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Abstract: In this paper, the solution of fuzzy differential equations is approximated numerically
using diagonally implicit multistep block method of order four. The multistep block method is
well known as an efficient and accurate method for solving ordinary differential equations, hence
in this paper the method will be used to solve the fuzzy initial value problems where the initial
value is a symmetric triangular fuzzy interval. The triangular fuzzy number is not necessarily
symmetric, however by imposing symmetry the definition of a triangular fuzzy number can be
simplified. The symmetric triangular fuzzy interval is a triangular fuzzy interval that has same
left and right width of membership function from the center. Due to this, the parametric form of
symmetric triangular fuzzy number is simple and the performing arithmetic operations become
easier. In order to interpret the fuzzy problems, Seikkala’s derivative approach is implemented.
Characterization theorem is then used to translate the problems into a system of ordinary differential
equations. The convergence of the introduced method is also proved. Numerical examples are given
to investigate the performance of the proposed method. It is clearly shown in the results that the
proposed method is comparable and reliable in solving fuzzy differential equations.

Keywords: block method; fuzzy differential equations; predictor-corrector; Seikkala’s derivatives

1. Introduction

Modeling of real-world problems involves ordinary differential equations (ODEs) that are not
always perfect. For example, the initial value may not be known exactly and the function may contain
uncertain parameters. This inexactness leads to the necessity of fuzzy differential equations (FDEs)
to overcome the situation. Examples of FDEs application in real life include models such as in solid
waste management systems [1], hydraulic differential servo cylinders [2], population models [3],
hyperchaotic systems [4], and service composition [5].

Chang and Zadeh in [6] first introduced the fuzzy derivative concept. The concept was then
extended by Dubois and Prade [7] and the authors also addressed the problem of linearity. Goetschel
and Voxman [8] and Puri and Ralescu [9] studied and proposed several important definitions and
theorems in the fuzzy derivative. A significant contribution for fuzzy initial value problems (FIVPs) is
done by Seikkala [10] and Kaleva [11,12].

The exact solutions for certain FDEs are inconvenient and tedious to determine because of the
complexity of the FDE problems. Therefore, numerical methods are used for solving the FDEs.
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Ma et al. in [13] contribute an important work in solving FDEs by using a numerical method. They adopted
classical Euler’s method and solve the FIVPs.

Several researchers discussed predictor—corrector methods for solving FDEs [14-17].
Allahviranloo et al. in [15] developed a predictor—corrector method based on the Adams-Bashforth
three-step method as a predictor and the Adams-Moulton two-step method as a corrector.
The improvise method of [15] is then proposed in [14]. Shang and Guo [17] derived the
predictor-corrector method based on Adams-Bashforth four-step method and the Adams-Moulton
three-step method as a predictor and corrector respectively. Jayakumar [16] introduced Adam:s fifth
order predictor—corrector method for solving FDEs by considering the Adams-Bashforth five-step
method as a predictor and the Adam-Moulton four-step method as a corrector. All studies aimed to
determine better accuracy and efficiency in finding solutions to FDEs.

The multistep block method is an efficient method for solving ODEs. In this method, several
approximation points will be computed simultaneously on the x-axis in the block. Mehrkanoon et al.
in [18] and Isa and Majid in [19] solved FDEs by using the 2-point fully implicit multistep block method.
Diagonally implicit multistep block method is used by Zawawi et al. [20] and Ramli and Majid [21,22]
for solving FDEs. Zawawi et al. proposed diagonally implicit block backward differentiation formulas,
while Ramli and Majid developed an Adams-type diagonally implicit multistep block method, which
considered order four for first point and order five for the second point. Fook and Ibrahim in [23]
solved FDEs by using a 2-points hybrid block method.

This paper will discuss the implementation of a 2-point diagonally implicit multistep block
method to solve fuzzy differential equations. The method will compute the numerical solutions at
two points simultaneously using constant step size. The two formulas of the diagonally implicit block
method of Adams type will have the same order for the first and second formula.

This paper is organized as follows. Some basic definitions and notations are in Section 2. Definition
of FIVP in Section 3 and description of the 2-point diagonally implicit multistep block method of order
four (2PDO4) will be discussed in Section 4. In the next section, the implementation of the block method
for solving FIVP and its algorithm is proposed in Sections 5 and 6 respectively. The convergence of
the method is proved in Section 7. Numerical results are provided in Section 8 and conclusion of this
study is at the end of the paper.

2. Preliminaries

Some basic definitions and notations that are significant for this paper will be reviewed in this
section. For further details, refer [15,24-26] (to name a few).

Definition 1. Let 17 : R — [0, 1] is a mapping of fuzzy number with R is set of all real numbers. The mapping
has following properties:

1. n upper semicontinuous,

2. yis fuzzy convex, that is, §(Ax + (1 — A)y) > min{y(x),y(y)}, forall x,y € R, A € [0,1],
3. 1 is normal, that is exist xo € R such that 5(xg) =1,

4. The support of nis supp 1 = {x € R|y(x) > 0} and its closure cl(supp 1) is compact.

Consider E as set of all fuzzy numbers on R.

Definition 2. The r-level set of a fuzzy number nj € E,0 < r < 1 and denoted by [17],, is defined as

] _{{x€R|17(x)>r}, if0<r<1,
T cl(suppn), ifr=0,

and is closed and bounded interval by [g (r),ﬁ(r)} where 11(r) and 77(r) denotes the left-hand endpoint and
right-hand endpoint of [n], respectively.
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The summation and scalar multiplication in E are defined as:

1. q@y:(ﬁJrE/ﬁJrﬁ)/
2 Aog= (M), A1), A =0,
T o), <o

Given the Hausdorff distance D : E x E — R4 U0 as the distance between two fuzzy numbers
and a metric in E as follows

D1, 1) = supmax{ |5(r) = u(r)|,17(r) = 7 ()| }

rel0,1]
with the following properties

Dn®w,udw)=D,n), Yy, uweE,
DA®n,Au) =|A|D(y, 1), YA € RV, u € E,
Dnepuwdo) <D(y,w)+Du0o), ¥Yy,u,w,0 €E,
D(n+p,0) < D(3,0) + D(1,0), Vi, u € E,

(E, D) is a complete metric space.

G N

Let f : R — E be a fuzzy valued function.
Definition 3. If for arbitrary fixed tg € Rand e > 0, 6 > 0 such that
|t —to] <0 = D(f(t),f(ty)) <e¢
is said to be continuous.

Hukuhara differentiability (H-derivative) for fuzzy mappings is introduced by Puri and Ralescu
in [9]. The differentiability is based on H-difference sets. Definitions 4 and 5 explained the concept.

