symmetry MBPY

Article

Sehgal Type Contractions on b-Metric Space

Badr Alqahtani !, Andreea Fulga ? and Erdal Karapinar 34*

1 Department of Mathematics, King Saud University, Riyadh 11451, Saudi Arabia; balgahtanil@ksu.edu.sa

2 Department of Mathematics and Computer Sciences, Universitatea Transilvania Brasov,

Brasov 500036, Romania; afulga@unitbv.ro

Department of Mathematics, Atilim University, Incek 06836, Ankara, Turkey
Department of Medical Research, China Medical University, Taichung 40402, Taiwan
Correspondence: erdalkarapinar@yahoo.com

check for
Received: 7 October 2018; Accepted: 23 October 2018; Published: 1 November 2018 updates

Abstract: In this paper, we analyze two discontinuous self-mappings that satisfy Sehgal-type
inequalities in the setup of complete b-metric space. The main results of the paper cover and
extend a few existing results in the corresponding literature. Furthermore, we give some illustrative
examples to verify the effectiveness and strength of our derived results. Thereafter, as an application,
we consider the obtained result to aggregate the existence and uniqueness of the solution for nonlinear
Fredholm integral equations.
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1. Introduction and Preliminaries

In 1969, Sehgal [1] formulated an inequality that can be considered an extension of the renowned
Banach contractions mapping principle in the setting of a complete metric space. Indeed, Sehgal [1]
investigated the contractive iteration of each point of continuous self-mappings in the circumstance of
complete metric spaces.

Theorem 1. [1] Suppose that O is a continuous self-mapping on a complete metric space (M, d). If there exists
a positive real number ¢ with ¢ < 1 such that for each p € M there exists a positive integer n(p) such that:

d(0"P)p,0"P)g) < cd(p,q), foreach g € M, (1)
then O possesses an unique fixed point in M.

Sehgal [1] gave also an example of a mapping O that does not form a contraction, but it satisfies (1)
and possesses a fixed point. This result has been refined by Guseman [2] by relaxing the continuity
condition on the mapping. Our purpose in this study is to extend the existing common fixed point
results in a more general abstract structure. The idea of the extension of a metric notion, in particular
the concept of b-metric, is quite natural, and it has appeared in several papers, such as Bourbaki [3],
Bakhtin [4], Czerwik [5], Heinonen [6] and many others. In brief, the b-metric was obtained by
substituting the triangle inequality of the metric

(T) d(p,q) <d(p,u)+d(u,q) forevery p,q,u € M,

with the inequality:

(S) d(p,q) <sld(p,u) +d(u,q)] forevery p,q,u € M,
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for a fixed s > 1. In this case, the triplet (M, d, s) is termed a b-metric space. It is clear that (M, d, s)
forms a standard metric space in the case of s = 1.
A typical example of b-metric is the following:

Example 1. [7] For any metric space (M, d), it is possible to define a function dy : M x M — R{ as
do(p,q) = (d(p,q))" with « > 1, where w is a real number and Ry is the collection of all nonnegative
real numbers. I this case, (M, dy,s) forms a b-metric with s = 2P~1. Indeed, for 1 < a < oo, the function

J : (0,00) — R defined by J(t) = t* is convex, and therefore, it verifies Jensen’s inequality | (#) < w.
o o I3 .
Hence, (#) < %, meaning (a+b)* < 2% 1(a% + b%).

For more interesting examples and fundamental results on the b-metric, we refer to, e.g., [8-17] and
the related references therein. With respect to the analogy with the standard metric space, the topology
on b-metric space is easily setup. On the other hand, in general, b-metrics are not necessary continuous.
We say that a sequence {p,} in a b-metric space (M, d,s) converges to p if lim, e d(pn, p) = 0.
A sequence {py} is Cauchy if d(pu, pm) — 0 as n,m — oo. We notice also that each convergent
sequence in a b-metric space is Cauchy. As usual, if each Cauchy sequence is convergent, then we

say that a b-metric space (M, d,s) is complete. We mention also that in a b-metric space (M, d,s),
a convergent sequence has a unique limit.

