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Abstract: Non-pairwise additive three-body dispersion potentials dependent upon one or more
electric octupole moments are evaluated using the theory of molecular quantum electrodynamics.
To simplify the perturbation theory calculations, an effective two-photon interaction Hamiltonian
operator is employed. This leads to only third-order theory being required to evaluate energy shifts
instead of the usual sixth-order formula, and the summation over six time-ordered sequences of
virtual photon creation and annihilation events. Specific energy shifts computed include DD-DD-
DO, DD-DO-DO, DO-DO-DO, and DD-DO-OO terms, where D and O are electric dipole and
octupole moments, respectively. The formulae obtained are applicable to an arbitrary arrangement
of the three particles, and we present explicit results for the equilateral triangle and collinear
configurations, which complements the recently published DD-DD-OO potential. In this last case it
was found that the contribution from the octupole weight-1 term could be viewed as a higher-order
correction to the triple-dipole dispersion potential DD-DD-DD. In a similar fashion the octupole
moment is decomposed into its irreducible components of weights-1 and -3, enabling insight to be
gained into the potentials obtained in this study. Dispersion interaction energies proportional to
mixed dipole-octupole polarisabilities, for example, are found to depend only on the weight-1
octupole moment for isotropic species and are retarded. Additional approximations are necessary
in the evaluation of wave vector integrals for these cases in order to yield energy shifts that are valid
in the near-zone.

Keywords: molecular quantum electrodynamics; dispersion potentials; octupole coupling

1. Introduction

It is well-known that the contribution to the total interaction energy arising from the non-
pairwise additive three-body van der Waals dispersion potential is very small [1]. In a few cases,
however, it can be significant enough to warrant consideration and eventual inclusion [2,3], as
sometimes also occurs in Casimir—Polder [4] and Casimir-Lifshitz [5] interactions. One of the best-
known examples is provided by the crystal energy of rare gas atoms, in which the closely packed
structure found in the solid phase is stabilised by an additional 5-10% of the total energy when the
triple-dipole dispersion energy term is accounted for. Another area, of wider applicability, in which
many-body effects are known to be important, is the design and computation of inter-particle
potential energy functions. This is motivated by the desire for ever-greater accuracy, and
incorporating a host of chemical and physical phenomena in order to improve the transferability of
the surface generated. Recent efforts have been spurred on by advances in ultracold spectroscopy
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and dynamics, especially three-atom and atom-molecule collisional processes involving alkali and
alkaline Earth elements [6]. In a similar vein, interaction potentials among three Group 8 elements
have been studied [7]. In this last work, the electric dipole approximation was relaxed and dispersion
energies in which the perturbation operator included electric quadrupole and octupole coupling were
computed. These couplings were taken to be static, and therefore applicable in the near-zone, that is,
for separation distances between pairs of species that are a lot smaller than characteristic reduced
transition wavelengths in atomic and molecular systems. Because the signal propagating between
individual centres is instantaneous in this approximation, the coupling is unphysical and unable to
treat dispersion interactions at larger separation distances, where the finite speed of light must be
properly accounted for since inter-atomic/molecular forces are fundamentally a manifestation of
electromagnetic effects. This means that the correct form of perturbation operator coupling centres
should represent the intrinsic electrodynamic nature of the interaction between particles.

A physical theory that furnishes a description in terms of photons and includes the
electromagnetic field from the outset is quantum electrodynamics (QED) [8]. Its non-relativistic
formulation applicable to slowly moving bound electrons in atoms and molecules, and termed
molecular QED, has been rigorously developed and applied with success to linear and nonlinear
spectroscopic processes and inter-particle interactions [9-12]. A macroscopic version [13] has been
used to calculate dispersion forces between objects such as plates, surfaces, slabs, spheres and bodies
with other geometries so as to better understand Casimir effects, as well as Casimir-Polder and van
der Waals forces that respectively involve one or two microscopic particles interacting with a body.
A key difference between QED and various semi-classical theories of radiation-matter interaction is
that both the electromagnetic field and the system of particles is subject to quantum mechanical laws
in the former, with light taken to be a classical external perturbation in the latter treatment.

Very recently, molecular QED theory has been applied to calculate higher-electric multipole
moment contributions to the dispersion energy shift between three particles [14-16]. These have
included potentials between two electric dipole polarisable species, and a third that is either electric
quadrupole or electric octupole polarisable, as well as the interaction energy of an electric dipole
polarisable molecule with two electric quadrupole polarisable molecules. The potentials obtained
hold for all separation distances outside the region of wave function overlap and extending out to
infinity, for oriented and isotropic systems. Approximating the speed of light to be infinite resulted
in the reproduction of the potentials computed using static multipolar couplings, applicable in the
near-zone [6,7]. Retardation corrected forms, applicable at very long-range, were obtained on taking
the far-zone asymptote, in which virtual photons with low frequency contribute most significantly in
mediating the interaction. In addition to formulae being given for arbitrary triangular arrangements
of the three bodies, energy shifts for particular configurations were evaluated. These included
equilateral triangle geometry, and when all three particles lie on the same line. Taken together, these
works extended the leading contribution to the non-pairwise additive dispersion energy, namely the
retarded triple dipole dispersion potential, first calculated by Aub and Zienau in 1960 [17], and
rederived by others [18-23], and extended to systems containing excited atoms [24,25]. It is worth
pointing out that these genuine non-pairwise additive three-body contributions to the dispersion
interaction energy are distinct from the sum of the three pair dispersion energy shifts that also
contribute to the total interaction energy in the pairwise additive approximation. The three-body
term is expected to grow in importance as the density of the ensemble increases. Of historical interest
is that the non-retarded result for atoms in the ground state, obtained via third-order perturbation
theory and static dipolar coupling operators, was first computed by Axilrod and Teller [26], and by
Muto [27]. Their energy shift exhibited inverse cubic separation distance dependence on each inter-
particle displacement, and hence inverse ninth power law behaviour in the case of an equilateral
triangle set up. Results were also given for right-angled triangle and collinear geometries.
Interestingly, the sign of three-body dispersion potentials is geometry dependent. Much later this
non-retarded three-body shift was related to the polarisation [28].

A particularly interesting feature arises in dispersion potentials when the electric octupole
coupling term is included in the perturbation operator [14,15,29,30], and is revealed on decomposing
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the octupole moment into irreducible components of weights-1 and -3. It was found that the weight-
1 term is only present when the interaction is retarded, unlike the weight-3 component, which
appears in both static and retarded couplings. Furthermore, because the weight-1 octupole moment
has three independent components, and transformation properties similar to that of a vector, the
weight-1 dependent part of the dipole-dipole-octupole energy shift was interpreted as a higher-order
correction to the triple dipole dispersion potential. This aspect was actually first noticed on
computation of the pair dispersion potential between an electric dipole polarisable molecule and an
electric octupole polarisable one [29], and in a recent study of dispersion interaction energies
involving a DD-DO, and a DO-DOQO pair [30]. Similar features were also found in the rate of resonant
transfer of excitation energy between an electric dipole donor moiety and an electric octupole
acceptor species [31]. While the electric octupole moment is a factor of the fine structure constant
squared smaller than the dipole moment, and gives rise to weak spectroscopic signals, selection rules
will ultimately determine whether transitions vanish or not.

In the case of three bodies that are in fixed orientation with respect to each other, the dispersion
energy when two of them, A and B, are electric dipole polarisable, and the third, C, is electric octupole
polarisable, is given by [14,15]

AgPDP-DD-00 __ I duaDD(A iu)aRP (B;iu)a° (C:iu)
647;4.90 0 my MMMy NoNg 1)

X Lkmlm2m3 (Ua) Lin1n2n3 (Ub) Fjl (UC).

