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Abstract


Understanding the nature of the Dark Matter (DM) is one of the current challenges in modern astrophysics and cosmology. Knowing the properties of the DM particle would shed light on physics beyond the Standard Model and even provide us with details of the early Universe. In fact, the detection of such a relic would bring us information from the pre-Big Bang Nucleosynthesis (BBN) period, an epoch from which we have no direct data, and could even hint at inflation physics. In this work, we assume that the expansion rate of the Universe after inflation is governed by the kinetic energy of a scalar field  ϕ , in the so-called “kination” model. Adding to previous work on the subject, we assume that the  ϕ  field decays into both radiation and DM particles, which we take to be Weakly Interacting Massive Particles (WIMPs). The present abundance of WIMPs is then fixed during the kination period through either a thermal “freeze-out” or “freeze-in” mechanism, or through a non-thermal process governed by the decay of  ϕ . We explore the parameter space of this theory with the requirement that the present WIMP abundance provides the correct relic budget. Requiring that BBN occurs during the standard cosmological scenario sets a limit on the temperature at which the kination period ends. Using this limit and assuming the WIMP has a mass    m χ  = 100   GeV, we obtain that the thermally averaged WIMP annihilation cross section has to satisfy the constraints   4 ×  10  − 16       GeV  − 2    ≲  〈 σ v 〉  ≲ 2 ×  10  − 5       GeV  − 2      in order for having at least one of the production mechanism to yield the observed amount of DM. This result shows how the properties of the WIMP particle, if ever measured, can yield information on the pre-BBN content of the Universe.
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1. Introduction


The existence of a Dark Matter (DM) component in the Universe has long been established [1,2], with a Weakly Interacting Massive Particle (WIMP) being among the best motivated particle candidates [3,4]. In the simplest scenario of the early Universe, WIMPs of mass   m χ   interact with the Standard Model (SM) particles at a sufficiently high rate so that the chemical equilibrium is attained. Owing to the expansion rate of the Universe, when the temperature falls below    T  f . o .   ≈  m χ  / 20   WIMPs chemically decouple from the plasma and “freeze-out” of the equilibrium distribution [5,6,7,8,9,10,11,12]. After freeze-out, the number of WIMPs in a comoving volume is fixed and the WIMP relic abundance is preserved to present day, assuming that there is no subsequent change in the entropy of the matter-radiation fluid. Coincidentally, the thermally averaged WIMP annihilation cross section needed to explain the observed DM is of the same order of magnitude as that obtained for a process mediated by weakly interactions. For a WIMP of mass    m χ  = 100   GeV, the annihilation cross section that provides the observed amount of DM satisfies     〈 σ v 〉  std  ≈ 2 ×  10  − 9     GeV  − 2    . WIMPs continue to exchange momentum through elastic collisions with the plasma even after chemical decoupling, until this second mechanism also becomes inefficient and WIMPs decouple kinetically at a temperature   T kd  . Typically,   T kd   ranges between 10 MeV and a few GeV [13].



Even when considering this thermal production in the standard cosmological scenario, many caveats allow to alter the predicted relic density. Besides co-annihilation [14,15], annihilation into forbidden channels [14,16,17], a momentum- or spin-dependent cross section [18,19,20], or Sommerfeld enhancement [21,22,23,24,25,26,27], one possibility is that the annihilation cross section into the SM sector is so low that WIMPs never reach thermal equilibrium, effectively “freezing-in” to the present relic density, see for example Refs. [28,29,30].



WIMPs might also be produced non-thermally, through the decay of a parent particle  ϕ  [31], whose putative existence is motivated by the post-inflation reheating scenario. In fact, assume an early stage of inflation at an energy scale   H I   driven by one massive scalar field  ρ  (the inflaton), of mass   m ρ  . When slow-roll is violated, around    m ρ  ∼  H I   , inflation ends and the inflaton field reheats the Universe by decaying into lighter degrees of freedom [32,33]. We are not entering the details of the reheating mechanism here. In the standard picture, a radiation-dominated period begins as soon as the inflaton field has decayed and reheated the Universe.



In some reheating models the inflaton might also decay into one or more additional hypothetical fields, say for example a field  ϕ  of mass   m ϕ   which comes to dominate the post-inflation stage. The inclusion of a non-standard cosmology between the reheating epoch right after inflation and the standard radiation-dominated scenario is motivated in realistic models of inflation, and might sensibly alter the WIMP relic density. A non-standard period might have lasted for a considerable amount of time, namely since the end of inflation down to a temperature which, using considerations on the Big Bang Nucleosynthesis (BBN) mechanism [34,35,36,37,38], can be as low as ∼5 MeV. In these modified cosmologies, various properties of the WIMPs like their free-streaming velocity and the temperature at which the kinetic decoupling occurs have been investigated [39,40,41,42].