2. Main Results

First of all, inspired by the ideas from [18,19], we consider a new type of contractive condition.

Definition 1. Let O, R be self-mappings on a b-metric space (M, d, s). We say that O, R forms A-contraction
if there exists ¢ € (0, 5z ) such that for each p,q € M, there exist positive integers n(p), m(q) such that:

d(0"P)p, R"1q) < cE(p,q), @)

where:

E(p,9) = [d(p,q) + |d(p,0")p) —d(q, R"®g)| .

Theorem 2. If O, R form A-contraction on a complete b-metric space (M, d,s), then O and R possess exactly
one common fixed point.

Proof. Firstly, we notice that:
E(p,q) = 0if and only if p = g and o'y = Rm(p)p.

Indeed, if E(p,q) = d(p,q) + ‘d(p, 0"Plp) —d(q, R’”(q)q)’ =0, then:

0=d(p,q) +|d(p,0""p) — d(g,R"Dq)| = d(p,q) >0,

and hence,
d(pg) =0=p=q. ®
On the other hand, for p = q, we have by (2):

0 < d(0"Pp, R™P)p) < cE(p,p) =0,

which yields that:
d(O”(P)p, Rm(r’)p) —0= O”(P)P - Rm(r’)p. (@)
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Therefore, by combining (3) and (4), we get that 0"(P)p = p = g = R"(@gq.
Conversely, if p = g and O"(P)p = R™() p, then:

d(p, p) + |d(p,0"Pp) —d(p, R"P)p)| = 0.

Let pg € M be an arbitrary point. Starting from pg, we will inductively construct a sequence

{px} by:
pr=R"P)pg, py = 0"Ppy, L pyig = R"PH poy, oy = O"P2et)pyy g, ®)

or if we use the notation my = m(pa), nx = n(pay_1), we can write porr 1 = R™kpyy, respectively

Pak2 = O™+ 1popiq.

If we suppose that for some ko € Ny, px, = pk,+1, then the proof is completed, since t = py, is a
common fixed point for O and R. Hence, without loss of generality, we presume that py # py, for
each k € N. We examine the following cases:

(a) For p = pox_1 and q = py, the inequality (2) becomes:

0 < d(paks paks1) = (O™ por_1, R™por) < cld(pak—1, pax) + 1d(pak—1, O™ pa—1) — d(par, R™ pox )]

(6)
= ¢ [d(par—1, pax) + |d(P2r—1, P2x) — A(P2k, P2r+1)]] -

If max {d(pak_1, Pak), A(Pak, P2ks1) } = A(Pak, Pax11), then from (6), we obtain a contradiction:

0 < d(paks pak+1) = (O™ po_1, R™ por) < ¢ - d(por, pak1) < d(Poks Pok+1), (7)

since ¢ € (0, 527 ). Therefore, max {d(pax_1, pak), d(Pak, Pak+1)} = d(pak—1, pax), and (6) becomes:

d(pak, par+1) < ¢+ (2d(pak—1, pax) — d(Paks Pak+1)) s 8
or equivalently:
2c
d(paks Paks1) < 1 +Cd(P2k71,P2k), forallk > 1. )

(b) For p = poxi1, 9 = pak, we have:

0 < d(paks2, Pok+1) = d(O™+1pyryq, R™epyy)
< c- [d(paxs1, Pax) + 1A (parg1, O™+ pory1) — d(par, R™ por) ] (10)
= ¢ (d(pak+1,P2x) + [d(P2ks1, Poxs2) — d(Poks Pok41)]) -

If max {d(pax11, p2x+2), d(Paks Pak+1)} = d(P2xs1, P2x+2), then (10) turns into:

d(paks1, Paks2) < cd(paks1, Paks2) < A(Poks1, Paks2),

which is a contradiction. Hence, for all k > 1, max {d(pax+1, Pak+2), 4(Pox, P2k+1) } = d(Pox, paks1)- Thus,

0 < d(pars2, Pok+1) < ¢ [2d(pox, Poks1) — A(Pars1, Pak+2)]

or:

C
> 1.
Tr A(pak ok, forallk =1 (11)

