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Abstract: From the perspective of the degrees of classification error, we proposed graded rough
intuitionistic fuzzy sets as the extension of classic rough intuitionistic fuzzy sets. Firstly,
combining dominance relation of graded rough sets with dominance relation in intuitionistic
fuzzy ordered information systems, we designed type-I dominance relation and type-II
dominance relation. Type-I dominance relation reduces the errors caused by single theory and
improves the precision of ordering. Type-II dominance relation decreases the limitation of
ordering by single theory. After that, we proposed graded rough intuitionistic fuzzy sets based on
type-I dominance relation and type-II dominance relation. Furthermore, from the viewpoint of
multi-granulation, we further established multi-granulation graded rough intuitionistic fuzzy sets
models based on type-I dominance relation and type-II dominance relation. Meanwhile, some
properties of these models were discussed. Finally, the validity of these models was verified by an
algorithm and some relative examples.

Keywords: graded rough sets; rough intuitionistic fuzzy sets; dominance relation; logical
conjunction operation; logical disjunction operation; multi-granulation

1. Introduction

Pawlak proposed a rough set model in 1982, which is a significant method in dealing with
uncertain, incomplete, and inaccurate information [1]. Its key strategy is to consider the lower and
upper approximations based on precise classification.

As a tool, the classic rough set is based on precise classification. It is too restrictive for some
problems in the real world. Considering this defect of classic rough sets, Yao proposed the graded
rough sets (GRS) model [2]. Then researchers paid more attention to it and relative literatures began
to accumulate on its theory and application. GRS can be defined as the lower approximation being
R(X)={x[x], I -I[x], NXI<k,x €U} and the upper approximation being Re(X) = {x| I[x], N X >
k,xeU}. I[x], N X! is the absolute number of the elements of |[x], | inside X and should be called
internal grade, [x], |-I[x],NX] is the absolute number of the elements of I[x], | outside X and

should be called external grade. Ek(X) means union of the elements whose equivalence class’
internal-grade about X is greater than k, R,(X) means union of the elements whose equivalence

class” external grade about X is at most k [3].

In the view of granular computing [4], the classic rough set is a single-granulation rough set.
However, in the real world, we need multiple granularities to analyze and solve problems and Qian
et al. proposed multi-granulation rough sets solving this issue [5]. Subsequently, multi-granulation
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rough sets were extended in References [6-9]. In addition, in the viewpoint of the degrees of
classification error, Hu et al. and Wang et al. established a novel model of multi-granulation graded
covering rough sets [10,11]. Simultaneously, Wu et al. constructed graded multi-granulation rough
sets [12]. References [13-17] discussed GRS in a multi-granulation environment. Moreover, for GRS,
it has been studied that the equivalence relation has been extended to the dominance relation [13,14],
the limited tolerance relation [17] and so forth [10,11]. In general, all these aforementioned studies
have naturally contributed to the development of GRS.

Inspired by the research reported in References [5,13-17], intuitionistic fuzzy sets (IFS) are also
a theory which describe uncertainty [18]. IFS consisting of a membership function and a
non-membership function are commonly encountered in uncertainty, imprecision, and vagueness
[18]. The notion of IFS, proposed by Atanassov, was initially developed in the framework of fuzzy
sets [19]. Furthermore, it can describe the “fuzzy concept” of “not this and not that”, that is to say,
neutral state or neutral degree, thus it is more precise to portray the ambiguous nature of the
objective world. IFS theory is applicable in decision-making, logical planning, medical diagnosis,
machine learning, and market forecasting, etc. Applications of IFS have attracted people's attention
and achieved fruitful results [20-27].

In recent years, IFS have been a hot research topic in uncertain information systems [6,28-30].
For example, in the development of IFS theory, Ai et al. proposed intuitionistic fuzzy line integrals
and gave their concrete values in Reference [31]. Zhang et al. researched the fuzzy logic algebraic
system and neutrosophic sets as generalizations of IFS in References [23,26,27]. Furthermore, Guo et
al. provided the dominance relation of intuitionistic fuzzy information systems [30].

Both rough sets and IFS not only describe uncertain information but also have strong
complementarity in practical problems. As such many researchers have studied the combination of
rough sets and IFS, namely, rough intuitionistic fuzzy sets (RIFS) and intuitionistic fuzzy rough sets
(IFRS) [32]. For example, Huang et al., Gong et al., Zhang et al., He et al., and Tiwari et al. effectively
developed IFRS respectively from uncertainty measures, variable precision rough sets, dominance—
based rough sets, interval-valued IFS, and attribute selection [29,30,33-35]. Additionally, Zhang and
Chen, Zhang and Yang, Huang et al. studied dominance relation of IFRS [19-21]. With respect to
RIFS, Xue et al. provided a multi-granulation covering the RIFS model [9].

The above models did not consider the classification of some degrees of error [6-9,29,30,33,36]
in dominance relation on GRS and dominance relation in intuitionistic fuzzy ordered information
systems [37]. Therefore, in this paper, firstly, we introduce GRS into RIFS to get graded rough
intuitionistic fuzzy sets (GRIFS) solving this problem. Then, considering the need for more precise
sequence information in the real world, based on dominance relation of GRS and an intuitionistic
fuzzy ordered information system, we respectively perform logical conjunction and disjunction
operation to gain type-I dominance relation and type-Il dominance relation. After that, we use
type-I dominance relation and type- Il dominance relation thereby replacing equivalence relation to
generalize GRIFS. We design two novel models of GRIFS based on type-I dominance relation and
type-II dominance relation. In addition, to accommodate a complex environment, we further extend
GRIFS models based on type-I dominance relation and type-II dominance relation, respectively, to
multi-granulation GRIFS models based on type-I dominance relation and type-II dominance
relation. These models present a new path to extract more flexible and accurate information.

The rest of this paper is organized as follows. In Section 2, some basic concepts of IFS and GRS,
RIFS are briefly reviewed, at the same time, we give the definition of GRS based on dominance
relation. In Section 3, we respectively propose two novel models of GRIFS models based on type-I
dominance relation and type-II dominance relation and verify the validity of these two models. In
Section 4, the basic concepts of multi-granulation RIFS are given. Then, we propose
multi-granulation GRIFS models based on type-I dominance relation and type-II dominance
relation, and provide the concepts of optimistic and pessimistic multi-granulation GRIFS models
based on type-I dominance relation and type-II dominance relation, respectively. In Section 5, we
use an algorithm and example to study and illustrate the multi-granulation GRIFS models based on
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type-I dominance relation and type-II dominance relation, respectively. In Section 6, we conclude
the paper and illuminate on future research.

2. Preliminaries

Definition 1 ([22]). Let U be a non-empty classic universe of discourse. U is denoted by:
A={<x, u,(x),v,(x)>lxel},

A can be viewed as IFS on U, where p,(x):U—>[0,1] and v,(x):U—[0,1]. u,(x) and v,(x) are
denoted as membership and non-membership degrees of the element x in A, satisfying 0< u,(x)+v,(x) <1
. For v xeU, the hesitancy degree is m,(x)=1—pu,(x)-v,(x), noticeably, =,(x): U—[0,1]. V A, Be
IFS(U), the basic operations of A and B are given as follows:

(1) AcBo p, (x) S (%), v, (x)2v,(x), Vxel,
2) A=B pu, (x) = py(x), v, (x)=v,(x), Vxel,
3) AUB={<x, max{,(x), 4,(x)}, min{v, (x), v,(x)} >l x U],
4) ANB={<x, min{u,(x), u,(x)}, max{v,(x), v,(x)} > xel],

A~ A~ N~

5 ~A={<x, v, (x), p,(x)>lxel}.

Definition 2 ([2]). Let (U,R) be an approximation space, assume k e N, where N is the natural number set.
Then GRS can be defined as follows:

Ri(X)={xll[x], I-1[x], N X<k, xeU},
Re(X) ={x | 1[x], N X >k, xeU}.

R(X) and Ek(X) can be considered as the lower and upper approximations of X with respect to the
graded k. Then we call the pair (R,(X), Ri(X)) GRS.When k=0, R,(X)=R(X), Ro(X)=R(X). However,
in general, R.(X)z Re(X), Re(X)z R,(X).

In Reference [4], the positive and negative domains of X are given as follows:

POS(X) = R, (X)NRx(X), NEG(X) =—~(R, (X) UR(X)).

Definition 3 ([36]). If we denote R, = {(xi,xj) eUxU: f(x;)= f(x;),Vae A} where A is a subset of the
attributes set and f(x) is the value of attribute a, then [X], is referred to as the dominance class of

. . > . . . .
dominance relation R . Moreover, we denote approximation space based on dominance relations by

S=(U,R).

Definition 4. Let (U,R’) be an information approximation. U /R is the set of dominance classes induced

by a dominance relation RﬂZ ,and [x ]i is called the dominance class containing x. Assume k e N, where N is
the natural number set. GRS based on dominance relation can be defined:

R (X)={x!I[x] | -I[xF N X<k, x U},

Re(X) ={xl |2 N X >k, x U},

When k=0, (I_{i(X), Bi(X)) will be rough sets based on dominance relation.