Definition 4. Let x,y € E. If there exist z € E such that x = y @ z, then z is called the H-difference of x and
y, and it is denoted by x © y. The sign “©" stands for H-difference and note that x Oy # x + (—1)y.

Definition 5. f is differentiable at ty € R if exist f'( to) € E such that

fim LU0+ M S fto) o flto) © f(to —h)
h—0t+ h h—0t+ h

exist and are equal to f'(ty).

Here, the limits are taken in the metric space (E, D) since we have defined i~ Q(f(ty) © f(to — h))
and ™1 O(f(to + 1) © f(to))-
3. Fuzzy Initial Value Problems

In this paper, we will consider first order FIVP as follows

y'(t) = f(ty(t), y(to) = yo, t € [to, T] 1)

where y is a fuzzy function of ¢, f(t,y) is a fuzzy function of crisp variable t and fuzzy variable y, and v/’
is Hukuhara fuzzy derivative of y with the given initial value y(f) = yo. Let y(t) = {y(t), y( t)} ,if y(t)

is Hukuhara differentiable then i/ (t) = {yf’(t),?’(t)} ,and f(t,y(t)) = [i(t,y(t),y(t)),f(t,y(t),y(t))] .
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The parametric form of y is given by
(), = [y(s),56n)], te R r € 0,1).
As referred to [21], the Seikkala derivative of a fuzzy function is defined by
(1), = [Z(t; .7 (t r)} ,teR, re0,1]

provided that the equation defines a fuzzy number.
For solving (1) by using numerical methods for ODEs, it must be translated to system of ODEs.
Bede in [27] proposed characterization theorems for the solutions of FDEs by using ODEs.

Theorem 1. Let f : (a,b) — E be Hukuhara differentiable and denote [f(y)], = []:(y(t;r)),f(y(t,‘ r))}

r

Functions f(y(t;r)) and f(y(t; 7)) are differentiable and based on Seikkala derivative
F'W)], = [£ W), F )], re o).

Therefore (1) can be translated to the system of ODEs

v (6r) = f(tLyEn),5En),

760 =F(tybn),6n), o
Y(tor) =y (),

¥ (toir) = ¥o(0).

Theorem 2. Consider FIVP (1) where f : [to, to + a] X E — E such that

Lo Uyl = by aEn) F(LyEnaen)],

2. fand f are equicontinuous (that is for any e > 0 and any (t,7(t;r), u(t;r)) € [to, to + a] x R? we have
(), ntn) =m0, 60)| < eand [F(t (), 1) = Fltum ), m(Br)| <e
forall v € [0,1] whenever ||(t1,n11(t;7), ua(t;r)) — (,n(t;7), u(t;r))||< ) and uniformly bounded on
any bounded set,

3. thereexist an L > 0 such that

fEn ), ntr) = f(tm (), i (60)| < Lmax{n — 1], |u— ]}, ¥r € [0,1) and
Ft (), 1) = F(tym(Br), i (67)| < Lmax{ly =, |u—, ]}, ¥r € [0,1],

Then FIVP (1) and the system of ODEs (2) are equivalent.

4. Derivation of 2-Point Diagonally Implicit Multistep Block Method
Consider the initial value problems (IVPs) for ODEs of the form

Y = f(xy), y(x0) = yo, x € [a,1] ®)
where a and b are finite. The interval [a, b] will be divided into a series of blocks. In this proposed
method, each block contained two points, y,,11 and y,1» which will be computed simultaneously in a
block with the step size h at the points x,, 11 and x,,4 respectively as in Figure 1.
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Figure 1. 2-point implicit multistep block method.

The Lagrange interpolation polynomial is applied for the derivation of predictor and corrector
formulas. To obtain the predictor formulas, the set of points {(x,—2, fu—2), (Xp—1, fu—1), (Xn, fu)} is
interpolated and the order of the formulas is one less than the corrector formulas. The corrector
formulas will use the set of interpolation points i.e., {(xy—2, fu—2), (Xn—1, fu—1), (Xn, fn), (Xn41, fus1)}
for derivation of y,1 and {(x,—1, fu—1), (Xn, fn), (Xus1, fus+1), (Xn+2, fu+2)} for derivation of y,4».
The formulas of v, 1 will used three back values (x,, x,_1,X,—2), while the y,,1+, will used two back
valuesi.e., (x5, x,-1).

Formulas for y,41 and y,4 are derived by integrating (3) such that

[ydx = [ f(x,y)dx ()

where the interval of integration for y,,+1 and y,,1» are [x;, x,+1] and [x;, x4 2] respectively. These are
equivalent to

le
Yot =yu+ [ flxy)dx 5)

and

w2 =+ [ fx,y)dx
y +] 0 flay)d ©6)

The function f(x,y) in (5) and (6) is replaced by the Lagrange polynomial which interpolates the
set of corresponding mentioned points. Evaluating the integral in (5) using MAPLE gives the formula
for the first and second point of the block multistep method as follows:

The first point,
Vst = Y+ o (s +19F1 — 5t + fu2) @)
and the second point,
Yn+2 :yn+§(fn+2+4fn+1 + fn)- ®)
As referred to [28,29], ‘ ‘
X]: AYpik =h Z]: BiFitk )
k=0 k=0

form the general matrix of linear multistep method where Ay and By, are r by r matrices with elements
apy, and by, for l,m = 1,2, ..., r. The associated difference operator L is given by

j

Liz(x);h] = Y [Axz(x + ) — hBz'(x + kh)] (10)
k=0
where z(x) is the exact solution and assume to be sufficiently differentiable. If Cy = C; = ... = C; =0,

Cpy1 # 0, L is said to be order p and C, 1 is called the error constant.
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The general form of constant C; is defined as

]
Co = L Ay
k=0
C jkA B
]
C = Z[ k1A = k™ 1Bk} =23, .., p+1L
k=0

To determine the order of the method, (7) and (8) is written in matrix form as follows

10 Ynr1 _ 01 Yn—1 29 0 fn+1 7% % fn—l 0 zlj fn—3
{OlHym}_{OlH%z +h{ 3 %waz%[o DA [ Tlo o] s (12)
0 —1 ] 1 0 0 L
F 12), A, = A As = Ax = By — B — 24
rom (12), A, o |48 1 |44 o |45 [1]/0 [0],1 lol,
_5 19 9 0
B, = 024 ,Bs=1| % |,Bs=| % |andBs = | | |. Hence, by applying (11), Cy = C; =
3 3 3
0 1o ] 0
Cr=C3=C4 = 0 and Cs5 = 720 | Since Cs # 0 the method is concluded as order four
~% |

