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Abstract: From the perspective of the degrees of classification error, we proposed graded rough 

intuitionistic fuzzy sets as the extension of classic rough intuitionistic fuzzy sets. Firstly, 

combining dominance relation of graded rough sets with dominance relation in intuitionistic 

fuzzy ordered information systems, we designed type-I dominance relation and type-II 

dominance relation. Type-I dominance relation reduces the errors caused by single theory and 

improves the precision of ordering. Type-II dominance relation decreases the limitation of 

ordering by single theory. After that, we proposed graded rough intuitionistic fuzzy sets based on 

type-I dominance relation and type-II dominance relation. Furthermore, from the viewpoint of 

multi-granulation, we further established multi-granulation graded rough intuitionistic fuzzy sets 

models based on type-I dominance relation and type-II dominance relation. Meanwhile, some 

properties of these models were discussed. Finally, the validity of these models was verified by an 

algorithm and some relative examples. 

Keywords: graded rough sets; rough intuitionistic fuzzy sets; dominance relation; logical 

conjunction operation; logical disjunction operation; multi-granulation 

 

1. Introduction 

Pawlak proposed a rough set model in 1982, which is a significant method in dealing with 

uncertain, incomplete, and inaccurate information [1]. Its key strategy is to consider the lower and 

upper approximations based on precise classification. 

As a tool, the classic rough set is based on precise classification. It is too restrictive for some 

problems in the real world. Considering this defect of classic rough sets, Yao proposed the graded 

rough sets (GRS) model [2]. Then researchers paid more attention to it and relative literatures began 

to accumulate on its theory and application. GRS can be defined as the lower approximation being 

{ ||[ ] | |[ ] | , }( )k R R
R x x x X xX k U= −    and the upper approximation being { ||[ ] |( )k R

R x xX X=   

|[ |, ]}. 
R

k xU Xx  is the absolute number of the elements of |[ ] |
R
x  inside X and should be called 

internal grade, −|[ ] | |[ ] |
R R
x x X  is the absolute number of the elements of |[ ] |

R
x  outside X and 

should be called external grade. ( )kR X  means union of the elements whose equivalence class’ 

internal-grade about X is greater than k, ( )kR X  means union of the elements whose equivalence 

class’ external grade about X is at most k [3]. 

In the view of granular computing [4], the classic rough set is a single-granulation rough set. 

However, in the real world, we need multiple granularities to analyze and solve problems and Qian 

et al. proposed multi-granulation rough sets solving this issue [5]. Subsequently, multi-granulation 
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rough sets were extended in References [6–9]. In addition, in the viewpoint of the degrees of 

classification error, Hu et al. and Wang et al. established a novel model of multi-granulation graded 

covering rough sets [10,11]. Simultaneously, Wu et al. constructed graded multi-granulation rough 

sets [12]. References [13–17] discussed GRS in a multi-granulation environment. Moreover, for GRS, 

it has been studied that the equivalence relation has been extended to the dominance relation [13,14], 

the limited tolerance relation [17] and so forth [10,11]. In general, all these aforementioned studies 

have naturally contributed to the development of GRS. 

Inspired by the research reported in References [5,13–17], intuitionistic fuzzy sets (IFS) are also 

a theory which describe uncertainty [18]. IFS consisting of a membership function and a 

non-membership function are commonly encountered in uncertainty, imprecision, and vagueness 

[18]. The notion of IFS, proposed by Atanassov, was initially developed in the framework of fuzzy 

sets [19]. Furthermore, it can describe the “fuzzy concept” of “not this and not that”, that is to say, 

neutral state or neutral degree, thus it is more precise to portray the ambiguous nature of the 

objective world. IFS theory is applicable in decision-making, logical planning, medical diagnosis, 

machine learning, and market forecasting, etc. Applications of IFS have attracted people's attention 

and achieved fruitful results [20–27]. 

In recent years, IFS have been a hot research topic in uncertain information systems [6,28–30]. 

For example, in the development of IFS theory, Ai et al. proposed intuitionistic fuzzy line integrals 

and gave their concrete values in Reference [31]. Zhang et al. researched the fuzzy logic algebraic 

system and neutrosophic sets as generalizations of IFS in References [23,26,27]. Furthermore, Guo et 

al. provided the dominance relation of intuitionistic fuzzy information systems [30].  