By routine calculation and based on (9) and (11), we get:

d(pak+1, Pok+2) <

2c
1+c

2c
1+c

2%
0 < d(poks1, Pok+2) < d(pak, paks1) < o < ( ) d(p1,p2), (12)
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and:
0 < d( )< 2 g V<< (2N o) (13)
P2ks P2k+1) = Ttoc P2k-1,P2k) = -+ = Trec po, p1)-
Therefore, combining (12) and (13), we can conclude that:
Apurpet) < () #lp0) (14
PnsPn+1) S 1+ec po),

for all n € N, where we denoted by r(pg) = max{d(po, p1),d(p1,p2))}. Letting n — oo in (14),
we obtain:

lim d(pn, pnt1) = 0. (15)

n—oo

We will establish that {p,} is a Cauchy sequence in (M, d,s). For p € N, using the triangle
inequality and taking (14) into account, we have:

A(pi Prsp) <5+ (i prn) + d(prsn, Prsy) |

< s-d(pr prs1) + 52d(Prs1s Prr2) + o+ 5P - d(Prsp—1, Prsp)
s+ () rpo) + 52+ (£9) r(po) + o 5P - (£9) 7 r(po)
(f—fc)kr(po) {1 5 () +52 (1%)2 sl (%)P”]

2c

k 1—(s-22)7
s+ () r(po)- B o,

IN

S

I+c 1—s

when k — oo. Consequently, {p,, } is a Cauchy sequence. By completeness, p, — t as n — oo for some
point t € M, that is:
lim d(pn,t) = 0. (16)

n—o0

Letting p = t and g = py in (2), we have:

d(0" Wt popq) = d(O" Mt RMepy) < c- (d(f, Pax) + ‘d(f/ 0"Bt) — d(pax, RmkPZk)D

(17)
=c (d(t, pak) + ’d(t, 0"()t) —d(pak, pak+1) D :
Taking the limit of k — oo in (17) and using (15), (16), we obtain:
d(0"Wt, 1) < c-d(t,0"D) < d(t,0" D),
which means that O"(!)¢ = t. Using the same reasoning, we observe that for p = py_; and g = ¢,
d(pok, R™Dt) = d(O"pye_q, R"Dt) < c- (d(ka,l,t) + ’d(szflxonkPZkfl) —d(t, Rmmt)’) (18)
=c (d(PZkflft) + ‘d(szflrpzk) —d(t, Rm(t)f)‘) ,
and letting k — oo in the inequality above, we derive that:
d(t, R" D) < c-d(t, R"Dt) < d(t, R™"D)p). (19)

Hence, we get that R"(!)t = . We suppose now that there exists another point v € M, with t # v
such that:
0"y = vand Ry = v,

We get from (2) that:

0 < d(t,v) = d(0"Dt, R")y) < ¢ [d(t,u) + 'd(t, 0"Mt) — d(u, Rm<v>v)H = c-d(t,v) < d(t,v),
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which is a contradiction. Hence, t = v. On the other hand, Ot = O(0"()t) = 0"*) (Ot) and from the
uniqueness of ¢, we can conclude that Ot = t. Similarly, we get Rt = t. In conclusion, O and R have
exactly one common fixed point t. [

Example 2. Let M = {0,1,2,3}, and defined : M x M — R by d(p,q) = d(q,p), forall p,q € M,
dip,p) =0,p € M,d(0,1) =d(1,2) =3,d(1,3) = d(2,3) = 1,d(0,2) = 4, d(0,3) = 2. Therefore,
(M, d, s) is a b-metric space with s = %, but not a metric space since for p = 0 and g = 2:

d(0,2) =4>2+1=d(0,3) +d(3,2).

Therefore, the triangle inequality is not satisfied. Let O, R : M — M be two mappings defined as:

and:
R(1) =1, R(3) =2, R(2) =0, R(0) =1.

