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Abstract: In this work, a three-point boundary value problem of fractional g-difference equations is
discussed. By using fixed point theorems on mixed monotone operators, some sufficient conditions
that guarantee the existence and uniqueness of positive solutions are given. In addition, an iterative
scheme can be made to approximate the unique solution. Finally, some interesting examples are
provided to illustrate the main results.
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1. Introduction

We will deal with a fractional g-difference equation subject to three-point boundary conditions
{ Dix(t) + f(t,x(t), x(t)) +g(t,x(t) =0, 0<t<1,2<a<3, a
x(0) = Dyx(0) = 0, Dyx(1) = BDyx(17),

where 0 < B 2<1,0<g<1, Dy is the Riemann-Liouville fractional g-derivative of order a.
Due to fast development in fractional calculus, many researchers studied g-difference calculus or
quantum calculus. For this topic, the earlier results can be seen in Al-Salam [1] and Agarwal [2],
and some recent results related to g-difference calculus in [3-15] and some references therein.
Nowadays, fractional g-difference calculus has been given in wide applications of different science
areas, which include basic hyper-geometric functions, mechanics, the theory of relativity, combinatorics
and discrete mathematics. So many mathematical models have been abstracted out(see [16-18]) and
problem (1) is one of the models. Therefore, fractional g-difference calculus has been of great interest
and many good results can be found in [5-8] and references therein. Recently, the fruits about
fractional g-difference equation boundary value problems emerge continuously. For different problems
of fractional g-difference equations, the existence and the uniqueness of solutions have been always
considered in literature. To solve these boundary value problems, some techniques have been applied,
such as the monotone iterative technique, the lower-upper solution method, the Schauder fixed point

theorem and the Krasnoselskii fixed point theorem. For details, one can see [13-15,19-25].
In [15], Liang and Zhang considered the existence and uniqueness of positive nondecreasing
solutions for a fractional g-difference equation involving three-point boundary conditions
Dgx(t) + f(t,x(t)) =0, 2<a<3, 0<t<]1, 2)
x(0) = Dgx(0) = 0, Dgx(1) = BDyx(n),
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where 0 < B7* 2 < 1. They gave some sufficient conditions for Label (2), and their tool is a fixed point
theorem in partially ordered sets.
In [19], Sriphanomwan et al. investigated the problem of fractional g-difference equations

D (D (1+ p(t)))x(t) = f(t,x(¢), Dyx (1), ¥3x(1)),
- y T (Torg) D B (3)
x(0) = x(), ['x(T) = J THh—x(s)dss = g(x),

where t € Il := {(}!T : k e NU{0,T}},0 < a,B,u < 1,1 <a+p <207 >07y¢€ll —{0T}
and p,q,7,0,w are simple fractions. The existence and uniqueness of solutions for Label (3) was
obtained. The used methods are the Banach contraction mapping principle and Krasnosel’skii fixed
point theorem.

By using Schauder fixed point theorem and the Banach fixed point theorem, Yang [25] discussed
a fractional g-difference equation with three-point boundary conditions:

{ Fx(6) + F(t,x (1) @

0, 0<t<], 1<a<?,
)

) =
x(0) =0, x(1) = px(¢

where 0 < fZ*~! < 1, 0 < ¢ < 1. The author gave the existence and uniqueness of positive solutions
for Label (4).

In a very recent paper [24], the authors considered a special fractional g-difference equation with
a three-point problem

(5)

Dau(t) + f(t,u(t)) =b, 0<t<1,2<a<3,
(0) = un(O) =0, Dyu(1) = ‘Bun(;y),

where 0 < fy*2 <1, 0< g <1, b > 0is a constant. The existence and uniqueness of solutions for
Label (5) by using fixed point theorems for ¢-(h, r)-concave operators.

Motivated by [15,26], we consider the existence and uniqueness of positive solutions for Label (1).
Different from the methods mentioned above, our tools are two fixed point theorems for mixed
monotone operators. To the authors” knowledge, Label (1) is a new form of fractional g-difference
equations. We can give the existence and uniqueness of solutions for Label (1). Furthermore, we can
make an iteration to approximate the unique solution.