Both rough sets and IFS not only describe uncertain information but also have strong 

complementarity in practical problems. As such many researchers have studied the combination of 

rough sets and IFS, namely, rough intuitionistic fuzzy sets (RIFS) and intuitionistic fuzzy rough sets 

(IFRS) [32]. For example, Huang et al., Gong et al., Zhang et al., He et al., and Tiwari et al. effectively 

developed IFRS respectively from uncertainty measures, variable precision rough sets, dominance– 

based rough sets, interval-valued IFS, and attribute selection [29,30,33–35]. Additionally, Zhang and 

Chen, Zhang and Yang, Huang et al. studied dominance relation of IFRS [19–21]. With respect to 

RIFS, Xue et al. provided a multi-granulation covering the RIFS model [9].  

The above models did not consider the classification of some degrees of error [6–9,29,30,33,36] 

in dominance relation on GRS and dominance relation in intuitionistic fuzzy ordered information 

systems [37]. Therefore, in this paper, firstly, we introduce GRS into RIFS to get graded rough 

intuitionistic fuzzy sets (GRIFS) solving this problem. Then, considering the need for more precise 

sequence information in the real world, based on dominance relation of GRS and an intuitionistic 

fuzzy ordered information system, we respectively perform logical conjunction and disjunction 

operation to gain type-I dominance relation and type-II dominance relation. After that, we use 

type-I dominance relation and type-Ⅱdominance relation thereby replacing equivalence relation to 

generalize GRIFS. We design two novel models of GRIFS based on type-I dominance relation and 

type-II dominance relation. In addition, to accommodate a complex environment, we further extend 

GRIFS models based on type-I dominance relation and type-II dominance relation, respectively, to 

multi-granulation GRIFS models based on type-I dominance relation and type-II dominance 

relation. These models present a new path to extract more flexible and accurate information. 

The rest of this paper is organized as follows. In Section 2, some basic concepts of IFS and GRS, 

RIFS are briefly reviewed, at the same time, we give the definition of GRS based on dominance 

relation. In Section 3, we respectively propose two novel models of GRIFS models based on type-I 

dominance relation and type-II dominance relation and verify the validity of these two models. In 

Section 4, the basic concepts of multi-granulation RIFS are given. Then, we propose 

multi-granulation GRIFS models based on type-I dominance relation and type-II dominance 

relation, and provide the concepts of optimistic and pessimistic multi-granulation GRIFS models 

based on type-I dominance relation and type-II dominance relation, respectively. In Section 5, we 

use an algorithm and example to study and illustrate the multi-granulation GRIFS models based on 



Symmetry 2018, 10, 446 3 of 26 

 

type-I dominance relation and type-II dominance relation, respectively. In Section 6, we conclude 

the paper and illuminate on future research. 

2. Preliminaries 

Definition 1 ([22]). Let U be a non-empty classic universe of discourse. U is denoted by: 

 =   { , ( ), ( ) | }
A A

A x x x x U ,  

A can be viewed as IFS on U, where ( ) : [0,1]
A
x U →  and ( ) : [0,1]

A
x U → . ( )

A
x  and ( )

A
x  are 

denoted as membership and non-membership degrees of the element x  in A, satisfying 0 ( ) ( ) 1
A A
x x  + 

. For  x U  , the hesitancy degree is ( ) 1 ( ) ( )
A A A
x x x  = − − , noticeably, ( ) :  [0,1]

A
x U → .  ,  A B 

( )IFS U , the basic operations of A and B are given as follows: 

       ( ) ( ),(1)   ( ) ( ),   
A B A B
x xB x x xA U , 

   =  = =  (2)  ( ) ( ),  ( ) ( ),  ,
A B A B

A B x x x x x U  

   =   (3)  { ,  max{ ( ),  ( )},  min{ ( ),  ( )} | },
A B A B

A B x x x x x x U  

   =   (4)  { ,  min{ ( ),  ( )},  max{ ( ),  ( )} | },
A B A B

A B x x x x x x U  

(5)  { ,  ( ),  ( ) | }.
A A

A x x x x U  =     

Definition 2 ([2]). Let ( , )U R  be an approximation space, assume k N , where N is the natural number set. 

Then GRS can be defined as follows: 

= −  

=  

{ ||[ ] | |[ ] | ,  },

{ ||[ ] | ,  }.

( )

( )

k R R

k R

R x x x X k x U

R x X k x

X

x UX
  

( )kR X  and ( )kR X  can be considered as the lower and upper approximations of X with respect to the 

graded k. Then we call the pair ( ),  ( ))( kk X R XR  GRS. When 00,  ( ) ( ),XR Rk X==  =0 ( ) ( )R X R X . However, 

in general, ( ) ( ),  ( ) ( )k kk kX R R X XR RX  . 