In the Low Reheat Temperature Scenario (LRTS) [43,44,45,46],  ϕ  is a massive modulus which drives an early matter-dominated epoch, eventually decaying into SM particles and, possibly, WIMPs. In the pre-BBN LRTS, the thermal (both freeze-out and freeze-in) and non-thermal production of WIMPs have both been extensively studied [39,47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,62,63].



In the Kination Scenario (KS) [64,65,66,67,68,69],  ϕ  is a “fast-rolling” field whose kinetic energy governs the expansion rate of the post-inflation Universe, with an equation of state relating the pressure   p ϕ   and energy density   ρ ϕ   of the fluid as    p ϕ  =  ρ ϕ   . Owing to the scaling of the energy density in radiation with the scale factor    ρ R  ∼  a  − 4    , which is slower than the scaling of the energy density in the  ϕ  field    ρ ϕ  ∼  a  − 6    , the contribution from the radiation energy density in determining the expansion rate eventually becomes more important than that from the  ϕ  field. When the  ϕ  field redshifts away, the standard radiation-dominated cosmology takes place. Since the scalar field  ϕ  dominates the expansion rate for some period, KS differs from the superWIMP model of Refs. [70,71]. Thermal production of WIMPs in the KS has been discussed in Refs. [68,72,73,74,75,76], and has recently been investigated in Ref. [77], in light of recent data. Ref. [78] discussed the “relentless” thermal freeze-out in models where the  ϕ  field has a pressure    p ϕ  >  ρ ϕ  / 3  , thus including KS as an important sub-case. Ref. [79] discusses an intermediate model between LRTS and KS, in which a sub-dominant massive scalar field reheats the Universe during a kination period governed by an additional field.



In this paper, in addition to the thermal mechanisms of production recently discussed in Refs. [77,78], we assume that the  ϕ  field driving kination might decay into both radiation and WIMPs, with a decay rate   Γ ϕ   and a branching ratio into WIMPs equal to b. Contrarily to previous KS models, kination ends when   Γ ϕ   is equal to the expansion rate of the Universe, so when the  ϕ  field has decayed instead of being redshifted away. WIMP production proceeds by assuming that, before the Universe gets to be dominated by radiation at a temperature    T kin  ≳ 5   MeV, the KS occurs. In the following, the subscript “kin” labels a quantity evaluated at   T kin  . We consider the thermal freeze-out and freeze-in mechanisms of WIMP production, governed by the thermal-averaged annihilation cross section times velocity   〈 σ v 〉  . We also include the non-thermal WIMP production from the decay of the  ϕ  field. We check that the WIMP population is always under-abundant with respect to other forms of energy. In summary, we show that in the model the present WIMP relic abundance can be reached through four different methods, namely the thermal (  b = 0  ) or non-thermal (  b ≠ 0  ) production, either with or without ever reaching chemical equilibrium, as occurs in the LRTS [53,54].




2. Boltzmann Equations for the Model


Energy conservation in an expanding homogeneous and isotropic Universe is expressed as


    ρ ˙  T  + 3 H  (  p T  +  ρ T  )  = 0 ,  



(1)




where   ρ T   and   p T   are the total energy density and pressure of the contents, and H is the Hubble expansion rate. We express the total energy density and pressure as a sum of three components, respectively describing the contents in the  ϕ  field, radiation, and the WIMPs. We model the evolution of these components by a set of coupled Boltzmann equations [47,48,49,50]


       ρ ˙  ϕ  + 3 H  (  p ϕ  +  ρ ϕ  )     =    −  Γ ϕ   ρ ϕ  ,     



(2)






       ρ ˙  R  + 3 H  (  p R  +  ρ R  )     =     ( 1 − b )   Γ ϕ   ρ ϕ  +   〈 σ v 〉   ϵ χ     ρ χ 2  −  ρ  EQ  2   ,     



(3)






       ρ ˙  χ  + 3 H   ( 1 + w )    ρ χ     =    b   Γ ϕ    ρ ϕ  −   〈 σ v 〉   ϵ χ     ρ χ 2  −  ρ  EQ  2   .     