2. Preliminaries

Here, we list some concepts and lemmas of fractional g-calculus. One can see [1-8], for example.
For 0 < g < 1and f defined on [a,b], let

[e9)

(L)t /f S)dgs = (1—q Z g)tq", t e [0,b].

Then,
c b
/abf(t)dqt:/a f(t)dthr/c F(B)dgt, Ve € [a,b].

Definition 1. (See [3]). « > 0 and f is defined on [0,1]. The Riemann—Liouville fractional q-integral is

(I0f)(t) = f(t) and t
1
(I £)(t) = W/() (t—qs) @~V f(s)dgs, a > 0.

Clearly, (1§ f)(t) = (Iof)(t) when o = 1.
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Lemma 1. (See [22]). If f, g are continuous on [0,s] and f(t) < g(t) for t € [0,s], then

(i) fo f()dgt < [5 g(t)dgt. In addition, if x > 1, then I§ f(s) < I2g(s), t € [0,5],
(i) | [y f(t)dgt] <[5 |f(t)|dgt, t € [0,5].

Definition 2. (See [3]). The Riemann-Liouville fractional q-derivative of order & > 0 is
(Dgf)(t) = (Dgly “f)(t), « >0, t€[0,1],

where n denotes the smallest integer greater than or equal to .
When o = 1, (D f)(t) = Dqf(t). Furthermore,

p-1 pa—pn
=Tl —p+n+1)

(IgDif)(t) = (DFI;F)(t) — (Dgf)(0), p€N.

Lemma 2. If f(t) is continuous with f(t) > 0 for t € [0,1], and there is ty € (0,1) such that f(ty) # 0.
Then,

1

/O F(t)dgt >0, t € [0,1],

where ) -
| fdgt = 1=0) © a"f(a"), g € (0.1).
n=0

Proof. Because f(t) > 0and f(ty) # 0, there is ny € N such that ty = ¢", then

f(g")g" >0,0<g<1,
and thus

(1-q) i@ TFA) > (1— ) f(@)g™ = (1 - )f (o)ko > 0.

Hence, we have folf(t)dqt >0. O

Here, we list other facts that are important in the sequel. See [26-30] for instance.

(X, || - ||) is a real Banach space, its partial order induced by a cone K of X, i.e., x < y if and only
if y — x € K. If there is N > 0 such that ||x|| < N||y|| for @ < x <y, x,y € X, then K is called normal,
where 6 denotes the zero element of X. The notation x—y denotes that there exist 1, v > 0 such that
ux <y <wx, Vx,y € X. For fixed h > 0, define aset K, = {x € E | x ~ h}. Then, K;, C K.

Definition 3. (See [27]). Suppose T : K — K is a given operator. If

T(tx) > tTx, Vt € (0,1), x € K, (6)
then T is said to be sub-homogeneous.
Definition 4. (See [27]). Let 0 < v < 1. An operator T : K — K satisfies

T(tx) > t7Tx, Vt € (0,1), x € K. (7)

Then, T is said to be y-concave.
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Lemma 3. (See [27]). Leth > 6, 0 < v <1, Ty : K x K — K be a mixed monotone operator and
Ty (tx, t7ty) > 7Ty (x,y), Vt € (0,1), x,y € K. (8)

T, : K — K is an increasing sub-homogeneous operator. Moreover,

(i)  there exists hy € K, such that Ty (ho, hg), Tohg € Ky;
(ii)  there exists o > 0 such that Ty (x,y) > 0Thx, x,y € K.