5. Implementation for Solving FIVPs

Consider the FIVP (1) and let the exact solution is denoted by [Y(t;7), Y(t; )] while {y(t; ), y(t r)]
is the approximate solution. To integrate the system (2), from t let T > t(, and replace [fo, T] by

<t <t <..<tp=T. (13)

Yu(t7) = [Y,(t7), Yu(t;7)] denoted as the exact solution at £, with the approximate solution y,, (; ) =
{zn(t,‘ ), 9, r)} Givent, =tp +hwhere0 <n<Nandh = %
The general fuzzy 2PDO4 method by considering (7) and (8) is written as

Y(thy;r) = X(ter) + % [9J:(tn+1an+1(”)/?nﬂ(”)) +19f (tn, Y, (r), Ya(r))

*5]:(”1—1/!11—1 (r)r?n—l(r)) +i(tn*Zan—Z(r)/Yn*Z(r»}/

_ _ _ _ _ _ (14)
Y(turrr) = Y(tnr) + % [9f(tn+1/Xn+l (1), Yuy1(r)) +19f (tn, X, (r), Y (1))
—5?<tn—1/Xn—l (7')/?71—1(7)) +7(tn72lzn72<r)/771*2(7)>:|’

Y(tyio;r) ~ ( +4 [f(fn+2/ Youi2(r), Yuya(r)) +4£(fn+1/Xn+1 (r), Ynga(r))

+f (b Y, B )

tn;7)
()

Y(tpio;7r) = (tn/ )+ % [f( n+2/Xn+2(7)/Yn+2(")) +47(fn+1,ln+1 (r), Yns (”))
+f (b, Y ()

7
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for the exact solutions and

Y(bnsrir) = <tn, )+ %9
_Sf( n-1,Y yn 1
Y(twr) = (tn/ )+ 21 [

_Sf(nllnl ynl

(bws1,¥, oy () Fpa (1)) +19F (tury, (1,7, (7))
(a2, () 70a()],

(trs1y, (7 ) Trnal ) +19F (twy,(1,5,(1))
F(ta2, (1), 5,2(1)],

Y(tns2ir) = y(tr) + 5[ f (brr2ry, () T2 () +4F (Brsry, 4 (1,5 (1)

f
)
7
)+

+ % [f(tn+z, Vo T 12(1) +4F (ta1, Yo 1 (1), Yo (1)

for the approximate solutions.

6. Algorithm

7 of 21

(16)

(17)

The following algorithm is based on using 2PDO4 method. To approximate the solution of the

following FIVP
Y1) = fty(®) y(t) =yo, o <t<T.
For N as an arbitrary positive integer,

o Stepl. Leth = %

order four is used to determine the two starting points. Hence,

yltoir) =Yy y(tir) = 1, y(h2ir) = 1y,
Y(toir) = Yo, Y(ti;r) =7y, Y(t2i1) =Yy
o Step2. Letn =2.

o Step3.Lett,y; =ty +nhandt, .y =t +nh.
e  Step 4. Let the predictor formulas

V(i) = y(tir) + 35 [23f (b, y, (10, 7,(1)) = 16f (1,9, (1), 7, 4(7))
+5f (w2, (1T o) ],

P tparir) ~ i) + 4237 (tn, ,5,(1) =16(ta1,9, (0,7, 1(1))
+5F (tn-2,9, (), Fualr

~—
N———
[E—

Y (bus2ir) = y(tuir) + 4 [19£(tn,gn(r),?n(r)) =208y, (0.5, 4(0)
+7f (tu-2,,_, (1), T 2(1)) ],
7" (b2 ) ~ Gt 1) + 5 [19F (b, y, (0, 7,(1)) =20(ta1,y, (1) 7,1 (1))
S CERARC ARG

. The initial value y(ty) = yp is obtained from the FIVP and Runge-Kutta
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e  Step 5. Let the corrector formulas

Y (tas1ir) = y(tuir) + % [Of (b1, 4 (1), T (1) +19F (b, (1), 7,4 (1))
=5f (w14, ()T (D) + £ (20w, (). F02()],
T s r) = Fltwir) + 35 [9F (¥, (0, Fa (1)) +19F (b, (1), 7,1
=5F (ta-1,9, (1), F 1 (1) + F (a2, (1, F2(1)) |,

YO (tus2ir) 2 y(twir) + 5[ (a2 g, wm(r)) 4fF (a1, 1 (1), Fa (1)
+£ (tuy, (10.7.0)].
T (tns2ir) = Tt r) + 5[ (a2, o () T2 (1)) +4F (brsn, Yoia (1), Yaia (1)
+F (b, (1.7,0)]-

e n=n+2
o Ifn <N -2, gotoStep3.

1)y

e  Algorithm is completed and [zc(tn;r),yc(tn; r)] approximates [Y (t;;7),Y (tn;7)].

7. Convergence

From (16) and (17)
y(Ehr) = Hto,zo(r)}, [tl,gl(r)}, v [tN,yN(r)} },
y(t:hr) = {{to, Go(r)], [t 71 (N)], . [N TN ()]},

are the 2PDO4 method over the interval ty < t < ty and approximate to Y(t;r) and Y(tr)
respectively. Given

(18)

I%ig(l) y(Ehr) =X(Er), 11m y(tEhr)=Y(tr), (19)

is the convergence condition for the approximates. The following lemma is considered to proof the
convergence.

Lemma 1. [9] Let {'wn}nl\]:0 (a sequence of numbers) satisfy:
|wy+1] < Alwy| 4+ Blw,—1|+C, 0<n<N-1
for some given positive constants A, B and C. Then

jwa] < (A" + B1A" 3B+ B A" OB 4.+ BBl ) [
+(A" 2B+ 11 A 4B 4y ABUY ) [ag)
+(A"2+ A3 4 +1)C
+ (1A + 5, A" + .+ 5,A+1)BC
+ (51 A"+ AT + L+ A+ 1)BC
+(AMAE 4+ 1A 4 L+ AA+1)B3C+ .., nodd
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and lon| < (A" 14 B A" 3B 4 B, A"5B2 4 . 4 BB/~ )|w1|
+ (A"—ZB by ATAB L+ ymAB[”/z]) ||
+(A"2 4 A8 4+ 4+1)C
+(01A" + 5, A" + .+ 5,A+1)BC
+ (51 A"+ AT + .+ ;A +1)B2C
+(AMAT8 4 XA 4+ A A+1)B3C + ..., neven

where for all [, m,p,q and s, B, Ym, Op, (g and As are constants. The proof by using mathematical induction
is straightforward.

