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polynomials of the third and fourth kinds in terms of five classical orthogonal polynomials. In fact,
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1. Introduction and Preliminaries

In this section, we will recall some basic facts about relevant orthogonal polynomials that will be
needed throughout this paper. For this, we will first fix some notations. For any nonnegative integer
n, the falling factorial polynomials (x), and the rising factorial polynomials < x >, are respectively
given by

()n =x(x=1)---(x=n+1), (n>1), (x)o=1, ©)
<x>y=x(x+1)---(x+n-1), (n>1), <x>p=1. ()

The two factorial polynomials are evidently related by

(D)"(x)n =< —x >y, (—1)" <x >p=(—x)n. (3)

(2n —2s)!  22B(—1)° <} >,
(n—s)! <%—n>s2 , (n2520). @)
(x,y) / R S Loy lm, (Re x,Rey > 0). ()
r(n+%>:%, (n>0) ©
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T(x+1) T(x+n)

Trdi—n) (*)n, Tfay S<Ew (n>0), @)

where I'(x) and B(x,y) are the gamma and beta functions respectively.
The hypergeometric function is defined by

qu(a1/“ : ,ﬂp,‘b],' o /bq/x>
oo<a]>n"‘<ap>nxn (8)
n:0<b1>n<bq>nn!'

We are now ready to state some basic facts about Chebyshev polynomials of the third kind
Vi (x), those of the fourth kind W, (x), Hermite polynomials H,(x), generalized (extended) Laguerre

polynomials L%(x), Legendre polynomials P,(x), Gegenbauer polynomials CV(IA)(x), and Jacobi

polynomials P,g“’ﬂ )

. Chebyshev polynomials are diversely used in approximation theory and numerical
analysis, Hermite polynomials appear as the eigenfunctions of the harmonic oscillator in quantum
mechanics, Laguerre polynomials have important applications to the solution of Schrédinger’s
equation for the hydrogen atom, Legendre polynomials can be used to write the Coulomb potential
as a series, Gegenbauer polynomials play an important role in the constructive theory of spherical
functions and Jacobi polynomials occur in the solution to the equations of motion of the symmetric
top. All the necessary facts on those special polynomials can be found in [1-9]. For the full accounts of
this fascinating area of orthogonal polynomials, the reader may refer to [10-13].

The above special polynomials are given in terms of generating functions by

1—t o
Fltx)=— =Y Vy(x)t", ©9)
1—2xt+ 12 ?;) "
1+t o
Glt,x) = ——— =Y Wy(x)t", (10)
1—2xt + 12 n;) "
ezxtfﬂ _ i Hn(x)ﬁ (11)
= n!’
(1-—t""texp(—£5) = Y Li(x)t", (a > 1), (12)
n=0
(1—2xt+£2)2 = Y P(x)t", (13)
n=0
. i CW @), (A> -2 A £0,]t < 1,]x| <1), (14)
(1—2xt+2)A = 2 -
a+p )
> Y P (o), (15)

RI—t+RpPE(1+t+RPF =

(R=V1—-2xt+1t, o> —1).
Explicit expressions for the above special polynomials are as in the following;:
Vi(x) = oF1(—n,n+1; 1, 15%)

-y (Z”Z l)zn—l(x _qn, (16)
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Wi(x) = (2n+1)2F (—n,n+1; 3; 15%)

- i 2n —1 .
_(2"+1),_02n—2l+1( ! >(X1) ‘ (17)
2y
Hn(x) =n! Z m(b{)”’m, (18)
Lﬁ(x) = %mlFl( Tl,tX—l—l,‘x)
n (=1 [ m+ua
=L %xl' (19)
Pn(x) F1( 7’lTl+11 )
1 2 2n =21\ , o
i n—
Z"EO ()( n )x ' (20)
CEIA)("): e n/\_ )2F1( n,n 4204+ 3; 15%)
(5] I
_ k Ln—k+A) ) yn-2k
7,{:0( 2 r'(A )k!(n—Zk)!(zx) ’ (21)
P(a,ﬁ)(x):@fl( nl+a+p+mat1;155)
n + + - -
=L (I () e @)

Next, we state Rodrigues-type formulas for Hermite and generalized Laguerre polynomials and
Rodrigues’ formulas for Legendre, Gegenbauer and Jacobi polynomials.