Example 1. Suppose there are nine patients U ={x,x,,%X;,X,,X;,X,X,,X,X,}, they may suffer from a cold.
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According to their fever, we get U /R’ ={{x,,x,,x,},{x;,x.},{x,, %}, {x,,x,,%,,%,}}, X cU. Then suppose

X={x,,x,,x,,x,,x,}, we can obtain GRS based on dominance relation.

The demonstration process is given as follows:
Suppose f =1, then we can get,

>

[x1]; :[xz]i :[X4E :{xl’xz’x4}’ [xali :[xs]aZ :{xsfxs}' [xe]j :[xs]i :{xé’xs}’

[x 1, =[x, I, =[x,1; =[x 1, ={x;,x,, x5, x,}.
Then, we can calculate I_{T(X), ET(X) and POS(X), NEG(X).
BT(X) = {xl’xz’x4}’ E;(X) = {xl’x21x41x5/x7/x8/x9}-

POS(X) :BT(X)DEI(X) ={x,, %, x, N {x, %, x,, %, %, %, %, } ={x,,x,,x,},
NEG(X) = ~(R; (X)URi (X)) =—({x, x,, x Ulx, x,, x,, x5, x,, %, %)) = {x,, x, ).

Through the above analysis, we can see x1, x2, and x4 patients suffering from a cold disease and x3 and xs
patients not having a cold disease.

When k =0, (ﬁi (X), R5(X)) will be rough sets based on dominance relation.

Definition 5 ([8,32,35]). Let X be a non-empty set and R be an equivalence relation on X. Let B be IFS in X
with the membership function Mz(X) and non-membership function Vy(X) . The lower and upper
approximations, respectively, of B are IFS of the quotient set X /R with

(1) Membership function defined by
Mgy (X)) =inflp,(x) | x € X}, yE(B)(X[.) =sup{u,(x)l xe X }.

(2) Non-membership function defined by
Vi (X)) =sup{vy(x) | xe X}, VE(B)(XI.) =inf{v,(x)l x e X }.

In this way, we can prove R(B) and E(B) are IFS.
For Vx e X., we can obtain,
Hp(X)+ v (x0) <1, py(x)<1-vy(x),
sup{s,(x)| xe X} <sup{l-v,(x)| xeX},
sup{s,(x)| xe X} <1-inf{v,(x)| xe X},
sup{z,(x)| xe X }+inf{v,(x)| xe X} <1.

Hence E(B) is IFS. Similarly, we can prove that R(B) is IFS. The RIFS of R(B) and E(B) are given
as follows:

R(B)={<x, inf (), supv,(y)>lxel},
yelxl;

yelx];

E(B) ={<x, supu,(y), yier[1xf]‘ vy (y) >l xel].

yelx];
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3. GRIFS Model Based on Dominance Relation

In this section, we propose a GRIFS model based on dominance relation. Moreover, this model
contains a GRIFS model based on type-I dominance relation and GRIFS model based on type-II
dominance relation, respectively. Then we employ an example to demonstrate the validity of these
two models, and finish by discussing some basic properties of these two models.

Definition 6 ([37]). If (U,A,V,f) is an intuitionistic fuzzy ordered information system, so (R)> =
{(x,y)eUxUI f (y)= f (x),Yaec A} can be called dominance relation in the intuitionistic fuzzy ordered

information system.

[x] ={yl(x,y)e(R);,Vac A,yel)
={ylu,(y) = 1, (%), v,(y) <v,(x),Vae Ay eU}

[x]i is dominance class of x in terms of dominance relation (R);.
3.1. GRIFS Model Based on Type-I Dominance Relation

Definition 7. Let 1S” =(U,A,V, f) be an intuitionistic fuzzy ordered information system and R be a
dominance relation of the attribute set A. Suppose X is the GRS of R. on U, ae A, and IFS B on U about

attribute a satisfies dominance relation (R); . The lower approximation R, (B) and the upper

approximation R (B) with respect to the graded k are given as follows:

When k=1, we can gain,

R, (B)={<x, inf  (,(NAm(y),  sup (v (y)vv,(y) > xell),
ye( A () AT ) ye(é () AT )
Ri(B)={<x, sup  (4,(y)Vv 4,(y)), Cinf (W) Av(y) Sl el
YA (E ) AL ) YA RN
‘ IRKCONRE(X) . | ~Re (X)UR; (X))
ﬂs(]/)lek/ VB(]/)z Ul -

Obviously, 0< ,ug(y) <1,0< vg(y) <1,j=12,n
When k=0, ,ng (y) and Vg(y) degenerate to be calculated by the classical rough set. However, under
these circumstances, the model is still valid, we call this model RIFS based on type-I dominance relation.

Note that, in GRIFS model based on type-1 dominance relation, we let [x]i and [x]z‘

a

perform a
conjunction operation A, this is to say > means Sél(([x]j)s AXE) -

Note that, /i\l(([x]j ). AlxT?) i GRIFS model based on type-1 dominance relation, if x have j dominance
classes [x]. of dominance relation R on GRS, we perform a conjunction operation ~ of j dominance

classes [x]. and [x]j',

According to Definition 7, the following theorem can be obtained.

Theorem 1. Let ©° ~<WU:4 Vi f> be an intuitionistic fuzzy ordered information system, and B be IFS on
U. Then a GRIFS model based on type-I dominance relation has these following properties:
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(1) R (By)c B R: (B),
(2) AcB, R (A)cR (B), Ri (A)<Ri (B),
(3) R (ANB)=K: (A)NK (B) R: (AUB)=R: (A)UR: (B).

Proof. (1) From Definition 7, we can get,
cinf AW Sp() < sup () vy (y) & ey O S (%) < Ko (B)(x),

Ve A DAL ) ys(il“”ﬁ JoAlxE )

sup VW) vv(y) 2 vy(x) 2 . inf ‘ V() Avy(y) < Vﬁ‘(s)(x) 2v,(x)2 V;‘ , (x),
Vel A EARE ) Yl @I AT ) - L

—>!

Hence, I—i (B)c B< R« (B) .

(2) Based on Definition1and A< B,
Thus we can get, ,(x) <, (x), v, (%) Zv,(x).

From Definition 7, we can get, 1, (y)=t;(y), v,(¥)=v;(y).

Then, in the GRIFS model based on type-I dominance relation, we can get,

cinf (A< inf () A (1Y) S u

o = (%),
ye( A, AT ) Ye( A @) ALE ) B e ®

sup  (v,vv,()=  sup  (v(y)vv(y) & N COEL ARG

J N J g K
ye( AT ALK ) ye( A W, ALK ) ‘
2! 2!
Thus we can get, R, (A)c R, (B).
—>! —>!
In the same way, we can get, Rx (A) < R« (B).

(3) From Definition 7, we can get,

@i e DA ) =Cinf () A (DACinE () A 4 (1)
e YA (DAL, ) ye(A ()AL, ) V(A () AL )
=p, Wap, (1)
Ry (4) Ry (B)

@)= sup (VW VVas@)=(  sup (Vv DA sup (1) V()

& (anB) ; ‘ , j ‘
V(AT ) V(A (T AT ) V(A (KA )

=V, (av, (x),
R (4) K (B)

Thus we can get, R: (ANB)=R; (A)NR; (B).

In the same way, we can get R« (AUB) = Rx (A) Ul_i (B).o

6 of 26

Example 2. In a city, the court administration needs to recruit 3 staff. Applicants who pass the application,
preliminary examination of qualifications, written examination, interview, qualification review, political
review, and physical examination can be employed. In order to facilitate the calculation, we simplify the
enrollment process to qualification review, written test, interview. At present, 12 people have passed the
preliminary examination of qualifications, and 9 of them have passed the written examination (administrative
professional ability test and application). U:{xl,xz,xS,x4,x5,x6,x7,x8,x9} is the domain. We can get

U/R ={{x,,x,,x, ) {x,, % {6, ) {x,, x,, x,, x,}} according to the “excellent” and “pass” of the two

results. In addition, through the interview of 9 people, the following IFS can be obtained, and we suppose

X={x,,x,,%,x,%}, XcU.
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X, X, Xy X, Xy X X X X

B:{[0.9,0] [0.8,0.1] [0.65,0.3] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.5,0.2] [0.87,0.1] [0.75,0.2]}

6 7 8 9

To solve the above problems, we can use the model described in References [38-39], which are
rough sets based on dominance relation.