Theorem 3. For arbitrary fixed r, (r € [0,1]), approximate solutions (16) and (17) converge to the exact
solutions Y (t;r) and Y (t;7) for Y, Y € C[to, T].

Proof. By applying (19), it is sufficient to show

lim y, (r) = X(T;r), lim 5y (r) = Y(T;7).

Consider the exact solutions (14) and (15), then

¥(bsrir) = Y{tir) + 25 9 (tut, Yaa (1), Vi () 419 (b, Y, (1), Vo)
5F (tat, Y1 (1), Yt () + f(fr2 Yo (), V(1) |
- %hSX(S) (gn) 4

B o - B _ (20)

Y(tpyr) = Y(twr) + % [9f( 41 Y1 (7), Yn+1(7)) + 19f(tn,Xn(7’),Yn(f’))

57 (b1, Yot (1), Vuca () + Fltn2, Y2 (r), Voa(r)]

~ BV @),
Y(tyio;r) = (tn, )+ 4 [f(tn+2f Youia2(r), Yaia(r)) +4f (tns1, Yoia (r), Yusa (r))
Y W —gx® (g ),

£ b X, Tl 1~ Y (2 ) ) ) o1
Y(tnioir) = Y(ty;r) + & [f ( Y Yn+z(r>, Y2 (r)) +4f (tni1, Yo i1 (1), Yura (1))
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where t,;, < gn,En < ty+1. Therefore, by subtracting (20) and (16), and (21) and (17) yield

X(th_rl}r) —Y(tu1;r) = Y(tusr) — y(tu;r)
+5 _i(tn+1/Xn+1(V)/?n+1(7)) —f(t

+3g | £ (tn2, Yoo (1), Yuo(r
YO (g,),

_ _ (22)
Y(tnsr;r) =Y(tusrir) = Y(tn;r) = Y(tn;7)
34 [Pt Yuin (), Yusa (1) = F (busn,y, 1 (0, Fn ()]
52 (b Y1), Y1) = F (b, (1), 7,7 )

B F o, Yua (00, Y (0) = F(tavy, (0,7,0(0)]
4| F (b2 Yua(r), Y2 (1) = F (b2, (1), Faa(1))]

19 hSY (gn)

and
Y(tni2ir) = Y(tni2;r) = Y(tn; ) = y(tu;7)
+4 [f(tn+2/Xn+2( Youio(r ( nt2: Y, o (1) Yo (7 ))}
+4 [f( na1 Y1 (1), Y (r ( w1 Y, (1) Y (7 ))}
5 [£ (00 X (1), Y (1) —f(tn, (1, 7,()]
Y (2,), =)
Y(tnio;r) = Y(tns2sr) = Y(tuir) — Y(tu;7)
4 [ (tar2 Yoo (1), Yara(1) = F (w2, 5 (0, (1))
4 F (bt Yoir (0, Va1 (1) = F(tas1, ¥, (0, Fnia (1)
4 [F (b Y1), Y1) = F (b, (1,5, ()|
— 1YY (&)
Denote wy = Y (ty; 1) — y(ty;r) and vy = Y (ty;7) — §(ty; 7). Then (22) and (23) becomes
[wa 1] < (1+ 252 ) [wa] + %\wn+l| + 25 w1 | + %wn_ﬂ + 73 M,
(24)
onal < (14 29 o]+ %8 o | + 42 o + B ool + 5,
and

[wara] < (1+ 250 jwy| + %|wn+2| + 0 |, |+ M, o)

1 p5M
90 ’

[onsal < (1+ 154 ) on| + 252

where M = max ‘Y( )(t;r)’ and M = min ‘7(5)(&1’)‘.
to<t<T to<t<T
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Consider the first point (24), let L = max{Lq, ..., Lg} < %, then
h h h
nir] < (1+ 7257 ) lwnl + 22 n1| + 22 2| + so7ziomry oM,
28hL Vi
[On1] < (1 aal v 9hL>‘Un| + oot [On 1| + orgpr [On—2| + mh5M

are resulted. Let |uy,| = |wy| + |v,|, then by Lemma 1 and wy = vg = 0 (also w; = v1 = 0):

14 28hL =g 19
|un| < (L zgé'léL) X 30(24_9AL)

{51 (1+ zjs’gﬁm)n_ +6(1+ 238’;%[L)n_5+...+5 (1+ 2% ) +1}
24— 9hL) (30 2499hL))h5 (M + M)
& 1+24 9hL>n7 +€2(1+%)n7 T +§q(1—|—2§8%L)+1}

(
(ol
() (o 100+ )
{

.

W (M + M)

X

+

n—_8 n—9
(e )" (1 ) +...+AS(1+25§ggL)+1}

2 —
X 245h9LhL) (30 24199hL))h5(M+M)

are obtained. If # — 0 then w, — 0 and v, — 0 which concludes the proof.
Consider the second point (25), let L = max{Ly, ..., L4} < %, then

4hL L
wWni2| < 22w, | + <1+ 3211hL>|w”| *+ 306= hL)h M,

o2l < 3iglonal + (1 - 32f1ifL) [on] + 35300y M,

are resulted. Let |uy| = |wy| + |v,|, then by Lemma 1 and wy = vg = 0 (also w; = v1 = 0):
347thL)nil ! 5
|un| < LI X 3003— hL)h (M+M)
an, \" apt \"7° an.
10 3th) +52(37hL) + +5P(3th) +1}

are obtained. If # — 0 then w, — 0 and v, — 0 which concludes the proof. O

Remark 1. Above theorem results that convergence order is O <h3).
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8. Results and Discussion

To implement the 2PDO4 method, PE(CE)" mode is used where P, C and E stands for predictor,
corrector and evaluation of a function respectively. The CE implementation is repeated m times for
each step and step size & = 0.1 is considered in the numerical results.

The following FIVPs were tested to show the performance of the proposed method:

Problem 1. (Ma et al. [13]) Consider linear FIVP:

¥ (£) = y(t), y(0) = [0.75 4+ 0.25r,1.125 — 0.1257], t,r € [0,1].

Exact solution: Y(t,r) = [(0.75+ 0.25r)e!, (1.125 — 0.125r)'].
Problem 2. (Pallingkinis et al. [30]) Consider linear FIVP:
y'(t) =cy(t), y(0) = (8/8.5/9), t,r € [0,1]
where triangular fuzzy number ¢ = (1/2/3).

[€ is a triangular fuzzy number where the basis of the membership function of T is in the interval [c1, c3)
with the known summit c,. Hence, the triangular fuzzy numbers are denoted by € = (c1/cz/¢3)].

