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Abstract: A class of function called sub-b-s-preinvex function is defined as a generalization of
s-convex and b-preinvex functions, and some of its basic properties are presented here. The sufficient
conditions of optimality for unconstrainded and inquality constrained programming are discussed
under the sub-b-s-preinvexity. Moreover, some new inequalities of the Hermite—Hadamard type for
differentiable sub-b-s-preinvex functions are presented. Examples of applications of these inequalities
are shown.
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1. Introduction

Convex functions play an important role in economics, management science, engineering, finance,
and optimization theory. Many interesting generalizations and extensions of classical convexity
have been used in optimization and mathematical inequalities. Generalized convex functions called
b-vex functions were introduced by Bector and Singh [1], and some of their basic properties have
been discussed. Choa et al. [2] investigated a new class of functions called sub-b-convex functions
and proved the sufficient conditions of optimality for both unconstrained and inequality-constrained
sub-b-convex programming. Hudzik and Maligranda [3] studied certain classes of functions introduced
by Orlicz [4], namely, the classes of s-convex functions. Meftah [5] introduced a new class of
non-negative functions called s-preinvex functions in the second sense with respect to #, for some

€ (0,1]. Jiagen and Tingsong Du [6] presented a class of generalized convex function has some
similar properties of sub-b-convex function and s-convex functions.

Ben-Isreal and Mond [7] defined preinvex functions, and, in [8], Weir and Mond studied how and
where preinvex functions could replace convex functions. Mohan and Neogy [9] presented certain
properties of preinvex functions. Suneja et al. [10] considered a class of function called b-preinvex
functions that are generalizations of preinvex and b-vex functions. A generalization of the b-vex
function, called semi-b-preinvex, was given by Long et al. [11]. Refinements of the mathematical
inequalities on convex and generalized convex functions have been investigated [12-20].

Motivated by earlier research works [6,12,21-23], the purpose of this article is to present a new
class of functions, called sub-b-s-preinvex functions, that can be reduced to sub-b-preinvex when
s = 1. Some of their properties are studied. Furthermore, a new class of sets, called sub-b-s-preinvex
sets, is defined. A new sub-b-s-preinvex programming is introduced, and the sufficient conditions
of optimality under this type of function is established. Moreover, some examples of applications
are given.
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2. Preliminaries

Throughout the paper, the convention bellow will be followed:

Let R" denote the n-dimensional Euclidean space, and let K be a non-empty convex subset in R".
In addition, let b(uy,up, t) : K x K x [0,1] — Rand 7 : K x K — R" be two fixed mappings.

The following definitions about b-vex, sub-b-convex, s-convex, sub-b-s-convex, and preinvex
functions that will be used throughout the paper are given:

Definition 1 ([1]). The function h : K — R" is called

1. ab-vex function on K with respect to (w.r.t. in short) b if
h (tu1 + (1 — t)uz) < tbh(u1) + (1 — tb)h(uz),Vul, up € K, t e [0, 1]
2. and a b-linear function on K w.r.t. b if

h(tuy + (1= t)up) = tbh(uq) + (1 — th)h(uy), Yuy, uy € K, t € [0,1].

Definition 2 ([2]). The function h : K — R" is called a sub-b-convex function on K w.r.t. b if
h(tuy + (1 — t)up) = th(ug) + (1 — t)h(up) + b(uy, up, t), Yuy, ug € K, t € [0,1].

Definition 3 ([3]). The function h : K — R" is called an s-convex function in the second sense if
h(tuy + (1 —t)up) = h(uq) + (1 — t)°h(up),Vug,u; € K, t € [0,1],s € (0,1] .

Definition 4 ([6]). A function h : K — R is called a sub-b-s-convex function on a non-empty convex set
KCR"wrt. b: Kx Kx [0,1] — Rif

(g + (1= 8)uz) < Fhur) + (1~ £h(uz) + by s, )
and Yuq,up € K, t € [0,1],s € (0,1] .

Recall [9] that, by definition, a set K C R" is called an invex set w.r.t 17 if up + ty(uq,uy) € K,
Yuq,uy € Kand t € [0,1].

Ben-Israel and Mond [7] defined a class of functions called preinvex in the non-empty invex set
K Cc R" w.r.t. 5, as follows:

Definition 5. A function h : K — R is preinvex on K w.r.t. 3 if there exists an n-dimensional vector function
1 such that
h (uz + 0n(ur, uz)) < th(uy) + (1= t)h(uz),

Yuq,uy € K, t € [0, 1].