First, according to U/ Rj , we can get,

R (X)={x,, x5, %, %}, R (X)=1{x,,%,,%,,%,%,, %},

Through rough sets based on dominance relation, we can get some applicants with better
written test scores. However, regarding IFS B, we cannot use rough sets based on dominance
relation to handle the data. Therefore, we are even less able to get the final result with the model. To
process the interview data, we need to use another model, described in Reference [40]. Through
data processing, we can obtain the dominance classes as follows:

[xlﬁ :{xl}’ [xz]aé :{XZ'X4'X5'x8}' [xs]i :{x3’x4’x5’x6’x8’x9}’ [x4]i :{x4'x5}'
[T, =t h [x I ={xg xg %o} I3, 1 ={x,, x, x ) %1, =1{x,), [x 1, ={x}.
From the above analysis, we can get,

Xg2X 22X 2X

5

L2, 2 X 2 X 2K 2 X

7

Through dominance relation in the intuitionistic fuzzy ordered information system, we can get
some applicants with better interview results, but we still cannot get the final results. To get this
result, we need to analyze the applicants who have better written test scores and better written test
scores. Based on the above conclusions, we can determine that only xs and x4 applicants meet the
requirements. However, the performance of others is not certain. If they only need one or two staff,
then this analysis can help us to choose the applicant. However, we need 3 applicants, so we cannot
get the result in this way. However, there is a model in Definition 6 that can help us get the results.
The calculation process is as follows:

According to Example 1, when k =1, we can get

Ry (X) =1{x,, %, %, X5, X0, X, , X, Ri(X) ={x, %y, %, X5, X, X, , X},
According to Definitions 7 and 8, we can then get,

IRICONRIO| 7 _ oo
ul o

(R (OUR (X)) _2

~0.22.
Ul

1 (y) =

s vy (y) =

So, according to Definition 6 and Example 1, we can compute the conjunction operation of [x],

and [x]f , and the results are as Table 1.

Table 1. The conjunction operation of [x]j and [x]; |

x [x]; [xT] [xT; ALxT;
X EEEN ) )

X, {xl,xz,x4} {xz'x4/x5/x8} {x21x4}
X, {x3fxs} {x3’x4’x5’x6’x8’x9} {x3fxs}
X, {x1/x2'x4}/{x4'x5/x6'x9} {x4'x5} {x,}

X g, x5, %, 2} s} s}

X {x4,x5,x6,x9} {xafxfwx9} {x6’x9}

X {x7} {x7'xs'x9} {x7}
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X {x;, %} {x;} {x;}

ey, 2, X, X%} o} b}

GRIFS model based on type-I dominance relation can be obtained as follows:

x X x X X X, X X

2 3

[0.78,0.22] [0.78,0.22] [0.65,0.3] [0.78,0.22] [0.78,0.22] [0.7,0.3] [0.5,0.22] [0.78,0.22] [0.75,0.22]}
7 7 7 7 x 7 7 7 7 7

RI'(B>:{

1 4 5 8 9

[0.9,0] [0.85,0.1] [0.78,0.1] [0.85,0.1] [0.95,0.05] [0.87,0.1] [0.78,0.1] [0.87,0.1] [0.78,0.2]}
x 7 7 7 7 7 7 7 7 .

R (B) :{

X X X X X X X

3 4 5 6 X

1 2 7 8 9

Comprehensive analysis Bf (B) and Ef (B), we can conclude that x5, x1, x5, x2 and x4

applicants are more suitable for the position in the pessimistic situation. From this example we can
see that our model is able to handle more complicated situations than the previous theories, and it
can help us get more accurate results.

3.2. GRIFS Model Based on Type-II Dominance Relation

Definition 8. Let U be a non-empty set and A be the attribute set on U, and ae A, R; is a dominance
relation of attribute A. Let X be GRS of R’ on U, and IFS B on U about attribute a satisfies dominance relation

(R): . The lower and upper approximations of B with respect to the graded k are given as follows:
When k=1, we can get,

R, (B)={<x, inf  (g,)Au @) sup (v (n)vv,(y) el

e > j .
Y D) ye( v (<) VI )

Re (B)={<x, sup  ((Nvu(y),  inf () Avy(y)>lxel)

ye( _§1<<[x1i )oVIXE ) yel v (1), VIx )

| Re(X)NR; (X)|
Iul

| (R (X)UR: (X)) |
lul '

1y (y) = , ve(y) =

Obviously, 0<py(Y) <1, 0<vy(y) <1, j=1,2,,m.
When k=0, u,(y) and vy(y) are calculated from the classical rough set. However, under these

circumstances the model is still valid and we call this model RIFS based on type-1I dominance relation.
Note that in the GRIFS model based on type-1I dominance relation, we perform a disjunction operation v

, j ‘
on [x]. and [x]., thisis tosay >" means YI(([XE ). VIxXT).

j ‘
Note that, v(([x[}). v[x]7) in the GRIFS model based on type-1I dominance relation. If x have j
s=1 a’s a

>

dominance classes [x]. of dominance relation R on GRS, we perform a disjunction operation v of j

a

dominance classes [x]. and [x] , respectively.
According to Definition 8, the following theorem can be obtained.

Theorem 2. Let 1S* =<U,A,V, f > be an intuitionistic fuzzy ordered information system, and B be IFS
on U. Then GRIFS model based on type-1I dominance relation will have the following properties:
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(1) R (B)c BS R: (B),
) AcB, R (A4)<R'(B), Rt (A)<R: (B)

@) R (ANB) =R (ANK. (B), Ri (AUB)=R: (A)UR: (B).

Proof. The proving process of Theorem 2 is similar to Theorem 1. o

Example 3. Nine senior university students are going to graduate from a computer department and they
want to work for a famous internet company. Let U ={x,x,,x,,X,,X;,X,,X,, X3, X,} be the domain. The

company has a campus recruitment at this university. Based on their confidence in programming skills, we
get the following IFS B whether they succeed in the campus recruitment or not. At the same time, according

to programming skills grades in school, U/ R ={{x,,x,,x},{x,,x,,x,,x,},{x;,x,},{x,}} can be obtained. We

suppose X ={x,x,,x;,x,,%}, XcU.

B_{[o.9,0] [0.8,0.1] [0.65,0.3] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.5,0.2] [0.87,0.1] [0.75,0.2]}

X. X,

1 2 x.

X X, X, X. X, X,

3 4 5 6 7 8 9

We can try to use rough sets based on dominance relation to solve the above problems, as
described in Reference [38].

First, according to U /R, we can get the result as follows.

R (X)={x,,%,, %, %)}, R (X)=1{x,,%,,%,,%,%,, %}

From the upper and lower approximations, we can get that xs, x5, x¢ and x9 students may pass
the campus interview. However, we cannot use the rough set based on dominance relation to deal
with the data of the test scores of their programming skills. In order to process B, we need to use
another model, outlined in Reference [40]. The result is as follows:

Xy 22X 2Xg 22X, 2K, 2Xg 2 X, 2 X, 2 X,

Through IFS, we can get that x4, x2, x1 and x7students are better than other students. From the
above analysis, we can get student x«+ who can be successful in the interview. However, we are not
sure about other students. At the same time, from the process of analysis, we find that different
models are built for the examples, and the predicted results will have deviation. Our model is based
on GRS based on dominance relation and the dominance relation in intuitionistic fuzzy ordered
information system. Thus, we can use the model to predict the campus interview.

Consequently, according to Definition 8 and Example 1, we can compute the disjunction

>

operation of [X], and [x]; | the results are as Table 2.

Table 2. The disjunction operation of [x]i and [x]i .

x [xI: [x [xF v [xT

X {x, %, x,} {x} {x,x,,x,}

X, {x, %, x,} {x2'x4'x5'x8} {x1'x2'x4/x5'x8}
X, {x3fxs} {x3’x4’x5’x6’x8’x9} {x3’x4’x5’x6’x8’x9}
Xy {x11x2/x4}/{x4/x5fx6'x9} {x4/x5} {xl’xz’x4’x5’x6’x9}
Xs {x4'x5'x6'x9} {xs} {x4’x5’x6’x9}

X {x4,x5,x6,x9} {xafxsfx9} {x4’x5’x6’x8’x9}

X, {x,} {x,, x5, %} {x,, x5, %}
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Xy e, x,} {oeg} B

X, {x,,x5,%,,%,) {x,} {x,,x5,%,,%,)

GRIFS model based on type-II dominance relation can be obtained as follows:

X, X, X, X, X; X, X, X X,

= (B)_{[OJB,O.ZZ] [0.78,0.22] [0.65,0.3] [0.7,0.22] [0.7,0.22] [0.7,0.3] [0.5,0.22] [0.65,0.3] [0.7,0.3]}
=21 - 7 7 7 7 7 7 7 7 7

X

A {[0.9,0] [0.95,0] [0.95,0.05] [0.95,0] [0.95,0.05] [0.95,0.05] [0.87,0.1] [0.87,0.1] [0.95,0.05]}
l = 7 7 7 7 7 7 7 7 .
X,

X X, X

X 5 6 7

X X X

2 3 8 9

1 4

Through the above analysis, the students’ interviews prediction can be obtained. x4, x2 and x1
students are better than others. From this example, the model can help us to analyze the same
situation though two kinds of dominance relations. Therefore, this example can be analyzed more
comprehensively

4. Multi-Granulation GRIFS Models Based on Dominance Relation

In this section, we give the multi-granulation RIFS conception, and then propose optimistic and
pessimistic multi-granulation GRIFS models based on type-I dominance relation and type-II
dominance relation, respectively. These four models are constructed by multiple granularities GRIFS
models based on type-I and type-II dominance relation. Finally, we discuss some properties of these
models.