Then:

(a) TliKhXKh%KhandeiKh—)Kh,‘
(b)  there are ug, vy € Ky, and T € (0,1) satisfying

Tvg < g < g, ug < Ty (uo,vg) + Toug < Ty(vo, ug) + Tovg < vp;

() Ti(x,x)+ Tox = x exists a unique solution x* in Kj,;
(d)  for x9,y0 € Ky, set

Xn = Tl (xn—llyn—l) + T2xn—1r Yn = Tl (yn—l/xn—l) + TZ]/n—lf n= 1/2/ ey
then x,, — x*, yy, — x* asn — co.
Lemma 4. (See [27]). Leth >0, 0 <y <1, Ty : K x K — K be a mixed monotone operator and
Ty (tx, t~ty) > tTy(x,y), Vt € (0,1), x,y € K. 9)

T, : K — K is an increasing “y-concave operator. Moreover,

(i)  there exists hy € Ky, such that Ty (ho, ho), Toho € Ky,
(ii)  there exists o > 0 such that Ty (x,y) < cThx, x,y € K.

Then:

(ﬂ) TliKhXKh—)Kh[lTldelKh—}Kh,'
(b)  there are ug, vy € Ky, and T € (0,1) satisfying

T < ug < vg, ug < T (uo, Uo) + Thuy < T ('Uo, 1/!0) + Trvg < vg;

() Ti(x,x)+ Tox = x exists a unique solution x* in Ky;
(d)  for xo,y0 € Kj, set

Xn = T1(Xp—1,Yn-1) + Toxp—1, Yn = T1(Yn—1,Xp—1) + Toyp—1, n =1,2,...,
then x, — x*, yp — x* asn — oo.
Remark 1. From Lemmas 3 and 4, we have two special cases:

(i) Let T, = 6 in Lemma 3, we get the corresponding conclusion (see Corollary 2.2 in [27]);
(i) Let T1 = 0 in Lemma 4, we have the corresponding conclusion (see Theorem 2.7 in [31]).

3. Main Results

By using Lemmas 3 and 4, we will establish our main results for Label (1). Consider a Banach
space X = CJ0,1], the norm is ||u|| = sup{|u(t)| : t € [0,1]}.Set K = {x € C[0,1]|x(t) >0, t € [0,1]},
a normal cone.
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Lemma 5. (See [15]). Let g € C[0,1], py*~2 # 1and 0 < 5 < 1, then the unique solution of following
three-point problem

Dix(t) +g(t) =0,0<t<1,2<a <3, (10)
x(0) = Dgx(0) =0, Dyx(1) = pDyx(1)
is
1 a—1 1
x(t) = [ Glta)s(5)gs + gy [, HOLas)s(6)das )
where o )
1 (1—s)le2pr=t —(r—s)*H, 0<s <1<,
Glt,s) = T,(a) { (1-s)@2p-1 0<t<s<1, (12)

a1y [ =)@ V2t _5)2) <5<t <,
T oTg(e) | I-s)@ D2 0<t<s <.
Lemma 6. (See [15]). For G(t,gs) in (11), we obtain

(1)  G(t,gs) is continuous and G(t,qs) >0, t,s € [0,1] x [0,1];
(2)  G(t,qs) is strictly increasing in t € [0,1].

Remark 2. For G(t,qs) in (11), we can easily get

1
q(“)

By (2) in Lemma 6, we have tD3G(qs, t) > 0, that is, H(t,qs) > 0. Obviously,

G(t,gs) < (1- qs)(”‘*z)t"“l, t,s € [0,1] x [0,1].

!

[ —1] N2 s [@ —1]
H(t,gs) < Tq(tx)q(l — gs)@Dp-2 < Ttx)ql t,s €10,1] x [0,1].

Next, four assumptions are listed:

(Hy) f:10,1] x [0, +00) x [0,400) — [0, 400) and g : [0,1] x [0,400) — [0, +-00) are continuous;

(Ha) f(t,u,v) is increasing relative to u for fixed t € [0,1] and v € [0, 400), decreasing relative to v for fixed
t € [0,1] and u € [0, +o0); g(t, u) is increasing relative to u for fixed t € [0,1];

(Hs3) for A € (0,1),t € [0,1],u > 0, g(t,Au) > Ag(t, u) is satisfied, and there is v € (0,1) such that
f(t, Au, A7 1o) > AVf(t,u,v) for u,v > 0. In addition, g(t,0) # 0;

(Hy) there exists o > 0 such that f(t,u,v) > og(t,u), Vt € [0,1],u,v € [0, +o0).