It is easy to see that for any p € M, thereis n = n(p) € {3,4,...} such that O"P)p = 1 and for any
q € M, thereis m = m(q) € {4,5,...} such that R"™1)q = 1. Therefore, there exists ¢ € (0, 5 ) such that
for each p,q € M, there exist positive integers n(p), m(q) such that

0=d(1,1) = d(0"W)p, R""q) < c [d(p,q) + |d(p,0"")p) — d(q,R""g)||.

Hence, all the conditions of Theorem 2 are fulfilled, and O and R have exactly one fixed point, p = 1. In
addition, we can observe that for p =1,q =3,

d(0(1),R(3)) =d(1,2) =3 > 2 =d(1,3) + |d(1,0(1)) — d(3,R(3))|.

Example 3. Let M = [0,1] and d : M x M — Ry be defined as d(p,q) = |p — q|?. It is clear, due to
Example (1), that (M, d, s) is a b-metric space with the constant s = 2. Let O, R : M — M be defined by:

NI

forp €[0,1)
O(p) =
forp=1.

|—

and R(p) = &.
Due to this definition of mappings O and R, we consider two cases:
(a) For fixed p € [0,1), q € [0,1], if we denote n(p) = n and m(q) = m, we have:

O"(p) = 35 R"(0) = 5

Considering n = 4, m = 2, we get:

2

d(0*(p), R2(9)) :d(%%) _ |P2—6q|

and:
A(p,q) +|d(p, O*(p)) —d(a, R@)| =Ip—al*+|lp— &~ 10— %I
— |p—ql*+225- 2

256
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In this case, (2) becomes:

lp—ql 2 P —
< _ P AT
56 =Pl 4225 T

Therefore, for p # q,
[p =4l < c(256]p —g| +225(p +4))

or, equivalently,
(1—256q)|p — q| <225(p+q)

which is true, for any 21% <c< i
(b) For p = 1and q € [0,1], we choose n(1) = 2 and m(q) = 2. Since O*(1) = & and R%(q) = &, we
find that:

and for any ﬁ <c< %, we get:

2
11—gq]
256

<clp—qp 225 2254
= 256 256

which shows that (2) is satisfied.
In conclusion, for any p,q € M, all the presumptions of Theorem 2 are satisfied. It follows that O and R
have exactly one common fixed point in M, t = 0.

Corollary 1. Let (M,d,s) be a complete b-metric space with s > 1 and O : M — M be a mapping for
which there exists a real number c, 0 < ¢ < ﬁ such that, for each p,q € M there exists a positive integer
n(p) with:

4(0"")p,0"1)g) < c [d(p,q) + |d(p, 0"P'p) — d(g,0"Wq)]] . 0)

Then, O has exactly one fixed point.

Theorem 3. Let O, R be two self-mappings on a complete b-metric space (M, d, s) such that for all p,q € M,
there exist positive integers n(p), m(q) such that:

d(0"Pp, R"0q) < 1d(p,q) + ad(p, 0" ) p) + asd(q, R"Wq) +ay (d(q,0"P'p) +-d(p,0"Wg) ), (21)

where a; > 0,1 € {1,2,3,4} with ay + ay + a3 + 2sag < L. Then, the pair of mappings O, R possesses exactly
one common fixed point t.

Proof. Starting with an arbitrary point pg € M, we construct a sequence {py} in M as follows:

p1 = R"P)pg, po = 0" P py, . pyrq = R™P) oy, poyp = OMPot) oy (22)



Symmetry 2018, 10, 560 7 of 12

Let my = m(py) and ng = n(pyk_1)- For p = pyr_1 and q = py, the inequality (21) becomes:

d(paxs Par1) = d(O" pox—1, R™ pok)
< ayd(pak—1, pax) + a2d(pak—1, O™ par—1) + asd(pax, R™ pak)
+ay (d(pax, O" pax—1) + d(par—1, R™kpak) (23)
= a1d(pak—1, p2k) + a2d(pak—1, Pax) + a3d(pak, Pak+1)
(

+a4 (d(pak, pax) + d(Pok—1, Pok+1)) -

By using the triangle inequality, we find that:
d(pars Par1) < ard(pak—1, pax) + a2d(pax—1, pax) + asd(pak, pak+1)+

ag - s [d(pax—1, pax) + d(Pak, Pok41)] (24)
= (a1 + ay + sag)d(pok—1, pax) + (a3 + sag)d(pax, Pax+1)-