Definition 9 ([39]). Let IS=<U,A,V,f> be an information system, A, A,,---,A A, and R, is
an equivalence relation of x in terms of attribute set A. [x1, is the equivalence class of R, , VB U, Bis

IFS. Then the optimistic multi-granulation lower and upper approximations of A, can be defined as follows:

m

ZRZ) (B)={<x, u, (x), v, (x)>lxel},
= PRSAC) PRACH

m

D RY(B)={<x, p— (x), v—— (x)>lxel},
=1 PAAC) YRS B)
i=1 i1
m m
M, ()=v inf u(y), v,  (x)=A sup vy(y)
ZRS,(B) i=1yelxly, sl ZRQX.(B) = ye[x]lji Y
=l i=1
m m
p— (X)= A sup w(y), vo— (x)=v inf v (y).
ZR%(B) i= yelxl,, ZRX,.(B) i=1yelxly,

i=1 i=1

where [x], is the equivalence class of x in terms of the equivalence relation A,. [x] PIVEN E4 PR B

are m equivalence classes, and v is a disjunction operation.

Definition 10 ([39]). Let IS=<U,A,V, f > be an information system, A, A,, -, A, CA, and R, isan

R
equivalence relation of x in terms of attribute set A. [X1, is the equivalence class of ~ %, YB<U Bis IFS.

Then the pessimistic multi-granulation lower and upper approximations of A, can be easily obtained by:

SR (By={<x, p,  (x), v, (x)>lxel),
= >R (B) SR (B)

Ry R (
i=1 i=1

i RZ; (B) = {< X, b (X), V— (X) > xe u},

2R, (B) 2R, (B)
i=1 i=1
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m m
My ()= inf g (y), v, — (x)=v sup vy(y)
D RL(B) =yela,, P v DR (B) i= ye[xE s
i=1 i=1
m m
U (¥)= v sup u,(y), v, () = A inf vy (y).
YR (B) "= yelxly, S RL(B) i=Lyelxly,
i=1 i=1

where [X1, is the equivalence class of x in terms of the equivalence relation Ai. (x1, , [x], oo [X], arem

equivalence classes, and ~ is a conjunction operation.

4.1. GRIFS Model Based on Type-I Dominance Relation

Definition 11. Let IS* =<U, A,V f > bean intuitionistic fuzzy ordered information system, A, A,, -,
A cA. (R?), is a dominance relation of x in terms of attribute A, a€A, where ([x].), is the
dominance class of (R7),.Suppose X is GRS of (R?), and B is IFS on U. IFS B with respect to attribute a

satisfies dominance relation ((R)>),. Therefore, the lower and upper approximations of B with respect to the

graded k are given as follows:
When k=1, we can get,

1
m

YR (By=l<x,u . (), v, (slxel),
LS Y iRS, (B) iRS, (B)

T i

SI

m

ZRZ’,i B ={<x, u__, (x), v__, (@>xell

i=1 (k) " 0 o
ZRAi (B) SR 9 (B)
[N =1 (k)

IR (X)NR;(X) |
[ul

| «(Re(X)UR; (X))
U '

Hy (y) = vy (W)=

We can get GRS in A, A,,--,A, , then there will be ugl(y),ugz(y),u;3(y),---,u;m(y) and
vy (1) Ve (W) Vi, (), vy (y). Subsequently, we can obtain,

poL @=v i (WA Y L @=a sup () Vv, 0)

Z{RS{ (B) ye( A (AL ), Z{Ril (B) 3/6(2,(([161?)5&9(1?‘))1
= iy 5=

m

Mo @=A  sup (v v W=V inf @ )Av, @)

i=1 = i=1 i

SR () vl A (1), AL ) SR, ® Yl (DAL )
=) =t ERNO)
. <u(y)<1, 0<v,(y)<1, j=1,2,,n
Obviously, 0< 1 (y) 0<vy(y) ) n
When 'R (B)# YR, (B), B is an optimistic multi-granulation GRIFS model based on type-I
FE =1

dominance relation.
When k=0, p,(y) and v, (y) are calculated through the classical rough set. However, under these

circumstances the model is still valid and we call this model an optimistic multi-granulation RIFS based on
type-1 dominance relation.

Definition 12. Let 15" =<U, A,V f> be an intuitionistic fuzzy ordered information system, A, A,,+,
A cA. (R?), is a dominance relation of x in terms of attribute A,, where (IxI.), is the dominance class

of (R?),. Suppose X is GRS of (R?), and B is IFS on U. IFS B about attribute a satisfies dominance
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relation (R)?)., ae A.. Then the lower and upper approximations of B with respect to the graded k are

given as follows:
When k=1, we can get,

N

ZRP By =f<x, u , (x),v , (x>lxeU),
— (k) iRi’ (B) i[{l/’xi (B)
L ) L S
ZR:; By ={<x, u__, (O, v__, @>lxeU),
i=1 (k) iz{f‘i (B) iki’_ (B)
i=1 (k) i=1 (k)
IRe(ONR(X)| . | (R (X)URZ (X))
B’(y): ( I)Ul k( ) 7 VBl(y): ( ( |)LI| k( ))

We can obtain GRS in A, A, A, then there will be Hy (Y) iy (Y) bty (), ty (Y) and
Ve (Wi, (W), Vi (¥), o, vy (). Subsequently, we can obtain,

m m
uooa =Ainf WA ) v, ()=v sup  (vy(y)vvy (V)
er ®) ye( A (@), AR ) YR, (B YA (), A ),
() =

(k)

m m
H 1 (x) =V sup (/JB (}/)VﬂB, (y))/ Vizl (x) =A inf ‘ (‘/B(y)/\vgZ (y))
YR, B el A () AE ), YR, (B YA I )

Obviously, 0<py(y) <1, 0<vy(y) <1, j=1,2,+,m

SI

When Z;Rzi (B)= Z;Rf‘ (k>(B), B is a pessimistic multi-granulation GRIFS model based on type-I
) =

dominance relation.
When k=0, u,(y) and v, (y) are calculated through the classical rough set. However, under these

circumstances the model is still valid and we call this model a pessimistic multi-granulation RIFS based on

type-I dominance relation.

Note that, ( (([x] ), AlXL )) in multi-granulation GRIFS models based on type-1 dominance relation.
If x have j dominance classes [x], of dominance relation R on GRS, we perform a conjunction operation

A of j dominance classes [x]° and [x]° , respectively.
Note that multi-granulation GRIFS models based on type-I dominance relation are formed by combining
multiple granularities GRIFS models based on type-I1 dominance relation.

According to Definitions 11 and 12, the following theorem can be obtained.

Theorem 3. Let IS* =<U,A,V, f> be an intuitionistic fuzzy ordered information system, A, A,, -,
A, < A, and B be IFS on U. Then the optimistic and pessimistic multi-granulation GRIFS models based on
type-I dominance relation have the following properties:

>

ZRO (B) R ’(B) ZRO (B)= ﬂR ')(B).

=k (k)
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1 >!

m _I

2R, (B)=NR, jk)<B>, 2R, (B)=UR, (B).
=t — i=1 =

i S—Y i (k)

Proof. One can derive them from Definitions 7, 11, and 12. o

4.2. GRIFS Model Based on Type-II Dominance Relation

Definition 13. Let 1S° =<U,A,V, f > be an intuitionistic fuzzy ordered information system, A, A,,
<, A < A, and U be the universe of discourse. (RZ), is a dominance relation of x in terms of attribute

A, ae A, where ([x]), is the dominance class of (RZ),. Suppose X is GRS of (R:), and B is IFS on U.

a

IFS B about attribute a satisfies dominance relation ((R))7),. So the lower and upper approximations of B

with respect to the graded k are given as follows:
When k=1, we can get,

SI
m =

YR, B)=l<x, u . (), v . (>xel),
i=1 ' S <

(*) 2R (B 2Ry (B)
B E
2R B=l<x,p . (), v . (0>lxell
o SR, (B) SR (B)
=N =
, IR()NR (X)) | ~Rr (X)UR; (X))
Hy (Y)=——— =, v, () = : :

Iul ul

We can obtain GRS in A, A, A, then there will be py, (y), ity (), 5 (Y),+, tty (y) and
Ve WV, (W), Vi, (¥), o, vy (y). Subsequently, we can obtain,

m m
Hoow )=y inf (A (), v w ()= sup (V) Vv (1),
2R @ Y D, VI 2R B Y () VIXE )

EL k) EL k)

A @=A sup OVEW) v =y i () Av, 0)

YR ® Ve M) YR ® DM
=l (k) = T

Obviously, OSIuB(y)S]" ogv;}(y)glljzllzl.“/n-

n M

When in 7 (B) # iRg (B), B is an optimistic multi-granulation GRIFS model based on type-II

i=1 ) i=1 (k)
dominance relation.
When k=0, u,(y) and v, (y) are calculated from the classical rough set. Under these

circumstances, the model is still valid.