Theorem 1. Let (Hy) — (Hy) be satisfied, then

(a) thereare ug, vy € Ky and T € (0,1) satisfying tog < 1y < vg and

wlt) < B H,q9) [f (5, 40(5), v0(s)) + g5, o (s))ldgs
a1, S § ’

+ [ 60005) 1115, 0(5),w0(s)) + g6 tals) s, £ € 0,1],

v

ﬁtzx—l 1
T ) Jy HOP) s 00(5) 0(5)) + 85,0 lys

+ [ 69 (5 200, 10(6)) + 8(5,00(5)ds, 1€ 0,1,

vo(t)
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where h(t) = t*~ Y and G(t,qs), H(t,qs) are defined as in Lemma 5;

(b) BVP (1) has a unique positive solution u* € Ky;
(c) forxg,yo € Ky, set

’Bta—l 1
) = i gy B0, ) + 85w (s) s

+ /01 G(t,qs)[f (s, xn(5),yn(s)) +8(s, xn(s))]dgs, n =1,2,...,

'Btucfl 1
Ynia(t) = [a—l]q(l—ﬁiy“z)/o H(1,q5)[f(5,yn(s), xn(s)) + &(s,yn(s))]dgs

[ G049 15 0 (5), 30 (9)) + 805,06y, m =12,

then ||x, —u*|| = 0, ||[yn —u*|| = 0as n — co.

Proof. By Lemma 5, the solution u of BVP (1) can be written by

a—1
w0 = A [} HOLg9) 5, 1(6),1(5)) + (5, u(6) s

+ [ Gl g9 (s (), 15) + (5, 1(6) s,

Now, we give two operators T; : K x K — X and T; : K — X by

ﬁta—l -1
M) = gy fy ORS00

= [ 6t g9 5105, o))y

a—1
B0 = gy, Bt

1
+/O G(t,qs)g(s,u(s))dgs.
Obviously, u is a solution of Label (1) if and only if u = Ty(u,u) + Tou. By (Hj), one has

Th : Kx K —= Kand T, : K — K. We will prove that Ty, T, satisfy all the assumptions of Lemma 3.
The proof consists of three steps.

Step 1. The aim of this step is to prove that T; is a mixed monotone operator.
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For u;,v; € K, i = 1,2 with uy > up, v1 < vy, then uy(t) > up(t), v1(t) < va(t) for t € [0,1].
From (H,) and Lemma 6,

'Btrxfl 1
Tn o)) = g gy A0 ()19

1
+./0 G(t,qs)f (s, u1(s), v1(s))dgs

x—1
> g Jy HOL) s (), a9

1
+/0 G(t,qs)f (s, u2(s), v2(s))dys
= Tl(MZIUZ)(t)'

Thus, Ty (11,v1) > Ty (up,v7), thatis, Ty is mixed monotone.
Step 2. Our aim of this step is to show that Tj satisfies the condition (8) and the operator T, is
sub-homogeneous.

From (H;) and Lemma 6, T is increasing. Furthermore, for A € (0,1) and u,v € P, by (H3),

_4 'Btocfl 1 1
T (Au, A" 0)(t) = [a—l]q(l—,Biy“z)/o H(n,qs)f (s, Au(s), A" v(s))dgs

1 -1
+/0 G(t,qs)f(s, Au(s), A" o(s))dys

a—1
o — 1]Aq7(€t— B ?) /o1 H(1,q5) f (s, u(s), 0(s))dgs

1
+A7/O G(t,qs)f (s, uz(s),va(s))dgs

= ATTy(u,0)(1),

and thus Ty (Au, A~1v) > AYTy(u,v) for A € (0,1), u,v € K. Hence, the operator T; satisfies (8).
In addition, for any A € (0,1), u € K, by (H3),

a—1
RO = i O g5)g(5, () dys + [ Gl go)gls, u(s)) s
a—1 .
S 1% — ) /01H(ﬂfq@g(sfu(s))dqsﬂ_/olG(tqs)g(s,u(s))dqs
= )\Tzu(f),

thatis, Tp(Au) > ATpu, u € P. Thus, the operator T is sub-homogeneous.