In expression (1), the pure electric dipole polarisability tensor of species A evaluated at the
imaginary frequency ®=ICU is defined by

DD aiy (A)ﬂ O(n) ﬂ “PuO(A)
(A’Iu)_§ E,o—icu * E,otiicu |’ )

where uio X(A) = <0| 4 (A)| X> is the i-th Cartesian component of the transition electric dipole moment,
1(A), taken between ground ‘0> and virtual excited state ‘X> of particle A, with difference in
energy between these states denoted by Exo=E,—Ep. A similar definition holds for the electric
dipole polarisability tensor of particle B, whose complete set of intermediate electronic levels is

denoted by ‘y> The Roman sub-scripts denote Cartesian tensor components in the space-fixed

frame of reference. Einstein summation convention is assumed for repeating indices. Analogously to

formula (2), the sixth-rank pure electric octupole polarisability tensor of molecule C is defined as

© |u) |Jk(C)oImn(C) +Olmn(C)ouk (©) 3
'Jklm” , E,o-incu E,otincu | ©)

expressed in terms of transition electric octupole moments, whose reducible component operator

form is defined as
Oijk(C)Z—%(q—ﬁc)i(q—ﬁc)j(q—ﬁc)k, (4)

where —e€ is the electronic charge, { is the generalised electron coordinate, and ﬁC is the point in

centre C about which the multipolar expansion is made. Virtual electronic states of C are designated

by ‘Z> Also appearing in the result (1) are two geometric tensors, Fij (UR) and Lijkl (UR), which

will feature later on in this work, and whose definitions are now conveniently introduced as
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(UR) = (V25 + V.V )R _ 18 _RR.UZR2 + (5. —3RR. e R
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and

=S5 + %k +%19jk)
~5(8Re R + SRRy + 1R Ry + 5 RiR + 63 RIR + 44 RIR))

+35F”z-|i-RkR,](3+3uR+u R2)+[5 -(5k|—3RkR|) ©)

5B B RIUZR2 1 y3 4yg7R
+1ORiRJ—RkR|](u R“+u"R )—(§Ij—RiRJ—)RkR|u R }e?

The distances 4, b and ¢ appearing implicitly in the energy shift formula (1) are the side lengths

of the scalene triangle formed by the three objects A, B and C. They are defined as a=| ﬁB - ﬁC |,
b= ﬁC -R Al and c=| R A ﬁB |. Multiplying the geometric tensors in Equation (1) using formulae
(5) and (6) gives the potential for an arbitrary triangular configuration, from which specific
geometrical arrangements then follow on inserting the appropriate distance and angular variables.
These have been obtained for equilateral triangle and collinear geometries [14].

The three-body dispersion potentials considered in the literature thus far have all been between
species that are characterised by electric polarisability tensors that contain multipole moments of one
particular type, for example pure electric dipole or pure electric quadrupole moments. In this paper
we aim to study dispersion forces among three particles in which one or more entities is described
by mixed electric dipole-octupole polarisability. This quantity is non-vanishing for all molecules but
is zero for atoms that undergo transitions via these two multipole moments from the ground state to
the same virtual electronic level. For instance, an interaction of identical order of magnitude to
Equation (1) would occur between an electric dipole polarisable molecule, and two species with
mixed electric dipole-octupole polarisability. A systematic series of calculations are carried out in this
work, progressing from one, to two, to three molecules possessing mixed dipole-octupole polarisable
characteristics, with the other entities or entity in the first two cases being purely electric dipole
polarisable. We also compute the dispersion potential between an electric dipole polarisable
molecule, an electric octupole polarisable one, and a species with mixed dipole-octupole
polarisability, since this is of the same order as that arising between three species with mixed dipole-
octupole polarisability. This complements previous studies [14,15] wherein the effect of including
electric quadrupole (Q) coupling was accounted for by evaluating the DD-DD-QQ and the DD-QQ-
QQ three-body dispersion energy shifts. The first of these is comparable to the DD-DD-DO potential
and the second is of the same order of magnitude as the DD-DO-DO energy shift, both of which are
to be calculated in what follows, and the previously computed DD-DD-OO interaction energy given
by Equation (1). While all molecules possess a non-zero pure electric quadrupole polarisability,
symmetry dictates that only non-centrosymmetric species will support a non-vanishing mixed
electric dipole-quadrupole polarisability tensor. Key questions to be answered include whether
higher-order corrections to the triple-dipole potential arise from energy shifts involving mixed
multipole moment polarisabilities, and the role played by octupole weight-1 and -3 components in
such interactions. While the magnetic dipole moment, which is a similar order of magnitude to the

electric quadrupole moment, and which features in the paramagnetic susceptibility tensor, ™" ()
, i.e., the magnetic dipole analogue of Equation (2), and the magnetic quadrupole moment, which is
comparable in magnitude to O, magnetic couplings have been excluded from the present work since
they are difficult to measure and to compute. Whether, and to what extent, magnetic transitions need
to be accounted for in a given case depends not only on the general order of magnitude, but also more
importantly on the specific atomic species involved and their electronic wave functions. Attention is
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therefore confined to electric dipole and octupole contributions to facilitate ready comparison with
previous work.

The paper is structured as follows. A very brief summary of molecular QED theory is given in
Section 2, along with the form of the interaction Hamiltonian when electric octupole coupling is
accounted for, and the calculation of the non-pairwise additive three-body dispersion potential. The
next four sections contain specific results for dispersion energy shifts for each of the four cases
mentioned above. Potentials applicable to equilateral triangle and collinear arrangements are also
presented in the respective section devoted to each specific interaction. A summary is given in Section
7. Useful integrals required to obtain asymptotically limiting forms of energy shifts dependent upon
one, two or three atomic polarisabilities applicable at short-range are given in the Appendices.

2. Molecular QED Calculation of the 3-Body Dispersion Potential

Consider three ground state atoms or molecules A, B and C, positioned at R A ﬁB and ﬁC
respectively. The total molecular QED Hamiltonian operator, for which the electromagnetic field
forms an intrinsic part of the complete system, is given by [9-11]

H :ZHmO|(§)+Hrad +2Hint(§)’ §=A,B,C. @
4 ¢

Hmot(§) is the familiar molecular Hamiltonian of quantum chemistry. The second term of

Equation (7) signifies the radiation field Hamiltonian. The energy of the electromagnetic field is
represented by a sum of independent simple harmonic oscillators, whose quantisation is
rudimentary. Photons are the resulting particles that describe the elementary excitations of the
radiation field. In the occupation number representation that follows from effecting second

quantisation techniques, bosonic annihilation and creation operators, a(ﬂ”)(IZ) and aT(l)(IZ), are

introduced and are used to express H rad S

Hpad = Ez £t iyalM (k) +Lho, ®)
A

where the sum is taken over radiation field modes denoted by k, A corresponding to the direction
of propagation and index of polarisation, respectively. Quantisation of the radiation field is carried
out in a cube of volume V, thereby restricting the possible modes. @ is the circular frequency,
defined according to @ =ck; k is the modulus of the wave vector. One possible choice of eigenstates

for the radiation field is number states, ‘n(lz,/l)> , with the number operator n defined as

aT(l)(IZ)a(’l)(IZ) such that n‘n(lz,l)>=aT(/l)(lZ)a(’l)(IZ)‘n(lz,/i)>. Thus the creation and annihilation

operators respectively increase or decrease by one the number of photons of a particular mode in the
electromagnetic field. As expected, the eigenvalues of the radiation field are identical to those of the

harmonic oscillator, namely E_.,=(n +%)ha), n=0,12,..., with n restricted to positive integer values

rad

and zero. This last value of n corresponds to the vacuum state of the field, that is, all modes have
vanishing occupation number. This is an important feature of the theory, giving rise to observable
phenomena [32], one of the best known being the dispersion force.