Exact solution: Y(t,7) = {(8 4 0.5r)e(147t (9 — O.Sr)e(3_r)1 :
Problem 3. (Ghanbari [31]) Consider nonlinear FIVP:

y(t) =2y(t) + 2 +1, y(0) = [r,2 — 7], t,r € [0,1].

Exact solution:
_ 3\ 2 17,0 11 o 1 o
Y(t,r)= [<r+4)e 4(21‘ +2t+3),<4 r)e 4(21‘ +2t+3) .

Problem 4. (Dizicheh et al. [32]) Consider nonlinear FIVP:
v (t) = k12 (t) + kp, y(0) = [~0.0012 4 0.0012r,0.0012 — 0.0012r],
where k; > 0 fori=1,2t,r € [0,1]. Given

ki(r) = [0.540.5r,1.5 — 0.5r] and ky(r) = [0.75 + 0.25r,1.25 — 0.25r].

Exact solution:

(4 o (557)) VAt [+ 2B (g2
2+42r ! 641

Y(t,r) =

Problem 5. (Ma et al. [13]) Consider nonlinear FIVP:

' (1) = e V"0, y(0) = [0.75 + 0.25r,1.5 — 0.5¢], t,r € [0,1].

The following notations are used in the tables:
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r: Fuzzy numbers with bounded r-level intervals
Y, Y: Lower and upper bounded exact solution
¥,y: Lower and upper bounded approximated solution

FCN: Total function calls

TS: Total steps taken

TIME: The execution time taken in seconds

2PDO4: 2-point diagonally implicit multistep method of order four
ERK4: Extended Runge-Kutta-like formulae of order 4 [26]

RK4: Runge-Kutta method of order 4 [33]

ANN: Artificial neural network approach [34]

Absolute error is defined as |, (t;7) — yu(;7)|, where Y, (t;7) = [Y, (£;7), Y, (t;7)], denoted as
the exact solutions and v, (t;7) = {zn(t,‘ r),y,(t r)} as approximate solutions at t,. The code is written
in C language by using Microsoft visual C++ platform.

The numerical results of 2PDO4 compared to ERK4, RK4 and ANN are display in Tables 1-5
when solving Problem 1-5. Note that these results are at t = 1 with h = 0.1.

From Tables 1-3, it is obvious that 2PDO4 gives better results compared to ERK4, RK4 and ANN
in terms of accuracy. It is also observed that the execution times of 2PDO4 for solving Problem 3 and 5
are faster than the RK4. Table 4 shows that 2PDO4 used less number of function evaluations to obtain
comparable accuracy compared to ERK4 and RK4.

For Problem 5, the exact solutions cannot be calculated analytically. Hence, we compared the
approximate solutions of 2PDO4 and RK4. The approximate solutions of Problem 5 at ¢t = 1 with
h = 0.1 are presented in Table 5. It can be observed that 2PDO4 is applicable to solve Problem 5 with
an advantage of less total steps and faster execution times compared to RK4.

It is obvious in 1—5 that 2PDO4 required less number of total steps compared to other methods.
This is expected since 2PDO4 approximates the solutions at two points simultaneously.

Table 1. Numerical results of 2PDO4, ERK4, RK4 and ANN for solving Problem 1.

Y, (t;r) —y(tr)

7 2PDO4 ERK41 RK4! ANN 1

0.0 7.112242(-7)  1.969260(-6)  1.492423(-6)  8.862866(-5)
0.1 7.349317(-7)  2.090533(-6)  1.375277(-6)  2.941706(-5)
0.2 7.586392(-7)  1.734969(-6)  1.734969(-6)  4.646277(-5)
0.3 7.823466(-7)  2.094660(-6)  1.856242(-6)  2.449152(-5)
0.4 8.060541(-7)  1.500678(-6)  1.739096(-6) 4.445810(-6)
0.5 8.297616(-7)  2.337206(-6)  1.621951(-6) 5.440010(-5)
0.6 8.534691(-7)  1.743224(-6)  1.743224(-6)  2.835439(-5)
0.7 8.771765(-7)  2.579752(-6)  1.626078(-6)  4.669132(-5)
0.8 9.008840(-7)  2.462607(-6)  1.985770(-6)  9.726296(-5)

)

)

0.9 9.245915(-7 2.345461(-6)  2.107043(-6)  1.421725(-5)
1.0 9.482990(-7 1.751478(-6)  1.989897(-6)  5.582846(-5)
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Table 1. Cont.

’?”(t; 1’) - yn (t; 1’) ‘

r

2PDO4

ERK4 !

RK41

ANN'!

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.066836(-6)
1.054983(-6)
1.043129(-6)
1.031275(-6)
1.019421(-6)
1.007568(-6)
9.957139(-7)
9.838602(-7)
9.720064(-7)
9.601527(-7)
9.482990(-7)

2.834681(-6)
2.297207(-6)
1.998152(-6)
3.129608(-6)
2.115298(-6)
3.008335(-6)
2.232443(-6)
1.933388(-6)
9.190771(-7)
2.050534(-6)
1.751478(-6)

2.596262(-6)
2.058788(-6)
2.236570(-6)
2.175934(-6)
2.115298(-6)
2.293079(-6)
2.232443(-6)
2.171806(-6)
1.872751(-6)
2.050534(-6)
1.989897(-6)

5.994298(-5)
1.465839(-6)
2.598870(-5)
8.511551(-6)
3.403441(-5)
1.444274(-5)
4.208012(-5)
5.160297(-5)
3.012583(-5)
1.543513(-4)
2.817154(-5)

FCN
TS
TIME

451
66
0.675

451
110

451
110

Table 2. Numerical results of 2PDO4, ERK4 and RK4 for solving Problem 2.

1 Results of ERK4, RK4 and ANN as referred in [26].

Y, (tr) —y(tr)

r 2PDO4

ERK41

RK41

00  7.586392(-6)
01  1.366979(-5)
02 2.357892(-5)
03  3.919819(-5)
04  6.313677(-5)
05  9.894536(-5)
0.6  1.513830(-4)
07  2.267426(-4)
08  3.332447(-4)
09  4.815107(-4)
1.0 6.851258(-4)

1.401183(-5)
2.666611(-5)
5.232929(-5)
8.186697(-5)
1.334720(-4)
2.104650(-4)
3.134706(-4)
4.676179(-4)
6.934862(-4)
9.960255(-4)
1.419590(-3)

1.591918(-5)
3.238815(-5)
4.851460(-5)
8.377432(-5)
1.296573(-4)
2.104650(-4)
3.134706(-4)
4.638032(-4)
6.858569(-4)
9.960255(-4)
1.423405(-3)

[Yu(t;r) =7, (tr)]

r 2PDO4

ERK4 !