H(x) = <—1)”e"2%e*2, (23)
Lj(x) = e (), @
Bax) = g (2 = 1), 25)
(1— 2 1cW (y) = (—712!)” . ;J:\;n>n dd; (1= 24, (26)
(1—x)*(1+ x)PPP) (x) = (2_};)'” ;%(1 — x)"HE(1 4 x)" TP, 27)

The last thing we want to mention is the orthogonalities with respect to various weight functions
enjoyed by Hermite, generalized Laguerre, Legendre, Gegenbauer and Jacobi polynomials.

/ e Hy (x)Hy (x) dx = 211/ Te0m, (28)
/ x*e Ly (x)Ly, (x) dx = %F(a + 14+ 1)0n,m, (29)
0 .

' P, P, d 2
/71 n () Pon () dx = 5= Onms (30)

/1 (1= 23 () C) () dx = T2 2T +2)

- = T AT O G
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1
/ (1— )1 + )P PP (x) PP (1) dx
-1

B 2T (n+a+ DT (n+ B+ 1)
C 2n+a+B+)I(n+a+B+1)I(n+1)

Onm- (32)

For convenience, let us put

=% L (T evw v w ez, e

1=0iy4ip+--+ipp1=I

Z Y (- (r - i? - l) Wi (X)W (x) - W, (x), (12 0,r > 1), (34
=0y +ip+---+ipp1 =1

We observe here that both v, ,(x) and &, ,(x) have degree n.

In this paper, we will consider the connection problem of expressing the sums of finite products
in (33) and (34) as linear combinations of H,(x), L%(x), P,(x), ctM (x), and pP) (x). These will be
done by performing explicit computations based on Proposition 1. We observe here that the formulas
in Proposition 1 follow from their orthogonalities, Rodrigues” and Rodrigues-type formulas and
integration by parts.

Our main results are the following Theorems 1 and 2.

Theorem 1. Let n, r be any integers with n > 0,r > 1. Then we have the following.

Loox o (O wene v

1=0 iy +ip+-tirsg =1
B (2n +2r)! i (—2)k
it (n 4 r — 3 gy =5 (= k)!

§ B R (2 —k Y —n—r—2n—2r2)
= 7141 (k — 2j)!
1 i i (=2)"t2en+2r —Dl(n+r—1)!
. 11(2n +2r —21)1(k —1)!
XoFo(l—kn—k+a+1;—1)L% ,(x) (36)
C(=DMl2n42r)t & (—D)k2k+1)
|

A (n 7 — Dy A (0 — R + K+ D)

Hy y(x) (35)

x 35 (k — n,% —n—r,—n—k—1,-2n—2r,—n;1)P(x) (37)
C(=1)"2n+2r) 4TI (n+ A+ ) X”: (=) (k+A)
B V(41— S T(n+k+21+1)(n—k)!

x 3B (k — n,% —n—r,—n—k—2A-2n—-2r,—n— A+ %;1)C,EA) (x) (38)

C(=Dren+2n) Tn+a+1) & (-DFQk+a+B+1D)I(k+a+p+1)
B rar(n+7—3)ngr ==k (a+k+1)T(n+k+a+p+2)

><3F2(k—n,%—n—r,—n—k—oc—/%—l;—Zn—Zr —n—a;1)P ('Xﬁ)( )- (39)



Symmetry 2018, 10, 617 5o0f 14

Theorem 2. Let n,r be any integers with n > 0, r > 1. Then we have the following.

Yon (T w0

=0iy+ip+--+ipp1=I1
(2n +1)(2n +2r)! no(=2)k
r122n+2r+1 (Tl +r+ %)n-&-r-ﬁ-l k=0 (n - k)!