The final term of Equation (7) designates the interaction Hamiltonian, representing the coupling
between radiation and matter. In the multipolar version of molecular QED theory, atoms and
molecules engage with Maxwell field operators via their electric, magnetic and diamagnetic
multipole moment distributions. Restricting to the first few moments of the electric polarisation field,
in light of the applications to follow, the interaction Hamiltonian is written as

HEE () =214 ()0 (R2) - 5'Q5 ()Y 07 (o)~ 5 0 (6)V Vi & (Ro) +., ©
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in which 4(¢), Qij (¢), and oijk(g) are the electric dipole, quadrupole and octupole moment

operators of particle &. These moments couple directly, or through the application of one or more

gradient operators, to the transverse electric displacement field operator, dJ‘(F), whose Fourier

series mode expansion is of the form
- hokey 12 _ kT - L iE
dt(r) =iz Lz\foj 6 k)alP (k)e* T -5 (k)aT ) (k)e kT, (10)
k,A

Rather than the electric field, €(F), matter couples to d l(F) in the multipolar framework

because the field momentum canonically conjugate to the coordinate variable is proportional to the
transverse electric displacement field in this coupling scheme. The field operator Equation (10) is
linear in the photon creation and annihilation operators, and the normalisation pre-factor ensures
that the operator correctly reproduces the energy of the electromagnetic field. In Equation (10),

gl )(IZ) is the complex unit electric polarisation vector for mode (k,2) radiation, and the overbar

denotes the complex conjugate quantity.

Solutions to the Schrodinger equation with Equation (7) as the Hamiltonian operator are
frequently derived via perturbation theory, with the sum of the molecular and radiation field
Hamiltonians constituting the unperturbed Hamiltonian. Solutions to each sub-system are taken to
be known, and because the unperturbed Hamiltonian is itself separable, the base states employed to
study the influence of the perturbation operator on the coupled system are product molecule-

radiation field states E'g,Eém,...;n(IZ.ﬂ),n’(E’,ﬂ'),...>, in which ‘Eg> and ‘E§’> are energy eigenstates for

species £ and &' when in electronic states labelled by quantum numbers p and g, respectively, and
N and n’ denote the number of photons of mode (k,1) and (k’,1’) presentin the electromagnetic

field. The effect of the perturbation is to cause transitions between states or a shift in energy. Standard
time-dependent perturbation theory yields a series expansion in powers of H;_ . for the probability

amplitude for a process to occur between specified initial and final total system states.

For the particular problem at hand, namely the dispersion interaction between three molecules,
the initial and final states are identical to one another and represent each of the three species in the
ground electronic state, with no photons of any mode being present in the electromagnetic field.

Hence the ket ‘0>=‘E(¢,E§,Eg> may be employed unambiguously. As for dispersion interactions

between pairs of particles [9-11], the three-body term contributing to the interaction energy is
mediated by the exchange of two virtual photons between each coupled centre. Hence the use of
Equation (9) requires that the sixth-order term in the perturbation theory expansion of the energy
shift in series of powers of H, . be employed in the computation. A consequence is that the number

of contributory terms that arise from Feynman-like diagrams that have to be evaluated and then
summed over is excessively large, amounting to 360 time-ordered sequences in the case where each
species is electric dipole polarisable. To circumvent such aspects, the Craig-Power Hamiltonian [33],
which is quadratic in the displacement field, has been used to compute the leading and first few
higher-order corrections to the retarded three-body dispersion energy [14,15,22]. In the electric dipole
approximation the coupling Hamiltonian for species A is of the form

Hine A ==L % aPP(A)di"(Ra)dT (Ra), (11)
25 modes
where the dynamic electric dipole polarisability in Equation (11) is evaluated at the real frequency
@ =Ck. The coupling Hamiltonian Equation (11) was first used to calculate the Casimir-Polder

potential [10,33]. It may be obtained by carrying out a unitary transformation with the generator

chosen such that the —561ﬁ(§)-aj‘(§§) term is cancelled except on the energy shell Explicit

demonstrations have been given in the Appendix of the paper by E. A. Power and T.
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Thirunamachandran, Chem. Phys. 171, 1 (1993) and in Ref [22]. Higher-order multipole terms may be
derived in a similar manner. Because Equation (11) represents an effective two-photon coupling
vertex, second rather than fourth-order perturbation theory could be employed together with two
instead of twelve time-ordered diagrams to yield the pair dispersion energy shift. Even greater
advantages accrue on using the interaction Hamiltonian (11) to compute the potential between three
atoms or molecules [22]. Only six topologically distinct diagrams are required to be summed over at
third-order of perturbation theory using the formula

O‘HiEtD(g)‘ i \Hi'ﬁtD(g)\ (1 ‘HiEtD(g)‘O>

AE= 2 EiroEio

) (12)

where the sums are taken over complete sets of intermediate states that result on excitation due to
virtual transitions and return the total system to the ground state. Denominators signify differences
between intermediate and ground energy levels. Overall, three different virtual photons are
exchanged between the interacting particles. The collapsed two-photon coupling vertex at each centre
accounts for absorption of two different virtual photons, or emission of two different virtual photons,
or emission of one type of virtual photon and absorption of another mode or vice versa [34]. One of
the six possible time-ordered sequences containing effective two-photon interaction vertices is shown
in Figure 1. As characteristic of field theories, particles with zero or integer spin—the bosons, mediate
interactions between material particles possessing half-integer spin—the fermions. In the case of
QED, the electromagnetic force is mediated between electrons by the exchange of virtual photons
[35,36]. By definition these types of photons are unobservable. They appear from and return to the
electromagnetic vacuum with energy and lifetime dictated by Heisenberg’s time-energy uncertainty
relation.

0 0 0
b I ()
o 7. mnt
27 4
- - ’ l
s” ‘ //
s” z
-
o~ /
Hy ) [~ /
-~ /
~ ~ V
H;p (B)
0 0 0
A B C

Figure 1. One of the six possible time-ordered sequences containing effective two-photon interaction
vertices
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For the particular three-body dispersion interactions involving electric octupole coupling to be
studied in the remaining, the appropriate effective two-photon interaction Hamiltonians to be used
in the diagrammatic perturbation theory calculation are as follows. For a molecule ¢ that is mixed
electric dipole-octupole polarisable, coupling to the electromagnetic field occurs via the two-photon
interaction operator

Hipt (&)=~

D S afq G0 RVY A (Ry), (13)

1
253 modes

where the mixed dipole-octupole polarisability tensor at real wave number is given by

ORI 0@ (&)

(14)
Eto—hck Et0+hck

ailjjk?(fik) =2
t

For the same molecule that is pure electric octupole polarisable, the Craig-Power form of the
interaction Hamiltonian is

00 (o]0} . ) o)
Hint (5):_7;2 2 aijimn SRV Vi di- (R ViV di-(Ry), (15)
0 modes

with a1 (£K) defined for molecule C by Equation (3),

At this stage it is convenient to introduce the decomposition of the octupole moment into its
irreducible components of weights-1 and -3. Whence

Cijk :Oi(j}() +Oi(j3k)’ (16)
where
Oiﬁ():_%qz(qi5jk+qj5|k+qk‘%j)' (17)
and
Off) =-214,0,0, - L6265, + 84 + )] (18)

for the multipole moment defined with respect to the origin. Oi(j}() has three independent components

and the transformation properties of a vector, while Oigi) has seven independent components. When

any two of the Cartesian tensor components are equal, Equation (18) vanishes. Similarly, from the
form of the electric octupole coupling to the electric displacement field in either form of interaction
Hamiltonian, be it Equation (9) or Equation (13) or Equation (15), the contribution is zero when the
suffix of the field is equal to that of any of the gradient operators immediately preceding it. This is
because for a neutral entity, the electric displacement field is exclusively transverse in nature outside
of the source. It is for the same reason that the trace of the electric quadrupole moment does not

contribute to the coupling in the interaction term -, 1Qi i &V jdii( R 6g).