3. Sub-b-s-Preinvex Function and Their Properties

In this section, the concepts of sub-b-s-preinvex function and sub-b-s-preinvex set are given.
Furthermore, some of their properties are studied.

Definition 6. A function h : K — R is called a sub-b-s-preinvex function on a non-empty invex set K C R"
w.r.t.n,bif

h(up + ty(uy,uz)) < £h(ug) + (1 —)°h(u) + b(uq, up, t) 1)

whereb : K x K x [0,1] — R, Vuq,u; € Kt € [0,1],s € (0,1] .
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Remark 7.

1. Ify(uy,up) = uy — uy in Equation (1), then sub-b-s-preinvex w.r.t. 1, b becomes a sub-b-s-convex
function. Moreover, if s = 1, then Equation (1) becomes a sub-b-convex function.

2. Whenn(uy, up) = uy —up and b(u,u,t) < 0in Equation (1), then the sub-b-s-preinvex function becomes
a convex function.

Theorem 8. If hy, hy : K — R are sub-b-s-preinvex functions w.r.t. n,b, then hy + hy and Bhy(p > 0) are
also sub-b-s-preinvex functions w.r.t. 11,b.

Corollary 9. If hy : K — R, where k = 1,2,--- ,n are sub-b-s-preinvex functions w.r.t. n1,by, then the
function which is H = Y _qaghga, > 0 (k=1,2,---,n) is also sub-b-s-preinvex function w.r.t. 1,
b where b = Y| _; axby.

Proposition 10. If iy : K — R, where k = 1,2, - - - ,n are sub-b-s-preinvex functions w.r.t. 4,by, then the
function which is H = max hy,k = 1,2, - - -, n is also a sub-b-s-preinvex function w.r.t. 5,b, where b = max by.

Theorem 11. Let by : K — R be a sub-b-s-preinvex function w.r.t. 5,by and hy : R — R be an increasing
function. Then hiohy is a sub-b-s-preinvex function w.r.t.ny, b where b = hyoby if hy satisfies the following
conditions:

1. hs (ﬁul) = ﬁhz(ul),Vul € ]R,,B >0;
2. hy(uy+up) = ha(ur) + ha(uz),, Vuy, up € R,p > 0.

Proof.

(hpohy) (ua + 6n(uy,uz)) = hy (hy (u2 + ty(ug, u2)))

hy (£h1(u1) + (1 — £)°hy (u2) + b1 (u1, up, £))

thy (h1(u1)) + (1 = £)°ha (b1 (u2)) 4 h (b1 (11, 12, t))
t° (hpohy) (u1) + (1 —t)° (hpohy) (uz) + b(uq, uz, t),

IN

which means that hyo0h; is a sub-b-s-preinvex function w.r.t.n7,b. O

We introduce a definition of a sub-b-s-preinvex set w.r.t.7;, b as follows.
Definition 12. A set K C R"*1 is called a sub-b-s-preinvex set w.r.t.ij, b if
(g + ty(uq,uz), By + (1 — t)°Ba + b(uy, uz, t)) € K.
V(uq,B1), (U2, B2) € K, ug,up € R",t €10,1],s € (0,1] and b : R" x R" x [0,1] — R.
The epigraph of the sub-b-s-preinvex function & : k — R can be given as
G(h) = {(u,B) s u € K, p € R, h(u) < B}.

Now, we are going to investigate characterizations of the sub-b-s-preinvex function in terms of
their epigraph G(h), and we start with sufficient and necessary conditions for h to be a sub-b-s-preinvex
function w.r.t.n,b.

Theorem 13. & : k — R is a sub-b-s-preinvex function w.r.t.y, b iff its epigraph is also a sub-b-s-preinvex set
w.r.ty,b.
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Proof. Let h be a sub-b-s-preinvex and let (11, B1), (42, B2) € G(h). Then, by using the hypothesis,
we have h(u1) < By and h(uz) < po.
Moreover,

h (up + ty(uq, uz)) th(uy) + (1 —t)°h(ug) + b(uq, un, t)

81+ (1 —t)°Bo + b(uq, uy, t). )

IN A

Hence,
(up + tn(uy,up), b1+ (1 —t)°Ba + b(uq,uz,t)) € G(h).

