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1. Introduction

Fractional differential equations appear in the mathematical modeling of many real-world
phenomena occurring in engineering and scientific disciplines, for instance, see References [1-6].
Mathematical models based on fractional-order integral and differential operators yield more insight
into the characteristics of the associated phenomena, as such operators are nonlocal in nature,
in contrast to classical ones. In particular, coupled systems of fractional-order differential equations
have received great attention in view of their great utility in handling and comprehending practical
issues, such as the synchronization of chaotic systems [7,8], anomalous diffusion [9], and ecological
effects [10]. For recent theoretical results on the topic, we refer the reader to a series of papers [11-18]
and the references cited therein.

Recently, in Reference [19], the authors discussed existence and the uniqueness of solutions for
sequential Caputo and Hadamard fractional differential equations subject to separated boundary

conditions as
t CDP(Hqu)(t) = f(t,x(t)), tela,bl,
1)
wx(a) + ax(HDx) (a) =0, B1x(b) + ,Bz(Hqu)(b) =0,

where €DP and H D1 are the Caputo and Hadamard fractional derivatives of orders p and g, respectively,
0 < p,q <1,starting ata pointa > 0, f : [2,b] x R — R is a continuous function and given constants
w;, Bi € R,i=1,2.
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In this paper, we established the existence criteria for a coupled system of sequential Caputo and
Hadamard fractional differential equations with coupled separated boundary conditions as:

COMHDIx(t) = f(tx(t),y(H), ¢ € [a,b],
HDECDPy () = gt x(0),y(t),  te [a,b]

()
aqx(a) + tszDpZy(a) =0, PBix(b)+ ,Bchpzy(b) =0,

azy(a) + w'DTx(a) =0, By (b) + ﬁ4HD'71x(b) =0,

where € DPi and ' D¥i are notations of the Caputo and Hadamard fractional derivatives of orders p; and
qi, respectively, 0 < p;,q; < 1,i = 1,2, the nonlinear continuous functions f, ¢ : [2,b)] x R x R — R,
a>0,a € R\ {0}, B; € R,i=1,...,4. Meanwhile, the different definitions of Caputo and Hadamard
fractional derivatives that appeared in System (2) are proposed to study the existence theory of
solutions of a fractional differential system using a variety of fixed-point theorems. A special case,
when p; = g; = 1,i = 1,2, in differential Equation (2) can be presented as:

tx" +x' = f(t,x,y), ty! =g(t,x,y), te]ab],
arx(a) +azy'(a) =0, PBix(b) + Bay'(b) =0, (3)
asy(a) +ag(tx')(a) =0, PBsy(b) + Ba(tx’)(b) =0,

which is mixed type of ordinary differential equations and boundary conditions.

The rest of this paper is organized as follows: Section 2 aims to recall basic definitions and lemmas
used in this paper. Section is devoted to the main results concerning the existence and uniqueness of
solutions for for System (2). The Leray-Schauder alternative and Krasnoselskii’s fixed-point theorem
were applied to prove existence, while the uniqueness result was obtained via the Banach contraction
mapping principle. Some illustrative examples are presented in Section 4.

2. Preliminaries
To ensure that readers can easily understand the results, we recall some notations and definitions

of fractional calculus [3,20].

Definition 1. The Caputo fractional derivative of order q for an at least n-times differentiable function g :
[a,00) — R, starting at a point a > 0, is defined as:

t
CDIg(t) = o [ (s s)as, m 1< g <, n=[g] 41

T(n—q) /Ja

where [q] denotes the integer part of the real number q.

Definition 2. The Riemann—Liouville fractional integral of order q of a function g : [a,00) — R, a > 0,
is defined as:

ig(r) = 1"(1!7) /at (t ig(ss))lqu’ 9>0,

provided the right side of an integral exists.

Definition 3. The Caputo-type Hadamard fractional derivative of order q for an at least n-times delta
differentiable function g : [a,00) — R, starting at a point a > 0, is defined as

1 t A ds
Hpyg _ L n —
Dig(t) = ( q)/a (logs> ) g(s)s, n—1<qg<n, n=[q+1,
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where the delta derivative is defined by 6 = t % and the natural logarithm log(-) = log, ().