It is clear from the partitioning Equation (16) that any mixed polarisability tensor containing an
electric octupole moment, or pure electric octupole polarisability Equation (3), may also be separated
into contributions that are explicitly dependent upon scalar weight-1 and -3 octupole moment terms.
For instance, inserting Equation (16) into the mixed electric dipole-octupole polarisability Equation
(14) produces
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Ijk| (‘f k)= aljkl (5 k)“LO‘ukI (‘f k)

oW oot d0 o0 ol 0 (19)
] | + ] |
Eto—hck Et0+hck Eto—hck Et0+hck

t t

Analogously, the pure electric octupole polarisability tensor ai?k(ljmn (&k), Equation (3), has

octupole weight 1-1, 1-3, 3-1 and 3-3 dependent contributions,
uklmn(‘f k)= O‘uklmn(gg I()+0‘uklmn(‘5 k)Jr"‘uklmn(g k)J"J‘uklmn(é k). (20)

3. DD-DD-DO Energy Shift

The first dispersion potential to be evaluated is the leading correction involving the octupole
interaction term, namely that between two electric dipole polarisable molecules A and B, and a third,
C, that is mixed electric dipole-octupole polarisable and characterised by Equation (14) or Equation
(19). Hence the interaction Hamiltonian for the system of three coupled ground state particles is

H; t_Hmt (A)+ Hlnt (B)+ Hlnt ©), (21)

with the pure electric dipole Craig-Power coupling Hamiltonian given by Equation (11). Emulating
the calculational procedure recently employed in evaluating three-body energy shifts [14,15] yields

AEPDDD-DO_ e he 3( V28 + Vi V)2 vza +V; vp) VgV P
647" g
(22)

><(—V25 +V. Vl)c 1 IduaDD(A iu)en P (B; 'U)“mpqr(c ju)eu(a+b+c)

for an arbitrary triangular configuration of the three particles, with side lengths a, b and ¢ defined
earlier. Each polarisability is evaluated at the imaginary frequency. Utilising the definitions of
Fij (UR) and L jii (UR) introduced in Equations (5) and (6), allows the energy shift Equation (22) to

be written more succinctly as

AEDD-DD-DO__ ne e I duaDD(A )P (B; |u)ampqr(C iU) Fyn (Ua) Lipg (Ub)Fjy (uc). — (23)
647 &0

Both expressions for the energy shift hold for molecules in fixed relative orientation to one
another.

To obtain the potential applicable to isotropic molecules, a rotational average of Equation (23) is
required. This may be done as separate averages over each particle. For electric dipole polarisable
species A and B, the randomly averaged tensor, enclosed in angular brackets, is given by

DD .: _1 DD /sy DD .; _
where the Greek subscripts denote Cartesian tensor components in the molecule-fixed frame of
reference, and a factor of 1/3 has been absorbed into the definition of the isotropic polarisability. From
expression (19) it is seen that the mixed dipole-octupole polarisability is a sum of weight-1 and -3
octupole moments, and overall is a Cartesian tensor of rank four. An orientational average of such an
object is obtained via [37]

<Tijia > 'ﬁk? Juve v (25)
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where Tijkl is a fourth-rank tensor, and Il(ji% vy 18 given by

4 _1
Iigk%;ﬂ/jwr - %wljékl (45/1y5v7r - 5/11/5/” - 5,1;;5#1/)
+5k5u (=03, + 433,02~ 8320y (26)
8105k (03,02 = 61,8y +467,6,,)].

From the form of the mixed dipole-octupole coupling Equation (13), it is seen that Hllﬁto (©)

vanishes when j = k and when j = I. Hence the second and third terms within square brackets of
Equation (26) do not contribute. Similarly, the mixed dipole-octupole coupling is zero when u=v

and when p=7, so that the second and third terms within each of the three terms written in

parentheses do not contribute to the orientational average. Therefore the orientationally averaged
mixed electric dipole-octupole polarisability of molecule C appearing in formula (23) is

_2
mpqr(C |U) 55mp5qr5ﬂ,u5\/ﬂ'aﬂﬂ\/ﬂ'(c IU) Sé‘mpé‘qraﬂvﬂﬂﬂ(c |U) (27)

From relation (16) it is seen that the octupole moment appearing in Equation (27) is composed
only of the weight-1 term, with the weight-3 contribution vanishing identically. The superscript “1”
serves to label the contributing weight, as in expression (19). On employing relation (24) twice and
Equation (27) in Equation (23) yields the energy shift for isotropic molecules

- - l © - -
AEDPD-bD-DO :—% ) dugDD(A;lu)aDD(B;m)aMW(C iu)Fjy (ua) Ljjy (ub)Fy (uc),  (28)

647765 0

where a factor of 2/15 has been absorbed into the definition of the isotropic mixed dipole-octupole
polarisability. Multiplying the geometric tensors using Equations (5) and (6) produces for the
dispersion potential.

DD-DD-DO' _  pe ~u(a+b+c) , DD DD
AE Idue (A:iu)aPP (B:iw)aPC (Ciiu)
647 53 a3b5c3 0 Mﬂﬂ

{[(a-b)% +(0-6)% +(E-8)% - (4-b)(b- &) (¢ &)uBa?b?c?
-2+ (8-5)2 +3[(D- €)%+ (€-8)2]-3(A-b)(b-€)(E - A)](u"a%b*c + uBa?b?)
-2+ 3[(4-b)% + (5-8)2]+ (6-8)2 —3(4-b)(b- &) (¢ A)](u’a%b3c? + uPaZh?c?)
12+ 3(a-b)% +(6-2)2]+ (b-€)2 —3(4-B)(b-€)(¢- A)](u”ab%c? + uBb?c?) (29)
H-4+3[(4-b)% +3(b- €)% + (€-8)2]-9(4-b)(b- €)(E- &)](u®a%b3¢ + uPaZb? (b+c) + u*aZh?)
+H-4+3[(a-b)% +(0-6)% +3(¢-8)2]-9(4-b)(b- &)(E- &)](uPab?c + uZb* (a+ ) + u*b?)
-4+ 3[3(2-5)2 + (b- €)% + (6-4)2]-9(4-b)(h- &) (& &)](uPab3c? + uPb2c2 (a+ b) + u*b2c?)
+{-6+9[(a-b)? +(b- )%+ (¢-8)?]-27(a-b)(b- &)(¢-&)]
x(u®ab3c +u*b?(ab +bc+ac) + udb?(a+b+c))},

which applies to a scalene triangle geometry. The circumflex denotes a unit vector. It is interesting to

note that each of the eight terms contained within square brackets inside the braces, namely involving
direction cosines, appears distinctly in the corresponding expression for the triple dipole dispersion

potential (Equation (57) from Ref. [15]). Because Oi(j}() (&) has transformation properties equivalent to

that of an electric dipole, result (29) may be interpreted as a higher-order correction to AgDPP-DD-DD
Expressions for specific configurations follow straightforwardly from Equation (29). For an

equilateral triangle, a=b=c=R, and 3§ b=bh-6=¢-4=—C0s60° = —%, Whence
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DD-DD-DOY _ ¢ ~3uR ,DD DD
AE — e I due™ (A;iu)aPP (B;iu)aPC (C:iu)
E 512%3RM o M““ (30)

«[7(uR)® +3(UR)” +24(uR)® + 75(UR)® +120(UR)* + 99(UR)°],

whose coefficients preceding each power of uR are identical to corresponding terms appearing in the
triple dipole energy shift when the triangle is equilateral (see Equation (48) of Ref. [14]).

Another noteworthy feature of Equation (29) (and consequently result (30)), is that there is no
term independent of u, leading to no direct near-zone asymptote. This is due to its dependence solely
upon the octupole weight-1 term, and the absence of a contribution from the weight-3 term.
Nevertheless, by making the following approximations we may arrive at a short-range limiting form

for the interaction energy. Retaining the (#R)3 term, with g R

~1 for uR << 1, and using result (A15)
from Appendix C, we see that Equation (30) results in an R near-zone limiting dependence on

separation distance for an equilateral triangle arrangement:

DD-DD- DO ~ ~0x -0y 2 0z 1)20
AE (NZ)~——2 5 [2%(A)P % (B)PudA ()0 (C)E, oE, oE

a 480h3C3ﬂ'4ggR8xyZ A x0=y0=z0
) Exo(Ejo~E0) INGEgRIe)+E o (E )~ Exo) INGE oR/ o)+ Ey (Exy—E o) IN(3E 1R/ c) (31)

2 2
(EyO_EZO)(EZO f0)(Efo- EyO)

This compares with an inverse ninth power dependence on R in a true near-zone limit for the
triple-dipole potential.