In Reference [4], the positive and negative domains of X are given as follows: 

= = ( ) ( ) ( ),  ( ) ( ( ) ( )).k kk kPOS X X R X NE X RRG X XR   

Definition 3 ([36]). If we denote {( , ) : ( ) ( ), }
a i j i j
R x x U U f x f x a A =       where A is a subset of the  

attributes set and ( )f x  is the value of attribute a , then [ ]
a

x 
 is referred to as the dominance class of 

dominance relation a
R

. Moreover, we denote approximation space based on dominance relations by 

( , )
a

S U R= . 

Definition 4. Let ( , )
a

U R
 be an information approximation. /

a
U R

 is the set of dominance classes induced 

by a dominance relation a
R

, and [ ]
a

x 

 is called the dominance class containing x. Assume k N , where N is 

the natural number set. GRS based on dominance relation can be defined:  









= −  

=  

{ || | | | ,  ( ) [ ] },[

{ || | ,  }[ ] .

]

( )

k

k

a a

a

R x X k x U

R x X k x

X

X x U

x x
  

When 0k = , 0 0( ( ),  ( ))R X R X
 

 will be rough sets based on dominance relation. 

Example 1. Suppose there are nine patients 1 2 3 4 5 6 7 8 9
{ , , , , , , , , }U x x x x x x x x x= , they may suffer from a cold. 
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According to their fever, we get 
1 2 4 3 8 6 8 5 7 8 9

{{ , , },{ , },{ , },{ , , }},  / ,
a
R x x x x x x x x x x x X UU  =  . Then suppose 

1 2 4 7 9
{ , , , , }X x x x x x= , we can obtain GRS based on dominance relation. 

The demonstration process is given as follows: 

Suppose 1k = , then we can get, 

1 2 4 1 2 4 3 8 3 8 6 8 6 8

5 7 8 9 5 7 8 9

[ ] [ ] [ ] { , , },  [ ] [ ] { , },  [ ] [ ] { , },

[ ] [ ] [ ] [ ] { , , , }.

a a a a a a a

a a a a

x x x x x x x x x x x x x x

x x x x x x x x

      

   

= = = =

=

= = =

= = =
  

Then, we can calculate 11 ( ),  ( )R X R X


 and ,  ( ) ( )POS X NEG X . 


= =11 1 2 4 1 2 4 5 7 8 9

( ) { , , },  ( ) { , , , , , , }.X x x x R X x x x x x xR x   

11 1 2 4 1 2 4 5 7 8 9 1 2 4

11 1 2 4 1 2 4 5 7 8 9 3 6

( ) ( ) ( ) { , , } { , , , , , , } { , , },

( ) ( ( ) ( )) ({ , , } { , , , , , , }) { , }.

POS X R X R X x x x x x x x x x x x x x

NEG X R X R X x x x x x x x x x x x x





= = =

=  =  =

  

Through the above analysis, we can see x1, x2, and x4 patients suffering from a cold disease and x3 and x6 

patients not having a cold disease. 

When 0k = , 0 0( ( ),  ( ))R X R X
 

 will be rough sets based on dominance relation. 

Definition 5 ([8,32,35]). Let X be a non-empty set and R be an equivalence relation on X. Let B be IFS in X 

with the membership function ( )
B
x  and non-membership function ( )

B
x . The lower and upper 

approximations, respectively, of B are IFS of the quotient set /X R  with 

(1) Membership function defined by 

( ) ( )
( ) inf{ ( )| },  ( ) sup{ ( )| }.

R B R Bi B i i B i
X x x X X x x X   =  =    

(2) Non-membership function defined by 

( ) ( )
( ) sup{ ( )| },  ( ) inf{ ( )| }.

R B R Bi B i i B i
X x x X X x x X   =  =    

In this way, we can prove ( )R B  and ( )R B  are IFS. 

For 
i

x X  , we can obtain, 

( ) ( ) 1
B B
x x +  , ( ) 1 ( )

B B
x x  − , 

sup{ ( )| } sup{1 ( )| }
B i B i
x x X x x X   −  , 

sup{ ( )| } 1 inf{ ( )| }
B i B i
x x X x x X   −  , 

sup{ ( )| } inf{ ( )| } 1
B i B i
x x X x x X  +   . 