(4)







Here, the equation of state relating the energy density and the pressure of the  ϕ  field is given by    ρ ϕ  =  p ϕ   , and translates into the term   3 H  (  p ϕ  +  ρ ϕ  )  = 6 H  ρ ϕ    in Equation (2). The energy density and pressure in radiation are   ρ R   and    p R  =  ρ R  / 3  . At any time, the temperature T is defined through the energy density in the relativistic component as    ρ R  = α  T 4   , with   α =  π 2   g ∗   ( T )  / 30   and where    g ∗   ( T )    is the number of relativistic degrees of freedom. The WIMP number density   n χ   is related to its energy density through    ρ χ  =  ϵ χ   n χ   , with the mean energy density per particle    ϵ χ  =    m χ 2  +   (  c 1  T )  2      and where we obtain    c 1  = 3.151   through a numerical fit, confirming the results in Ref. [77]. The quantity   w =  p χ  /  ρ χ  ≈  c 2  T /  ϵ χ   , where    c 2  =  c 1  / 3  , tracks the change in the WIMP equation of state, so that   w = 0   for   T ≪  m χ    and   w = 1 / 3   for   T ≫  m χ   . In the standard scenario, WIMPs reach thermal equilibrium and are relativistic as long as temperature is higher than   m χ  . Once temperature drops below their mass, the number density of WIMPs gets Boltzmann suppressed and eventually the number density in a comoving volume is fixed once the decoupling from the thermal bath occurs. This scenario might still hold when WIMPs are produced from the decay of the  ϕ  field, depending on the values of the parameters b,   〈 σ v 〉  ,   m χ  . However, other scenarios in which WIMPs never reach thermal equilibrium are also possible. In the following, we assume that the number density of WIMPs is fixed prior   T kin   and that WIMPs can be treated as non-relativistic, so    T kin  ≲  m χ    for which we set   w = 0   in Equation (4). The energy density of WIMPs at chemical equilibrium is


   ρ EQ  =  g   ( 2 π )  3   ∫ E  f  ( p )   d 3  p =  g  2  π 2     ∫   m χ    + ∞       E 2  −  m χ 2      e  E / T   + 1    E 2  d E ,  



(5)




where g is the number of WIMPs degrees of freedom. The set of Equations (2)–(4) is closed when solved together with the Friedmann equation


   H 2  =   8 π   3  M  Pl  2      ρ ϕ  +  ρ R  +  ϵ χ   n χ   ,  



(6)




where   M Pl   is the Planck mass. At early times   t ≪ 1 /  Γ ϕ   , the Boltzmann Equation (2) and the Friedmann Equation (6) predict that, during KS, the energy density of the  ϕ  field and time scale as    ρ ϕ  ∼  a  − 6     and   t ∼  a 3   , respectively. Contrarily to what found in kination models with negligible decay rate, for which   a ∼ 1 / T   [66,67,68,69], in the model we study temperature depends on the scale factor as   T ∝  ρ ϕ  1 / 8   ∝  a  − 3 / 4    . In more details, even in the simplest case in which WIMPs are in chemical equilibrium, Equation (3) can be reformulated as a differential equation describing the evolution of the entropy per comoving volume   s = (  p R  +  ρ R  ) / T  , as


    d s   d t   + 3 H s =  ( 1 − b )    Γ ϕ  T   ρ ϕ  .  



(7)




As a consequence, entropy is not conserved in the model we consider because of the appearance of the dissipative term on the right-hand side in Equation (7), coming from the decay of the  ϕ  field. We later confirm the dependence of temperature on the scale factor   T ∝  a  − 3 / 4     by numerically solving the set of the Boltzmann equations, see Figure 1 below. Notice that entropy conservation is not attained in Equation (7) regardless of the details of the evolution of   ρ ϕ  .



We switch to the independent coordinates   x =  m ϕ  a   and   τ =  Γ ϕ  t  , while we write the dependent quantities in terms of the fields


  Φ = A  x 6   ρ ϕ  /  m ϕ  ,  R = A  x 4   ρ R  /  m ϕ  ,  X = A  x  3 ( 1 + w )    ρ χ  /  m ϕ  .  



(8)




Setting   Y = Φ +  x 2  R +  x  3 ( 1 − w )   X   and fixing the constant A through the Friedmann equation,


  H =  1 x    d x   d τ   =  H  Γ ϕ   =   Y   x 3   ,  



(9)




we obtain that Equation (6) is recovered when


  A =   8 π  m ϕ    3  M  Pl  2   Γ ϕ 2    ≡   m ϕ   ρ kin   ,  



(10)




where    ρ kin  =  ρ R   (  T kin  )    is the energy density of the  ϕ  field at the temperature   T kin   which, in the instantaneous thermalization approximation, is given by    Γ ϕ  = H  (  T kin  )   . With this definition, we rewrite the system of Equations (2)–(4) as


      Y    Φ ′     =    −  x 2  Φ ,     



(11)