RK4 !

00  1.260390(-2)
01  9.798071(-3)
02  7.561266(-3)
03 5.790072(-3)
04  4.397464(-3)
05  3.310672(-3)
0.6  2.469226(-3)
07  1.823209(-3)
08  1.331682(-3)
09  9.613063(-4)
1.0 6.851258(-4)

2.848404(-2)
2.185179(-2)
1.664276(-2)
1.253006(-2)
9.443902(-3)
7.054700(-3)
5.211172(-3)
3.812939(-3)
2.773261(-3)
1.989020(-3)
1.419590(-3)

2.849930(-2)
2.185179(-2)
1.662750(-2)
1.257584(-2)
9.421014(-3)
7.039441(-3)
5.211172(-3)
3.805309(-3)
2.773261(-3)
1.996649(-3)
1.423405(-3)

FCN 451
TS 66
TIME 0.639

451
110

451
110

1 Results of ERK4 and RK4 as referred in [26].

14 of 21
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Table 3. Numerical results of 2PDO4 and RK4 for solving Problem 3.

Note: Simulation results of 2PDO4 and RK4 have been obtained in the same platform.

Table 4. Numerical results of 2PDO4, ERK4 and RK4 for solving Problem 4.

Y, (tr) -yt

r 2PDO4 RK4
00  6963978(5) 1.010956(-4)
0.1 7.770009(-5) 1.177814(-4)
02 8576039(-5) 1.344671(-4)
03 9.382069(-5) 1.511528(-4)
04  1.018810(-4) 1.678386(-4)
0.5  1.099413(-4) 1.845243(-4)
0.6 1.180016(-4) 2.012100(-4)
07  1260619(-4) 2.178957(-4)
0.8  1.341222(-4) 2.345815(-4)
09  1421825(-4) 2.512672(-4)
10 1.502428(-4)  2.679529(-4)

Yau(t;r) =5, (t:7)]
r 2PDO4 RK4
00  2308459(-4) 4.348102(-4)
0.1 2207856(-4) 4.181245(-4)
02 2147253(-4) 4.014387(-4)
03 2.066649(-4) 3.847530(-4)
04  1986046(-4) 3.680673(-4)
05  1905443(-4) 3.513816(-4)
0.6 1.824840(-4) 3.346958(-4)
07  1.744237(-4)  3.180101(-4)
0.8  1.663634(-4) 3.013244(-4)
09  1583031(-4) 2.846386(-4)
10 1.502428(-4)  2.679529(-4)
FCN 451 451
TS 66 110
TIME 0.530 0.718

Y, (tr)—y(tr)

r 2PDO4 ERK41 RK41
0.0 2.459944(-6) 1.9100(-5) 2.6100(-5)
0.1 3.707531(-6) 2.5100(-5) 3.0000(-5)
0.2 5.461503(-6) 2.9100(-5) 3.2200(-5)
0.3 7.872724(-6) 2.9000(-5) 4.2000(-5)
0.4 1.110316(-5) 3.5000(-5) 4.8000(-5)
0.5 1.529207(-5) 3.8000(-5) 5.5000(-5)
0.6 2.047821(-5) 3.9000(-5) 6.8000(-5)
0.7 2.643397(-5) 3.5000(-5) 7.6000(-5)
0.8 3.232537(-5) 3.4000(-5) 8.9000(-5)
0.9 3.602703(-5) 1.6000(-5) 1.0400(-4)
1.0 3.275027(-5) 1.0900(-4) 2.0000(-6)

15 of 21
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Table 4. Cont.

Yu(t;r) = 7,(57))|

r 2PDO4 ERK4 ! RK4!
0.0 6.395992(-2) 3.7712(-2) 8.7760(-3)
0.1 2.778184(-2) 1.7758(-2) 3.8480(-3)
0.2 1.248250(-2) 9.0110(-3) 1.8570(-3)
0.3 5.710280(-3) 4.8090(-3) 1.0570(-3)
0.4 2.616533(-3) 2.7230(-3) 6.4900(-4)
0.5 1.175996(-3) 1.6230(-3) 4.2000(-4)
0.6 5.009738(-4) 9.9600(-4) 3.1600(-4)
0.7 1.875370(-4) 6.3700(-4) 2.3300(-4)
0.8 4.657100(-5) 4.3100(-4) 1.8400(-4)
0.9 1.228793(-5) 2.9100(-4) 1.5000(-4)
1.0 3.275027(-5) 1.0900(-5) 2.0000(-6)

FCN 363 451 451
TS 66 110 110
TIME 0.748 - -

1 Results of ERK4 and RK4 as referred in [32].

Table 5. Numerical results of 2PDO4 and RK4 for solving Problem 5.

y(t, 7)

r 2PDO4 RK4
0.0 0.795170 0.795172
0.1 0.846301 0.846303
0.2 0.894275 0.894276
0.3 0.940192 0.940193
0.4 0.984968 0.984969
0.5 1.029399 1.029399
0.6 1.074198 1.074198
0.7 1.120029 1.120029
0.8 1.167520 1.167520
0.9 1.217275 1.217275
1.0 1.269868 1.269868

Y (t;7)

r 2PD0O4 RK4
0.0 2.017674 2.017674
0.1 1.925744 1.925744
0.2 1.836622 1.836622
0.3 1.750863 1.750863
0.4 1.668972 1.668972
0.5 1.591344 1.591344
0.6 1.518228 1.518228
0.7 1.449698 1.449698
0.8 1.385652 1.385652
0.9 1.325836 1.325836
1.0 1.269868 1.269868

FCN 451 451
TS 66 110
TIME 0.390 0.468

Note: Simulation results of 2PDO4 and RK4 has been obtained in the same platform.

Figures 2-5 is a plot of the exact and approximate solutions by using 2PDO4 for Problems 1-4. It is
clear in the figures that the solutions by the 2PDO4 method almost coincide with the exact solutions.
While the plot of approximate solutions for Problem 5 by using 2PDO4 and RK4 is shown in Figure 6.
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Problem 1

! . . L m e m S S S S S p e p e
21 22 23 24 25 26 27 28 29 30
Y

| O Zxact o 2PDO4|

Figure 2. Exact solutions and approximate solutions for Problem 1 at t = 1 with i = 0.1.