(5] E(2i—k —n—r—21._2p_ 2.
2Fi1(2j —k,—n—r—5;—2n—2r;2)
X = (k= 2))! Hy—k(x) (40)
(2n+1) i i (=2)"t@2n42r —D(n4r—1)!
N2n+2r =21+ 1)1(k—1)!

k=01=0
XoFg(l—kn—k+a+1;,—1)L)_,(x) (41)
_(=1)"t(2n+1)(2n +2r)! i ) (2k+1)
T'227+1(1’l+1’+ )n+r+1 k=0 n+k+1)
X 3h(k—n,—n—r— %, —n—k—1;,-2n—2r,—n;1)P(x) 42)

C(-D)"@n+2r)122A 12 + DI (n + A + 3)
Vrrl(n+r + %)n+r+l

- (=D*(k+2)
8 kgor(n+k+2/\+1)(n—k)1

xgbh(k—n,—n—r— %, —n—k—=2A-2n—2r,—n— A+ %;1)(:(/\) (x) (43)
(=D"@2n+2r)!(2n+1)T(n+a+1)
122t (n +r + %)n+r+1

Lo(-DFk+a+B+D)T(k+a+p+1)

Xk:o(”_k)!r(“+k+1)F(n+k+oc+ﬁ+2)
xst(k—n,—n—r—%,—n—k—a—ﬁ—l—2n—2r —n—w;1)P (txﬂ)() (44)

Before closing the section, we are going to mention some of previous results on the related
connection problems. The papers [14-16] treat the connection problem of expressing sums of finite
products of Bernoulli, Euler and Genocchi polynomials in terms of Bernoulli polynomials. In fact,
they were carried out by deriving Fourier series expansions for the functions closely related to those
sums of finite products. Moreover, the same was done for the sums of finite products of Chebyshev
polynomials of the second kind and of Fibonacci polynomials in [17].

Along the same line as the present paper, sums of finite products of Chebyshev polynomials
of the second kind and Fibonacci polynomials were expressed in [18] as linear combinations of the
orthogonal polynomials Hy,(x), L% (x), P, (x), cM (x), and p{P) (x). Also, the connection problem of
expressing in terms of all kinds of Chebyshev polynomials were done for sums of finite products of
Chebyshev polynomials of the second, third and fourth kinds and of Fibonacci, Legendre and Laguerre
polynomials in [19-21].

Finally, we let the reader refer to [22,23] for some applications of Chebyshev polynomials.

2. Proof of Theorem 1

First, we will state Propositions 1 and 2 that will be needed in showing Theorems 1 and 2.
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The results in (a), (b), (c), (d) and (e) in Proposition 1 follow respectively from (3.7) of [4],
(2.3) of [4] (see also (2.4) of [2]), (2.3) of [5], (2.3) of [3] and (2.7) of [7]. They can be derived from their
orthogonalities in (28)-(32), Rodrigues-type and Rodrigues’ formulas in (23)-(27) and integration
by parts.

Proposition 1. Let q(x) € R[x] be a polynomial of degree n. Then we have the following.

(a) q(x) = Y. CorHy(x), where
k=0

_ (_1)k /‘oo Lk —x2
Cor = Sir/m | o 1) e ™ 4%

() q(x)= i CikoLi(x), where
k=0

1 e dk —x k4
Crp = m/o ‘7(3‘)@(5 x ) dx,
n
(c) g(x)= Z Cy3Pi(x), where
k=0

2k+1 1 dk
o= g |, 9075 (2 D,

T gk
- A
d) qx) =), Ck,4C;E )(x), where
k=0

Cra = (k+M)I(A) /11 (x) & (1- x2)k+A_%dx,

(~2F AT (ke A+ 3) Ja Tk

dxk
n
(e) qx)=1) Ck,5pr(za'ﬁ) (x), where
k=0
(—D*@k+a+B+ DI (k+a+p+1)

! d* k+ k+
“ 1= @ B
X /71 q(x) T (1 —x)(1 + x)"Pdx.

Crs =

The following proposition will be used in showing Theorems 1 and 2. In fact, (a) is needed for (35)
and (40), (b) for (39) and (44), and (b) or (c) for (37), (38), (42) and (43).

Proposition 2. The following holds true.

(a)  For any nonnegative integer m,

© 5 0, ifm=1 (mod 2),
/_ooxe dx = (7%!;{;" if m=0 (mod 2),

(b)  For any real numbers r,s > —1, we have

1—x)(1 54 :2r+s+1
o) A0 T(r+s+2)

7

/1 T(r+1)T(s+1)

(c)  Forany real numbers r,s withr +s > —1,5 > —1, we have

1 I'(r+s+1)I'(s+1)
Y I TEWAY - r+2s+1
/_1<1 x)'(1—x)dx =2 [(r+2s+2)
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Proof.