Definition 4. The Hadamard fractional integral of order q is defined as

: -1
Hrig(t) = 1"(104)./; <log £>q g(s)%, qg>0,a>0,
provided the integral exists.
Lemma 1. The general solution of homogeneous fractional differential equation “D7u(t) = 0,q > 0 is given by
ut) =co+eci(t—a)+...+cpq(t—a)" 1,
wherec; € R,i=0,1,2,...,n—1(n=[gq] +1).
In view of Lemma 1, we have

REFICDIu(t) = u(t) +co+ci(t—a) + ... +cpq(t —a)""}, 4)
for some constants ¢; € R, i =10,1,2,...,n—1(n = [g] + 1).
Lemma 2 ([21]). Let AC}[a,b] = {g: [a,b] = C : 6" 1g(t) € ACla,b]} and u € AC}[a,b] or C}a, V]

and q € C. Then, the following formula holds

n—1
H11 (DN u(t) = u(t) — Y o (log(t/a))",
k=0
wherec; €R,i=0,1,2,...,n—1(n=[q] +1).

Next, we transform Problem (2) to integral equations by using a linear variant of Problem (2).
For convenience, we put constants

_ Bi(log(b/a))T
= T(q1+1)

«
O3 = B4 — afﬁ&

X
, o= pB1——PBo,
%)

_ a1fBa(b—a)P
Dézr(pz + 1) !

and O = 0104 + 003 # 0.

Lemma 3. Let w, ¢ € C([a,b],R). Then, the linear system of sequential Caputo and Hadamard fractional
differential equations with coupled separated boundary value problem

CDPMHEDNx (1) = w(t), t e a,b],
HpaCpray(t) = ¢(t), t € [a,b],

()
ax(a) + ucch”Zy(a) =0, Pix(b)+ ﬁchp2y(b) =0,

azy(a) + 044HD‘“x(a) =0, Bsyb)+ ﬁ4HD‘“x(b) =0,
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can be written as integral equations

B 1 (log(t/a))n : ) )
1 (log(t/a))m o H 10, .
- 4 (01 - sz> (B 121129 (0) + B4* 110 (1)) ®)
+ HRLIP (1),
and
v = g (B Boa ) () + p ()
O \a3 ay “T(p2+1)
1 [y a . (t—a)P? RL 192 H 742 RLpy
g (Fion = o0 ) (g < pRew) )
+ REpp2H 10245 (1).

Proof. Taking the Riemann-Liouville fractional integral of order p1, p1 € (0, 1], to the first equation of
Problem (5) and applying Problem (4), we obtain for ¢ € [a, ]

BDTx(t) = ¢y + RE1P1w(t), ¢ € R 8)

In the above equation, we apply the Hadamard fractional integral of order g1, g1 € (0, 1], with (4)
for t € [a,b] and obtain

(log(t/a))™

+ HInREP (1), o € R. 9

x(t) =cp 401
Considering the second equation of Problem (5), and by using the Hadamard fractional integral

of order g, we get
DPy(t) = c5 + HI12¢(t), 3 €R. (10)

By taking the Riemann-Liouville fractional integral operator of order p,, we have

(t—a)r2

~ 7/ 4 RLpHRg ) o, € R. 11
I'(p2+1) ¢(t), ca (11)

y(t) =cs+c3
In particular, for ¢t = a in Equations (9) and (10), and applying the first condition of Problem (5),

one has
w1y + wpcsz = 0. (12)

For t = b in Equations (9) and (10), it obtains by applying the second condition of Problem (5) as

(log(b/a))"

T(g 11) TPt Pacs = —p MM w(b) — B IRg(h) = Os. (13)

Bic

Substituting t = a in Equations (8) and (11) and applying the third condition of Problem (5), it
leads to
wgcq + azey = 0. (14)

The fourth condition of Problem (5) can be applied when ¢t = b in Equations (8) and (11) as

Baci + ﬁ3c3m + Bscy = —BaREIPH 1290 (b) — ByREIPIw(b) := Q. (15)
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Reduce the above Equations (12)—(15) in a system of constants by
Qi + e = Qs5,  Qzc1 — Qgep = Q.