      Y    R ′     =     ( 1 − b )  Φ + s   X 2  −  X  EQ  2   ,     



(12)






     x  Y    X ′     =    b Φ − s   X 2  −  X  EQ  2   ,     



(13)




where   s =  ρ kin   〈 σ v 〉  /  Γ ϕ   ϵ χ   . This dimensionless form of the system can be easily extended to cosmologies other than KS. We assume that the relativistic species is always at equilibrium, so that temperature is related to R as   T =  T kin    R  1 / 4   / x  . At chemical equilibrium, the quantity    X EQ  =  x 3   ρ EQ  /  ρ kin    is


     X EQ    ≈      x 3   ρ kin     m χ    n EQ  ,     



(14)






     n EQ    =    g      m χ   T   2 π     3 / 2     e  −  m χ  / T   ,     



(15)




where the approximation has been obtained in the non-relativistic limit   T ≪  m χ   . The set of Equations (11)–(15) possesses a scaling symmetry,


  x → β x ,  Φ →  β 6  Φ  R →  β 4  R  X →  β  3 ( 1 + w )   X ,  



(16)




for any value of  β , thanks to which the solution to the set of Boltzmann equations is independent on choice of the initial value   Φ  (  x I  )  =  Φ I    at   x =  x I    [48,49]. We fix the initial condition by requiring that the Hubble rate at   x =  x I    be    H I  =   8 π  ρ I  / 3  M  Pl  2     , where   ρ I   is the value of the energy density in the inflaton field at the inflation scale. Indeed, assuming that    ρ R   (  x I  )  ≪  ρ ϕ   (  x I  )  ≡  ρ I    gives


  Φ  ( x )  =  Φ I  ≡   ρ I   ρ kin     x I 6  ,  R  ( x )  =   Φ I    x −  x I   .  



(17)




Thanks to this property, the actual value of the mass of the kination field   m ϕ   does not have an impact on the solution of the equations, since   m ϕ   enters the set of the Boltzmann equations only as an initial condition fixing the initial value of the Hubble rate. However, a value of    m ϕ  ≳  m χ 2  / T   would be problematic for the cosmology at temperature T, since the relativistic byproducts would scatter off the thermal background and distort the relativistic spectra [57,80]. The parameter space considered in this article is then    T kin  <  m χ  ≪  m ϕ  ≲  m χ 2  /  T kin   . Since the energy density   ρ ϕ   during  ϕ -domination satisfies    ρ ϕ  ∼  a  − 6    , the transition to the standard radiation-dominated scenario occurs when


   ρ  ϕ , I        x I   x kin    6  =  ρ kin  ≡ α   T  kin  4  .  



(18)




Given the value of   T kin  , Equation (18) defines the moment at which the  ϕ  field decays. For the illustrative purpose, we solve Equations (11) and (12) for    T kin  = 0.1   GeV, fixing the masses    m χ  = 100   GeV and assuming that we can safely neglect the contribution of WIMPs to the total energy density. In Figure 1 we have plot  Φ  (blue solid line) and R (red dashed line) in units of   Φ I  , as well as the temperature   T /  T I    (black dot-dashed line). The behavior of  Φ  confirms the scaling    ρ ϕ  ∼  a  − 6     and    ρ R  ∼  a  − 3     at early times   x <  x kin   , while for   x >  x kin    we obtain the scaling    ρ R  ∼  a  − 4     for a radiation-dominated cosmology. The dashed vertical line marks the value of   x kin   solution to Equation (18).




3. Production of WIMPs during Kination


With the framework presented in the previous section, we solve the set of Boltzmann Equations (11)–(13) for different values of   T kin  , to obtain the WIMP relic abundance    n  χ , fix   ≡  n χ   (  T fix  )    at some temperature   T fix   at which the number density of WIMPs in a comoving volume is subsequently fixed by the cosmology. The present WIMP energy density in units of the critical density   ρ c   is then


   Ω χ  =   ρ kin   ρ c      g S   (  T 0  )     g S   (  T fix  )        T 0   T fix    3    X fix    Φ I    ,  



(19)




where    X fix  =  x  fix  3   m χ   n  χ , fix   /  ρ kin   ,   T 0   is the present temperature of the radiation bath and    g S   ( T )    is the number of entropy degrees of freedom at temperature T.