(a) This is an easy exercise.

(c) This follows from (b) with r replaced by r + s.

(b) This follows from the change of variable 1 + x = 2y and (5). O

The following lemma can be obtained by differentiating (9), as was shown in [24].

Lemma 1. Let n,r be integers with n > 0,r > 1. Then we have the following identity.

n _ _l ,
oL (T T e v = v, 4s)

1=0 11+12+ +1,+1_l

where the inner sum runs over all nonnegative integers iy,ip, -« - fp11, With iy + iy + -+ - + iy = L.

From (16), we see that the rth derivative of V,(x) is given by

n—r _
D= () -y 46)
1=0
Especially, we have
r " o 2r -1
AT ( S )2””’(n+r—l),+k(x—1)”"’- (47)

Now, we are ready to prove Theorem 1. As (38) and (39) can be shown similarly to (43) and (44)
in the next section, we will show only (35), (36) and (37). With 7, »(x) as in (33), we let

')/n r Z Ck 1Hk ) (48)

Then, from (a) of Proposition 1, (45), (47), and integration by parts k times, we obtain

k
x)d—e_xzdx

(=1)
Ck,1 - zkk‘f ’YT’!,?’( k

d
e [

e dx
k a2
2k+rktr|\f/ Vn(:: ) *dx (49)
1 2n +2r — 1 _
2k+rk'r'f Z ( i )2n+r l(n +7r— l)r+k

></ (x — 1)”*k*lefx2dx.

—00
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Before proceeding further, by making use of (a) in Proposition 2, we note that

/ (x — 1)me*x2dx

m

s=0

_ m\ L imes ST (50)
Z, (e s

s=0 (mod 2)

g () @)

From (48)—(50), and after simplifications, we have

k-1
1 (—2F &IE (=hl@n+2r—Ditn+r—1)!
== -H,,_
Yur () r!kgb(n—k)!l;‘)];) 1120 +2r —20)1(k — [ — 2j)1j14] " ()
1i (—2)k 5] 4 K2 ( %12n+2r—l)!(n—|—r—l)!H (x)
n =) 5 5 I+ 2r— 2Dk — 1 2))! n—ki¥
k
B (2n+2r) no(—g)k L 1
ot <1 1> (5 (n—k) = 14 (k — 2j)! 51)
K20l < 2j—k><i—n—r>
2 1
= < 2n—2r>  Hnkl®)
B (2n +2r)! 1 (=2)k
N P (n 1 — %)nﬂ = (n—k)!
[5) F(Z'—kl— — =20 —2r:
2F1(2j =k, 5 —n—r1;—2n—2r;2)
: H,_ .
X];; 14 (k- 2j)! k(%)
This shows (35) of Theorem 1.
Next, we let
')’nr ZCkZLk ) (52)
k=0

Then, from (b) of Proposition 1, (45), (47) and integration by parts k times, we get
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Crh = ;/‘X’ V(i’) (x)dik(efxxkﬂx)dx
k2= orT(a + ) nErA gk

(a+k+1
= 2’1"1"50(41—)k—|—1)/ V,,Ef;k)( x)e Fxk gy
= WFE&BZ) ;:) <2n+12r_l)2”+rl(n+r— Dk
x/()oo(x—l)”_k_le_"xk”dx
W%g(%ﬂ% 1)2”+*‘l(n+r—l),+k

ST (T o seasy

s=0 (53)
—1)k =k on 4 2r—1 _
— (erl) Z ( l >2n+r l(n+r—l)r+k
o 1=0
n—k—I 1
x Y (n f l)(—l)”‘k‘l‘s<k+zx+1 >
5=0
n

—k 2n42r —)(=2)" 1 (n4r—1)!
N2n+2r =20 (n—k—1)!

l
s!

7!

—

o

<k+l—-n>s<k+a+1>

[\1»

o

3 w

= (@n+2r = 1){(=2)"(n+r—1)!
= D@n+2r =20 (n—k—1)!

><2F0(k+l—n,k+tx+1;—;1).