Definition 14. Let IS* =<U,A,V, f > be an intuitionistic fuzzy ordered information system, A, A,,-+,
A cA. (R), is a dominance relation of x in terms of attribute A;, acA,, where ([xI), is the
dominance class of (R);. Suppose X is GRS of (R?), on U and B is IFS on U. IFS B with respect to

attribute a satisfies dominance relation ((R):); Then lower and upper approximations of B with respect to

the graded k are as follows:
When k=1, we can get,
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YR, B=l<x,u . (0 v . (@)xel),
i=1 (k) ZRZ( (B) ZR’/", (B)
i=1

LS. =k

DR, (By={<x, p__, (), v__, (®>lxelU)
o I ANC IS Y T
i=1 (k) i=1 (k)
| Re(X)NR; (X)|
|

| (R (X)UR: (X)) '

v (y)= ]

Hy (y) =

We can obtain GRS in A, A,, -, A

m’

then there will be Hy (W) iy (), bty (Y),+, tty (y) and
Ve (1) (W), vy (), v, (y). Subsequently, we can obtain,

m

4w W= inE @A O Y . @=y sup ()Y (),

i i=1

iﬁRZ, ®) Y DM ) 2R, ye( v (B M )
= (k) = (k) =
m \ m ,
U ()=v o osup (Vi (), v ()= inf (v () Avy (1)
YR, (B) ye(jl«mf, )ovIXE ), YR B AL PRTE B
i=1 (k) - i=1 (k)

Obviously, 0<u,(y)<1, 0<v,(y) <1, j=12,-,m.

11
>N 2

When ZRZ (B) # ZRZ (B), B is a pessimistic multi-granulation GRIFS model based on type-II
U =1 (k)
dominance relation.

When k=0, p,(y) and v, (y) are calculated from the classical rough set. Under these

circumstances, the model is still valid.
j .
Note that, in (Yl(([x]i)s VIx[2)),, if x have j dominance classes [x]. of dominance relation R on

GRS, we perform a disjunction operation v of j dominance classes [x]" and [x] , respectively.

Note that multi-granulation GRIFS models based on type-1I dominance relation are formed by
combining multiple granularities GRIFS models based on type-1I dominance relation.

According to Definitions 13 and 14, the following theorem can be obtained.

Theorem 4. Let 1S* =<U,A,V, f > be an intuitionistic fuzzy ordered information system, A, A,, -,
A,c A, and [FSBcU. Then optimistic and pessimistic multi-granulation GRIFS models based on
type-1I dominance relation have the following properties:

S

m m S

2R B=URy B 2R (BI=[1R, (B

i=1 ) i=1 (k)
>R, (B)=NR, (B), DR, (B)=UR, (B).
Py '(k) i=1_"7 (k) i i=1 ik

Proof. One can derive them from Definitions 7, 13 and 14. o
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5. Algorithm and Example Analysis

5.1. Algorithm

Through Examples 1-3, we can conclude that the GRIFS model is effective, and now we use
multi-granulation GRIFS models based on dominance relation to predict results under the same
situations again as Algorithm 1.

Algorithm 1. Computing multi-granulation GRIFS models based on dominance relation.

Input: IS=<U,A,V,f>, XcU,IFS BcU, kis anatural number
Output: Multi-granulation GRIFS models based on dominance relation
Lif(U#¢ and A=¢)

2: if can build up GRS

3: if (k=21 &&i=1tom&& acA)

4: compute ,(y) and v,(y), [x]. and [x]f,for each A CA;
5. thencompute A and v of g (y) and u,(y), v, (y) and v,(y) and compute A

and vof [x]' and [x] ;

6: if (xeU&& Vye (Sél(([x]i ). *[x]j ;)

7 for(i=1ltom && 1<j<n)

8: compute # . (), v . xX)u . x),v__. (v,
SR, ® SR (B) SR (B SR (B)
B ) O] =

9: end

10: compute iRﬁ (B), iRi (B).
= i=1 (k)

11:  end

12: end

13: end

14:else

return NULL

15:end

Note that A represents optimistic and pessimistic and * means A or v operation, and in
j . i : i . j .
Cr (), *[2E)), - (* (XD, *[xT2), represent (A((XE), ALXE ), or (v((IxXE), vIx])), in this
algorithm. e represents I or IL
Through this algorithm, we next illustrate these models by example again.

5.2. An lllustrative Example

We use this example to illustrate Algorithm 1 of multi-granulation GRIFS models based on
type-I and type-II dominance relation. According to Algorithm 1, we will not discuss this case
where k is 0. There are 9 patients. Let U={x,,x,,x,,x,,X,,X,,X,,%;,%,} be the domain. Next, we

analyzed these 9 patients from these symptoms of fever and salivation. The set of condition
attributes are A = ({fever, salivation, streaming nose}. For fever, we «can get

U/ R ={{x,,x,,x,}{x,, x4, ) {x,, x , x,, %1} , for salivation there is
U/R ={{x}x, x b ix,, x, x L xg, x L {x, , %), {x,,x,,x,}}, and for streaming nose U/R" ={{x,},
e, x,, x, 0 0x,, x5, x b Ax,, %, %, x, },{x,, %, x,}} . According to the cold disease, these patients have the
have the following IFS
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5 [109,0] [0.8,01] [0.65,0.3] [0.85,0.1] [0.95,0.05] [07,03] [05,0.2] [0.87,0.1] [0.75,02]
x, T ox 0 ox, T ox, T« ox, T oox, T xg T x, ’

Suppose X ={x,,x,,%,,%,,%}, k=1. Then we can obtain multi-granulation GRIFS models
based on type-I and type-II dominance relation through Definitions 11-14. Results are as follows.

For fever, according to U /R", we can get,

> —=
B1(X)z{xl’xz’x4’x5’x6’x7’x9}’ R1(X)={x1,x2,x4,x5,x6,x7,x9},

, IR\ ONR(X)| 7 , | (R (X)UR; (X))| 2
I EONEEI 7 078, - = =£~022.
g, (Y) T 9 Vs, (Y) 0
Similarly, for salivation and streaming nose, the results are as follows:
. 6 . 3 : 8 . 1
g (y) = e 0.67, vy (y) = i 0.33. p (v)= N 0.89, v, (y) = s 0.11.

According to Definitions 11-14, we can obtain multi-granulation GRIFS models based on
type-I dominance relation and type-II dominance relation.

For ﬂ;;] (y) and V'B1 (v), /J};z (y) and V;;z (¥) and ué(y) and Vé (¥), the results are the followings
as Table 3.

Table 3. The conjunction and disjunction operation of 4,(y) and '%1 ().

x X, X, X, X, X; X, X, X X,
5 (Y) 09 08 065 08 095 07 05 087 0.75
() 0 01 03 01 005 03 02 01 02

WAk (V) 078 078 065 078 078 07 05 072 075
viWAvy () 022 022 03 022 022 03 022 022 022
(Vs (¥) 09 08 078 085 095 078 078 078 0.78
viAvy(¥) 0 01 022 01 005 022 02 01 02
My Am (Y) 067 067 065 067 067 067 05 06 067
vi(W)vv, (¥) 033 033 033 033 033 033 033 033 033
M)V g (y) 089 0.8 067 085 095 07 067 067 075
viWAve (y) 011 01 03 01 005 03 02 01 02
WAk (¥) 09 08 065 085 089 07 05 087 075
vi)vv, () 0 011 03 011 011 03 02 011 02
MWDV (y) 09 089 089 089 095 0.89 0.89 0.89 0.89

viAv,(y) 0 01 011 01 005 011 011 01 0.1
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Then, according to Definition 6, for B, we can get [x]° . Then, the conjunction operation of
[x]; and [x]j can be computed as Table 1.

For fever, we can get GRIFS based on type-I dominance relation as follows:

R (B)=

{[0.78,0.22] [0.78,0.22] [0.65,0.3] [0.78,0.22] [0.78,0.22] [0.7,0.3] [0.5,0.22] [0.78,0.22] [0.75,0.22]}
x 7 7 7 7 7 7 7 7 7

X, X X X X X, X X,

1 2 3 4 5 6 7 8 9

%@ {[0.9,0] [0.85,0.1] [0.78,0.1] [0.85,0.1] [0.95,0.05] [0.87,0.1] [0.78,0.1] [0.87,0.1] [0.78,0.2]}
1 = ’ ’ ’ ’ ’ ’ ’ ’ .

X X, X3 X, X5 Xe X, s X

For streaming nose, similar to Table 1, we can obtain [x]" A [x]j as Table 4.

Table 4. The conjunction operation of [x]j and [x]j .

X [xI [x] [xE AL
X, e b ix, x,, 2, ) {x} {x}
X, {xl,x2,x4},{x2,x7,x8} {x2'x4'x5fx8} {xz}
X3 {x3,x5,x6} {x3'x4/x5/x6/xs/x9} {x3,x5,x6}
Xy {x1'x2'x4}'{x4'x6'x7'x9} {x4'x5} {x4}
X5 o5, x5, %) {5} {5}
X {x3'x5'x6}'{x4'x6'x7'x9} {xefxsfx9} {x(,}
X {xZ’x7’x8}’{x4’x6’x7’x9} {x7’x8’x9} {x7}
Xg {2, %, %) o) {xg}
X {x,x, %, X} {xy} {xy}

For salivation, similar to Table 1, we can obtain [x]" A [x]j as Table 5.