Computing for constants c; and cp and substituting it into Equations (12) and (14) for c3 and ¢y,

we have
Oy 9’ 3 O
c1 *05 + 706/ =45 Q05 o) Qs,
- 06103 x1() 04y as
c3 = OCQQQ 5+ 20 Qé, = 0630 05 0630 06-

Substituting all obtained constants in Equations (9) and (11), we obtain integral Equations (6)
and (7). By direct computation we can obtain the the converse. The proof is completed. O

Remark 1. System (5) is well-defined because four constants «; € R\ {0}, i = 1,2,3,4, make meaningful
property for Caputo and Hadamard (Caputo-type) fractional derivatives, which lead to solve the system of
linear equations.

3. Main Results

LetC = C([a b],R), a > 0, be the Banach space of all continuous functions form [g, b] to R. Space

= {x(t) : x(t) € C?([a,b],R)} endowed with the norm ||x|| = sup{|x(t)|,t € [a,b]} is a Banach

space. In addltlon, let Y = {y(t) : y(t) € C?([a,b],R)} with the norm ||y|| = sup{|y(t)|,t € [a,b]}. Tt

is obvious that product space (X x Y, ||(x,y)]|) is a Banach space with the norm || (x,y)|| = ||x|| + [|y||-
Now, for brevity, we use the notations:

hey(t) = h(t,x(8),y(t), he{f g} (16)
s q—1
HIRLIPF () = F(q)}(p) [ ] (1082) 5=, @)
and RLypH 1 a-1 dr
PRI fy (@) / / s)P~ log ) fx,y(r)7ds, (18)

where ¢ € {t,b}. We also use this one for a smgle fractional integral operator of the Riemann-Liouville
and Hadamard types of orders p1 and g, respectively.
In view of Lemma 3, we define two operators £ : X x Y — X x Y by

K(xy)(t) (m( y)(t)),

Ka(x, ) (1)
where
Ko =~ (00 + 0TI (B mtim (,)(6) + 1% (30, ()
#y (O ) (B ) 0+ 1 1) 0)

+AIIELIPL (£ (1),
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and

1

Ko = g5 (E0u+ 0 L) (BRI () (0) + B2 1751 (0))

t (0= o, T ) (B 1R )00+ 851 () 0)
+ R (g ) (1),

For computational convenience, we set

Il (log(b/@)™ \ 101kt 1o
my = B (10l + 10 BV ) im0
|ﬁ4\ (log(b/a))\ (b—a)’" | g 0 RL
+iar (10 + il RS ) f gy + e ) )
_ 1B log b/a an log b/a 92
M (log(b/a)) RLpyH 100
|Q|QQ+|| ety ) I (1)(3), 20)
_ |8l u |ovq | (b—a)P>\ 'Ho0RLpy
My = Wl (M0 10y (0 ) (M )0)
LI (sl el (b= ) (o
|m< 102+ 1o ‘@ﬁn)mm+w @)
1Bl (sl el (b= )2\ (log(b/a))"
M4su(|m“+|'”<m+n> T+ 1)
+ ||Q| (I“4:|Qz|—|— I“1I| 1| ((p j_)i))RLIPZHIqZ(l)(b)+RL1P2H1'72(1)(b). (22)

Note that all information of Problem (2) is contained in constants M;, i = 1, 2, 3, 4, which are
used to establish the following existence theorems. Banach’s contraction mapping principle is applied
in the first result to prove the existence and uniqueness of solutions of System (2).

Theorem 1. Suppose that f,g : [a,b] x R x R — R are continuous functions. In addition, we assume that:
(Hy) there exist constants m;, n;,i = 1,2, such that for all t € [a,b] and x;,y; € R,i = 1,2
|f(t,x1,y1) — f(t,x2,y2)| < mafx1 — x| + malyr — y2

and
1g(t, x1,y1) — g(t, x2,y2)| < my|x1 — x2| +n2|y1 — Y2l

Then, System (2) has a unique solution on [a, b], if
(M1 + Ms)(my + ma) + (Mp + My)(n1 +n2) < 1. (23)
Proof. Define SUPjeq 6] f(£,0,0) = N; < oo and SUPycq ] ¢(t,0,0) = N, < oo, such that

(My + M3)Ny + (My + Mg)No
— [((My + M3)(my + ma) + (M + My)(ny +n2)]’

r>
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Now, we show that the set B, C B,, where B, = {(x,y) € X x Y : ||(x,y)|| < r}. For (x,y) € B,,
we have that

[K1(x, y)(8)]
|(1)| (|Q |_|_‘ 4|(10g(f/11)) >(|ﬁ1|H1q1RLIpl|fx,y|(b)