Step 3. The purpose of this step is to prove that Ty (h, 1), Toh € Kj,. Furthermore, we also prove
that there exists ¢ > 0 such that Ty (x,y) > ¢Thx, Vx,y € K.

Firstly, in view of (H;), (Hz) and Lemma 6, for t € [0, 1],

ptr—1 1 1
Tyi(h h)(t) = [a—l]q(l—,ﬁn”‘Z)/o H(iy,qs)f(s,h(s),h(s))dqs+/0 G(t,qs)f (s, h(s), h(s))dgs
a—1
- [vc—l]f(t1_5,7a2) /01 H(Wqu)f(sfsa_lfsa_l)dqs+/01G(tzqs)f(szsa_lzsa_l)dqs
ph(t) Y ey @ D) ps e O T @2) g s
Ty o (19104 s [0 =) (s 1 0)d.
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By the same arguments, for t € [0,1],

x—1
TG = G, B s+ [ Gl (s st s

h(t) ! (a=2) (a—1)
rq(a)/o [(1—g9)"" — (1= 45)""V]f (5,0, 1)ds.

From (Hy), (Hy),

1 1 1
/0 f(s5,1,0)dgs > /0 f(5,0,1)dgs > (7/0 8(s,0)dys > 0.

Set
_ (1 p Y (@2)
= (g ) b 00
1
L = thzx) /0 {(1 —gs) @Y —(1- qs)(“fl)} f(s,0,1)dgs.
Then, Lh(t) < Ty(h,h)(t) < Lhh(t),t € [0,1]. It follows that Ty (h, h) € K. Similarly,
Toh(t) = 1";,:((2) /ol [(1 —g9)* P -1 QS)(%D] g(s,0)dys,

and

Toh(t) < (rqiw " ﬂfz)rqw) W) [ (1 g9 gl ).

Since g(t,0) # 0, we also get Toh € Kj,. Thus, the condition (i) of Lemma 3 holds. Next, we will
indicate that (ii) of Lemma 3 is still satisfied. For t € [0,1], u,v € K, from (Hy),

IBta—l 1 1
Tl(u,U)(t) = [“_ 1]11(1 —1317”‘*2) /0 H(q,qs)f(s,u(s),v(s))dqs—|—/O G(t,qs)f(s,u(s),v(s))dqs
a—1
= [ — 1](:?1t_ Br*2) /01 H(1,4s)8 (s, u(s))dgs + ‘7/01 G(t,qs)8(s, u(s))dqgs
= oTu(t).

Then, Ti(u,v) > oTou for u,v € K. Therefore, by Lemma 3, we have: up,v9p € K, and T €
(0,1) satisfying tvg < ug < vg, g < Ty(uo,v0) + Taug < Ti(vo,up) + Tovg < vp; the equation

Ty (u, u) + Tou = u has a unique solution u* in Kj;; for x¢,yo € Kj, set
xn = Ti(xp—1,Yn-1) + ToXp—1, Yn = T1(Yn-1,%u—1) + T2Yyp—1, n =1,2,...,

one obtains x, — u*, y, — u* as n — co. Namely,

w(t) < B 1M Hip,q) [ (s, 0(5), 00(5)) + (s, 0(s)) dgs
) b e LRI

+ [ G915 mo5)20(s)) + (s, m0(s) s, £ € 0,1,

wlt) > B I H(y,45)[£(s,00(5), o)) + 85, 00(5))ldgs
o= 1g (1= p*2) o ¢ i

+ [ 699) 115 00(5) m0(5)) + g 20()ls, £ € 0,1
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Label (1) has a unique positive solution u* € Kj,; for xg, yo € K}, the sequences