Hence, from the above inequality, it follows that:

d(poxs pax+1) < L F 0 o4

S — d(pak-1, p2x) < d(pax—1, Pak), (25)

where % < % Repeating the above process, we obtain for p = poy;1 and g = py:
d(parr2 Prr1) < ad(paky1, pax) + a2d(pok 1, O™ pory1) + azd(par, R™kpak)

+ay (d(PZkr O+ pog 1) + d(P2k+11Rmk)P2k))

= a1d(pak+1, Pak) + a2d(poki1, Par+2) + a3d (pak, Pak+1) (26)
+ay (d(paks Pak+2) + A(P2kt1, P2kt1))

< (a1 + a3 +sag)d(pas1, pax) + (a2 + 5a2)d (pors1, paxr2)-

Therefore,
d(pak+1, Pak+2) < %(d(mz« P2k+1)- 27)

Putting together (25) and (27), we find that for any k € N:

2%k
ay +as +sa
d(pak, pak+1) < (11_112_5114) d(po, p1),
S (28)
d < a1 +as +say J
(P2kt1, P2k+2) < 1—a, —sag (p1,p2)-

From here, considering r(po) = max {d(po, p1),d(p1, p2) } and g = max { Guiastony futaytsiy } <

1—ay—sas 7 1—asz—say
1

5, we can conclude that:

A(Pm, Pm+1) < q"r(po), forany m € N. (29)
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In order to prove that the sequence {p;} is Cauchy, we will estimate d(py, px1,). For p € N,
we have:

d(pr Prip) <s- {d(Pk/ Prt1) + d(pk-&-l/pk—i-p)}
<s-d(pr, prer1) +52d (P Pry2) + o+ 5P d(Prip-1 Py p)
<s- qkr(xo) +s2. qk+1r(x0) 4+ ... +sP. qk+p‘1r(x0)

r(po) Zii;ffl gi—k+1 .qi

< r(x0) L2y (s -q)" — 0

as n — oo. Therefore, {p,} is a Cauchy sequence. When the b-metric space (M, d, s) is complete, there
is a point t € M such that:
lim d(py, t) = 0. (30)
We prove that 0"t = t = R"(t, meaning that t is a common fixed point of O"(*), respectively
R™®), If we take p = py_q and y = u in (21), we get:
(O™ py 1, R™t) < ayd(pox—1,t) + azd(pox—1, 0™ poy 1) + azd(t, R"Vt)

+ay (d(sz—lme(t)f) +d(t, O""sz—l))

(31)
= m1d(pox1,t) + a2d(poi1, pax) + asd(t, R"Ot)
+ay (d(szqum(t)f) +d(t, sz)) /
and taking the limit k — oo in the previous inequality, we obtain:
d(t,R"1t) < lim d(pay, R"™D) < (a3 4 ag)(d(t, R"Dt) < d(t, R" D), (32)

which implies that d(t, R"(!'t) = 0. Hence, R"™(!)t = t. Supposing that 0"t # t, from (21) and (32),
we have:

0 < d(0"W¢t, 1) = d(0"Dt, R" D) < apd(t, 0" D) + aud(t,0"Dt)) < d(t,0" D) (33)

which is a contradiction, and hence, 0"t = ¢.
Finally, we will demonstrate the uniqueness of the fixed point. For this, we presume that on the
contrary, there exists another point v € M such that 0"(")v = v = R"™®)y and t # v. Therefore,
0 <d(t,v) =d(0"®t R"V)y))
< mpd(t,v) + axd(t, 0" D) + azd(v, R"©)v) 4 a4d(v, 0"Dt) + d(t, R"V)y) (34)
=ad(t,v) < d(t,v).