Table 5. The conjunction operation of [x]j and [x]j .

x [xI [xI [xE ALxE
X, {x,,%,} {x,} {x,}
X, {x, x, ), 1x,,x,} {x,,x,, x5, %} {x,}

X, {x;, x5} {x,,x,, x5, %, %5, %y} {x,,x,}
X, {x,,x,} {x,, x;} {x,}

Xy foy, x ) {x;} {x;}

X, {x;,x,} {x,, xg,x,} {x,}

x,  Ax,, x b {x,, x5, %} {x,, %4, %y} {x,,x,}
Xy Ax, X b Ax,, X, %) {x,} {x,}

X, 1, x b Ax,, %, X, {x,} {x,}

For streaming nose, we can get GRIFS based on type-I dominance relation as follows:

[0.9,0.11] [0.8,0.11] [0.65,0.3] [0.85,0.11] [0.89,0.11] [0.7,0.3] [0.5,0.2] [0.87,0.11]
x 7 x 7 x 7 7 7 7 7

7

X X X X X,

R (B)={
1 2 3 4 5 6 7 8

[0.75,0.2]}

X
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R (3= 10:2.01 [0:89,0.1] [095,005] [0.89,01] [0.95,0.05] [089,0.11] [0.89,0.11] [0.89,0.1]
1 = 7 7 7 7 7 7 7 7
x, X, x, x, x5 X, x, X
[0.89,0.11]
Xg ’

For salivation, we can get GRIFS based on type-I dominance relation as follows:

R (B)- {[0.67, 0.33] [0.67,033] [0.65,033] [0.67,033] [0.67,0.33] [0.67,033] [0.67,0.33] [0.67,033]
1 x2 x3 x4 xS x6 x7 xS
[0.67,0.33]
o,

Ri (B)=

7 7
xl xZ x3 x4 xS x() x7 x8 x9

— {[0.9,0] [0.8,0.1] [0.87,0.1] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.75,0.2] [0.87,0.1] [0.75,0.2]}
For [%[ ={x,x}, [x,] ={x,,x,} and [xz]j ={x,,x,,x,,%,} , based on Definitions 11-14, we
should perform the conjunction operation of them, respectively.
(T AL E ) AT AL T ) = () adxg, x,, 1, ) Al 6 Alx, x,,x,0) = x ) adxg, x,) =1{x, ).

Similarly, for x, x4, x6 and x7, we can get the results as Tables 4 and 5.
Therefore, according to the Definitions 11 and 12 and the above calculations, we can get
multi-granulation GRIFS models based on a type-I dominance relation as follows:

3

ZRZYB%{[

0.89,0.11] [0.8,0.11] [0.65,0.3] [0.85,0.11] [0.89,0.11] [0.7,0.3] [0.67,0.2] [0.87,0.11] [0.75,0.2]}

X X X X X, Xg Xq

x 3 4 5 6

X

1 2

[0.9,0] [0.8,0.1] [0.78,0.1] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.75,0.2] [0.87,0.1] [0.75,0.2]}

3 i
ZRZ(&={
i 1 X X, X X, X5 X Xz Xy Xy

3 . ") {[0.67,0.33] 1067,033] [065,033] [0.67,0.33] [067,033] [0.67,033] [0.5,033] [067,033]
o X, X, X, x, X5 X, X, X,
[0.67,0.33]
ezl

YR, (B)=

i
i=1 1

s {[0.89,0] [0.85,0.1] [0.95,0.05] [0.85,0.1] [0.95,0.05] [0.87,0.05] [0.78,0.1] [0.87,0.1] [0.78,0.1]}
x 7 7 7 7 7 7 7 7 .

1 xZ X3 x4 x5 x& X7 x8 x9

From the above results, Figures 1 and 2 can be drawn as follows:



Symmetry 2018, 10, 446 19 of 26

@— u(GRIFS type-I)fever

0.9 A
4\ /\ @——— Vv(GRIFS type-I) fever
0.8 /\
M / ﬁ u(optimisitc multi-granulation GRIFS type-I)
0.7

\ [/
.ﬂb \\ // / @— v(optimisitc multi-graulation GRIFS type-I)

0.6
@— u(pessimistic multi-granulation GRIFS type-I)
0.5
@ v(pessimistic multi-granulation GRIFS type-I)
0.4
4 @— u(GRIFS type-]) salivation
0.3

02 M @— v(GRIFS type-]) salivation
} 4’_/ \_/ v

0 @— v(GRIFS type-I) streaming nose

@— u(GRIFS type-I) streaming nose

Figure 1. The lower approximation of GRIFS based on type-I dominance relation, as well as
optimistic and pessimistic multi-granulation GRIFS based on type-I dominance relation.

For Figure 1, we can obtain,
fu(]/)on = /u(y)GIn1® /u(y)GIj1® (y)GIsl 2 /u(y)PIl’ V(y)GIsl 2 V(y)Pll 2 V(y)OH = V(y)GIfl 2 V(y)GInl;

Note:

® represents < or x;

H(Y)y and v(y)g,, represent GRIFS type-I dominance relation (fever);

MY)gy and v(y).,, represent GRIFS type-I dominance relation (salivation);

WMY)g,, and v(y).,, represent GRIFS type-I dominance relation (streaming nose);

u(Y)o, and v(y),,, represent optimistic multi-granulation GRIFS type-I dominance relation;

Y)p, and v(y),, represent pessimistic multi-granulation GRIFS type-I dominance relation;

From Figure 1, we can get that x1, x2, x4, x5 and xs patients have the disease, and x7 patients do
not have the disease.
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1 @— u(GRIFS type-I)fever

P A\

0.9 -
‘W \ @—— v(GRIFS type-) fever
08 A \//\
\/ \ @— u(optimisitc multi-granulation GRIFS type-I)
0.7

@— v(optimisitc multi-graulation GRIFS type-I)

0.6
@— u(pessimistic multi-granulation GRIFS type-I)
0.5
v(pessimistic multi-granulation GRIFS type-I)
0.4
@— u(GRIFS type-I) salivation
0.3
02 @ Vv(GRIFS type-I) salivation

01 // V/\/ @— u(GRIFS type-]) streaming nose
0 -/ T T T T T T T ] @— v(GRIFS type-]) streaming nose

X1 X2 X3 Xg X5 X6 X7 X8 X9

Figure 2. The upper approximation of GRIFS based on type-I dominance relation, as well as
optimistic and pessimistic multi-granulation GRIFS based on type-I dominance relation.

Then, from Figure 2, we can obtain,
HYorz = LWz 2 #W)p2© 4612 ® HW)ays s Ve 2 V()02 © V(W) © V(Yo 2 V(Yo
Note:
O represents < or >;
H(Y)gy, and V(y)y,, represent GRIFS type-I dominance relation (fever);
Y., and v(y),, represent GRIFS type-I dominance relation (salivation);
(Y)g,, and v(y).,, represent GRIFS type-I dominance relation (streaming nose);
H(Y)o, and v(y),, represent optimistic multi-granulation GRIFS type-I dominance relation;
1Y)y, and v(y),, represent pessimistic multi-granulation GRIFS type-I dominance relation;
From Figure 2, we can get that x1, x2, x3, x4, x5, x6, x3, and x9 patients have the disease, and x¢
patients do not have the disease.

For multi-granulation GRIFS models based on type-II dominance relation, the calculations for
this model are similar to multi-granulation GRIFS models based on type-I dominance relation.

Firstly, for streaming nose, we can compute the disjunction operation of [x]. and [x]i , and

the results are as Table 6.

Table 6. The disjunction operation of [XE and [x]; .

x [x]; [x]} [xE v I[xE
X ENACENEN {x,} {x,,x,,%,}
Xy {x,, 2,2, 1%, %, %) {2, %5, %} {2y, 2,,%,,%5,%,, %}
X3 {5, %} (g, 2,205, 2, X, X ) (g, 2,205, %, X, X )
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Xy {x1'x2'x4}’{x4fx6/x7’x9} {x4'x5} {x1’x2’x4’x5/x6fx7fx9}
X5 {xslxslxe} {xs} {x3’x5’x6}

X {xs,xs,xe},{x4,x6,x7,x9} {xé,xS,xg} {x3’x4’x5’x6’x7’x8’x9}
X7 {x2/x7fxs}f{x4/x6'x7/x9} {x7’x8’x9} {x2/x4/xefx7fx8'x9}
Xg {foxwxs} {xs} {xZ’xwxs}

X {x4,x6,x7,x9} {x9} {x4,x6,x7,x9}

Next, for salivation, we can compute the disjunction operation of [x]] and [x]j , and the

results are as Table 7.

Table 7. The disjunction operation of [x]i and [*], .

x [x] [x) [xE v Ix[]

X, {x, 2} {x} {x,,%,}

X, {xl'xz}'{x2'x4} {x2/x4'x5/x8} {x1'x2'x4'x5’x8}
X oy, xg} {3, % X, X, X, X {25,225, X5, X )
Xy {x2'x4} {x4'x5} {x2/x4'x5}

X LN (x5} (x5, %}

X {x5’x6} {xslxis’x9} {x5fxefx8fx9}

X, {1 {x,, X, X} {x,,xg, %0} {x,, xg, %0}

X g, xghx,, g, %) {xg} 15,2, X, %}

X, {5 {x,, X, X} {xy} {x,,xg, %0}

Then, for fever, we compute the disjunction operation of [x]} and [x]i , and these results are

shown as Table 8.