I'(q +1)
+ |B2| 1% gy | (b)) + 0] <|Ql|+|Q |(b(gq(t/+a)1>)m>

x (13 R 1M 192 g0 (6) + Bl KU1 foy | (8)) + 10T £y | (0)

! (m ey |“°g(b/””) (B IR (£ — fool + fool)(B)

o] T+ 1)
+ 1Bl 1% (g~ goal + lgool) 8)) + o7 (101 + 10l SPECLIT )
< (1831 RLIPHIR (g0 — 800l + 800D (8) + Bal K17 (Lfey — fonl
+1fo0l)(B)) + TINREIPL(| froy — fool + |fool) (b)

1 log(b/a))n
ey (1081 10 BRI (g 1K1 ]+ )

+ M) (6) + ] 1]+l + MY ) + e (1

'W) (1B3] RE12H 1% (| x]) + i ly]) + No) ()

+ |Bal K17 (ma || x[| + ma [y + Ni) (b)) + FITRELPY (g | x|
+moly[| + N1)(b)

My (ma ||x[| + maly|| + N1) + Mo (n1[|x]| + n2[[y[| + N2)
(Mymy + Mony) || x|| + (Mymy + Mona) |ly|| + MiNi + Ma N,
[M1(my + my) + My (ny + np)]r + M1 Ny + MaNs.

IN

IN

IA

+ |

IN

Hence,
1IC1(x, y) || < [M1(mq + mp) + My (nq + no)|r + MiNy + MaNo.

By direct computation, we get

Kale)®) < o ([R4H10s]+ OB ) (Baloma ]+ mal
NI (1)(0) + B2 2]+ mally] + NP2 (1) ()
+ i (210l + fion £ ) (ol ]+
0] Vol ¥ o] TG 51
NDREPHI (1) (1) + Bl O]+ mollyl -+ Na)REP (1) (1)
+ Omllxl + mallyl + Na) R 1 (1) )

= Ma(m|x|[ + mally[l + N1) + My (n||x[| + n2[lyl| + N2),

and
11C2(x, y) || < [M3(mq + mp) + My(nq + no)|r + MaNy + MyNo.

Consequently, it follows that

K, y)l < [Mi(my +ma) + Ma(ny +na)lr + MiNy + MaN,
+[M3(m1 + mz) + M4(Tl1 + nz)]r + M3N; + MyN, <,
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which implies KB, C B,. Next, we show that operator K is contraction mapping. For any
(x1,¥1), (x2,¥2) € X X Y, we obtain

1K1 (x1, 1) (F) — K1 (%2, y2) ()]

< |(1>| (Q|+| 0y loﬁ(t/a)))%)(w|H1mRLIP1fx1y1 Foul(0)
T B2l 12150 — 8l (0) + 1y <|01|+| W)
X (|133| REIP2R %) g vy = 8xan | (B) + |Bal “E 1P| fry _f"z'y2|(b)>
HHITRLIP £ 0 = Frown | (D)
< o (1001 100 CEEREE ) (1l syl + s ]

< HIRLEP (1)(5) + B (1 1 — ] + mallys — o)1 (1) (1)
1 (100110l SR (1] (sl = 2l + mal =)

x REIP2H192(1) (D) + |Ba| (m1]|x1 — x2]| + mallyr — y2|)REIP1 (1) (b))
+(my|x1 = x2|| + mallyr — ya | )TTNRETPL(1) ()
= Mi(m|lxy = x2| +maly1 — yall) + Ma(n1[lx1 — x| + n2fly1 — y2|)
= (Mymy + Many)|x1 — x| + (Mymz + Mon) [y — 2|

Therefore, we get the following inequality:

1K1 (x1,y1) = Ki(x2,y2) [| < My (my +mz) + Mo (ny +n2) ([lx1 —x2[ + lya —v2ll) . (24)
In addition, we obtain

K2 (x1,y1) = Ka(x2, y2) | < Ma(my +mz) + Ma(my +n2) ([[x1 — 2] + lya —y2l) . (25)
From Inequalities (24) and (25), it yields

I1K(x1,y1) — K(x2,y2) | < [(My+ Ms)(my + ma) + (Ma + My) (11 + n2)]
X ([lx1 = x2ll + llyr — y2ll) -

s (M1 + M3)(my + mp) + (My + My)(ny + np) < 1, therefore K is a contraction operator.
By applying Banach’s fixed-point theorem, operator K has a unique fixed point in B,. Hence, there
exists a unique solution of Problem (2) on [4, b]. The proof is completed. [J

Now, we prove our second existence result via the Leray-Schauder alternative.
Lemma 4. (Leray-Schauder alternative) [22]. Let F : E — E be a completely continuous operator. Let
¢(F)={x € E:x = AF(x) forsome0 < A < 1}.
Then, either set & (F) is unbounded, or F has at least one fixed point.