We show different values of the abundance    Ω χ   h 2    in Figure 2, as a function of the temperature   T kin  , the annihilation cross section   〈 σ v 〉  , and the branching ratio b. We have used three different values for the branching ratio:   b = 0   (red dot-dashed line),   b = 0.001   (blue solid line), and   b = 1   (green dashed line), as well as five different values of   〈 σ v 〉   ranging from    10 3    〈 σ v 〉  std    to    10  − 9     〈 σ v 〉  std   , where the value    〈 σ v 〉  =   〈 σ v 〉  std    gives the correct amount of WIMP DM from the freeze-out process in the standard cosmological scenario. The black dot-dashed curve marks the region where the freeze-out occurs in the KS, lying to the left of the curve. We also show a portion of the region    T kin  ≳  m χ   , where the freeze-out occurs in the standard scenario.



The numerical evaluation has been carried out by computing the value of X at some later time    T fix  ≫  T kin    in Equation (19) well into radiation-domination, using the conservation of entropy after   T fix   to obtain the present abundance of WIMPs. To better understand the physics behind the Boltzmann equation for the evolution of   n χ  , we estimate the value of   X fix   depending on the dominating mechanism of WIMP production. According to the values of b and   〈 σ v 〉  , four possibilities appear, namely:




	
Thermal production with chemical equilibrium (“freeze-out”). We first focus on the case   b = 0  , corresponding to the negligible decay with respect to the annihilation into SM particles and approximated by the red dot-dashed and blue solid lines in Figure 2. We assume that the temperature   T kin   is lower than the freeze-out temperature   T  f . o   , which is defined as the temperature at which   n 〈 σ v 〉 = H  , or


   n EQ   (  T  f . o   )  =     T  f . o    T kin    4    H (  T kin  )   〈 σ v 〉   .  



(20)







However, in modified cosmologies where the expansion rate is faster than during radiation (such as kination), WIMP annihilation persists even after the departure from chemical equilibrium (i.e., freeze-out) has occurred, actually ceasing when the Universe transitions to the standard radiation-dominated scenario [78]. For this reason, the WIMP number density in the kination cosmology is not fixed at   T  f . o    and annihilation continues until the temperature drops to   T kin  . We assume that the freeze-out is reached at   x  f . o .   , when   X  (  x  f . o .   )  =  X  f . o .    . At later times, using the approximation in Equation (18) and the non-relativistic regime for the WIMPs, Equation (13) reads


   X ′  = −    ρ kin   〈 σ v 〉     Γ ϕ   m χ      X 2   x   Φ I     ,  



(21)




whose solution at   x >  x  f . o .     give the abundance of thermally produced WIMPs at   T kin   as


     X  kin , Th     =         〈 σ v 〉   T  kin  2     Φ I      M Pl   m χ    ln   x kin   x fo   + 1  +  1  X  f . o .      − 1   ,  or ,     



(22)






     n  kin , Th     =         〈 σ v 〉   T  kin  2    M Pl    ρ kin    ln   x kin   x fo   + 1  +   x  kin  3   x  f . o .  3    1  n  χ ,  f . o .       − 1   .     



(23)







This expression has been obtained, for example, in Ref. [77], since during kination    a I 3   H I  =  a  kin  3  H   T kin    . Neglecting   X  f . o .    and setting    T fix  =  T kin    in Equation (19), the present abundance from the freeze-out mechanism gives


   Ω  χ , Th   =    g S   (  T 0  )     g S   (  T kin  )      ρ kin   ρ c     m χ   〈 σ v 〉     T 0 3    M Pl   T  kin  5      ln   x kin   x fo   + 1   − 1   ∝  1  T kin   .  



(24)







The solution describes, for example, the lines with negative slopes in Figure 2 for   b = 0   and for the cross sections    〈 σ v 〉  = 2 ×  10  − 6     GeV    − 2   ,    〈 σ v 〉  = 2 ×  10  − 9     GeV    − 2   , and    〈 σ v 〉  = 2 ×  10  − 12     GeV    − 2   . In Figure 2, we have not approximated the numerical results by neglecting   X  f . o .   .



	
Thermal production without ever reaching chemical equilibrium (“freeze-in”). If the cross section is sufficiently low [77], WIMPs never reach thermal equilibrium and their number density freezes in at a fixed quantity. Since the number density of particles is always smaller than their value at thermal equilibrium, we neglect   X ≪  X EQ    so Equation (13) with   b = 0   reads


   X ′  =    ρ kin   〈 σ v 〉     Γ ϕ   m χ       X  EQ  2    x   Φ I     =  d 1   x  11 / 4   exp  − 2  d 2   x  3 / 4    ,  



(25)




where


   d 1  =    g 2   〈 σ v 〉   m χ 4   T  kin  3      ( 2 π )  3   Γ ϕ   ρ kin   Φ I  1 / 8     ,  and   d 2  =   m χ    T kin   Φ I  1 / 8     .  