Therefore, G(h) is sub-b-s-preinvex set w.r.t.ij, b.
Now, assume that G(h) is a sub-b-s-preinvex set w.r.t.;j, b. Then

(u1,1(u1)), (uz, h(u2)) € G(h),

where uq,up € K.
(ug + tyy(uq, up), *h(ug) + (1 — t)°h(uz) + b(u, uz,6)) € G(h), which means that

h(up + ty(ug, uz)) < h(ur) + (1 —£)°h(uz) + b(ug, up, t).
Then & is sub-b-s-preinvex function w.r.t.y,b. O

Proposition 14. Assume that K; is a family of is sub-b-s-preinvex sets w.r.t.y,b. Then N;crK; is also a
sub-b-s-preinvex set w.r.t.j, b.

Proof. Consider (11, 1), (42, B2) € NiciK;. Then we have (u1,B1), (uz, B2) € K;, Vi€ I

(uz + t17(u1, le),‘Bl + (1 — f)S‘BZ + b(ul,uz, t)) e K, Viel

(u + tn7(u1,u2), B1 + (1 — £)°Bo + b(ur, up, t)) € NicrKi.
Hence, Nj¢c[K; is a sub-b-s-preinvex set. [

According to Theorem 13 and Proposition 14, the following proposition holds:

Proposition 15. Let h; be a sub-b-s-preinvex function w.r.t.,b. Then a function H = sup;_; h; is also a
sub-b-s-preinvex function w.r.t.y, b.

Theorem 16. Let hh : k — R be a non-negative differentiable sub-b-s-preinvex function w.r.t.5, b. Then

1. dhyyn(uy,up) < 71 (h(ug) + h(uz)) + limy_0, M
S s—1

2. dhyy(ug,u2) < £ () = h(uz)) + 42 4 lim, g, P,

Proof.

1. By using the hypothesis, we can write
h(up + ty(uy, u2)) = h(uz) + tdhy,n(uy, uz) + O(t).

Additionally,
h(ug + ty(ug, up)) < Ph(uy) + (1 —t)°h(uz) + b(uq, uy, t).
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Furthermore,

Ph(uy) + (1 —t)°h(up) + b(uq, up, t)
th(ur) + (14 )h(u) + b(uq, ug, t).

h (ug + t7(uq, u2))

Then
h(up) + tdhy,n(uy, up) + O(t) < h(ug) + (1 + t°)h(uz) + b(ug, us, t)

b(uq,up,t) blupugt) _ O()
t t

by taking lims;__,o, =%, which is the maximum of
obtained.

. The first result is thus

2. Similarly,

h(uy) + tdhy,n(uy, uz) + O(t)
< Fh(ur) + (1 + £)h(uz) + b(ug, up, t)
= th(uy) + (1 + ) h(up) — th(up) + t°h(uz) + b(uq, uz, t)
= t* (h(u1) — h(uz)) + b(ur, ug, t) + ((1 = £)° + £°) h(u2).

However, we know that (1 —t)° +¢6°,Vt € [0,1], and s € (0,1] and since / is non-negative
function; hence,

h(uy) 4 Shu,n(uy, up) + O(t) < #° (h(uy) — h(up)) + 2h(uz) + b(ug, ua, t).

Then, by dividing the last inequality by ¢ and taking lim; .o, , we obtain the second part of
the theorem.
O

Theorem 17. Let h : k — R be a negative differentiable sub-b-s-preinvex function w.r.t.y,b. Then

Ay (1, 2) < 7 ((uy) — () + lim 20421220,

t—04 t
Proof. We obtain the result by using the hypotheses, since

b(uy, up,t) O(t).

Ay (1, 12) < 71 () = haz) + 22 t

LCELE) %Zt) — %, we obtain the result. O

Then, by taking lim; o, =—%%~, which is the maximum of b(

Corollary 18. Assume that h : k — R is a differentiable sub-b-s-preinvex function w.r.t.n, b, and

1. his a non-negative function, then

h(”l)':h(MZ) + lim b(”l/uZIt)+b(u2/u1/t)

t—04 t

d (huy — huy) (1, u2) <

2. his a negative function, then

. bu,u,t—bu,u,t
d<huz—hu])ﬂ(ul,uz)§t1_1>n(}+ (1, 112 )t (142, 141 )‘

Proof.
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1. Since h is a non-negative function and by using Theorem 16,

Ay (1, 1) < 671 (huy) — b)) + 102 g 20220
t t—04 t
Additionally,
Ay (i, 02) < 671 (h(u) = b)) + 200 g 22 000E)
t t—04 t
Thus,
d (huz B hul ) 77(1’l]/ u2) S Mth(uz) + hm b(ull uZI t) + b(uz, ul, t) )
tHO*, t

2. Since & is a negative function, and according to Theorem 17, the second result can be obtained
directly.
O

4. Hermite-Hadamard-Type Integral Inequalities for Differentiable Sub-B-S-Preinvex Functions

There are a great deal of inequalities related to the class of convex functions. For example,
Hermite-Hadamard’s inequality is one of the well-known results in the literature, which can be stated
as follows.

