (16), we have
d -1 d
(a+b)¢ = {bl }y+(a2+bz) +u

= |ort] +u- {ﬂz(bzaz)d + fob%”“ [((a2b2)?)™ !+ (o))" | } (20)

where

I
ngk

I [67Y] )2 (a2 + b2)" (az + bo)"

3
i

_I_
ngk

b} ay ((ag + by)9)" 2 — {bfl} y ay(ay + by)?

3
Il
<}

(6)" a1 (a2 + bp)".

Il
agk

3
Il
o
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Observe that [bf 1} P b4, and

(bd)n+2a(a+b)n — [ (b(lj)nJrz 0 ‘|
P

0 o ] [ b X ]
n
0 0 0 a P 0 (ﬂz‘l-bz) P

= (b)"2ay(az + by)",
7

] 0
N 0 (b$)"*2ay(ay + by)"

v=b"(a+b)? = (n+bh)?=— {bda(ba)d + i pIp? [((ab)d)"“ + ((ba)d)"“} }

Thus, the above expression of u reduces to

agk

u= Y (6N 2a(a +b)" 2 (1—b™)b"a(v)"? — a0, (21)
n=0

n=0

Expressions (20) and (21) finish the proof. [

5. Conclusions

In this paper, we have proved that the multiplications (ab)" and (ba)" of elements a,b € .o74
in a Banach algebra are both generalized Drazin invertible with the conditions (6). A symmetry
representation of the generalized Drazin inverse for ab 4 ba has been derived. The expression given in
Theorem 1 is symmetric, as in Remark 1. In the other words, if the result is applied in the computation
of (ab + ba)4, maybe it will improve the corresponding computational effectiveness and reduce its
complexity. The additive properties of (a + b) have been investigated under the conditions ab®> = 0,
b™ab € «/9, and a? = 0. With similar conditions, but 4> = 0 being replaced by b™a? = 0, we have also
given a resulting expression of (a + b).

In fact, as pointed out as in [19], it is still an interesting and open problem to express the
generalized Drazin inverse of a 4 b as a function of a, b, and their respective generalized Drazin
inverses. In the future, we plan to consider the representations of the generalized Drazin inverse for
a = b by using 4, b, and their generalized Drazin inverses, without side conditions.
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