This is a contradiction, hence ¢ = v. Since the fixed point is unique, we can conclude that ¢ is a
common fixed point for O and R. Indeed,

Ot = 0(0"Wt) = 0" (0t) (35)

shows that Ot is also a fixed point of 0"(). However, 0"(!) has a unique fixed point t; hence, Ot = t.
Similarly Rt =¢t. O
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Corollary 2. Let O, R be two self-mappings on a complete b-metric space (M, d, s). Suppose that there exists a
positive constant ¢, 0 < ¢ < L and for all p,q € M there exist positive integers n(p), m(q) such that:

d(0"P)p, R™Dgq) < cd(p,q). (36)
Then, the pair of mappings O, R has exactly one common fixed point t.

Proof. The proof follows from Theorem 3 by taking a) = a3 = a4 =0anda; =c <1/s. O

Example 4. Let M = {A(p) = <2p 4”) ‘p eR} and d : M x M — R} be defined as

p O
d(A(p),A(q)) = |tr(A(p) — A(q))|*. The triplet (M,d,s) forms a complete two-metric space. Let
O,R : M — M be defined by O (A(p)) = BA(p), S(A(p)) = CA(p), where B = <1é2 1;2),
. (174 2/3 . ; s (5p/8 p/2
respectively C = < 0 1/2>. By regular calculation, we have O°(A(p)) = B°A(p) = (p/8 0

59/8 q/4

and R3(A(q)) = C*A(q) = (q/4 0

).Forc: le < %,wehave:

d(O°(A(p)), R*(A(q))) = %ZIP —q? < % 4lp—q* = d(A(p), A(9))

so, for all A(p), A(q) € M we can find n(p) = 3 and m(q) = 2 such that the assumptions of Corollary 2 are
satisfied, which means that A(0) is the unique common fixed point for O and R. We can remark that, in fact,

choosing for example a1 = 61—4, the presumptions of Theorem 3 are satisfied for any ap,as,ay > 0 such that

A +az +4a, < 3 = 3 — 4. The system BA(p) = CA(p) = A(p) has exactly one solution.

Letting O = R and m(q) = n(g) in Theorem 3, we obtain the next result:

Corollary 3. Let O be a self~mapping on a complete b-metric space (M, d,s). Suppose that for all p,q € M,
there exist positive integers n(p),n(q) such that:

4(0"P)p,0"9q) < ard(p,q) + axd(p, 0"P)p) + asd(q, 0"9q) + ay (d(q,0"P)p) +d(p,0"Wq)),  (37)
where a; > 0,i € {1,2,3,4} and ay + ay + a3 + 2say < 1. Then, the mapping O has exactly one fixed point t.

Corollary 4. Let O be a self-mapping on a complete b-metric space (M, d,s). Suppose that there exists a
positive constant ¢, 0 < ¢ < L such that for each p,q € M, there exist positive integers n(p), n(q) such that:

d(0"P)p,0"Vq) < cd(p, q). (38)
Then, the mapping O has exactly one fixed point.

Proof. In Corollary 3,seta; = c < % anday =a3=a,=0. O
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3. Application to Nonlinear Fredholm Integral Equation

In this section, as an application, we use Corollary 12 to study the existence and uniqueness of the
common solution of nonlinear Fredholm integral equations. Let M = C([0,1],R{) be the space of all
continuous real valued functions defined on [0,1], where: Rar = [0,00). Defined; : M x M — Rar by:

d-(p,q) = ts%pll{lp(t) —q(t)|Pe” ™}

llp —4qll-

forall p,q € C([0, 1],Ra').
For p € C([0,1],R]), we define norm as ||p||r = sup {|p(t)le”™} where T > 0 is taken
te[0,1]
arbitrarily. Then, (M, d,) becomes a complete b-metric space. Let us study the Fredholm integral

equations as:

t
p() = [ Yalts,p(s)ds) +o(t) 9)

) = [ Yalt,sq(s)ds) + o) 0

foralls,t € [0,1] and n(p), n(q) are positive integers; where ¢ : [0,1] — Rj and Y1,Y> : [0,1] x [0,1] x
]Rg — ]Rg are continuous functions.

Now, we shall state and prove the following theorem to ensure the existence and uniqueness of
the common solution of nonlinear Fredholm integral Equations (39) and (40).