Theorem 19. (Hermite—Hadamard's inequality) Let h be a convex function on [uq, up] with uy < up. If his an
integral on [uy, uy|, then

up +up 1 U2 h(u1) + h(uz)
h( . )guz_ul/ul () < T2, @)

For more properties about the above inequality, we refer the interested readers to [24,25].
Dragomir and Fitzpatrick [26] demonstrated a variation of Hadamard’s inequality, which holds
for s-convex functions in the second sense.

Theorem 20. Theorem Let h : Ry — Ry be an s-convex function in the second sense s € (0,1) and
ui,up € Ry, uy < up. Ifh € LY([ug,uz)), then

gty (Mt o1 /”Zh(x>dx<w
2 ~up—up Juy - s+1 ’

Now, we will present new inequalities of Hermite-Hadamard for functions whose derivatives in
absolute value are sub-b-s-preinvex functions. Our results generalize those results presented in [27]
concerning Hermite-Hadamard type inequalities for preinvex functions.

Lemma 21 ([27]). Assume that K C R is an open invex subset w.r.tyy and uy, up € Kwithuy < uy+4(uy, uy).
Let h : K — R be a differentiable mapping on K such that i’ € L ([uy, ug + 17(up, u1)]). Then the following
equality holds:

~ h(ur) + h(uy +1(ug, u)) n 1 /'u1+77(uz,u1) h(x)dx
2 (w2, u1) Juy

_ M /01(1 —2t)1" (uy + ti7(uz, uy)) dt.
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Theorem 22. Assume that K C [0,c],c > 0 is an open invex subset w.r.ty and uj,uy € K with
uy < uy +n(up, uq). Let h : K — R be a differentiable mapping on K such that b’ € L ([uq, u1 + 1 (up, u)]).
If |1 | is a sub-b-s-preinvex function on K, then we have the following inequality:

’h(ul) +h(u12+ (g, u1)) n(uzl,ul) /I:ﬁwz'ul)h(x)dx
Uy, U stL_1)(s —2°)(s
< ) [ e GO () ] + 5 bl ] 0

Proof. From Lemma 21, we have

h(ur) +h(uy +n(up,m)) 1 1 (110
’ 2 1(uo, 1q) /a h(x)dx
Us, U 1
< %/{) |1 —2t] |1 (w1 + ty(up, u1)) | dt. (5)

Since || is a sub-b-s-preinvex on K, for every uy,u; € K, € (0,1] and s € (0,1), we obtain
|1 (uy + by (ug, 1)) | < B (un) |+ (1= 0)° [0 (ug) | + [b(1, 1, )]

Hence, we have

‘h(m) +h(u +y(u,u)) 1 /ulﬂ(ulruﬁh(x)dx
2 1 (u1,uz) Ja
1 1 !
. M [h/(uz)|/0 |1_2t|t5dt+|h’(u1)|/0 \1—2t|(1—t)sdt+|b(u1,u2,t)|/0 |1—2t|dt} .(6)
since
1 1
/ 1—2t|(1—t)sdt:/ 1—2t|tdt
Jo 70
% 1
:/ (1—2t)t5dt—/1 (1—-2t)rdt
0 2
@D+ D)+ (1-2)(5+2)
= 2(s+1)(s+2) '
Additionally,

1 d 1
1—2tldt = =.
A| dt = 5

Therefore, the proof of Theorem 22 is complete. [

Corollary 23. If y(up, 1) = up — uy in Theorem 22, then Inequality 4 reduces to the following inequality:

2 Uy — Uq
Uy — Uy {(2”1 —D(s+1)+(1—-2%(s+2)
- 2 25(s+1)(s+2)

M) £h(uz) 1 [ nx)ax

Uy

1 (2) |+ 1 ()] + 5 Do, 02, 0) | )
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Theorem 24. Assume that K C [0,c],c > 0 is an open invex subset w.r.ty and uj,uy € K with
uy < uy +n(up, uq). Let h : K — R be a differentiable mapping on K such that b’ € L ([uq, u1 + 1 (up, u)]).
If |W'|7 is a sub-b-s-preinvex function on K for q > 1, then we have the following inequality:

h(up) +h(us +n(uz,u1)) 1 /ulwwz'ul)h(x)dx
2 17 (uz, u1) Juy
) W q+ W q q
p+1)r

1,1 _
wherep+q—1.