Table 8. The disjunction operation of [x]j and [x]i .

x [x] [xI} [xE v Ix)

X {x,,x,, %, {x,} {x,,x,,x,}

X, fx,x,,x,} {,, 20, %5, %} {x, %y, x,, %5, %}
X3 {xSIxs} {x3'x4'x5'x6'x8'x9} {x3'x4'x5'x6'x8'x9}
X, A, 2,0 X, X, X, X} {x,, x5} {2, %, %5, %0, X}
X {x4,x5,x6,x9} {xs} {x4,x5,x6,x9}

X {x4'x5'x6'x9} {x6,x8,x9} {x4’x5’x6’x8’x9}
X {x,} {x,,xg, %} {x,, g, %}

X {25, X o) o5, X}

X {x4'x5'x6'x9} {x9} {x4'x5'x6'x9}

For streaming nose, we can get GRIFS based on type-II dominance relation,
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= (B):{[o.s,o.n] [0.5,0.2] [0.65,0.3] [0.5,0.3] [0.65,0.3] [0.5,0.3] [0.5,0.3] [0.5,0.2] [0.5,0.3]}

X X, X X X, X X X X

1 2 3 4 5 6 7 8 9

Ri (B)= ,

— [0.9,0] [0.95,0] [0.95,0.05] [0.95,0] [0.95,0.05] [0.95,0.05] [0.89,0.1] [0.89,0.1] [0.89,0.1]
X. X, ! X ! X ! X, ! X, ! X. ! X, ’ X, '

1 2 3 4 5 6 7 8 9

For salivation, we can get GRIFS based on type-II dominance relation,

& (B)_{[0.67,0.33] [0.67,0.33] [0.65,0.33] [0.67,0.33] [0.67,0.33] [0.67,0.33] [0.5,0.33] [0.5,0.33]
=21 - 7 7 7 s 7 7 7 7

X

) X

3 X

1 4 x5 x6 x7 xS

[0.5,0.33]
E—

9

Ri (B)=

—r {[0.9,0] [0.95,0] [0.95,0.05] [0.95,0.05] [0.95,0.05] [0.95,0.05] [0.87,0.1] [0.87,0.1] [0.87,0.1]}

X, X, X3 X, X5 X X, Xg Xy

For fever, GRIFS type-II dominance relation can be calculated as follows:

X X. X X X, X, X. X, X,

= (B)_{[oys,o.zz] [0.78,0.22] [0.65,0.3] [0.7,0.22] [0.7,0.22] [0.7,0.3] [0.5,0.22] [0.65,0.3] [0.7,0.3]}
221 - 7 7 7 7 7 7 7 7 7

1 2 3 4 5 6 7 8 9

=@ {[0.9,0] [0.95,0] [0.95,0.05] [0.95,0] [0.95,0.05] [0.95,0.05] [0.87,0.1] [0.87,0.1] [0.95,0.05]}
1 = s s s s s s s .

7
X X X X X X X X

1 2 3 4 5 6 7 8 9

Based on Definitions 13 and 14, the condition of these patients based on multi-granulation
GRIFS type-II dominance relation can be obtained as follows:

i 20 ”(B) ~[[0.8,0.11] [0.78,0.2] [0.65,03] [0.7,0.22] [0.7,0.3] [0.7,0.3] [0.5,0.22] [0.65,0.2] [0.7,0.3]
- A ) xl 7 x2 7 x3 7 x4 7 x5 7 x6 7 x7 7 xs 7 x9 7

X X, Xy X X X X X

3 X,

i Roz (B)_{[o.9,0] [0.95,0] [0.95,0.05] [0.95,0.05] [0.95,0.05] [0.95,0.05] [0.87,0.1] [0.87,0.1] [0.87,0.1]}
1 1 4 5 6 7 9

i : (B)_{[0.67,0.33] [0.5,0.33] [0.65,0.33] [0.5,0.4] [0.65,0.33] [0.5,0.33] [0.5,0.33] [0.5,0.33] [0.5,0.33]}
A = s ’ ’ ’ ’ ’ ’ ’ 7
X

= 1 1 X, X3 X, X5 Xe X, Xg Xy

i R (B)_{[oy,()] [0.95,0] [0.95,0.05] [0.95,0] [0.95,0.05] [0.95,0.05] [0.89,0.1] [0.89,0.1] [0.95,0.05]}
A - 7 7 7 7 7 7 7 7 .
Y X X

X X

2 3 X

X X X X

1 4 5 6 7 8 9

Then, from Figure 3, we can obtain,
y(y)OHS Z ﬂ(y)Gl—If:i@ ﬂ(y)Gl_lnSG “(y)GHSS 2 ﬂ(y)PHS 4 V(y)PHS 2 V(y)GH53® V(y)Ol_IS@ V(y)GrIf3® V(y)Gl_IMS ;
Note:

O represents < or x;
H(Y)rys and V(Y)gn, represent GRIFS type-II dominance relation (fever);

Y)ers and V() represent GRIFS type-II dominance relation (salivation);
HY)er; and V(Y) o, represent GRIFS type-II dominance relation (streaming nose);
U(Y)on; and v(Y),,, represent optimistic multi-granulation GRIFS type-II dominance relation;

Yy, and V(y),,, represent pessimistic multi-granulation GRIFS type-II dominance

relation;
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0.9 —> u(GRIFS type-Il)fever

——> v(GRIFS type-II) fever

0.8 Y
0.7 —> u(optimisitc multi-granulation GRIFS type-II)

—> v(optimisitc multi-graulation GRIFS type-II)

o ; \/; S < \/ \ \ \/ /
0.5 > —>» u(pessimistic multi-granulation GRIFS type-II)

0.4 ~———> v(pessimistic multi-granulation GRIFS type-II)

——> u(GRIFS type-II) salivation

A
L
) 7W
0.2 ———> v(GRIFS type-II) salivation

0.1 —> u(GRIFS type-II) streaming nose

0 T T T T T T T T ] V(GRIFS type-II) streaming nose

X1 X2 X3 Xg X5 X6 X7 Xs X9

Figure 3. The lower approximation of GRIFS based on type-II dominance relation, as well as

optimistic and pessimistic multi-granulation GRIFS based on type-II dominance relation.

From Figure 3, we can see that x1, x2, x4 patients have the disease, and xs, x5, xs, x7, xs, xo patients
do not have the disease.
Then, from Figure 4, we can obtain,

HW)ons Z HW)orins© LW erps® 1Y) enes = W) pns s VDeria® Vo © Vo © V(W1 © V(V)onas

Note:

O represents < or x;

,u(y)cnf4 and v(y)an4 represent GRIFS type-II dominance relation (fever);

Y)er, and V(Y)q,, represent GRIFS type-II dominance relation (salivation);

HY) o and V(Y)gp,, represent GRIES type-II dominance relation (streaming nose);

U(Y)on, and v(y),,, represent optimistic multi-granulation GRIFS type-II dominance relation;
WY)py, and V(y),,, represent pessimistic multi-granulation GRIFS type-II dominance

relation;
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1 <«€— u(GRIFS type-Il)fever

< \/ N :’ V(GRIFS type-II) fever

0.8

u(optimisitc multi-granulation GRIFS type-1I)

0.7

<«— v(optimisitc multi-graulation GRIFS type-II)

0.6

<« u(pessimistic multi-granulation GRIFS type-II)

0.5

<« v(pessimistic multi-granulation GRIFS type-II)
0.4

<€ u(GRIFS type-II) salivation
0.3

V(GRIFS type-II) salivation

0.2

<«€— u(GRIFS type-II) streaming nose

0'1 /\/_/ \_
0 — T T T T T T T » <€ v(GRIFS type-Il) streaming nose

X1 X2 X3 X4 X5 Xe X7 Xs X9

Figure 4. The upper approximation of GRIFS based on type-II dominance relation, as well as

optimistic and pessimistic multi-granulation GRIFS based on type-II dominance relation.

From Figure 4, we can see that x1, x2, x3, x4, x5, X6, X7, xs and x9 patients have the disease.

From Figures 1 and 2, x1, x2, x4and xs patients have the disease, xs and x7 patient do not have the
disease. From Figures 3 and 4, x1, x2 and x4 patients have the disease, x3, x5, x6, X7, x8 and x9 patients do
not have the disease. Furthermore, this example proves the accuracy of Algorithm 1.

This example analyzes and discusses multi-granulation GRIFS models based on dominance
relation. From conjunction and disjunction operations of two kinds of dominance classes
perspective, we analyzed GRIFS models based on type-I dominance relation and type-II dominance
relation and also optimistic and pessimistic multi-granulation GRIFS models based on type-I
dominance relation and type-Il dominance relation, respectively. Through the analysis of this
example, the validity of these multi-granulation GRIFS models based on type-I dominance relation
and type-II dominance relation models can be obtained.

6. Conclusions

These theories of GRS and RIFS are extensions of the classical rough set theory. In this paper,
we proposed a series of models on GRIFS based on dominance relation, which were based on the
combination of GRS, RIFS, and dominance relations. Moreover, these models of multi-granulation
GRIFS models based on dominance relation were established on GRIFS models based on dominance
relation using multiple dominance relations on the universe. The validity of these models was
demonstrated by giving examples. Compared with GRS based on dominance relation, GRIFS
models based on dominance relation can be more precise. Compared with GRIFS models based on
dominance relation, multi-granulation GRIFS models based on dominance relation can be more
accurate. It can be demonstrated using the algorithm, and our methods provide a way to combine
GRS and RIFS. Our next work is to study the combination of GRS and variable precision rough sets
on the basis of our proposed methods.