Problem 2

T T T
80 100 120 140 160
Y

[ O Exact o 2PDO4|

Figure 3. Exact solutions and approximate solutions for Problem 2 at t = 1 with & = 0.1.

Problem 3

[ O Exact o 2PDO4|

Figure 4. Exact solutions and approximate solutions for Problem 3 at t = 1 with i = 0.1.
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Problem 4

[ O Exact o 2PDO4|

Figure 5. Exact solutions and approximate solutions for Problem 4 at t = 1 with i = 0.1.

Problem 5

084

064

044

02

0 a T
08 10 12 14 16 18 20

[ = Rrd o 2PDO4|

Figure 6. 2PDO4 solutions and RK4 solutions for Problem 5 at t = 1 with 1 = 0.1.

Figures 7-10 is a plot of the absolute errors versus r for lower and upper bounds of Problems 1-4.
It can be seen in Figures 7-9 that the errors of 2PDO4 are smaller than the comparison methods, but in
Figure 10 the errors of 2PDO4 are smaller at certain points.

5) 5
P 5 ®
§ %Wﬂ §
g -6 2
3 5 8 —8—8—8—8—8—8—&8 8 3
g g
2 R
74 =y 2
8 -8
T b T ® T x T x T T T T T T T L T L T
0 02 04 06 08 1 0 02 04 06 03 1
r r
O 2PDO4 o FERKY + REK4 + ANN 0O 2PDO4 o ERKY + RK§ * ANN
(@ (b)

Figure 7. Graph of the numerical results when solving Problem 1: (a) Graph of absolute errors versus r
for lower bounds; (b) Graph of absolute errors versus r for upper bounds.
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-2 24
= -34 S -3+
) o
2 2
g .4 § a
5 5
® o
< j/a/a/ 3
s 5P § -5
] ]
-6 -6
-1 T T T T T '7_| T T T T T
0 02 04 06 08 1 0 02 04 06 08 1
r r
O 2PDO4 o ERKY + RKY 0 2PDO4 o ERK4 + RKY
(a) (b)

Figure 8. Graph of the numerical results when solving Problem 2: (a) Graph of absolute errors versus r
for lower bounds; (b) Graph of absolute errors versus r for upper bounds.

3. 3
S e s m
g '*W B4
H §
§ §
2 -5 & -5
= =
g S
] 2
64 -6
74 74
T T T T T T T T T T T T
0 02 04 06 08 1 0 02 04 06 08 1
r r
0O 2PDOF + RK4 0 2PDO4 + RKY
(a) (b)

Figure 9. Graph of the numerical results when solving Problem 3: (a) Graph of absolute errors versus r
for lower bounds; (b) Graph of absolute errors versus r for upper bounds.

-2 24
E) 5}
g 34 & 3
H §
5 §
S
S 8 S
] ]
-s-j/a/ﬁ'/a >
-6 -6
0 02 04 06 08 1 0 02 04 06 08 1
r r
0O 2PDO4 o ERKY + RKY 0O 2PDO§ o ERKY + RKY
(@ (b)

Figure 10. Graph of the numerical results when solving Problem 4: (a) Graph of absolute errors versus
r for lower bounds; (b) Graph of absolute errors versus for upper bounds.
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9. Conclusions

In this paper, the diagonally implicit block method of order four (2PDO4) has been implemented
for solving linear and nonlinear FDEs. Numerical results have shown that the proposed method gave
comparable results in terms of accuracy and fewer total steps. The total functions are comparable
or less compared to the existing method. The 2PDO4 is able to obtain less execution time than RK4
when solving two tested problems. Hence, the 2PDO4 method can be named in the literature as an
additional and reliable method for solving FDEs.

Acknowledgments: Authors gratefully acknowledge the financial support of Research University Grant from
Universiti Putra Malaysia and the scholarship of the Academic Training Scheme (SLAI) from Ministry of Higher
Education Malaysia.

Author Contributions: Syahirbanun Isa conceived, designed, performed the experiments and wrote the paper.
Zanariah Abdul Majid supervised the designed experiments and analyzed the data, Fudziah Ismail and
Faranak Rabiei analyzed the data and checking the paper.

Conflicts of Interest: The authors declare that there is no conflict of interests regarding the publication of
this paper.

References

1.  Chen, HW.; Chang, N.B. Prediction analysis of solid waste generation based on grey fuzzy dynamic
modeling. Resour. Conserv. Recycl. 2000, 29, 1-18. [CrossRef]

2. Bencsik, A.L; Bede, B.; Tar, ] K.; Fodor, J. Fuzzy differential equations in modeling of hydraulic differential
servo cylinders. In Proceedings of the Third Romanian-Hungarian Joint Symposium on Applied
Computational Intelligence (SACI), Timisoara, Romania, 25-26 May 2006.

3.  Guo, M,; Xue, X,; Li, R. Impulsive functional differential inclusions and fuzzy population models.
Fuzzy Sets Syst. 2003, 138, 601-615. [CrossRef]

4. Zhang, H,; Liao, X.; Yu, J. Fuzzy modeling and synchronization of hyperchaotic systems. Chaos Solitons
Fractals 2005, 26, 835-843. [CrossRef]

5. Ding, Z.; Shen, H.; Kandel, A. Performance analysis of service composition based on fuzzy differential
equations. IEEE Trans. Fuzzy Syst. 2011, 19, 164-178. [CrossRef]

6. Chang, S.S.L.; Zadeh, L.A. On fuzzy mapping and control. IEEE Trans. Syst. Man Cybern. 1972, 30-34.
[CrossRef]

7. Dubois, D.; Prade, H. Towards fuzzy differential calculus part 3: Differentiation. Fuzzy Sets Syst. 1982,
8,225-233. [CrossRef]

8. Goetschel, R.; Voxman, W. Elementary fuzzy calculus. Fuzzy Sets Syst. 1986, 18, 31-43. [CrossRef]

9. Puri, M.L.; Ralescu, D.A. Differential of fuzzy functions. J. Math. Anal. Appl. 1983, 91, 552-558. [CrossRef]

10. Seikkala, S. On the fuzzy initial value problem. Fuzzy Sets Syst. 1987, 24, 319-330. [CrossRef]

11. Kaleva, O. Fuzzy differential equations. Fuzzy Sets Syst. 1987, 24, 301-317. [CrossRef]

12.  Kaleva, O. The cauchy problem for fuzzy differential equations. Fuzzy Sets Syst. 1990, 35, 389-396. [CrossRef]

13. Ma, M,; Friedman, M.; Kandel, A. Numerical solutions of fuzzy differential equations. Fuzzy Sets Syst. 1999,
105, 133-138. [CrossRef]

14. Allahviranloo, T.; Abbasbandy, S.; Ahmady, N.; Ahmady, E. Improved predictor-corrector method for solving
fuzzy initial value problems. Inf. Sci. 2009, 179, 945-955. [CrossRef]

15. Allahviranloo, T.; Ahmady, N.; Ahmady, E. Numerical solution of fuzzy differential equations by
predictor-corrector method. Inf. Sci. 2007, 177, 1633-1647. [CrossRef]

16. Jayakumar, T,; Raja, C.; Muthukumar, T. Numerical solution of fuzzy differential equations by Adams fifth
order predictor-corrector method. Intern. |. Math. Trends Technol. 2014, 8, 33-50.