Proof. From Lemma 21 and using the Holder’s integral inequality, we have

h(uy) + h(uy +n(up, u1)) _ 1 ug -+ (ug,u1)
2 17 (uz,uq) /a h(x)dx
1 1
Uy, U 1 P 1, q i
< w (/0 11— 27 dt) (/0 ‘h(m + tiy(uz,ul))‘ dt> . )

Since |I'|7 is a sub-b-s-preinvex on K, for every uy,u; € K, € (0,1] and s € (0,1), we obtain
| (uq + ty (up, u1)) |7 < |0 (u2) |7 + (1 — £)[1 (1) |7 + [b(uy, up, t)].

Hence,

1 1
/O I (11 + ty (12, 1)) |t < [|h’(u2)|‘7+|h’(u1)|‘7]/0 Bt + [b(uy, u, )|

1
— 5 (W Ge2) 7+ 1 a)17) + [y 1, 1)

Moreover, via basic calculus, we obtain fol |1 —2t|Pdt = ﬁ. Thus, the proof of Theorem 24
is complete. [

Corollary 25. If y(up, 1) = up — uy in Theorem 24, then Inequality 8 reduces to the following inequality:

2 Uy — Uq

hin) +h(wg) 1 [ n(x)ax

ug
1
"7 q

NI
_ h(uz) + h(ul)
Uy — Uy ’ ‘ ‘ + b1y, uz, t)| (19)

1,1 _
wherep+q—1.

5. Application

In this section, we apply our results to the non-linear programming problem and to special means.
Let us consider the unconstraint problem (P)

(P) :min {h(u),u € K}. (11)
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Theorem 26. Consider that h : k — R is a non-negative differentiable sub-b-s-preinvex function w.r.t.y, b.
Ifu* € Kand

b(u,u*,t)

h(u?) + Iim

t t*>0+

dhyn(u,u*) > , Yue K, tel0,1],s € (0,1], (12)

then u* is the optimal solution to (P) with respect to h on K.

Proof. By using the hypothesis and the second pair of Theorem 16, we obtain

i () — PO gy POELD et 0y ey,
t t*>0+
Vi €[0,1],s € (0,1] , and since
digen () > M) 4y DORHLE)
t t—04 t

Thatis h(u) — h(u*) > 0, which means that u* is the optimal solution. [J

Example 27. Let us take the following function h : RT™ — R such that h(u) = 2u®, wheres € (0,1] .
Additionally, let b(uy, up, t) = tu? + 4tu3 and

—Up; U] = Uy

1—upuy # .

n(uy,up) = {

Since b(uq,up, t) > 0,Vt € (0,1], it is easy to say that h is a sub-b-s-preinvex function. Additionally,
h(u) is a non-negative differentiable, and lim;__,, M exists for every uy,u; € R and t € (0,1]. Thus,
the following unconstraint sub-b-s-preinvex programming can be given as

(P) : min {h(u),u e R"}.

t t
and
tl_i}rr(L b(u,;{ 't _ u? + 4(u*)>.
Thus, we see that u* = 0 and
) 2 M0y B

holds Yu € K, t € (0,1] ,s € (0,1). Hence, according to Theorem 26, the minimum value of h(u) at zero.

Corollary 28. Assume that h : K — R is a strictly non-negative differentiable sub-b-s-preinvex function
w.r.t.y,b. If u* € K and satisfies the condition of Equation (12), then u* is the unique optimal solution of h
on K.

Proof. Since h is a strictly non-negative differentiable sub-b-s-preinvex function w.r.t.7;, b and by using
Theorem 16, we obtain

dhuyn (1, u2) < £570 (R(ur) = h(uz2)) + Lﬁlz) L+ ofim P02t

t*>0+ t

(13)
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Let v1,v; € K where v1 # v, be optimal solutions of (P). Then h(v1) = h(v;), and Equation (13)
yields that
]’l(vz) ~ lim b(Ul, U2, t)
t t—>0+

dhy,n(v1,v2) — < 57 (h(vy) — h(v)).