1
Y

Combining (52)—(53), we finally have

ko@n42r —D)I(=2)"n+r—1I)

Tur(x) = T Z Z(:) I'(2n +2r —2)1(k —1)! (54)

X 21—"0(1 —kn—k+a+1,—1)L; ;(x).

This completes the proof for (36) of Theorem 1.
Finally, let us put

V(X Z Ci3Pr(x). (55)
k=

Then, from (c) of Proposition 1, (45), (47) and integration by parts k times, we have

_1)k 1
Cip = 2+ 117 / : VI (x) (22 — 1)kdx

ok+r+1]c1y1 n+r
2k + 1) (—=1)k "=k /2n4-2r —1 _
= { 2k+7+)1(k'r') ( ] >2n+r it r =1k (56)
o 1=0

x /1 (x — 1) F (22 — 1)kdax,

-1
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By making use of (c) in Proposition 2 and after simplifications, from (56) we obtain

)”+’<(2k+1 i
(—1)14” l(2n+2r—l)!(n+r—l)!(n—l)!
“nt2r—201n—k—Dn+k—1+1)!
_(=D"@n+2r)int (=1)F(2k+1)
N 1’!4r(1’l +r— %)n+r (n _k)!<n +k+1)!

Crz = (=

(57)
X”’k<k—n>l<%—n—r>l< —n—k—1>
= IN'< =2n—=2r >1< —n >
_(=D"@n+2r)int (=1)F(2k+1)
4 (n+r— L), (n—k)!n+k+1)!
><3F2(k—n,% —n—r,—n—k—1,-2n—2r,—n;1).
From (55) and (57), we get
(— 1)”(2n—l—2r)'n' o (=1)f2k+1)
’)/n,r(x) = 1 |
rar (n+r— gy = (n =)+ k+1)! (58)

1
x sF(k—mn, 5~ n—r,—n—k—1,-2n—2r,—n;1)P(x).
This proves (37) of Theorem 1.

3. Proof of Theorem 2

Here we will show only (43) and (44) in Theorem 2, as (40)—(42) can be shown analogously to the
proofs for (35)—(37), respectively. The following can be derived by differentiating the Equation (10) and
is stated in [24].

Lemma 2. Let n,r be integers with n > 0, r > 1. Then we have the following identity.

yor G (T I T WM W () = W, (@)

1=01y+ip+--+ipy1=I

where the inner sum runs over all nonnegative integers iy, iy, - - - ,i,41, Withiy +ip + - -+ i1 = L

From (17), the rth derivative of W, (x) is given by

W,(lr)(x) =(2n+1) "Z’ mr1—2\ 1 ) (n =1 (x—1)"". (60)

In particular, we have

—k n+r—I
(V+k) N n 2 2n + 2r — l _ _ n—k—I
W =@t ) D gy ( A LR T C T N )

With &, ,(x) as in (34), we let
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Then, from (d) of Proposition 1, (59), (61) and integration by parts k times, we get

(k+A)T(A)
2l /AT (k+ A+ 1)

/ Wn:-tk 1— )3y
(k+A)T (/\)(2n+1)
2k+rr'fl"(k+/\+§)

Cra =

- gntr 2n+2r—1
Z;‘) n—|—2r+1—21< ! )(n+r—l)r+k
. ) (63)
% (x 1)n7kfl(1 _ x2)k+)t7§dx
-1
~ (k+A)T(A)(2n+1)(—2)"F
ryAl(k+ A+ 1)
X”k (—Dlen+2r—Din+r—1)!
Z 2n+2r721+1)l'(2n+2r721) (n—k—1)!
l
x / (1— %) (1 = $2)F+A=3 gy,
-1
Invoking (c) of Proposition 2 and after simplifications, from (63) we obtain
o (=1)" K (k + A)T(A)(2n + 1)22F 21T (n + A + 1) (20 + 2r)!
kA T(n+k+2\A+1)(n—k)rl\/7
y "if (—Dlen+2r—Din+r—14+ D) (n—k)!(n+k+2A)
= N@en+2r)12n+2r =204+ 2)!(n—k —D!(n+ A — 1),
(DR +MT(A) (21 4+ 1)22 21 (—1)" T (n + A + 1) (2n + 2r)!
B T(n+k+2A+1)(n—k)rymn+r+ Lm0 64)
X”ik<k—n >Si<—n—r—3><—n—k—2\>
= 1< —2n—2r >< —n— A+ 3>

(—1)F(k+A)T(A) (21 + 1)22A 2 =1 (—1)"T(n + A + 1) (2n + 2r)!
T(n+k+2A+1)(n—k)rty/mam+r+ 1)

1 1
><3F2(k—n,—n—r—E,—n—k—Z)\;—Zn—Zr,—n—)\—l—5;1).