Theorem 2. Assume that there exist real constants u;,v; > 0 for i = 1,2 and ug,vg > 0, such that for any
x; € R, (i =1,2) we have

|f(t x1,x2)]
g (t, x1,x2)]

ug + ug|xq| 4 uz|xz|,

vg + v1|x1] + v2x2].
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If (My 4+ M3)uq + (M + My)vy < Land (Mg + Ms)up + (Ma + My)vy < 1, where My, My, M3, My are
given in Equations (19)—(22), then Problem (2) has at least one solution on [a, b].

Proof. By continuity of functions f, g on [, b] X R X R, operator K is continuous. Now, we show that

the operator £ : X x Y — X x Y is completely continuous. Let ® C X x Y be bounded. Then, there
exist two positive constants, L and Ly, such that

If(t,x,y)| < La, [g(tx,y)| < Lo, V(x,y) € P

Then, for any (x,y) € ®, we have

i@ < gy (1081 +10u TELILY 1y g o
X 1 (log(t/a))n
+ 1Bal 1152y 10) + 1 1o+ 0 EELLAE )
(1Bl LI H 12 gy (8) + B4 KL ey (1)) + HIDREI oy (1)
< gy (10al+ 104 SR (g 1t ) 0)

+ [Bal L1 (1)(6) + oy (1] + ol (FER2ET )

1
6] T(q+1)
x (1Bl Lo REIP2H I (1) (b) + | Ba] LiREIPH (1) () ) + L IRRE I (1) 1),

which yields

[K1(x, )| < LiMy + LoMa.
In addition, we obtain that

ool < i (adtionl+ BIOal{— ) (Bl Rl ) o

H a0 1 (e |avq | (b—a)p2
+1BalLaM1m(1)(8)) + o (10l + O T )
 (|B3| LR IP2 1% (1) (b) + | B L REIPY (1) (b)) + LoRE1P2H 192(1) (b)

= L{Msz+ LyMy.

Hence, from the above inequalities, we get that set K® is uniformly bounded. Next, we prove
that set K is equicontinuous. For any (x,y) € ®, and 73, T» € [a,b] such that 77 < T, we have
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IC1(x,y)(r2) — Ki(x,y)(71)|

Q| 1 !
< (i ) 10os(rz/a) — (og( /)

x (181 1R £y | () + B2l 1% gy | (1))

|| 1 1
* ((‘)““(qj_}_l)) |(log(2/a))™ — (log(71/a))™|

x (18I REIP2H %2 gy | (b) + [Ba] RE1P1 froy | (0))

IR £y | (72) = HINRLI £ | ()|

(&;h) |(log(m2/a))™ — (log(T1/a))|

< (Lo B2l HIRRLIP (1) () + L B 1721 )
+ (i ) 10os(r/m) — (og(/m)"|
% (L2 |Bal REIP2H 1 (1) (b) + Ly | Ba] R (1) (1))

Ly /Tl{ T\ 911 7 q11]
S NT o AN log = — (log -+
TN (p +1)| o (Og s ) ("g s )
ds [™ T\ N1 ds
— = < _ e
X (s —a) s A (log s) (s —a) ;

IN

< (Ly [Ba FIPELIP (1) (0) + Lz |B2] P17 (1) (0))

|| 1 1
* ((‘)““(qj_f_l)) |(log(2/a))™ — (log(71/a))™|

x (Lo |Bs| REP2H 12 (1) (b) + Ly |Bal *E17 (1) (b))

s )" (e )" - ()"

] |

Therefore, we obtain

[K1(x,y)(2) = Ki(x,y)(m)] =0, as 7 = 7.
Analogously, we can get the following inequality:

[Ka(x,y)(w2) = Kax,y)(n)| =0, as 11 = .