(26)







The solution to Equation (25) reaches the asymptotic value of X at freeze-in


   X  kin , f . i .   =   d 1   d 2 5   =    g 2   〈 σ v 〉   T  kin  8    Φ I       ( 2 π )  3   Γ ϕ   ρ kin   m χ    ,  



(27)




which is reached when    x fi  =   ( 6 / 11  d 2  )   4 / 3    . This solution differs from the similar case of WIMP freeze-in studied in Ref. [77], because of the different dependence of the temperature on the scale factor in this work. However, the methodology used is qualitatively the same. In principle, the number density in a comoving volume is fixed prior   T kin  , depending on the branching ratio of the  ϕ  field into radiation and the consequent entropy conservation during kination. However, we can safely set    T fix  =  T kin    into Equation (19) for this estimate, since the comoving number of WIMPs is conserved after freeze-in and    X fix  =  X  kin , f . i .    . The present WIMP abundance from the freeze-in mechanism is then


   Ω  χ ,  f . i .    =    g S   (  T 0  )     g S   (  T kin  )       g 2   〈 σ v 〉   T 0 3   T  kin  5      ( 2 π )  3   Γ ϕ   ρ c   m χ    ∝  T  kin  3  .  



(28)







The solution describes, for example, the lines with positive slopes in Figure 2, for   b = 0   and the cross sections    〈 σ v 〉  = 2 ×  10  − 12     GeV    − 2   ,    〈 σ v 〉  = 2 ×  10  − 15     GeV    − 2   , and    〈 σ v 〉  = 2 ×  10  − 18     GeV    − 2   .













	
Non-thermal production without chemical equilibrium. We now discuss the non-thermal production of DM, in the case in which the particle has never reached the chemical equilibrium. For a sufficiently large branching ratio b and for    T kin  ≪  m χ   , the abundance of DM is set by the decay of the  ϕ  field, with an energy density at   T kin   given by [53,55,58,61,63,81]


   ρ χ   (  T kin  )  ≈ b   ρ ϕ   (  T kin  )  .  



(29)







Deriving the result from directly integrating Equation (13) with   〈 σ v 〉 = 0   and neglecting the contributions from R and X in the denominator gives an extra logarithmic dependence on   x kin  , as


   X  kin , decay   = b   Φ I   ln   x kin   x I   .  



(30)







The present WIMP abundance when the non-thermal production dominates is given by Equation (19) with    T fix  =  T kin   , corresponding to the moment at which WIMPs are produced from the decay of the  ϕ  field with the initial amount in Equation (29),


   Ω  χ , decay   =   b  ρ kin    ρ c      g S   (  T 0  )     g S   (  T kin  )        T 0   T kin    3  ln   x kin   x I   .  



(31)







This latter expression predicts the behavior    Ω  χ , decay   ∝  T kin    corresponding to   b = 0.001   (blue solid line) with    〈 σ v 〉  = 2 ×  10  − 18     GeV    − 2    in Figure 2, for    T kin  ≲ 10   GeV. Notice that, except for the logarithmic dependence which is present in the kination cosmology, the result in Equation (30) is independent of the cosmology used.













	
Non-thermal production with chemical equilibrium. If the branching ratio b is sufficiently high, the evolution of the WIMP number density attains a secular equilibrium in which the rate at which WIMPs are produced from the decay of the  ϕ  field equates that from WIMP annihilation. In this regime, the quantity X is fixed to the value obtained by setting to zero the right-hand side of Equation (13),


   X  kin , sec   =    b  Φ I   Γ ϕ   m χ     ρ kin   〈 σ v 〉     .  



(32)







The result in Equation (32), confirmed numerically in Figure 3 below, can be alternatively derived by considering the balancing between the decay rate of the  ϕ  field into WIMPs and the annihilation rate of WIMPs, valid at   T kin   when    ρ ϕ  =  ρ kin   , as


    m χ    n χ     〈 σ v 〉   n χ   = b  Γ ϕ   ρ ϕ  .  



(33)







The value of   X  kin , sec    remains constant until   T kin  , without experiencing the additional depletion obtained in the freeze-out regime with a faster-than-radiation expansion rate [77,78]. However, when the temperature of the plasma falls below   T kin  , the secular equilibrium is no longer maintained since the energy density in the  ϕ  field drops to zero and WIMPs are no longer produced. In this new regime, radiation evolves as   R  ( x )  =  Φ I     x I  /  x kin   2    and Equation (13) reads


    d X   d ( x /  x kin  )   = −    ρ kin   〈 σ v 〉     Γ ϕ   m χ      X 2      x  x kin    2    Φ I     ,  



(34)




which gives the WIMP number density   X =   Φ I    Γ ϕ   m χ  /  〈 σ v 〉   ρ  x kin     when   x ≫  x kin   , corresponding to the number density    n χ  =  Γ ϕ  /  〈 σ v 〉   . Compare Equation (34) with the approximation in Equation (25) valid during  ϕ -domination and   b = 0  , the expression for Equation (34) has been obtained by replacing   ρ ϕ   with   ρ R   as the leading term in the expression for the Hubble rate. The present abundance is proportional to


   Ω  χ , nonTh   ∝    m χ   Γ ϕ     ρ c    〈 σ v 〉       g S   (  T 0  )     g S   (  T kin  )        T 0   T kin    3  ∝  1  T kin   .  