Theorem 4. Let (M, d<) be a complete b-metric space defined above. Further, we presume that the following
conditions are fulfilled.

1. Define
t
0"(P) p(t) = /0 Y (4,5, p(s))ds + o(t), 41)

t
0"Dg(t) = [ Ya(t,5,9(s))ds + (1) (42)
0
2. Suppose there exists T > 0 and a non-negative constant z, where 0 < z < % such that:

Y1t p(s)) = Ya(t,5,q(s)) > < ztlp(s) —q(s) [

Then, the Fredholm integral Equations (39) and (40) have exactly one common solution.
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Proof. For any p,q € C([0,1]),t € [0,1] and n(p), n(q) positive integers, we consider:

t t 2
10MP) p(1) — 0" g (1) 2 = ‘/0 yl(t,s,p(s))ds+g(t>—/o Ya(t,s,q(s))ds + o(t)

2

t t
= ‘/0 Yl(t,s,p(s))ds—/o Ya(t,s,4(s))ds
! 2
< [ (ks p(s) = Yalt s a(s)) P ds
t
< — 2d
< [ =tlp(s) — a(s) s
t
:/0 zte 1. p(s) — q(s)|ds 43)
t
= [ zellp = gllds
t
:/0 zte*td-(p,q)ds
t
= z7d.(p, ST
zTd.(p q)/0 e*tds

(r,0) ST
=ztd(p,q []
T T 0

< sz(p,q)e”,

which bring us:
e T|0"Pp(t) — 0" Dq(1)|* < zdr(p,q)

= [|0"P)p — 0" Wg||* < zd(p,q)
= d-(0"")p,0"Vq) < zd-(p,q).

Thus, all the conditions of Corollary 12 are satisfied. Hence, given the fact that the nonlinear
Fredholm integral Equations (39) and (40) have a common solution, this yields the existence and
uniqueness of the common solution of nonlinear Fredholm integral equations. [

4. Conclusions

In this paper, we have extended several existing results two-fold. Firstly, we proved our results
in the most generalized setting, the b-metric space. Secondly, we considered distinct contraction
conditions that are not commonly studied in the metric fixed point theory. It is obvious that the given
results cover the existing results of Sehgal [1], Guseman [2], Ray and Rhoades [19], and so on. It is
also clear that by taking n(p) = 1 in the setting of the b-metric space, we get some more corollaries.
On the other hand, if n(p) > 2, the continuity of the mappings cannot be derived from the contraction
conditions. Hence, our results can be considered as fixed point results in the frame of discontinuous
functions [20]. Moreover, as an application, we used the obtained results to aggregate the existence
and uniqueness of the solution for nonlinear Fredholm integral equations.

Author Contributions: All authors contributed equally and significantly in writing this article. All authors read
and approved the final manuscript.
Funding: This research received no external funding.

Acknowledgments: The authors thank the anonymous referees for their remarkable comments, suggestions
and ideas that helped to improve this paper. The authors would like to extend their sincere appreciation to the
Deanship of Scientific Research at King Saud University for funding this group No. RG-1437-017.

Conflicts of Interest: The authors declare no conflict of interest.



Symmetry 2018, 10, 560 12 of 12

References

1.  Sehgal, V.M. On fixed and periodic points for a class of mappings. J. Lond. Math. Soc. 1972, 5, 571-576.
[CrossRef]

2. Guseman, L.F, Jr. Fixed point theorems for mappings with a contractive iterate at a point. Proc. Am.
Math. Soc. 1970, 26, 615-618. [CrossRef]

3. Bourbaki, N. Topologie Generale; Herman: Paris, France, 1974.

4. Bakhtin, .A. The contraction mapping principle in quasimetric spaces. Funct. Anal. Unianowsk Gos. Ped. Inst.
1989, 30, 26-37.