The far-zone limiting form of the interaction energy for an equilateral triangle configuration
follows directly from Equation (30) on taking the polarisabilities to be static, corresponding to the
zero frequency limit @=iCU—0, since in the far-zone uR >> 1 with R—w®, and evaluating the
ensuing u-integral using the standard integral

o0
[ x"e™dx =nty "L, Ren>0. (32)
0

This leads to the far-zone asymptote

1
DD-DD-DOY - _ 122638hc DD
AE (FZ)= 1226381 ;DD (A.0),PD(B:0), 00" (C:0), 23
= 5128 73R12 M“” 3%

and which exhibits inverse twelfth power separation distance dependence. Note that for this
particular three-particle configuration, the force is repulsive.

For a collinear arrangement, in which the mixed dipole-octupole polarisable species C lies mid-
way between A and B, 22 = 2b = ¢ = R, and Op =05 =0°, and Oc =180°, so that é~6=1, and
b-&=¢-4=—1, the dispersion energy shift from Equation (29) is

DD-DD-DO! ZUR DD DD
AE —Idue (A:iu)aPP (B:iu)aPC (C:iu)
Coll 8x4:3RL o /Wtu (34)

«[(UR)B +5(UR)’ +17(uR)® +16(UR)® —36(uR)* ~ 96(uUR)?].

Again the coefficients appearing in the polynomial function are identical to that found for the
collinear geometry of three dipole polarisable molecules (Equation (52) of Ref. [14]), as well as in the
weight-1 dependent contribution to the DD-DD-OOQ dispersion energy shift (see Equation (51) of Ref.
[14]). As for the equilateral triangle case, inverse eighth power law behaviour is found in the near-
zone on using result (A15). It is given by
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DD-DD-DO? _0x 0y 2,02 1)20
AE (N2)~—84 5 |20%(A)2 | 2% (B)Pu 5 (C)O% " (C)E,oE, oE
Coll 45h3C37r483R8xyz Au x0=y0~=z0
35
Efo(Eﬁo—EZZO)|n(2EXoR/hc)+Ey0(EZO—Exo)|n(2Ey0R/hc)+E§0(530—530)|n(ZEZOR/hc) (35)
(EyO E )(EZO EXO)(EXO E )
In the radiation zone Equation (34) reduces to
1
DD-DD-DO DD
AEGH) (Fz)=—3837hc__ ;DD a:0),PD (B, O)aMW(C 0), (36)

1287%53R"2
which varies as R-12. The potentials for the collinear arrangement are positive in sign.

4. DD-DO-DO Dispersion Potential

The next dispersion energy involving octupole moments to be examined is that between an
electric dipole polarisable molecule, A, and two mixed electric dipole-octupole polarisable species, B
and C. This interaction is of the same order of magnitude as that between two electric dipole
polarisable particles, and a third that is pure electric octupole polarisable, and which has previously
been published [14,15]. The calculation is similar to that outlined in the last section and to other
dispersion interactions between three bodies.

Relative to Equation (21) the interaction Hamiltonian is

Hi = HPP(A)+ HPO(B)+ HDO (), (37)

int =
Summing over the six time-ordered diagrams at third-order of perturbation theory produces the
following result for molecules in fixed relative orientation to one another, and which depends on

octupole weight-1 and -3 terms:

o]
AEDD'DO'DO:—M” = (J) dUai?D(A;iu)aﬁgn(s;iu)ag’gs(c;iu)ka(ua)Liqrs(ub)Lj,mn(uc). (38)
0

Orientational averaging using Equations (24) and (27) produces the energy shift expression for
isotropic molecules

1 1
AE DD-DO™-DO" _

e (I) dua®P( Alu)aMW(B iu)a W(c i) () Ly (WD) L (U0, (38)

on absorbing factors of 2/15 into each of the isotropic mixed dipole-octupole polarisabilities, and on
making use of the relation ij" (UR)=L il (UR). After averaging, the weight-3 octupole moment

makes no further contribution to the interaction energy, with only the weight-1 term in play. The
product of geometrical tensors produces a result identical in form to that occurring in the octupole
weight-1 dependent term of the DD-DD-OO potential given in Equation (54) of Ref. [15] for a scalene
triangle, and to the geometrical part of the triple dipole result, given by Equation (57) of Ref. [15].

1 1
Thus AEPPPO DO s another higher-order correction to the AEPDP-PD-DD energy shift.

Explicitly,
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AEDD-DO™-DO' _ e Idue u(a+b-+c) ,DD

647r4gg 3b5 5

{[(@-5)2 +(b-€)2 +(¢-8)% - (a-b)(b-&)(¢- &)Jul%Zb%c?

-2+ (8-b)2 +3[(b-6)% + (¢-8)?]-3(a-b)(b- &) - &)](u%a?b*c® + uBa?btc?)

H=2+3[(a-b)2 +(b-€)?]+(E-8)% —3(a-b)(b- &)(¢- a)](u%a2b3c?* + uBaZb?c?)

+H-2+3[(4-5)2 +(€-4)%]+(b- €)% —3(a-b)(b- ) (¢ a)](u%ab*c? + uBbic?) (39)
H-4+3[(a-b)2 +3(6-6)2 +(€-8)2]-9(a-b)(b- &)(¢- A)](uBa%b3c3 + u’ab2c? (b +c) + uPa’h2c?)
H[-4+3[(A-5)2 +(b-6)2 +3(6-8)2]-9(a-b)(b- )€ A)](uBab?cd + u b%cZ(a+c) + uBbtc?)
H-4+3[3@-b)% +(b-6)2 +(¢-8)2]-9(4-b)(b- )€ - 4)](uBab%c? + ub%c? (a+b) + uBhZc?)
+[-6+9[(a-b)2 +(B-6)% + (¢-8)%]-27(a-b)(B- 6)(€-a)](u"ab3c3 + uBb2c? (ab+ be + ac)
+u?b2c(a+b+c)+ubZc?)y.

(A; '”)O‘MW(B |u)avwm(c iu)

From this last equation, which applies to a scalene triangle arrangement of the three atoms, the
dispersion potential for an equilateral triangle geometry is readily found to be

1
AEDD DO-DO Idue 3uR DD

5127r458R13 : (A 'U)“MW(B |u)aW7m(C iu)

(40)
«[7(uR)E +3(uR)? + 24(uR)® + 75(UR)” +120(UR)® + 99(UR)° +33(UR)*]

Because there is no u-independent term, a true near-zone limit does not exist. One may be found
by retaining the (#R)* term and using the integral result (A16). This gives a potential with an R short-
range dependence,

DD-DO-DO! _0X, pav2,0 1)y0 1)20
AEE; (N2)x—— 2 5 |2 WPu)) B0 B ()02 (©)
7200h7c 50R XY,z
[EXOEy0+Ex0EzO+EyOEzO]
20 (Ex0+Ey0)(Ex0+EzO)(EyO+EZO)

(41)

X EonyoE

At very large separation distances between nuclei, Equation (40) reduces to the far-zone
asymptote

1 1
AE DD-DO"-DO (FZ)= 716608%A¢ DD(A 0)ax

E g (B0
d 51253 73R s

W(C 0), (42)

displaying R-* behaviour, and for which the polarisabilities are static.
For three molecules in a straight line, C lying in the centre,

AEDD Do'-DO? Idue 2uR DD

87z4 3R13 0 A Iu)a’”ﬂ#(B IU)aVWW(C iu)

(43)
«[(UR)X? +5(uR)® +17(uR)® +16(uR)” —36(uR)® — 96(UR)° - 48(uR)*],

whose near-zone limiting form exhibits inverse ninth power dependence on using Equation (A16),
DD-DO'-DO 0% Ay2,,0 1)y0 1)20
AECH (NZ)x-—— 32 5 | 2% (AP (B)0)10 (B)ud (©)052(C)
225h7c £ R¥ x, Y,z
[EXOEyO+Ex0EZO+EyOEzO]
20 (Ex0+EyO)(Ex0+EZO)(EyO+EZO)

(44)

X EonyoE
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In the far-zone Equation (43) gives rise to an asymptotic energy shift

DD-DO-DOY, -\ 481147c DD
AEGq (FZ)= —128;;453;14 (A; O)a/u,u,u(B O)avwm(C 0), (45)

with identical power law dependence to that found for an equilateral triangle geometry, Equation
(42). It is interesting to note that the polynomial terms within square brackets of the u-integrals (40)
and (43) are identical to the octupole weight-1 dependent terms occurring in the DD-DD-OO
dispersion potential, given by the first integral terms of Equations (47) and (51) of Ref. [14],
respectively, and are therefore necessarily higher-order corrections to the triple dipole potential, as
seen by comparing Equations (40) and (43) with Equations (48) and (52) of Ref. 15.