'Btocfl 1
wat) = g gy ) B ), () + g () s

+/01 G(t,qs)[f (s, xn(s),yn(s)) + g(s, xu(s))]dgs, n =1,2,...,

IBtzx—l 1
() = gy HO () 3 + 806 (s) s

1
+/0 G(t,qs)[f (5, yn(s), xu(s)) + &(s,yn(s))ldgs, n =1,2,...
satisfy ||x, —u*|| = 0, ||yn —u*|| > 0asn — co. O

Theorem 2. Let (Hy), (Hy) and the following conditions be satisfied:

Hs) fort € [0,1],A € (0,1),u > 0, thereis vy € (0,1) such that g(t, Au) > AV¢(t,u) and tAu, A ly) >
8 8

Af(t,u,v) fort € [0,1],A € (0,1),u,v > 0;
(He) f(t,0,1) #0fort € [0,1], and there is o > 0 satisfying f(t,u,v) < og(t,u), Vt € [0,1],u,v > 0.

Then:

(a) thereis ug,vg € Py and T € (0,1) such that tvy < ug < vg and

w(t) < B Hy,q9) (s, 10(5), 00(s)) + 85, uo(s))ldgs
T, o MO s(5.10(9)y

+ [ G915 m(5)20(s)) + (5, m0(s) s, 1€ 0,1,

wlt) > B 1 H(y,45)[f(s,20(s), o)) + 85, 00(5))ldgs
w10 Jo IV : q

1
+/O G(t,qs)[f(s,v0(s), uo(s)) + g(s,v0(s))]dgs, t € [0,1],
where h(t) = t*~ Y and G(t,qs), H(t,qs) are defined as in Lemma 5;

(b)  BVP (1) has a unigue positive solution u* € Kj;
(c) forany xo,yo € Ky, set

’Btrxfl 1
() = i ) o BP0 ) + 850 (s) s

+/(;l G(t,qs)[f (s, xn(5),yn(s)) + (s, xn(s))]dgs, n =1,2,...,

'Btucfl 1
Yas1(t) = [a—1]q(1—[3;7a2)/0 H(17,95)[f (s,yn(s), xu(s)) + &(s,yn(s))]dgs

+ /01 G(t,qs)[f(5,yn(s), xu(s)) +g(s,yn(s))|dgs, n =1,2,...,

and we get ||x, — u*|| = 0, ||y —u*|| = 0asn — oo.
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Proof. We also consider two operators T7, T. Given in the proof of Theorem 1, it has been shown that
T; : K x K — K is mixed monotone and T, : K — K is increasing. By (Hs),

Ty (Au, A"Y0) > ATy (u,0), To(Au) > A"Tou, A € (0,1),u,v € K.

From (Hy), (Hs),

2(5,0) > %f(s,o,l), £(5,1,0) > £(5,0,1), s € [0,1].

Since f(t,0,1) # 0, we obtain

1 1 1 1 1
/o f(s,1,0)dys 2/0 f(s,0,1)dgs >0, /0 g(s,1)dys 2/0 g(s,0)dys > %/0 f(5,0,1)dgs >0,

)
(rqm + ) Jo (19907 (5,1, 00dgs
> { (1—gs)* 2 —(1- qs)(“fl)} f(s,0,1)dgs >0,
and
(d>+umﬂ 5) Jo (=0 als s
F[(1=99) " = (1= 49)* ] g(5,0)gs > 0.
It can easily prove that Ty (h, h), Toh € K;,. Furthermore, by (Hg),
a1 1 1
TG00 = oy gy fy HOM (), o) dgs + [ Gltas) (s, u(s),0(5) s

optr1 1

< [ — 1], (1 — py*-2) /01 H(1,4s)8 (s, u(s))dgs + ‘7/0 G(t,qs)8(s, u(s))dgs

= 0’T2u(t).