Symmetry 2018, 10, 446 25 of 26

Author Contributions: Z.-aX. and M.-j.L. initiated the research and wrote the paper, D.-j.H.
participated in some of the search work, and X.-w.X. supervised the research work and provided
helpful suggestions.

Funding: This research received no external funding.

Acknowledgments: This work is supported by the national natural science foundation of China
under Grant Nos. 61772176, 61402153, and the scientific and technological project of Henan Province
of China under Grant Nos. 182102210078, 182102210362, and the Plan for Scientific Innovation of
Henan Province of China under Grant No. 18410051003, and the key scientific and technological
project of Xinxiang City of China under Grant No. CXGG17002.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Pawlak, Z. Rough sets. Int. ]. Comput. Inf. Sci. 1982, 11, 341-356.

Yao, Y.Y,; Lin, T.Y. Generalization of rough sets using modal logics. Intell. Autom. Soft Comput. 1996, 2, 103—
119.

3. Zhang, X.Y.; Mo, ZW.; Xiong, F.; Cheng, W. Comparative study of variable precision rough set model and
graded rough set model. Int. |. Approx. Reason. 2012, 53, 104-116.

4. Zadeh, L.A. Fuzzy Sets, Fuzzy Logic, and Fuzzy Systems; World Scientific Publishing Corporation: Singapore,
1996; pp. 433-448.

5. Qian, Y.H; Liang, ].Y,; Yao, Y.Y.; Dang, C.Y. MGRS: A multi-granulation rough set. Inf. Sci. 2010, 180, 949-
970.

6. Xu, W.H.; Wang, Q.R;; Zhang, X.T. Multi-granulation fuzzy rough sets in a fuzzy tolerance approximation
space. Int. |. Fuzzy Syst. 2011, 13, 246-259.

7. Lin, G.P,; Liang, ].Y.; Qian, Y.H. Multigranulation rough sets: from partition to covering. Inf. Sci. 2013, 241,
101-118.

8.  Liu, C.H.; Pedrycz, W. Covering-based multi-granulation fuzzy rough sets. J. Intell. Fuzzy Syst. 2015, 30,
303-318.

9. Xue, Z.A; Si, XM,; Xue, T.Y,; Xin, X.W.; Yuan, Y.L. Multi-granulation covering rough intuitionistic fuzzy
sets. J. Intell. Fuzzy Syst. 2017, 32, 899-911.

10. Hu, Q.J. Extended Graded Rough Sets Models Based on Covering. Master’s Thesis, Shanxi Normal
University, Linfen, China, 21 March 2016. (In Chinese)

11. Wang, H.; Hu, Q.J. Multi-granulation graded covering rough sets. In Proceedings of the International
Conference on Machine Learning and Cybernetics, Guangzhou, China, 12-15 July 2015; Institute of
Electrical and Electronics Engineers Computer Society: New York, NY, USA, 2015.

12.  Wu, 2.Y.; Zhong, P.H.; Hu, ].G. Graded multi-granulation rough sets. Fuzzy Syst. Math. 2014, 28, 165-172.
(In Chinese)

13. Yu, ].H.; Zhang, X.Y.; Zhao, Z.H.; Xu, W.H. Uncertainty measures in multi-granulation with different
grades rough set based on dominance relation. J. Intell. Fuzzy Syst. 2016, 31, 1133-1144.

14. Yu, J.H; Xu, W.H. Multigranulation with different grades rough set in ordered information system. In
Proceedings of the International Conference on Fuzzy Systems and Knowledge Discovery, Zhangjiajie,
China, 15-17 August 2015; Institute of Electrical and Electronics Engineers Incorporated: New York, NY,
USA, 2016.

15. Wang, X.Y.; Shen, ].Y.; Shen, J.L.; Shen, Y.X. Graded multi-granulation rough set based on weighting
granulations and dominance relation. ]. Shandong Univ. 2017, 52, 97-104. (In Chinese)

16. Zheng, Y. Graded multi-granularity rough sets based on covering. J. Shanxi Normal Univ. 2017, 1, 5-9. (In
Chinese)

17.  Shen, ].R,; Wang, X.Y.; Shen, Y.X. Variable grade multi-granulation rough set. J. Chin. Comput. Sys. 2016,
37,1012-1016. (In Chinese)

18. Atanassov, K.T.; Rangasamy, P. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, 87-96.

19. Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338-353.

20. Huang, B.; Zhuang, Y.L, Li, H.X. Information granulation and uncertainty measures in interval-valued
intuitionistic fuzzy information systems. Eur. J. Oper. Res. 2013, 231, 162-170.


http://dj.iciba.com/project/
http://dj.iciba.com/project/

Symmetry 2018, 10, 446 26 of 26

21.  Slowinski, R.; Vanderpooten, D. A generalized definition of rough approximations based on similarity.
IEEE Trans. Knowl. Data Eng. 1996, 12, 331-336.

22. Chang, K.H.; Cheng, C.H. A risk assessment methodology using intuitionistic fuzzy set in FMEA. Int. ].
Syst. Sci. 2010, 41, 1457-1471.

23.  Zhang, X. H. Fuzzy anti-grouped filters and fuzzy normal filters in pseudo-BCI algebras. | Intell. Fuzzy
Syst. 2017, 33, 1767-1774.

24. Gong, Z.T.; Zhang, X.X. The further investigation of variable precision intuitionistic fuzzy rough set
model. Int. ]. Mach. Learn. Cybern. 2016, 8, 1565-1584.

25. He, Y.P.; Xiong, L.L. Generalized inter-valued intuitionistic fuzzy soft rough set and its application. J.
Comput. Anal. Appl. 2017, 23, 1070-1088.

26. Zhang, X.H.; Bo, C.X,; Smarandache, F.; Dai, ].H. New inclusion relation of neutrosophic sets with
applications and related lattice structure. Int. . Mach. Learn. Cybern. 2018, 9, 1753-1763.

27. Zhang, X.H.; Smarandache, F.; Liang, X.L. Neutrosophic duplet semi-group and cancellable neutrosophic
triplet groups. Symmetry 2017, 9, 275.

28. Huang, B.; Guo, C.X,; Li, HX,; Feng, G.F.; Zhou, X.Z. An intuitionistic fuzzy graded covering rough set.
Knowl.-Based Syst. 2016, 107, 155-178.

29. Tiwari, AK., Shreevastava, S.; Som, T. Tolerance-based intuitionistic fuzzy-rough set approach for
attribute reduction. Expert Syst. Appl. 2018, 101, 205-212.

30. Guo, Q.; Ming, Y.; Wu, L. Dominance relation and reduction in intuitionistic fuzzy information system.
Syst. Eng. Electron. 2014, 36, 2239-2243.

31. Ai, AH,; Xu, Z.S. Line integral of intuitionistic fuzzy calculus and their properties. IEEE Trans. Fuzzy Syst.
2018, 26, 1435-1446.

32. Rizvi, S,; Naqvi, H]J.; Nadeem, D. Rough intuitionistic fuzzy sets. In Proceedings of the 6th Joint
Conference on Information Sciences, NC, USA, 8-13 March 2002; Duke University/Association for
Intelligent Machinery: Durham, NC, USA, 2002.

33. Zhang, X.X.; Chen, D.G,; Tsang, E.C.C. Generalized dominance rough set models for the dominance
intuitionistic fuzzy information systems. Inf. Sci. 2017, 378, 1339-1351.

34. Zhang, Y.Q.; Yang, X.B. An intuitionistic fuzzy dominance-based rough set. In Proceedings of the 7th
International Conference on Intelligent Computing, Zhengzhou, China, 11-14 August 2011; Springer:
Berlin, Germany, 2011.

35. Huang, B.; Zhuang, Y.L.; Li, HX.; Wei, D.K. A dominance intuitionistic fuzzy-rough set approach and its
applications. Appl. Math. Model. 2013, 37, 7128-7141.

36. Zhang, W.X,; Wu, W.Z,; Liang, ].Y.; Li, D.Y. Theory and Method of Rough Sets; Science Press: Beijing, China,
2001. (In Chinese)

37. Wen, X.J. Uncertainty measurement for intuitionistic fuzzy ordered information system. Master’s Thesis,
Shanxi Normal University, Linfen, China, 21 March 2015. (In Chinese)

38. Lezanski, P.; Pilacinska, M. The dominance-based rough set approach to cylindrical plunge grinding
process diagnosis. J. Intell. Manuf. 2018, 29, 989-1004.

39. Huang, B.; Guo, C.X,; Zhang, Y.L.; Li, HX.; Zhou, X.Z. Intuitionistic fuzzy multi-granulation rough sets.
Inf. Sci. 2014, 277, 299-320.

40. Greco, S.; Matarazzo, B.; Slowinski, R. An algorithm for induction decision rules consistent with the
dominance principle. In Proceedings of the 2nd International Conference on Rough Sets and Current
Trends in Computing, Banff, AB, Canada, 16-19 October 2000; Springer: Berlin, Germany, 2011.

@ © 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access

@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC-BY) license (http://creativecommons.org/licenses/by/4.0/).