From (62) and (64), we have

T(A)(2n+1)22 21 (—1)"T(n + A + 1) (2n + 27)!
}’!\/E(I’l + r + %>n+r+l

L (—Dk(k+A) 65
Xlgf(n+k+2)\+1)(n—k)! (©)

Enr(x) =

1 1
x3h(k—n,—n—r— 5 —n—k—2A,-2n—2r,—n—A+ E;l)C,E“)(x).

This shows (43) of Theorem 2.
Next, we let

Eurlx) = 2 CsPLP) (). (66)
k=0
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Then, from (e) of Proposition 1, and (59), (61), and integrating by parts k times, we obtain

(2k+a+p+1)T(k+a+p+1)
e tptktr 1M + k+ 1)T(B+k+1)
WP -0 P
_ (2k—|—¢x+ﬁ+1) (k+atpt+1)2n+1)
2P (0w + k+ 1)T(B+ k+1) 7

n—k n+r—l
2 27’l+21’—l n—k—I
& 2n+2r—2z+1< z ><”+r_l)’+k(_1)

Crs =

1
X / (1—x)"T*=1(1 4 x)FPdx.
J-1

By exploiting (b) in Proposition 2 and after simplifications, from (67) we get

()" *2k+a+B+1)T(k+a+B+1)22" 1 2n+ DT (n+a+1)
Fla+k+1)I(n+k+a+p+2)r!

an—k (-Dlen+2r—Din+r—1+ D (n+k+a+p+1)
= N2n+2r=21+2)!(n—k—-N!(n+a),
(D) *2k+a+ B+ DT (k+a+B+1)(2n+ 1T (n+a+1)(2n + 2r)!
C T(atk+D)T(n+k+a+B+2)(n—k)r22 i (ntr+ 1), 00
X2<k—ﬂ>z<—ﬂ—7—%>l<—”—k—lx—ﬁ—1>l

i < =2n—2r>< —n—a >

(

—1)" F2k+a+B+ 1)l (k+a+B+1)2n+ 1) (n+a+1)(2n+2r)!
Tla+k+D)I(n+k+a+p+2)(n—k)r22 i (n+r+ 1),

Crs =

o

(68)
n—k

1
><3F2(k—n,—n—r—E,—n—k—a—ﬁ—l;—Zn—Zr,—n—a;l).

Thus, from (66) and (68), we have

-D"2n+1)I'(n+a+1)(2n +2r)!
r|22r+1 (n +r+ l)n+r+1

i D2k +a+ B+ DI (k+a+p+1)

S Ta+k+)I(n+k+a+p+2)(n—k)

Enr(x) = (

x3h(k—n,—n—r— %,—n —k—a—p—1,-2n—2r,—n —01;1)13;5“'/3)(9()'

4. Conclusions

In this paper, we considered sums of finite products of Chebyshev polynomials of the third and
fourth kinds and expressed each of them in terms of five orthogonal polynomials. Indeed, by explicit
computations we expressed each of them as linear combinations of Hermite, generalized Laguerre,
Legendre, Gegenbauer and Jacobi polynomials which involve some terminating hypergeometric
functions. This can be viewed as a generalization of the classical linearization problem. In general,
the linearization problem deals with determining the coefficients in the expansion of the products of
two polynomials a,,(x) and b, (x) in terms of an arbitrary polynomial sequence {py(x)};~o:

m—+n

()b (x) = Y con (k) pr(x)
k=0
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Those sums of finite products were also represented by all kinds of Chebyshev polynomials
in [20]. In addition, the same had been done for sums of finite products of Chebyshev polynomials of
the first and second kinds, Fibonacci polynomials, Legendre polynomials, Laguerre polynomials and
Lucas polynomials.
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