 

Hence ( )R B  is IFS. Similarly, we can prove that ( )R B  is IFS. The RIFS of ( )R B  and ( )R B  are given 

as follows:  

 




=  
[ ] [ ]

inf ( ),  sup( ) { ,  }) | ,(
i

i

B By x y x

B yR x x Uy   

 




=   
[ ][ ]

( ) { ,  sup ( ),  inf ( ) | }.
i

i

B By xy x

R B x y y x U   
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3. GRIFS Model Based on Dominance Relation 

In this section, we propose a GRIFS model based on dominance relation. Moreover, this model 

contains a GRIFS model based on type-I dominance relation and GRIFS model based on type-II 

dominance relation, respectively. Then we employ an example to demonstrate the validity of these 

two models, and finish by discussing some basic properties of these two models. 

Definition 6 ([37]). If ( , , , )U A V f  is an intuitionistic fuzzy ordered information system, so 
'( )
a

R  =  

{( , ) | ( ) ( ), }
a a

x y U U f y f x a A      can be called dominance relation in the intuitionistic fuzzy ordered 

information system. 

' '[ ] { |( , ) ( ) , , }

       { | ( ) ( ),  ( ) ( ), , }
a a

a a a a

x y x y R a A y U

y y x y x a A y U   

 =    

=     
  

'

[ ]
a
x   is dominance class of x in terms of dominance relation 

'( )
a

R 
. 

3.1. GRIFS Model Based on Type-I Dominance Relation 

Definition 7. Let ( , , , )IS U A V f
 =  be an intuitionistic fuzzy ordered information system and a

R
 be a 

dominance relation of the attribute set A. Suppose X is the GRS of a
R

 on U, a A , and IFS B on U about 

attribute a satisfies dominance relation 
'( )
a

R 
. The lower approximation ( )kR B


 and the upper 

approximation ( )kR B


 with respect to the graded k are given as follows: 

When 1k  , we can gain, 

1
1

'

'

1
1

'

'

( ([ ] ) [ ] )) ( ([ ] ) [ ] ))

( ([ ] ) [ ] ))( ([ ] ) [ ] )

' '

( (

'

) ((

( ) { , ( )),   ( )) | },

( ) { , ( )),    

inf ( ( ) sup ( ( )

sup ( ( ) inf ( 

a s a
a s a

a

j
j

s

s a
a s a

s

j
j

s
s

B B

y x x

k B B

y x x

k B BB

y x xy x x

R B y yx y y

R B x

x U

y y

 

 

 





 


=
=






=






=



 
 








 










 = 

= 



' ( ))( | }.)
B
y Uy x  

  

' '( ) ( ) ( ( ) ( )| | | |
( ) ,  ( ) .

| | | |

)k kk k

B B

R X R X R X R X
y y

U U
 

  


= =   

Obviously, 
' '( ) ( )0 1,  0 1,  1,2, , .
B B
y y j n     =  

When 0k = , 
' ( )
B
y  and 

' ( )
B
y  degenerate to be calculated by the classical rough set. However, under 

these circumstances, the model is still valid, we call this model RIFS based on type-I dominance relation. 

Note that, in GRIFS model based on type-I dominance relation, we let [ ]
a

x 
 and 

'

[ ]
a
x   perform a 

conjunction operation  , this is to say   means 
'

1
(([ ] ) [ ] )

j

a s as
x x 

=
  . 

Note that, 
'

1
(([ ] ) [ ] )

j

a s as
x x 

=
   in GRIFS model based on type-I dominance relation, if x have j dominance 

classes [ ]
a

x 
 of dominance relation a

R
 on GRS, we perform a conjunction operation   of j dominance 

classes [ ]
a

x 
 and 

'

[ ]
a
x 

. 

According to Definition 7, the following theorem can be obtained. 

Theorem 1. Let 
, , ,IS U A V f

 = 
 be an intuitionistic fuzzy ordered information system, and B be IFS on 

U. Then a GRIFS model based on type-I dominance relation has these following properties: 
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


 
 

  
  



  

    

 

  

= =

(1)  ( ) ( ),  

(2)  A B,   ( ) ( ),  ( ) ( ),

(3)  ( ) ( ) ( ),  ( ) ( ) ( ).

kk

k kk k

k k kk k k

R B B R B

R A R B R A R B

R A B R A R B R A B R A R B

  

Proof. (1) From Definition 7, we can get, 

'

1

'

1

1

'

1

' '

(
( ([ ] ) [ ] )) ( ([ ] ) [ ] ))