By using Equation (12), we have t*~1 (h(vy) — h(vp)) > 0, but h(v1) = h(v2). Thus, v; = vy = u*.
It follows that u* is the unique optimal optimal solution of s on K. O

Now, grant nonlinear programming as follows:
(Py) :min{h(u):u € R", fi(u) <0,i € I, wherel =1,2,--- ,m}.
F, is the feasible set of (P, ), which is given as
Sp={uelR": fi(u) <0,iel}.
In addition, for u* € S¢, we define N(u*) = {i: f;(u*) = 0,i € I}.

Theorem 29 (Karush-Kuhn-Tucker Sufficient Conditions). Assume that h : R" — R is a non-negative
differentiable sub-b-s-preinvex function w.r.t.y,b and f; : R" — R are differentiable sub-b-s-preinvex
functions w.r.t.y,b;,i € 1. Additionally, let

iy (u,0°) + ) vid finey) (u,u™) = 0, " € Sp, 0, > 0, i € L. 14
icl
If
h(u*) 4 lim b(u,u*,t) < —Zvilimtﬂmwf (15)

t t—04 i—1

then u* is an optimal solution of (P,).

Proof. For any u € Sf, then we obtain fi(u) < 0 = fi(u*),Yu € S;. Therefore, from the
sub-b-s-preinvexity of f; and Theorem 17, we get

b(u, u*,t)

dfin(u,u™) — lim <1 (fi(u) — fi(u*)) <O0. (16)
t—)0+
From Equation (14), we obtain
dhyeny(u,u®) = =Y vidfoen(u,u*)
iel
= — Y vdfyen(uu®). (17)
ieN(u*)

Equations (15) and (17) yields that

o h(u*) . b(u,u*,t)
Al (7)== = lim ===
. b(u,u*,t)
> — Z v; (dfl-u*n(u,u*) — lim ) (18)
iEN () t=0p
Here, we use Equations (16) and (18) to obtain
dhyn(u,u*) > hu?) + lim b, )

t t—04 t
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and according to Theorem 26, one has
h(u) > h(u®),Vu € Sy.
Hence, u* is an optimal solution of (P;). O

Now, some applications to special means are given. The following result is established in [28].

Assume that H : 1 — I, C [0,00) is a non-negative convex function on ;. Then H*(x) is
s-convex on I, where s € (0,1). For arbitrary positive real numbers uy, up (17 # uy), the following
special means are given:

1. The arithmetic mean:

up+u
A:A(ul,uz): l—; 2, ul,uzzo.
2. The logarithmic mean:
ui ifu1 = Uy,
L=L(up,upy) = { e Ap,up >0
Inuq,Inuy lful # Uz,

3.  The P-logarithmic mean:

u ifu1 = Uy,

Lp = Lp(ul, Mz) = |: p+1_ p+1
(

ul " —u P pE R{—l,O}, ug, up > 0.
p+1>(1>] ifur # uz,

It is well known that L, is monotonic non-decreasing over p € Rwith L_1 = Land Ly = 1.
In particular, we have the following inequality

L < A.

Now, some new inequalities are derived for the above means
Leth : [uy,uz] — R, 0 < uy < up, h(x) = x°and s € (0,1], Then

[ = L)
x)dx = L3 (uq,u
Uy — U1 Juy s\ 2

h(ul) + h(uz)

7 = A(uj, u3).

1.  From Corollary 23,

| A(ug, u3) — L3(u1, u2)|

o s+1 _ns
_ . uy [ (2 1)2(55(:3;(5(12)2 )(s+2) H’a(”Z)‘*"&(”l)H +%|b(u1,u2,t)| . (19)

2. From Corollary 25,

1
’ q q

, q .,
_ h(up)| + |h(uq)
2~ ‘ ‘ +b(uy, un, D) | (20)

|A(ui, u3) — Li(u1,up)| <

If s =1, then
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Uy —uq

|A<M1, uZ) - L(l/ll, u2)| S 4

S )|+ )+ o, )|

Uy —uq

|A(u1,u2) — L(ug, u2)| < ———5
2(p+1)7

1
S ) 1 )9+ o, )|
where g > 1and%+%:1.

6. Conclusions

In this paper, we introduce a new class of functions and sets called sub-b-s-preinvex functions
and sub-b-s-preinvex sets and discuss some of their properties. In addition, the optimality conditions
for a non-linear programming problem are also established. Hermite-Hadamard-type integral
inequalities for differentiable sub-b-s-preinvex functions have been studied. Relationships between
these inequalities and the classical inequalities have been established. The ideas and techniques of this
paper may motivate further research, for example, in manifolds.
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