Hence, Ty (u,v) < Tou, for u,v € K. By Lemma 4, we can claim: there are ug,v9 € P, and
TE (0,1) satisfying Tog < ug < vg, Uy < Tl(u(), T)o) + Toug < Ty (T)o, Llo) + Thvg < vgp; the equation
Ty (u, u) + Tou = u has a unique solution u* in Kj,; for xg,yo € Kj, set

xp =T (xnflr]/nfl) +Toxy—1, yn =T (ynflr xnfl) +Ty,—1, n=12,...,

one has x, — u*, y, — u* as n — oo. Namely,

; ﬁtzxfl 1H p
W) < G Jo HOA G u0() () + (50 (5)) s
+/01 G(t,gs)[f(s,uo(s),vo(s)) + g(s,uo(s))]dys, t € [0,1],
’Btucfl 1
W) 2 g gy fy B0, 10(9) + (6, 00(s) s

+ [ Gl,99) 115 00(5) 10(5)) + g5, 20(s)ls, £ € 0,1];
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Label (1) has a unique positive solution u* € Kj; for xg,yg € P}, the sequences

'Btocfl 1
) = g gy fy B ), () + g () s

+/01 G(t,qs)[f (s, xn(s),yn(s)) + g(s, xu(s))]dgs, n =1,2,...,

IBtzx—l 1
() = gy HO () 3 + 806 (s) s

+ /01 G(t,qs)[f (5, yn(s), xu(s)) + &(s,yn(s))ldgs, n =1,2,...

satisfy ||x, —u*|| = 0, ||yn —u*|| > 0asn — co. O
In the sequel, we consider special cases of Label (1) with ¢ = 0 or f = 0. Similar to the proofs of

Theorems 1 and 2 and according to Remark 1, we can draw the following conclusions:

Corollary 1. Assume f satisfies (Hy) — (Hy) and f(t,0,1) # 0, for t € [0,1]. Then: (a) there are ug, vy € Kj,
and T € (0,1) such that tvy < ug < vy and

a—1
W) < g B9 005, () s

1
—0—/0 G(t,qs)f(s,uo(s),vo(s))dgs, t € [0,1],

a—1
() > g ) 106 (e) () s

+/01 G(t,4s) f(s,v0(s), o (s))dos, t € [0,1],

where h(t) = t*~1 and G(t,qs), H(t,qs) are given as in Lemma 5; (b) the following BVP

t<1,2
)0, 0<t<l, 2<a<3, (13)

= BDyx(1),

{ Dix(t) + f(t,x(1), x(1) =
x(0) = Dgx(0) = 0, Dyx(1

has a unique positive solution u* € Ky; (c) for xo,yo € Ky, set

a—1
wotlt) = g ) MO 06) ) s

+./01 G(t,qs)f (s, xn(s),yn(s))dgs, n =1,2,...,

B ‘Btlel 1
yn+l(t) - [DC — 1}q(1 — /377“72) /0 H(U/qs)f(sfyn(s)rxn(s))dqs

1
—i—/o G(t,qs)f(s,yn(s), xn(s))dgs, n =1,2,...,

and we get ||x, —u*|| =0, |lyn —u*|| = 0asn — oo.
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Corollary 2. Assume g satisfies (Hy), (Hy) and (Hs), (Hg), g(t,0) #Z 0, for t € [0, 1]. Then:
(a) there are ug, vy € Ky and T € (0,1) such that Tvg < uy < vy and

a—1
wlt) < g fy HOLas(s (9

1
+./o G(t,qs)g(s,uo(s)), t € 10,1],

a—1 1
W) 2 o fy M98 )

1
+./0 G(t,qs)g(s,vo(s))dys, t € [0,1],
where h(t) = t*~' and G(t,qs), H(t,qs) are given as in Lemma 5; (b) the following problem

{D“()+g(tx()) 0, 0<t<1,2<a<3,
(0) (0) =0, Dyx(1) = pDyx(17),

has a unique positive solution u* € Ky; (c) for xo,yo € K, set

B ‘Btafl 1
xn+l(t) - [lX — 1}q(1 — ﬁrllez) /0 H(i],QS)g(S, xn(S))qu

1
+/ G(t,qs)g(s, xn(s))dgs, n=1,2,...,
0

a—1 .
wrlt) = g ) MO )s(6 (e

1
+/O G(t,qs)8(s,yn(s))dgs, n=1,2,...,

and we obtain ||x, — u*|| — 0, ||yn — u*|| — 0asn — oo.