17.  Shang, D.; Guo, X. Adams predictor-corrector systems for solving fuzzy differential equations. Math. Probl. Eng.
2013, 2013. [CrossRef]

18.  Mehrkanoon, S.; Suleiman, M.; Majid, Z.A. Block method for numerical solution of fuzzy differential
equations. Int. Math. Forum 2009, 4, 2269-2280.


http://dx.doi.org/10.1016/S0921-3449(99)00052-X
http://dx.doi.org/10.1016/S0165-0114(02)00522-5
http://dx.doi.org/10.1016/j.chaos.2005.01.023
http://dx.doi.org/10.1109/TFUZZ.2010.2089633
http://dx.doi.org/10.1109/TSMC.1972.5408553
http://dx.doi.org/10.1016/S0165-0114(82)80001-8
http://dx.doi.org/10.1016/0165-0114(86)90026-6
http://dx.doi.org/10.1016/0022-247X(83)90169-5
http://dx.doi.org/10.1016/0165-0114(87)90030-3
http://dx.doi.org/10.1016/0165-0114(87)90029-7
http://dx.doi.org/10.1016/0165-0114(90)90010-4
http://dx.doi.org/10.1016/S0165-0114(97)00233-9
http://dx.doi.org/10.1016/j.ins.2008.11.030
http://dx.doi.org/10.1016/j.ins.2006.09.015
http://dx.doi.org/10.1155/2013/312328

Symmetry 2018, 10, 42 21 of 21

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

Isa, S,; Majid, Z.A. Numerical solution of fuzzy differential equations by multistep block method.
In Proceedings of the 7th International Conference on Research and Educations in Mathematics (ICREM?7),
Kuala Lumpur, Malaysia, 25-27 August 2015; pp. 113-119.

Zawawi, 1.5.M.; Ibrahim, Z.B.; Suleiman, M. Diagonally implicit block backward differentiation formulas for
solving fuzzy differential equations. AIP Conf. Proc. 2013, 1522, 681-687. [CrossRef]

Ramli, A; Majid, Z.A. An implicit multistep block method for fuzzy differential equations. In Proceedings
of the 7th International Conference on Research and Educations in Mathematics (ICREM?7), Kuala Lumpur,
Malaysia, 25-27 August 2015; pp. 81-87.

Ramli, A.; Majid, Z.A. Fourth order diagonally implicit multistep block method for solving fuzzy differential
equations. Int. J. Pure Appl. Math. 2016, 107, 635-660. [CrossRef]

Fook, TK.; Ibrahim, Z.B. Two points hybrid block method for solving first order fuzzy differential equations.
J. Soft Comput. Appl. 2016, 2016, 45-53. [CrossRef]

Ahmadian, A.; Suleiman, M.; Salahshour, S. An Operational Matrix Based on Legendre Polynomials for
Solving Fuzzy Fractional-Order Differential Equations. Abstr. Appl. Anal. 2013. [CrossRef]

Allahviranloo, T.; Salahshour, S. A new approach for solving first order fuzzy differential equation.
In Proceedings of the Information Processing and Management of Uncertainty in Knowledge-Based Systems.
Applications, Dortmund, Germany, 28 June 28-2 July 2010; pp. 522-531.

Ghazanfari, B.; Shakerami, A. Numerical solutions of fuzzy differential equations by extended Runge-Kutta-
like formulae of order 4. Fuzzy Sets Syst. 2012, 189, 74-91. [CrossRef]

Bede, B. Note on Numerical solutions of fuzzy differential equations by predictor-corrector method. Inf. Sci.
2008, 178, 1917-1922. [CrossRef]

Fatunla, S.O. Block methods for second order ODEs. Int. J. Comput. Math. 1991, 41, 55-63. [CrossRef]
Nasir, N.; Ibrahim, Z.B.; Suleiman, M.B.; Othman, K.I. Fifth order two-point block backward differentiation
formulas for solving ordinary differential equations. Appl. Math. Sci. 2011, 5, 3505-3519.

Pallingkinis, S.C.; Papageorgiou, G.; Famelis, I.T. Runge-Kutta methods for fuzzy differential equations.
Appl. Math. Comput. 2009, 209, 97-105. [CrossRef]

Ghanbari, M. Numerical solution of fuzzy initial value problems under generalized differentiability by HPM.
Int. ]. Ind. Math. 2009, 1, 19-39.

Dizicheh, A K.; Salahshour, S.; Ismail, E.B. A note on “Numerical solutions of fuzzy differential equations by
extended Runge-Kutta-like formulae of order 4”. Fuzzy Sets Syst. 2013, 233, 96-100. [CrossRef]
Abbasbandy, S.; Allahviranloo, T. Numerical solution of fuzzy differential equation by Runge-Kutta method.
Nonlinear Stud. 2004, 11, 117-129. [CrossRef]

Effati, S.; Pakdaman, M. Artificial neural network approach for solving fuzzy differential equations. Inf. Sci.
2010, 180, 1434-1457. [CrossRef]

@ © 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1063/1.4801191
http://dx.doi.org/10.12732/ijpam.v107i3.12
http://dx.doi.org/10.5899/2016/jsca-00083
http://dx.doi.org/10.1155/2013/505903
http://dx.doi.org/10.1016/j.fss.2011.06.018
http://dx.doi.org/10.1016/j.ins.2007.11.016
http://dx.doi.org/10.1080/00207169108804026
http://dx.doi.org/10.1016/j.amc.2008.06.017
http://dx.doi.org/10.1016/j.fss.2013.03.006
http://dx.doi.org/10.3390/mca16040935
http://dx.doi.org/10.1016/j.ins.2009.12.016
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Preliminaries 
	Fuzzy Initial Value Problems 
	Derivation of 2-Point Diagonally Implicit Multistep Block Method 
	Implementation for Solving FIVPs 
	Algorithm 
	Convergence 
	Results and Discussion 
	Conclusions 
	References