5. DO-DO-DO Interaction Energy

The next three-body dispersion energy shift involving electric octupole coupling to be studied
is that between three mixed electric dipole-octupole polarisable species. The interaction Hamiltonian
is the same for each centre, namely

Hie= = Hin @), (46)

with Hllgto (&) given explicitly by Equation (13). Standard calculational procedure leads to the

following formula applicable for molecules with locked-in relative configurations,

AgDO-DO-DO _ _

647[ Iduauld (A; '“)“mnpq(B |u)ozrstu (C; |u)Lnr|Oq(uz:1)LIstu (Ub)ijkl (uc),

(47)

and is dependent upon octupole weight-1 and -3 contributions. After random orientational averaging

there is no dependence on O (5) £=AB,C, and the energy shift simplifies to

o0

Jdualiy,u (Aiu)a Vwm(B u)a pGG(C u)L ]kll(ua)lemm (ub) I‘I]nn ue), (48)
647r 50 0

1 1 1
AE DO"-DO™-DO™ _

exhibiting a dependence solely on octupole weight-1 moment as found in each of the previous cases
involving mixed dipole-octupole polarisability. A factor of 2/15 has been taken into each of the

isotropic mixed polarisability tensors of Equation (48). On multiplying the product of Li jki tensors
using Equation (6), the isotropic potential for a scalene triangle is

1 1 l
AEDO -DO-DO hc Idue U(a+b+C) DO (A Iu)aDO (B |U)

5b5 0 vvnrw ppO'O'

(C iu)

871' g
{[(@-0)2 +(0-6)%+(E-8)% - (a-b)(0-&)(E-a)Jut2a*bic?
-2+ (4-b)2 +3[(b-6)% + (¢-8)?]-3(@-b)(B - &)(¢- a)](uta*b?c® + ul%a%p?c?)
H-2+3[(a-b)% +(b-6)?1+(E-a)> —3(a-b)(b-&)(€- A)](uttab3c? + u¥a%p?c?)
H-2+3[(8-b)%+(€-8)2]+ (b-6)% —3(@-b)(B- &)(¢- A)](utaBpc? + ul%aZhc?) (49)
+H-4+3[(8-5)% +3(0-€)? + (6-8)%]-9(a-b)(b- &)(¢- &))(ul%*b3c3 + u%a*b2c? (b+c) + uBathPc?)
H-4+3[(a-b)% +(b-€) +3(¢-8)2]-9(a-b)(b- &)(¢- 8))(u'%3p*c® + u%a%b*c? (a+ c) + uBaZb?c?)
+H-4+3[3(a-b)2 + (b- €)% +(¢-2)]-9(a-b)(b-&)(¢ - &) (u'%3b%c? + u%aZb?c? (a+b) + uBabc?)
H-6+9[(A-b)2 +(0- €)% +(¢-8)%]-27(4-b)(0- &)(€- &) (u%ah3c? + uBaZhc? (ab+ be + ac)
+ua?b?c? (a+b+c)+u a2b2c2)}
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The eight individual direction cosine terms within braces are identical to those featuring in the
triple dipole dispersion potential between three particles in arbitrary geometrical arrangement.

For three atoms or molecules positioned in an equilateral triangle configuration, Equation (49)
yields the potential

1 1 1
DO™-DO™-DO ~3urR_DO!
AE (v I due ~"a (A; |u)a (B |u)a (C iu)
Eq 5 1 27r458R15 0 Aduu vwm ppO'O' (50)

«[7(uRYL2 + 3(uRYM + 24(uRY1® + 75(uR)°® +120(uR)® +99(UR)” +33(UR)®].

The coefficients match those computed in Equation (40). Even though there is no u-independent
term, a short-range asymptote may nonetheless be extracted from Equation (50). This is done by
substituting Equation (19) for the octupole weight-1 contribution to the mixed dipole-octupole

polarisability evaluated at imaginary frequency and making the approximation E,,E,4,E,q<<7cu,

yo'
so that the product of energy denominators simplifies to (hcu)6. The u-integral in Equation (50)

therefore becomes

Idu - R 7R + 3(uRYM + 24(URYL + 75(uR)? + 120(UR)® + 99(UR)” + 33(UR)P], (51)
0 u

which may be evaluated using the integral result (32). This produces 10112R5/243, yielding a near-
zone asymptote

AEDo -DO'-DO! NZ) ~ 10112 1 1 > E.,E,qE
(ND)~oda (25)3(he)® 43RV vy, X0Ty0ma0 (52)
< RO (A)0Y (B0 (B),0 (€10 D),

which exhibits R0 behaviour.
At very long-range, the limiting form of the energy shift is

1 1
AE DO™-DO —DO (FZ)— 23709440hc (ZDO (A 0)

. (B:0)aD%, (C:0), 53
Eq 519x3 72’463R16 VVHIT ppO'O' (53)
with inverse separation distance exponent of sixteen.
For a collinear arrangement, the energy shift is
1 1
po'-Dol-Do ~2ur_DO! ;
AE —nc I due 2RgDO" (A:iu)aD (B iu)ar (C;lu)
Coll 87[453R15 0 A vwm ppo-o- (54)

R +5(uR)M +17(uRYI? +16(uR)? —36(uR)® - 96(UR)” - 48(uR)®],

with identical coefficients to that given in Equation (43). A limiting form of the energy shift which is
dominant at short-range may be obtained in an identical manner to that carried out for the equilateral
triangle case. Approximating (kfo + u2)(k§0 + u2)(k220 + u2) in the energy denominators of the
polarisabilities by u, the u-integral in Equation (54) is evaluated using Equation (32) to give

I du#[(uR)lz +5(uR) +17(uRYL% +16(uR)® - 36(uR)® - 96(uR) " - 48(uR)®]= —% R°, (55
0 u

and a near-zone asymptote
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DO*-DO'-DO! 186
AE (NZ) ~ - > E,nE.qE
Coll (15) (hc)5 ”483R10 Xy.2 x0=y0-z0 (56)
1
<A ()Y B0 B)4) (05 (C).

From Equation (54) the far-zone limit of the potential is

AEDo -pot-pot (FZ) = -22079250c (A 0

(B O)a
128;z4ggR16

ppoc ,(CO) (57)

VV/UZ

which displays an R™'¢ dependence.