(35)













4. Discussion and Summary


In Figure 3, we summarize the results obtained by considering the behavior of the quantity X solution to the Boltzmann Equation (13) for    T kin  = 100   MeV,    m χ  = 100   GeV, and for different values of b and   〈 σ v 〉   so that each of the mechanisms discussed above is attained. In more detail, we consider   b = 0 ,  〈 σ v 〉  = 2 ×  10  − 12      GeV  − 2      (describing thermal production with chemical equilibrium or Mechanism 1, red line),   b = 0 ,  〈 σ v 〉  = 2 ×  10  − 18      GeV  − 2      (describing thermal production without chemical equilibrium or Mechanism 2, orange line),   b = 2 ×  10  − 4   ,  〈 σ v 〉  = 2 ×  10  − 18      GeV  − 2      (describing non-thermal production without chemical equilibrium or Mechanism 3, green line), and   b = 2 ×  10  − 4   ,  〈 σ v 〉  = 2 ×  10  − 9      GeV  − 2      (describing non-thermal production with chemical equilibrium or Mechanism 4, blue line). The black solid line in Figure 3 represents   X EQ   for    T kin  = 0.1   GeV.



In addition to the thermal mechanisms of production recently discussed in Refs. [77,78], we have included the possibility that the field  ϕ  responsible for the kination period decays into radiation and WIMPs. We have then studied the non-thermal production of WIMPs in the kination cosmology, as summarized in Figure 2. Given the value     〈 σ v 〉  std  = 2 ×  10  − 9     GeV    − 2    that gives the present abundance of DM from the freeze-out of WIMPs in the standard cosmology, Figure 2 shows that larger values of   〈 σ v 〉   can still lead to the right DM abundance, if WIMPs are produced either through Mechanisms 1 or Mechanism 4 during the KS. Similarly, we can have   〈 σ v 〉   smaller than its standard value and still have the correct amount of DM, if WIMPs are produced through Mechanism 2. Non-thermal production without chemical equilibrium (Mechanism 3) would lead to the correct amount of DM only for values of   T kin   that are excluded by the BBN considerations. Using the bound    T kin  ≳ 5   MeV, we infer the possible range of the parameter


  4 ×  10  − 16      GeV  − 2    ≲  〈 σ v 〉  ≲ 2 ×  10  − 5      GeV  − 2    ,  



(36)




the lower bound being obtained by using Mechanism 2 and the upper bound being given by Mechanism 4 with   b = 1  . This result is valid for a WIMP of mass    m χ  = 100   GeV. If WIMPs annihilate predominantly into a pair of photons, the annihilation cross section is bound by the recent measurements by the FERMI-Large Area Telescope (LAT) satellite [82] as    〈 σ v 〉  ≲  10  − 10      GeV   − 2    . The bound applies for s-wave annihilation, for which   〈 σ v 〉   is independent of the relative velocity and thus its value is identical when computed at freeze-out and today. However, it is possible that the expression for   〈 σ v 〉   differs between these two different epochs, in particular the FERMI-LAT bound would be avoided if the value of   〈 σ v 〉   is larger in the past than today. This result can be accommodated in the case of p-wave annihilation for which    〈 σ v 〉  ∝ T /  m χ    [83], for example in models with fermionic Higgs portal DM [84]; however, the desired behavior for the WIMP annihilation cross section cannot be explained in models that invoke the modification of the cross section through a Sommerfeld boost of the s-wave annihilation [21,22,23,24,25,26,27].