( ([ ] ) [( ([ ] ) [ ] )

) ( )( (

)

'

((

inf ( ( ) ( ) sup ( ( ) ( ) ( ) ( )

 s

( )) ( )

up ( ( ) ( )

,

) f) i

)

n(

j
j k k

s
s

j
j

s

a s a
a s

s
s

a

a s
a a

B B B B

y x x y x x

B B

y x

B

y

B
R B R B

B

x x

y x y x x x

y

y y

xy

 



     

 

  

 
 


 

=
=

=
=







 
 

 
 

     

  
'

'

( ) ()) )]

( ( ) ( ) ( ) ( )( )) ,

a
k k

B
R B R B

B B

x

y x x xy      



  

  

Hence, ( ) ( )kkR B B R B


 
  . 

(2) Based on Definition 1 and A B , 

Thus we can get, ( ) ( ) ,  ( ) ( )
A B A B
x x x x     . 

From Definition 7, we can get, ' ' ' '( )= ( ),  ( )= ( )
A B A B
y y y y    . 

Then, in the GRIFS model based on type-I dominance relation, we can get, 

' '

1 1
( ([ ] ) [ ] )) ( (

' '

(
[ ] ) [ ] ))

) ( )
( (

inf ( ( ) inf ( ( ) ( )( )) ( )) ,( )
a s a a s a

j j
k k

s s

A A B
R

B

y x
R

x y x
B

x
A

y y xy xy      
  

= =

    

     

' '

1 1
( ([ ] ) [ ] )) ( (

' '

(
[ ] ) [ ] ))

) ( )
( (

sup ( ( ) sup ( ( ) ( )( )) ( )) .( )

a s a a s a

j j k k

s s

A A B
R

B

y x
R

x y x
B

x
A

y y xy xy      

  

= =

    

      
 

Thus we can get, ( ) ( )k kR A R B
  

 . 

In the same way, we can get, ( ) ( )k kR A R B
  

 . 

(3) From Definition 7, we can get, 

' ' '

1 1 1
( ([ ] ) [ ] )) ( ([ ] ) [ ] )

' ' '

( )
( ( (

(

) ( ([ ] ) [ ] ))

) ( )

( )) ( ( ))) ( ( )))

            

( ) inf ( ( ) inf ( ( ) inf ( ( )

( ) ( ),      

a s a a s a

j j j
k

s s s
a s a

k k

k

A B A B A A B B
R A B

R A R

y x x y x x y x

R

x

B

x y y

x

y yy

x

y   

 

 





     

  

= = =



       

=  

=

= 

1

' '

1 1

'
( ([ ] ) [ ] )) ( ([ ] ) [ ] )) ( ([ ] ) [ ] )

' ' '

( )
( ( (

( ) ( )

)

( ) sup ( ( ) sup( )) ( ( ))) ( ( )( ( ) sup ( ( ) ))

                 ( ) ( ) ,

j j j

s
a s a a s a

s s

k k

a s a

A B A B A A

y x x y x x y

B B
A B

R A B

x x

R

yx y y y

x

y y

x

     

 



= =

  

=

  

  

      

= 

=

=   



 
 

Thus we can get, ( ) ( ) ( )k k kR A B R A R B
    

= . 

In the same way, we can get ( ) ( ) ( )k k kR A B R A R B
    

= . □ 

Example 2. In a city, the court administration needs to recruit 3 staff. Applicants who pass the application, 

preliminary examination of qualifications, written examination, interview, qualification review, political 

review, and physical examination can be employed. In order to facilitate the calculation, we simplify the 

enrollment process to qualification review, written test, interview. At present, 12 people have passed the 

preliminary examination of qualifications, and 9 of them have passed the written examination (administrative 

professional ability test and application). 
1 2 3 4 5 6 7 8 9

{ , , , , , , , , }U x x x x x x x x x=  is the domain. We can get 

 =
1 2 4 3 8 7 4 5 6 9

{{ , , },{ , },{ },{ , }/ , , }
a

x x x x x x x x x xU R  according to the “excellent” and “pass” of the two 

results. In addition, through the interview of 9 people, the following IFS can be obtained, and we suppose 

=
1 4 5 6 9

{ , , , , }X x x x x x , X U . 
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1 2 3 4 5 6 7 8 9

[0.9,0] [0.8,0.1] [0.65,0.3] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.5,0.2] [0.87,0.1] [0.75,0.2]
, , , , , , , , . B

x x x x x x x x x

  
=  
  

  

To solve the above problems, we can use the model described in References [38–39], which are 

rough sets based on dominance relation. 