6. DD-DO-0O0 Dispersion Potential

The final dispersion interaction energy to be computed involving the electric octupole moment
is that between an electric dipole polarisable molecule, A, an electric dipole-octupole polarisable
species, B, and a purely electric octupole polarisable particle, C. This potential is of the same order of
magnitude as the energy shift considered in the previous section between three mixed electric dipole-
octupole polarisable objects. In the present case the interaction Hamiltonian is

HPP(A)+HDPO(B)+ HOO (0, (58)

Hlnt it Int int

with the last contribution given by Equation (15). From third-order perturbation theory and summing
the contributions from six time-ordered graphs, the potential for molecules in fixed mutual
orientation is

o0

oart (j)du“inDD('A‘;iu)o‘klmn(B iu)a qrstu(C i) Lypgr (U@) Liggy (UP) L jipp (UC), (59)

AE DD-DO-00 _

where a(p)qct)*stu (C;iu) is the pure electric octupole polarisability of C, Equation (3).
To obtain the interaction energy for randomly oriented molecules requires an average of

(0]e]

Zpgrstu

(G;iu), a sixth-rank Cartesian tensor. Utilising the form of the octupole moment and the

nature of its coupling to the transverse electric displacement field, the averaged quantity is [37]

(e]e} . _ 14 (0]e} .
% pqrstu (Cr1U) >= m[gps%rétu %1y (Cil)

00 r
+2(8 5%t *+ FpsPquit + Fptgsru + FptFqurs + Spudasdrt + FoudetSrs) @iy (CHU]:

(60)

Contracting tensor indices after multiplying factors from the average over each molecule, and

olot

using the relation a/%?u oy (GiU) =

a%?vﬂ yv(C iu)= 3 a/%ig 2o (Criu) + agy% yv(C; iu), which follow from Equations (16)—(18), an explicit

expression for the energy shift (59) in terms of octupole weights is

AgPDDO-CO____1ahe T dua®P (Asiu)e
210><327r 50 0

ppGG(B iu)

o'o! 3 (61)
X[aﬂﬂﬂﬂvv(c |u)LJk“(ua)lemm(ub)Lunn(uc)+4[ a/wMW(C |u)+a/1WMV(C u)]

X{ijlm(ua)[l-iklm (ub) + Ljjym (Ub) + Ly (UD)] Lijnn (uc)}.

It is interesting to note that apart from pre-factors, Equation (61) is identical to the DD-DD-OO
dispersion potential given by Equation (53) of Ref. [15], or if expressed in terms of reducible
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components of the octupole moment, is equivalent to Equation (46) of Ref. [15]. This recognition is

arrived at on realising that L;; n(uR)=u2FiJ- (UR). Thus energy shift formulae for particular

ijn
geometrical arrangements may be written down immediately from the results presented in Section
VI of Ref. [14].

For the pure electric octupole polarisability having implicit dependence upon octupole weight-

1 and -3 dependent terms, where 1/3 is factored into aDD(A'iu) a factor of 2/15 is absorbed into

prOO'O'(C iu), but the factor 14/210 is retained explicitly, the dispersion energy for an equilateral

triangle configuration is
DD-DO'-00 2,-3uR ,DD .
AEE, m(f)duu (Asiv)a pw(B |u)a/1ﬂMW(C,|u)
10 7 6 5 4
«[7(uR)*? + 3(uR)® + 24(uR)® + 75(uR)” +120(uR)® + 99(UR)® + 33(UR)*]
hc 2,-3uR , DD ; (62)
+128><607z4 g (f)duu e (Ajiu)a ppUG(B |u)aﬂﬂv/wv(c,|u)
10 9 8 7 6 5
x[13(UuR)™" +119(uR)” +785(uR)” + 2784(uR) " +5307(uR)" +3789(uR)
~1446(uR)* + 9441(UR)® + 46332(UR)2 +58725uR +19575],
with coefficients identical to that found in the DD-DD-OO interaction energy. The additional factor
u?/R? in each integral term of Equation (62) ensures the potential is entirely retarded, containing no
uR-independent terms, as expected since the mixed dipole-octupole polarisability of B is independent

of the octupole weight-3 term. A form applicable at very short range may be obtained on retaining

the u-independent term in the second integral of Equation (62) and using the integral result (A14).

This is found to be
DD-DOM-00 O (R0 (B)oDYO
0 X, y z

(63)
ExOEyOEzO
(Ex0+Ey0)(Ex0+Ez0)(EyO+E )’

displaying inverse fifteenth power dependence.
With similar definitions for the isotropic polarisabilities, the dispersion potential for collinear
geometry is

(B |u)a (G;iu)
120 ”4 53R15 0 p,DGG /1##/1 144

«[(UR)E? +5(uR)? +17(uR)® +16(uR)” —36(uR)® —96(UR)° - 48(UR)*]
2,~2uR ,DD " (64)

+30”4—3R15(I)duu (Aiu)a pO_G(B |u)a/ww1w(c,|u)

«[(UR)L? + 21(uR)? + 273(uR)® + 2498(UR)” +14790(UR)® +352880(UR)°

+127576(uR)* +50688(UR)3 — 57344(UR)? —1382400uR — 691200],

which also contains no uR-independent term. Using the result (A14) a short-range limiting form of
Equation (64) may be obtained as
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DD-DO'-00 - 4096 ~0x 2 0 1)y0 0z z0
AEGol (ND)~-— 108 o 127 (g BI0pey (B107, (€107, (C)
0 XY,z

(65)
% ExOEyOEzO
(Ex0+EyO)( Ex0+EzO)( EyO+EZO)

which has identical power law behaviour as result Equation (63).

7. Summary

A systematic study has been peformed of dispersion interactions between three molecules when the
effects of electric octupole coupling have been accounted for, supplementing a previously published result
involving two electric dipole polarisable species, and a third that is pure electric octupole polarisable. This
has been carried out using the theory of molecular QED, in which the electromagnetic field is quantised
and interactions between non-relativistic microscopic particles take place via the exchange of one or more
virtual photons. As in the case of pair dispersion potentials, the transfer of two virtual photons between
each interacting pair mediates coupling between three molecules in the ground electronic state, with the
radiation field in the vacuum state. To simplify the computations, for instance by considerably reducing
the number of time-ordered diagrams that have to be summed over, an extension to higher multipoles of
the Craig-Power Hamiltonian operator was adopted instead of the usual interaction Hamiltonian that is
linear in the Maxwell field operator. This alternate perturbation operator, which has the form of an
effective two-photon coupling operator, enables third-order perturbation theory to be used in the
evaluation of the three-body dispersion potential.

Specific energy shifts calculated include that between two electric dipole polarisable molecules
and one that is mixed electric dipole-octupole polarisable; one electric dipole polarisable molecule
and two mixed dipole-octupole polarisable molecules; and three mixed electric dipole-octupole
polarisable molecules. Also computed was the potential between an electric dipole polarisable
molecule, an octupole polarisable species, and a mixed dipole-octupole polarisable molecule, which
is of the same order as the DO-DO-DO interaction. Important insight into the results obtained was
gained by decomposing the octupole moment into its irreducible components of weights-1 and -3.
The weight-1 dependent contributions to each of the potentials contained sums of direction cosine
terms that preceded polynomial terms in various powers of u, a, b, and c that were identical to that
found in the leading non-pairwise additive triple-dipole contribution to the energy shift, with the

DD-DO!- DO and previously obtained DD-DD- o'o! contributions being viewed as higher-order
correction terms to the DD-DD-DD potential.

Interestingly, for isotropic energy shifts involving mixed dipole-octupole polarisable species, the
interaction energies are wholly retarded, containing no static terms. Furthermore, the octupole weight-
3 term of this tensor vanishes on random orientational averaging, leaving a dependence solely on the
weight-1 contribution. Nevertheless, evaluation of the u-integral for small displacements of the three
particles may be used to obtain an energy shift valid in the near-zone. Explicit expressions for dispersion
potentials were also given for equilateral triangle and collinear arrangements of the three molecules for
each of the multipole moment combinations considered. The hierarchy of emerging power laws in the
near-zone can be understood from the fact that the nonretarded DD-DD-DD potential is proportional
to R, where each replacement of a dipole with an octupole leads to a factor of the order (a/R)? << 1,
where a represents the extent of the electronic wave function. On top of this, the absence of true static
terms leads to factors (kR)™ << 1, where m is zero or a positive integer and k is the wave number of the
radiation exchanged between the molecules. Note that DO-DO and DO-DO-DO interactions are special
cases where the exact balance between (a/R)* and (a/R)* respectively with (kR)* and (kR)¢ leads to an
additional factor R arising from a Casimir-Polder type integral. The emerging power laws for pair and
three-body interactions are shown in Table 1.
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Table 1. Short-range dependences of dispersion potentials: Near-zone limiting behaviour of various
equally displaced two- and three-body dispersion energy shifts involving electric dipole (D),
quadrupole (Q) and octupole (O) couplings.