Remark 3. In literature, we have not found such results as Theorems 1 and 2, and Corollaries 1 and 2 on
fractional g-difference equation boundary value problems. The used methods in literature were not fixed point
theorems for mixed monotone operators. Thus, our method is different from previous ones. We should point out
that we can not only give the existence and uniqueness of solutions but also make an iteration to approximate the
unique solution.

4. Examples

Example 1. We consider a problem:

{ D u(t) +ub (1) +

,,8:17:%,a>O.TakeO<b<aandlet

N1

where g = %, =

Q=

+0b, g(tu) = Lt3+3a—b, v =

1
=us+ |v+4|
f(t,u,v)=u [0+ 4] 7%

1
3

Then, f : [0,1] X [0, +00) x [0,4+00) — [0, 400) and g : [0,1] X [0, +00) — [0, +00) are continuous,
g(t,0) = 3a — b > 0. Furthermore, f(t,u,v) is increasing relative to u for fixed t € [0,1] and v € [0, +c0),
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decreasing relative to v for fixed t € [0,1] and u € [0, 400), g(t,u) is increasing relative to u for fixed t € [0, 1].
On the other hand, for A € (0,1),t € [0,1],u,v > 0,

Aut) £ +3a—b> Au(t) 3+ A(3a — b) = Ag(t,u),

8(tM) = 5 3@ 2+ u(t)

and
f(t A, A7 Y0) = ASus + Ao+ 4A] 5 + b > A5 {ub 4 [o+4]75 +b) = ATf(tu,0).

Then, (Hy)—(Hs) holds. Moreover, taking o € (0, 2], one has

f(t,u,0) :u%+[v+4]7%+b2b: L-(&z—b) 20[2:[_

3 — frd
37 b t° +3a b} og(t,u),

u

then (Hy) holds. By means of Theorem 1, problem (15) has a unique positive solution u* € Kj, where
h(t) = t3,t € [0,1].

Example 2. In Example 4.1, we replace the nonlinear term us (t) + [u(t) + 4]_% + zj:gf() i) £+ 3a by

1 u(t)

2+uU)+1+uU)+&

sin? t + 3 () +

By Theorem 2, we can also show that problem (4.1) has a unique positive solution u* € Kj, where
h(t) = t3,t € [0,1]. In fact, let

1
+ u g(t,u):u%+3,7:§.

t// :2t 9, ..
flbuw o) =sint+ 52+ 1

It is easy to check that (Hy), (Hy) hold. We only show (Hs), (Hg) are satisfied. For A € (0,1),t €
[0,1],u,0 >0,

W=

g(t, Au) = ASus 43> A%[u% +3] = ATg(tu),

and

Vo Mg A M
24+ Ao 14+ Au T 240 14u

Furthermore, f(t,0,1) = sin®t + 1 # O and

f(t, )\u,)L_lv) = sin?t+ > Af(t,u,0).

f(tu,v) <3< ud +3 = g(t,u).
Take o € [1,00) and then (Hs), (Hg) hold.

Remark 4. From Theorems 1 and 2 and Examples 1 and 2, we see that many boundary value problems can be
studied by our methods under mixed monotone conditions. We can find that there are many functions that satisfy
our conditions. In some works, the nonlinear terms required were super-linearity, sub-linearity or boundness,
which guarantee existence of solutions, but the uniqueness has not been obtained.

5. Conclusions

In this article, we investigate a fractional g-difference equation with three-point boundary
conditions (1). We obtain the existence and uniqueness of positive solutions in a special K,
where h(t) = t*~1. The used methods here are some theorems for operator equation T (x, x) + Tox = x,
where T; is a mixed monotone operator and T is an increasing operator. Our methods are new to
fractional g-difference equation boundary value problems. Thus, we can claim that we give an
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alternative answer to fractional problems and our results are very limited in the literature. Finally,
two interesting examples are presented to illustrate the main results. We should note that, to get the
uniqueness, we must need the conditions of mixed monotonicity and monotonicity for nonlinear terms.
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