Hence, set K® is equicontinuous. By applying the Arzelda—Ascoli theorem, set K is relatively
compact, which implies that operator K is completely continuous. Lastly, we show that set { =
{(x,y) € XxY : (x,y) = AL(x,y),0 < A < 1} is bounded. Now, let (x,y) € &, then we obtain
(x,y) = AK(x,y), which yields, for any t € [a, b],

x(t) = A1 (xy)(t), y(t) = AKa(x,y)(F).
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Then, we have

(o + ua[|x[| + w2y ) M1 + (vo + v1[|x[| + 02y |[) Ma,
(o + || x[| + u2l[y ) M3 + (00 + 01| x[| + v2[ly[]) Ma,

which imply that

x| +lyll < (M1+ Msz)ug+ (M + Mg)vo + [(My + Ms)uqg + (Ma + My)or] || x|]
+ [(M1 + M3)u2 + (Mz + M4)02] ||]/H

Thus, we get the inequality

(M1 + M3)ug + (Mz + My)vo

<
Iyl < = ,

(26)

where M* = min{l - (M] + M3)u1 - (Mz + M4)Ul, 1-— (M] + M3)u2 — (Mz + M4)02}, which shows
that set ¢ is bounded. Therefore, by applying Lemma 4, operator K has at least one fixed point in .
Therefore, we deduce that Problem (2) has at least one solution on [a, b]. The proof is complete. []

The last-existence theorem is based on Krasnoselskii’s fixed-point theorem.

Lemma 5. (Krasnoselskii’s fixed-point theorem) [23] Let M be a closed, bounded, convex, and nonempty subset
of a Banach space X. Let A, B be operators, such that (i) Ax + By € M where x,y € M, (ii) A is compact and
continuous, and (iii) B is a contraction mapping. Then, there exists z € M, such that z = Az + Bz.

Theorem 3. Assume that f,g : [a,b] x R — R are continuous functions satisfying assumption (Hy) in
Theorem 1. In addition we suppose and there exist two positive constants P, Q such that for all t € [a, b] and
Xi,Yi € R,i=1,2,

[f(t,x1,x2)| < P and |g(t,x1,x2)| < Q. (27)

If
((m1 + mp)HITRLIPL(1)(B) + (1 + nz)RLIPZHI'D(U(b)) <1, (28)

then the problem (2) has at least one solution on [a, b].
Proof. Let By = {(x,y) € X xY : ||(x,y)|]| < J} be a ball, where a constant 6 > max{M;P +

M>Q, M3P + M4Q}. To apply Lemma 5, we decompose operator K into four operators K1 1, K12, Ko 1,
and Ky on B; as
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x (BMIREI (fr) () + B2 17 (22 (1))

1 (log(t/a))"
+0(01‘QZ T(g1 4 1) )

x (B 11 (21,) (0) + BRI (£i) (1) )
Kia(xy)(t) = HIREI(f)(0),

ol m (E—a)P2
ICZ,l(x/y)(t) e <tx3Q4 T O(ZQSF(PZ + 1)

x (B mRE (f ) (B) + B2 172(3,) (1) )
1 (t—a)r?
+O( 0= Qlf( 2+1))
(.33RLIp2quz(gxy)( )+ ﬁ4RL1pl (fxy)(b)> ’
Kaa(xy)(t) = RErHIn gy, )(8).

Note that Ki(x,y)(t) = Kui(xy)(t) + Kip(xy)(t) and Ka(x,y)(t) = Koa(x,y)(t) +
K22 (x,y)(t). In addition, observe that ball Bs is a closed, bounded, and convex subset of Banach space
C. Now, we show that B; C By for satisfying condition (i) of Lemma 5. Setting x = (x1,x2),y =
(y1,¥2) € Bs, and using Condition (27), we then have

|11 (21, x2) (1) + Kq2(y1, y2) (¢

1 (log(t
o (0|+| | B

+ ooy (1001 10
IRUTLO T

1 (log(b/a))n
|Q| (Q3|+|Q4| (q +1)

+ iy (1001 10 SFEREEIE ) (ol REmet e (1)0) + |l 17 (1))

+ PHINRL[P1(1) (b)
= MP+ MQ <.