5. Czerwik, S. Contraction mappings in b-metric spaces. Acta Math. Inf. Univ. Ostraviensis 1993, 1, 5-11.

6.  Heinonen, J. Lectures on Analysis on Metric Spaces; Springer: Berlin, Germany, 2011

7. Roshan, J.R.; Parvaneh, V,; Sedghi, S.; Shobkolaei, N.; Shatanawi, W. Common fixed points of almost
generalized (i, ¢)s-contractive mappings in ordered b-metric spaces. Fixed Point Theory Appl. 2013, 2013, 159.
[CrossRef]

8.  Afshari, H.,; Aydi, H.; Karapinar, E. Existence of fixed points of set-valued mappings in b-metric spaces.
Asian Math. ]. 2016, 32, 319-332. [CrossRef]

9.  Aksoy, U,; Karapinar, E.; Erhan, M. Fixed points of generalized a-admissible contractions on b-metric
spaces with an application to boundary value problems. J. Nonlinear Convex Anal. 2016, 17, 1095-1108.

10. Alsulami, H.; Gulyaz, S.; Karapinar, E.; Erhan, I. An Ulam stability result on quasi-b-metric-like spaces.
Open Math. 2016, 14, 1087-1103. [CrossRef]

11.  Aydi, H,; Bota, M.-F.; Karapinar, E.; Moradi, S. A common fixed point for weak-¢-contractions on b-metric
spaces. Fixed Point Theory 2012, 13, 337-346.

12. Bota, M.-F; Karapmnar, E.; Mlesnite, O. Ulam-Hyers stability results for fixed point problems via
a-1p.-contractive mapping in b-metric space. Abstr. Appl. Anal. 2013, 2013. [CrossRef]

13. Bota, M.-F.; Karapinar, E. A note on “Some results on multi-valued weakly Jungck mappings in b-metric
space”. Cent. Eur. |. Math. 2013, 11, 1711-1712. [CrossRef]

14. Bota, M.; Chifu, C.; Karapmar, E. Fixed point theorems for generalized (a-y)-Ciri¢-type contractive
multivalued operators in b-metric spaces. J. Nonlinear Sci. Appl. 2016, 9, 1165-1177. [CrossRef]

15.  Gulyaz-Ozyurt, S. On some a-admissible contraction mappings on Branciari b-metric spaces. Adv. Theory
Nonlinear Anal. Appl. 2017, 1, 1-13.

16. Karapmar, E.; Piri, H.; Alsulami, H.H. Fixed points of generalized F-Suzuki type contraction in complete
b-metric Spaces. Discret. Dyn. Nat. Soc. 2015, 2015. [CrossRef]

17.  Kutbi, M.A_; Karapmar, E.; Ahmed, J.; Azam, A. Some fixed point results for multi-valued mappings in
b-metric spaces. J. Inequal. Appl. 2014, 2014. [CrossRef]

18. Alqahtani, B.; Fulga, A.; Karapinar, E. A short note on the common fixed points of the Geraghty contraction
of type Eg 1. Demonstr. Math. 2018, 51, 233-240. [CrossRef]

19. Ray, B.K; Rhoades, B.E. Fixed point theorems for mappings with a contractive iterate. Pac. J. Math. 1977,
71, 517-520. [CrossRef]

20. Bisht, RK,; Pant, R.P. A remark on discontinuity at fixed point. J. Math. Anal. Appl. 2017, 445, 1239-1242.

[CrossRef]

@ (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1112/jlms/s2-5.3.571
http://dx.doi.org/10.1090/S0002-9939-1970-0266010-3
http://dx.doi.org/10.1186/1687-1812-2013-159
http://dx.doi.org/10.7858/eamj.2016.024
http://dx.doi.org/10.1515/math-2016-0097
http://dx.doi.org/10.1155/2013/825293
http://dx.doi.org/10.2478/s11533-013-0272-2
http://dx.doi.org/10.22436/jnsa.009.03.43
http://dx.doi.org/10.1155/2015/969726
http://dx.doi.org/10.1186/1029-242X-2014-126
http://dx.doi.org/10.1515/dema-2018-0019
http://dx.doi.org/10.2140/pjm.1977.71.517
http://dx.doi.org/10.1016/j.jmaa.2016.02.053
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction and Preliminaries
	Main Results
	Application to Nonlinear Fredholm Integral Equation
	Conclusions
	References