The dependence of the solution on the parameters b,   〈 σ v 〉  , and   m χ   is also depicted in Figure 4, where the top panel shows how the relic density    Ω χ   h 2    depends on the value of   〈 σ v 〉   for   b = 0  ,    T kin  = 1   GeV and for different values of the WIMP mass:    m χ  = 100   GeV (red line),    m χ  = 200   GeV (orange line),    m χ  = 500   GeV (green line), and    m χ  = 1000   GeV (blue line). This result, corresponding to the usual thermal production during kination [77], shows that the correct relic density can be attained through either the freeze-out mechanism, for    〈 σ v 〉  ∼  10  − 10      GeV  − 2     , or the freeze-in mechanism, for    〈 σ v 〉  ∼  10  − 21      GeV  − 2     , the exact values depending on the values of   m χ   and   T kin  . The new result is presented in the bottom panel of Figure 4, which shows the dependence of the present relic density on   〈 σ v 〉  , for    m χ  = 100   GeV and for different values of the branching ratio. We set   b =  10  − 11     (red line),   b =  10  − 8     (orange line),   b =  10  − 5     (green line), and   b =  10  − 2     (blue line). For a fixed value of b, the relic density reaches a constant value when the quantity   〈 σ v 〉   is decreased, since for a sufficiently low value of   〈 σ v 〉   the production of WIMPs from the decay of the  ϕ  field overcomes the depletion within the freeze-in mechanism. In other words, when    Ω χ   h 2    has reached a plateau, the number of WIMPs has been fixed by the details of Mechanism 4. For   b >  b ¯   , the value of this plateau is too large to explain the observed amount of DM, with a consequent overclosure of the Universe. For the parameters chosen, we find    b ¯  = 3 ×  10  − 10    . In this scenario, only values of the order of    〈 σ v 〉  = O  1 − 10    〈 σ v 〉  std    yield the correct value of    Ω χ   h 2   .



To summarize, if the DM is a WIMP of mass    m χ  = 100   GeV, and if the annihilation cross section is measured to lie outside of the bound in Equation (36), then the kination model discussed would have to be discarded. The same analysis can be performed by varying the masses of the WIMP and of the  ϕ  field, which would lead to different values of the bounds in Equation (36). The results presented have been obtained assuming a Kination Scenario with equation of state    p ϕ  = ρ ϕ  ; anyhow, any faster-than-radiation expansion rate for the background, described by a fluid with equation of state    p ϕ  /  ρ ϕ  > 1 / 3   would yield to results that are qualitatively similar, as shown in Ref. [78] for the case    Γ ϕ  = 0  . If ever discovered, the properties of the WIMP could then shed light on the pre-BBN cosmology.
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Figure 1. The quantities  Φ  and R, defined in Equation (8) and related to   ρ ϕ   and   ρ R   respectively, in units of the initial value   Φ I  . The vertical dashed line marks the moment at which the transition to the standard scenario occurs, according to Equation (18). The green dot-dashed line shows the temperature   T ( x )  , in units of its initial value   T (  x I  )  . 
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Figure 2. The present WIMP relic abundance for different values of   〈 σ v 〉   (see figure labels), and for different values of the branching ratio:   b = 0   (red dot-dashed line),   b = 0.001   (blue solid line), and   b = 1   (green dashed line), as a function of   T kin  . The horizontal dashed line shows the measured dark matter abundance    Ω DM   h 2  ∼ 0.12  . The vertical yellow band defines the region excluded by BBN considerations,    T kin  ≥ 5   MeV. Freeze-out occurs in the kination scenario in the region to the left of the black dot-dashed curve. 
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Figure 3. The solution to the Boltzmann Equation (13) for different values of the annihilation cross section. We have set    T kin  = 100   MeV and, when non-thermal production is considered,   b = 2 ×  10  − 4    . See text for further details. 
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Figure 4. Top panel: the present relic density    Ω χ   h 2   , in units of the critical density of the Universe, as a function of the quantity   〈 σ v 〉   for    T kin  = 1   GeV,   b = 0  , and for the value of the WIMP mass    m χ  = 100   GeV (red line),    m χ  = 200   GeV (orange line),    m χ  = 500   GeV (green line), and    m χ  = 1000   GeV (blue line). Bottom panel: same as the top panel for    T kin  = 1   GeV,    m χ  = 100   GeV and for the branching ratio   b =  10  − 11     (red line),   b =  10  − 8     (orange line),   b =  10  − 5     (green line), and   b =  10  − 2     (blue line). 






Figure 4. Top panel: the present relic density    Ω χ   h 2   , in units of the critical density of the Universe, as a function of the quantity   〈 σ v 〉   for    T kin  = 1   GeV,   b = 0  , and for the value of the WIMP mass    m χ  = 100   GeV (red line),    m χ  = 200   GeV (orange line),    m χ  = 500   GeV (green line), and    m χ  = 1000   GeV (blue line). Bottom panel: same as the top panel for    T kin  = 1   GeV,    m χ  = 100   GeV and for the branching ratio   b =  10  − 11     (red line),   b =  10  − 8     (orange line),   b =  10  − 5     (green line), and   b =  10  − 2     (blue line).
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