IN

) B FITRLI £y (0) 4 (2] P17 g1, (1))

(
log t/a )

[Bal K172 92 g 2 | (B) + Bl RE 1P fry 3 (8) )

IN

) (PIB R (00) + Qo M17(1) 0))

Furthermore, we can find that

[Ko,1(x1, %2) (1) + Ko (y1,y2) ()]

! ‘0( | |“ ‘ ( )pz 1 1 2
= al ( 4|| dl + |a;\‘ |(p—|—l)> (P|ﬁ1|H” REIPL(1)(b) + Q| B2 |17 (1)<b))
Ean |y | &
101 (02 + {0 )

x (QIBaIREIP2H 1% (1) (b) + P|Ba L1 (1) (b) ) + QREIP2H172(1) (b)
= M3P+ MyQ < 4.

That yields (K11, K21)x + (K12, K22)y € Bs. To show that operator (Kq,Kp2) is a contraction
mapping satisfying condition (iii) of Lemma 5, for (x1,y1), (x2,y2) € Bs, we have
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|K12(x1,y1) () — K12(x2,92)(t)]

< HIquLIp1|fX1,y1 _fleyz‘(t)
< (mllxy — x| + mollyr — yo ) HIMREIP (1) (b)
< (my +mp) B IREPU (1) () (|21 — 2| + [y — w21),
and
|KCo2(x1,y1) () — Ka2(x2,42) (1)
< RLIPZHIqZ‘gxlryl — Su,|(b)
< (g +m) KRR IR (1) (D) ([|x1 = x2| + ly1 — v2ll)-

It follows Form (29) and (30) that

(K12, K22)(x1,¥1) — (K12, K22) (x2,12) ||

< (mr+m) IR (1) (0) + ()RR )(8)) (s = ]+ 1~ val),

13 of 17

(29)

(30)

which is a contraction by inequality in (28). Therefore, condition (iii) of Lemma 5 is satisfied. Finally
we show that operator (K1 1, K, 1) satisfied the condition (ii) of Lemma 5. By applying the continuity
of functions f, g on [a,b] x R x R, we can conclude that operator (K1 1, K5 1) is continuous. For each

(x,y) € By, one has

Ko (x,) (1)

: gln ('Q [+ 10 l(lﬁ"(m) (P1B2 M1 R (1) () + QB2 M1 (1) (1))
o (1001 102 CREEESE ) (@l R0 0) 1)+ P 1 1) 1)

= P*,

and

Kz (x,)(8)

< o I I' e+ |a2I|Qs|%) (PIB "I EE 17 (1) (0) + QI P172(1) (1)
! 1| (’4“2' - Ii; 1I((pfi)) (QIBs| 17211 (1) (b) + Py |17 (1) (1))

= Q"

Then, we obtain the following fact

(K11, K1) (2, y)ll < P*+ Q7

which implies that set (K1 1, Kp,1) Bs is uniformly bounded. Next, we show that set (K11, 21)Bs is

equicontinuous. For 7y, T» € [a,]], such that 77 < T, and for any (x,y) € B;, we prove that
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K110 y)(r2) — Kya(x,v) (1)

(mr|<ﬂqf|+1>) |(log(t2/a))™ — (log(t1/a))™|

x (1811 M1 REIPY £y | (B) + B2l 1% gy ()

(&3 1 1
+ (|Q|r(qj+1)> |(log(2/a))™ — (log(t1/a))™|

x (18I RE12H 192 gy | (b) + | Bal K7 fry (8))

(Q|1~|((;£11|+1)) |(log(m2/a))™ — (log(T1/a))™|

x (P12l MR (1)(0) + Q1o P (1) 1)
0] 1 |
+ <|()|I‘(qi+1)> |(log(2/a)) — (log(t1/a))"|

< (QBs| REI=IE(1)(b) + P Bl RHIP (1) (1) )

IN

IN

Indeed, we can show that

1Ko (x, y)(12) — K1 (x,y) (7))

(“2| ||£T|ll?psz|+ 1)) (7 — a)P? — (11 — a)P?|

x (PIB 1T REIPH (1) (B) 4+ QI M1 (1) (1))

1[0 S
+ (aitags ) (o - @ —ay

x (QIBs[RE1P2 M 172(1) (b) + PIBa[ R 171 (1) (8) )