Multipole Coupling Near-Zone Power Law Ref.
DD-DD R [9-11]
DD-QQ R-6 x (a/R)? x (kR)*~R8 [29]
DD-DO R6 x (a/R)? x (kR)>~ R® [30]
DO-DO R6x (a/R)* = (kR)* x RI~R7  [30]
DD-OO R6 x (a/R)* = (kR)*~R~7 [29]
DD-DD-DD R [26]
DD-DD-QQ R x (a/R)? x (kR)*~R1 [14]
DD-DD-DO R x (a/R)? x (kR)*~R8
DD-QQ-QQ R x (a/R)* x (kR)~R~3 [14]
DD-DO-DO R x (a/R)* x (kR)*~R~®
DO-DO-DO R x (a/R)é x (kR)® x R1~R-10
DD-DO-00 R x (a/R)é x (kR)*~R'5

It is also worth highlighting that the integrals over imaginary wave vector evaluated in the
Appendices may be used to calculate the sub-dominant contribution to the near-zone potential
between an electric dipole polarisable molecule and an electric octupole polarisable one. This two-
body potential has been calculated previously [29], and is

AEDD-00 _ —Wg T duube 2R DD(A;iu)aMMW(B iU)[(UR)* +2(UR)® +5(uR)% +6(uR) + 3]

—L?due 2UR,0D (A m)aﬂ A (B;iu)[(UR)® +12(UR)” +90(uR)® + 486(uR)° (66)
4207%5R 0 HvAHY

+1863(UR)* +4950(UR)® +8775(uUR)? +9450(UR) + 4725].

Strictly speaking there is no contribution to the conventional near-zone limit arising from the
first term of Equation (66), that dependent upon octupole weight-1, because there is no uR-

independent term. A short-range asymptote may be arrived at by approximating 7icu>>E, s, EyO in

the polarisabilities and using Equation (32) to evaluate the resulting u-integral, giving

DD-0'0! /1 29%(a) 2 000y (g)0MYO0
AE (NZ)~- m ) kxokyol (A O/uz,u (B)Olw (B), (67)

exhibiting a Casimir-like inverse seventh power dependence. The typical near-zone limit, arising
from the second term of Equation (66), that dependent upon octupole weight-3, in contrast displays
R0 behaviour. Again, the unexpected behaviour stems from an additional small factor (kR)? as
shown in Table 1. In this context it is useful to remark that short- and long-range expansions of the
Casimir-Polder dispersion potential, as well as all correction terms up to second order in the fine
structure constant have been performed from consideration of the orbit-orbit contribution due to the
Breit-Pauli Hamiltonian, including relativistic effects [38,39], and compared with recent molecular
QED calculations [30].

Finally, it is worth pointing out that the ratio of the limiting forms of the triple dipole dispersion
potential for an equilateral triangle configuration to the pair potential is AE,/AE, =a(0)galR_3,
where «(0) is the static polarisability, indicating that for small values of this quantity and large
separations the triple dipole energy shift is appreciably weaker than the corresponding two-body
contribution. Interestingly, taking the electric dipole moment tobe ea,;, where e is the proton charge
and ao is the Bohr radius, and the transition energy to be of the order of one Rydberg, the ratio
AE3/AE, is unity at distances of around 3a, with AE3 increasing in importance at larger distances.
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Appendix A. Wave Vector Integrals Involving Single Polarisability

When calculating Casimir-Polder energy shifts between an atom and a macroscopic object such
as a plate or a slab, wave vector integrals that feature a single atomic polarisability are encountered
of the form

0
[du—u" g URICpR /), (A1)
0 a+u?
with
nl
P(x)= X Px", (A2)
n=0

and where PO =1. Then for aR/c << 1, corresponding to the near-zone, we have for:

(i)n=0,
0 _ R/ o0
[due " PR/c)~ Jdu—Ll =2 (A3)
0 a’+u? 0 a’w? 22
(i) n=1,
«© —UR/ ® -
Jdute ™ puR/c) ~ fdeZX:—In(a—R), (Ad)
0 a‘+u 0 (aj) 2 ¢
C
on letting x = uR/c and with P(x) ~ 1.
(i) n =2,
© 2 R/ e
[duv e puR/c) ~ | due "R'eP(uR /), (A5)
0 a’t? 0

since u2 >> a2, and which may be evaluated using Equation (32). Hence on collecting results,

Z n=0

o0 n.—ur/c 2a
IduugizP(uR/c): —In(aR/c), n=1 , (A6)
0 a“+u

n—-1
(Q) [ dxx"2e*P(x), n>2
RI o

with n>2 evaluated using Equation (32).
Appendix B. Two Polarisabilities

In calculations of the Casimir-Polder dispersion interaction between two atoms, wave vector
integrals involving two polarisbilities are encountered of the form
o0 n /
Iduﬁe_”R P(uR/c). (A7)
0 (a%+u”)(b"+u”)
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On letting aR/c and bR/c << 1, we have for:

(i)n=0,
Tau— L e WRIopR/c)~ fdu— L o5 (A8)
0 (@%+u)(b%+u?) 0 (a%+u?)(bl+u?) 2ab(a+h)
and which is 7/ 4a3, forb=a.
({)n=1,
o0 o0
[du——t—— e_“R/CP(uR/c)z(R)ZIdxxe_xﬂ 1 i~ =1 2In(ﬁ), A9
0 (a%+u%)(b“+u”) ¢/ o \‘(aR)erxz\(bR)ZHzJ b’-a% \2 (A9)
c c
on substituting x = uR/c. For b =a, (A9) becomes 1/ 232 by L'Hopital’s Rule.
(iil) n =2,
o0 2 o0
[ duﬁe_”RlcP(uR/c) =(B) [ dwx2e™, 1 -
0 (@) tnd) clo {(aR)ZXZ\(bR)ixZ}
c c
(A10)
~ = XX == ,
o {(ﬂ)2+X2J(W)Z+X2J 2(a+b)
c c
where the last integral is evaluated via
Ofdu u? =—Z
0 (a2+u2)(b2+u2) 2(a+h)
For b =a (A10) simplifies to 7 /4a.
(iii) n = 3,
o0 3 o0
Iduﬁe_”R/CP(uR/c) = [ dw®e ™, 1
0 (a%+u?)(p?+u?) 0 (ﬁ)ixz (bj)ﬂxz
c c (A11)
~—L _[a%In(aR/c)-b?In(bR/c)],
b?-a?
which tends to -In(aR/c) for b =a.
(iv) n>4,
o0 n_300
[du— " o URICpR/C) ~ (2) [ dxx"4e*P(x), (A12)
0 (a%+u?)(b®+u?) R0
which may be evaluated using
o]
[ dxxe ™ =nty "L Ren>0.
0

The approximation u2>> 2, b? has been made.

Appendix C. Three Polarisabilities

In three-body energy shifts involving an electric octupole moment, to arrive at a short-range
limit we are required to evaluate integrals of the form
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© —uR/
[ du ule P(UR/c), (A13)

0 @%+ud)b2+ud)(d2+u?)

where P(UR/c) is the polynomial function, and whose constant, u-independent term is kept, i.e.,
P(uR/c)=1. uistransformed to X=UR/C, so that for n =2 (A13) becomes

OJodu u?e "RIOP(uRIc) :(B)Sofodxxze_x‘ 1
0 (@+ud)(b2+ud)(d2+u) \C 2

e ]

and which tends to 7/ 16&3 for a=b=d.
Forn=3

1
(arb)a+rd)(b+d)’  (A14)

2 0
(B) [ dxx%e
C

" e

which equals 1/ 4a® fora=b=d.

{az(bz—dz)In(aR/c)+b2(d2—a2)In(bR/c)+d2(a2—b2)In(dR/c)}
(b2-d?)(d2-a%)(a?-b?) ' (A15)

°O 4,-UR/
For n = 4, we have [du ute e P(uR/c). Taking the leading term of the

0 (a?+u?)(b%+u?)(d?u?)
polynomial expansion, and transforming to x, we have

R T X% % ab+ad+hd
R [dx - -

¢ U af)zﬂz\(bR) *XZJ( dR)2+X2 Jz%[(a+b)(a+d)(b+d)

(A16)

c c
and which equals 37/16a fora=b=d.
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