First, according to /
a

U R , we can get, 


= =

4 5 6 9 1 2 4 5 6 9
( ) { , , , },  ( ) { , , , , , },X x x x x R X x x x x x xR   

Through rough sets based on dominance relation, we can get some applicants with better 

written test scores. However, regarding IFS B, we cannot use rough sets based on dominance 

relation to handle the data. Therefore, we are even less able to get the final result with the model. To 

process the interview data, we need to use another model, described in Reference [40]. Through 

data processing, we can obtain the dominance classes as follows: 

   

    

= = =

= = = =

=

=

' ' ' '

' ' ' ' '

1 1 2 2 4 5 8 3 3 4 5 6 8 9 4 4 5

5 5 6 6 8 9 7 7 8 9 8 8 9 9

[ ] { },  [ ] { , , , },  [ ] { , , , , , },  [ ] { , },  

[ ] { },  [ ] { , , },  [ ] { , , },  [ ] { }, [ ] { }.

a a a a

a a a a a

x x x x x x x x x x x x x x x x x

x x x x x x x x x x x x x x
  

From the above analysis, we can get, 

       
5 1 8 4 2 9 6 3 7
x x x x x x x x x

 
 

Through dominance relation in the intuitionistic fuzzy ordered information system, we can get 

some applicants with better interview results, but we still cannot get the final results. To get this 

result, we need to analyze the applicants who have better written test scores and better written test 

scores. Based on the above conclusions, we can determine that only x5 and x4 applicants meet the 

requirements. However, the performance of others is not certain. If they only need one or two staff, 

then this analysis can help us to choose the applicant. However, we need 3 applicants, so we cannot 

get the result in this way. However, there is a model in Definition 6 that can help us get the results. 

The calculation process is as follows:  

According to Example 1, when k = 1, we can get  


= =

1 2 4 11 5 6 7 9 1 2 4 5 6 7 9
( ) { , , , , , , },  ( ) { , , , , , , },X x x x x x x x R X x x x x x x xR   

According to Definitions 7 and 8, we can then get, 

 

  

= = 


=  =' '1 11 1| | | |7 2
( ) 0

( ) ( ) (
.78,  ( ) 0.22.

| | 9 | | 9

( ) ( ))
B B
y y

U

R X R X R X R X

U
  

So, according to Definition 6 and Example 1, we can compute the conjunction operation of [ ]
a

x 

 

and 
'

[ ]
a
x  , and the results are as Table 1. 

Table 1. The conjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x 

. 

x [ ]x a
≥  [ ]x

a
≥'  [ ] [ ]x x

a a
≥ ≥'  

1
x  

1 2 4
{ , , }x x x  

1
{ }x  

1
{ }x  

2
x  

1 2 4
{ , , }x x x

 2 4 5 8
{ , , , }x x x x  

2 4
{ , }x x  

3
x  

3 8
{ , }x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

3 8
{ , }x x  

4
x  

1 2 4 4 5 6 9
{ , , },{ , , , }x x x x x x x  

4 5
{ , }x x  

4
{ }x

 

5
x  

4 5 6 9
{ , , , }x x x x  

5
{ }x  

5
{ }x  

6
x  

4 5 6 9
{ , , , }x x x x  

6 8 9
{ , , }x x x  

6 9
{ , }x x  

7
x  

7
{ }x  

7 8 9
{ , , }x x x  

7
{ }x  
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8
x  

3 8
{ , }x x  

8
{ }x  

8
{ }x  

9
x  

4 5 6 9
{ , , , }x x x x  

9
{ }x  

9
{ }x  

GRIFS model based on type-I dominance relation can be obtained as follows: 









  
=  
  


= 

1 2

1

1

3 4 5 6 7 8 9

1 2 3 4

[0.78,0.22] [0.78,0.22] [0.65,0.3] [0.78,0.22] [0.78,0.22] [0.7,0.3] [0.5,0.22] [0.78,0.22] [0.75,0.22]
( ) , , , , , , , , ,

[0.9,0] [0.85,0.1] [0.78,0.1] [0.85,0.1]
( ) , , , ,

R B
x x x x x x x x x

R B
x x x x




  5 6 7 8 9

[0.95,0.05] [0.87,0.1] [0.78,0.1] [0.87,0.1] [0.78,0.2]
, , , , .

x x x x x

  

Comprehensive analysis 


1 ( )R B  and 


1 ( )R B , we can conclude that x5, x1, x8, x2 and x4 

applicants are more suitable for the position in the pessimistic situation. From this example we can 

see that our model is able to handle more complicated situations than the previous theories, and it 

can help us get more accurate results. 