IN

Thus, (K11, K21)(x,y)(12) — (K11,K21)(x,y)(11)| tends to zero as 7 — T. Therefore, set
(K11,K21)Bs is equicontinuous. By applying the Arzeld—Ascoli theorem, operator (Ki1,K1)
is compact on B;. By application of Lemma 5, there exists z = (z1,z2) € By, such that z =
(K11,K21)z + (K12, K22)z. Therefore, Problem (2) has at least one solution on [a, b]. This completes
the proof. O

Example 1. Consider the following coupled system of sequential Caputo and Hadamard fractional differential
equations with coupled separated boundary conditions:

CDIHDIx(t) = f(t,x(1),y(t),  te[2,5],
HDiCDiy(t) = g(t,x(t),y(1)),  te€[25),

31)
x(2) +026Diy(2) =0, 0.42x(5)+05Diy(5) =0,

04y(2) — 0171 D3x(2) =0, 0.46y(5) +357D3x(5) = 0.

Here p1 = 1/2, pp =3/4,91 =1/3, 90 =2/3,a =2,b =501 =1, a0 = 02, a3 = 04,
g = —017, By = 042, B, = 0.5, B3 = 046, B4 = 0.35. From the given information, we find
that 71/3RLT1/2(1)(5) = 10.2601, RE[3/4H[2/3(1)(5) = 3.7354 and |Q)| = 2.2846, which lead to
My = 20.3479, M, = 3.5125, M3 = 10.1477, M4 = 9.6538.



Symmetry 2018, 10, 701 15 0f 17

(i) Let two nonlinear functions f, g : [2,5] X R x R — R be given by

sin?(t/7t) [ x® +2|x| ly| 1

= -~ 2
flt:xy) 14+ 1) ( [+ 1 ) (t+146) T2/ (32)

sin(|x|) tan~l(y)e~snf 3

t = -
g(tx,y) 156 + 13 6ir2 1 33)

Since 1 1

and

1 e
_ < _ i _
18t x1,1) = 8(t x2,92)| < T |01 — 22| + Gelyr — 2l

we obtain (M; + M3)(1/128 +1/148) + (M, + My)(1/164 +¢/98) = 0.8867 < 1. By the conclusion
of Theorem 1, Problem (31) with Problems (32) and (33) have a unique solution on [2, 5].

(ii) Now consider functions f, g : [2,5] x R x R — R defined by

et x*sin? t ly|° cos? t
t - 4
flbxy) 1 Bar P T B4 (34
2 sinx e tan~ly
stxy) = G T Birtre) T G052 (35

It is easy to verify that |f(t,x,y)| < (1/11) + (1/33)|x| + (1/33)|y| and |g(t, x,y)| < (2/3) +
(1/200)|x| + (1/190)]y|. As (M + M3)u; + (Mp + My)oy = 0.9938 < 1and (M + Ms)up + (M, +
My)vy = 0.9973 < 1, by applying Theorem 2, we get that System (31) with Systems (34) and (35) have
at least one solution on [2,5].

(iii) Define functions f, ¢ : [2,5] X R x R — R by

|x|e=(t=2) 1

_ Lo, xle T 1

flt,xy) = 4 sin t+40<1 B +4O siny, (36)
R S S S BUS | I

gt,xy) = 5 Cos t—|—16tan x+ 60 + )" (37)

We have |f(t,x,y)| <3/10, |g(t,x,y)| <5/8 and

1 1
|f(t,x1,y1) — f(t, x2,92)] < @|x1 — x|+ 5ln —ya|

and , ,
1g(t, x1,y1) — g(t, x2,2)| < E'xl — x| + E'yl -2l

Then we obtain ((mq + mp)HITRLIPI(1)(5) + (nq + np)REIP2H[%2(1)(5)) = 0.9799 < 1. Using
Theorem 3, the problem (31) with (36) and (37) has at least one solution on [2,5]. Observe that the
inequality (M; + M3)(my + mp) + (My + My)(ny + np) = 3.1706 > 1 and, thus, Condition (23) is not
satisfied. Therefore, Theorem 1 cannot be applied for this case.

4. Conclusions

We have proven the existence and uniqueness of solutions for a coupled system of sequential
Caputo and Hadamard fractional differential equations with coupled separated boundary conditions
by applying the Banach fixed-point theorem, Leray-Schauder nonlinear alternative, and Krasnoselakki
fixed-point theorem. We also provided examples to clarify our results.
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