3.2. GRIFS Model Based on Type-II Dominance Relation  

Definition 8. Let U be a non-empty set and A be the attribute set on U, and a A , a
R

 is a dominance 

relation of attribute A. Let X be GRS of a
R

 on U, and IFS B on U about attribute a satisfies dominance relation 

'( )
a

R 
. The lower and upper approximations of B with respect to the graded k are given as follows: 

When 1k  , we can get, 

1
1

'
'( ([ ] ) [ ] )) (

' '

( ([ ] ) )( [ ] )

( ) { , ( ))inf ( ( ) ,   ( )sup ( ( ) ) | },
j

j

s
a s a

a s a
s

B B

y x x y x x

k B B
R B x yy y x Uy  



=

 
 

=






 
 

  =    
 

1

'
'

1

' '

(( ([ ] ) [ ] ))( ([ ] ) [ ] ))(

( ) { , ( )sup ( ( ) inf ( (),  ( )) | }.)

a s a
a s a

j
j

s
s

B B

y x

B

y x x

k B

x

R B x yy x Uyy  





=


=





 
 

=     
 

' '( ) ( ) ( ( ) ( )| | | |
( ) ,  ( ) .

| | | |

)k kk k

B B

R X R X R X R X
y y

U U
 

  


= =   

Obviously, 
' '( ) ( )0 1,  0 1,  1,2, , .
B B
y y j n     =

 

When 0k = , ' ( )
B
y  and ' ( )

B
y  are calculated from the classical rough set. However, under these 

circumstances the model is still valid and we call this model RIFS based on type-II dominance relation. 

Note that in the GRIFS model based on type-II dominance relation, we perform a disjunction operation   

on [ ]
a

x   and 
'

[ ]
a
x  , this is to say   means 

'

1
(([ ] ) [ ] )

j

a s as
x x 

=
  . 

Note that, 
'

1
(([ ] ) [ ] )

j

a s as
x x 

=
   in the GRIFS model based on type-II dominance relation. If x have j 

dominance classes [ ]
a

x   of dominance relation 
a
R

 on GRS, we perform a disjunction operation   of j 

dominance classes [ ]
a

x   and 
'

[ ]
a
x  , respectively.  

According to Definition 8, the following theorem can be obtained. 

Theorem 2. Let , , ,IS U A V f
 =   be an intuitionistic fuzzy ordered information system, and B be IFS 

on U. Then GRIFS model based on type-II dominance relation will have the following properties: 
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


 
 

  
  



  

    

 

  

= =

(1)  ( ) ( ),  

(2)  ,     ( ) ( ),  ( ) ( ),

(3)  ( ) ( ) ( ),   ( ) ( ) ( ).

kk

k kk k

k k kk k k

R B B R B

A B R A R B R A R B

R A B R A R B R A B R A R B

  

Proof. The proving process of Theorem 2 is similar to Theorem 1. □ 

Example 3. Nine senior university students are going to graduate from a computer department and they 

want to work for a famous internet company. Let =
1 2 3 4 5 6 7 8 9

{ , , , , , , , , }U x x x x x x x x x  be the domain. The 

company has a campus recruitment at this university. Based on their confidence in programming skills, we 

get the following IFS B whether they succeed in the campus recruitment or not. At the same time, according 

to programming skills grades in school,  =
1 2 4 4 5 6 9 3 8 7

{{ , , },{ , , , },{ , },{ }}/
a

x x x x x x x x x xU R  can be obtained. We 

suppose = 
1 4 5 6 9

{ , , , , },  X x x x x x X U . 

1 2 3 4 5 6 7 8 9

[0.9,0] [0.8,0.1] [0.65,0.3] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.5,0.2] [0.87,0.1] [0.75,0.2]
, , , , , , . , ,B

x x x x x x x x x

  
=  
  

  

We can try to use rough sets based on dominance relation to solve the above problems, as 

described in Reference [38]. 

First, according to /
a

U R , we can get the result as follows. 


= =

4 5 6 9 1 2 4 5 6 9
( ) { , , , },  ( ) { , , , , , },X x x x x R X x x x x x xR

 
 

From the upper and lower approximations, we can get that x4, x5, x6 and x9 students may pass 

the campus interview. However, we cannot use the rough set based on dominance relation to deal 

with the data of the test scores of their programming skills. In order to process B, we need to use 

another model, outlined in Reference [40]. The result is as follows: 

       
5 1 8 4 2 9 6 3 7
x x x x x x x x x

 
 

Through IFS, we can get that x4, x2, x1 and x7 students are better than other students. From the 

above analysis, we can get student x4 who can be successful in the interview. However, we are not 

sure about other students. At the same time, from the process of analysis, we find that different 

models are built for the examples, and the predicted results will have deviation. Our model is based 

on GRS based on dominance relation and the dominance relation in intuitionistic fuzzy ordered 

information system. Thus, we can use the model to predict the campus interview. 

Consequently, according to Definition 8 and Example 1, we can compute the disjunction 

operation of [ ]
a

x 

 and 
'

[ ]
a
x , the results are as Table 2. 

Table 2. The disjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x 

. 

x

 

[ ]x a
≥  [ ]x

a
≥'  [ ] [ ]x x

a a
≥ ≥'  

1
x  

1 2 4
{ , , }x x x  

1
{ }x  

1 2 4
{ , , }x x x

 

2
x  

1 2 4
{ , , }x x x

 2 4 5 8
{ , , , }x x x x  

1 2 4 5 8
{ , , , , }x x x x x  

3
x  

3 8
{ , }x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

4
x  

1 2 4 4 5 6 9
{ , , },{ , , , }x x x x x x x  

4 5
{ , }x x  

1 2 4 5 6 9
{ , , , , , }x x x x x x  

5
x  

4 5 6 9
{ , , , }x x x x  

5
{ }x  

4 5 6 9
{ , , , }x x x x  

6
x  

4 5 6 9
{ , , , }x x x x  

6 8 9
{ , , }x x x  

4 5 6 8 9
{ , , , , }x x x x x  

7
x  

7
{ }x  

7 8 9
{ , , }x x x  

7 8 9
{ , , }x x x  
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8
x  

3 8
{ , }x x  

8
{ }x  

3 8
{ , }x x  

9
x  

4 5 6 9
{ , , , }x x x x  

9
{ }x  

4 5 6 9
{ , , , }x x x x  

GRIFS model based on type-II dominance relation can be obtained as follows: 









  
=  
  


= 


1 2 3 4 5 6 7 8 9

1 2 3 4

1

1

[0.78,0.22] [0.78,0.22] [0.65,0.3] [0.7,0.22] [0.7,0.22] [0.7,0.3] [0.5,0.22] [0.65,0.3] [0.7,0.3]
( ) , , , , , , , , ,

[0.9,0] [0.95,0] [0.95,0.05] [0.95,0] [0.95,
( ) , , , ,

R B
x x x x x x x x x

R B
x x x x



5 6 7 8 9

0.05] [0.95,0.05] [0.87,0.1] [0.87,0.1] [0.95,0.05]
, , , , .

x x x x x

  

Through the above analysis, the students’ interviews prediction can be obtained. x4, x2 and x1 

students are better than others. From this example, the model can help us to analyze the same 

situation though two kinds of dominance relations. Therefore, this example can be analyzed more 

comprehensively  

4. Multi-Granulation GRIFS Models Based on Dominance Relation  

In this section, we give the multi-granulation RIFS conception, and then propose optimistic and 

pessimistic multi-granulation GRIFS models based on type-I dominance relation and type-II 

dominance relation, respectively. These four models are constructed by multiple granularities GRIFS 

models based on type-I and type-II dominance relation. Finally, we discuss some properties of these 

models. 

Definition 9 ([39]). Let , , ,IS U A V f=   be an information system, 
1 2
, , ,

m
A A A A , and 

iA
R  is 

an equivalence relation of x in terms of attribute set A. [ ]
iA

x  is the equivalence class of 
iA

R , B U  , B is 

IFS. Then the optimistic multi-granulation lower and upper approximations of 
i
A  can be defined as follows: 

1

1 1

1

1

1

( ) ( )

( ) ( )

1 1

1

1

[( ) )] [( ]

in

( ) { ,

f ( ),  sup ( )

 ( ),  ( ) | },

( ) { ,  ( ),  ( )

,

| },

( ) ( )

m m
i O O

A Ai i
i i

m mi O O
A Ai i

i i

m m
O O
A Ai i

i i

Ai Ai

O
Ai

m
O

A
R Ri

m
O

A
R Ri

y x

B B

B B

m m

B Bi iR B R B y x

R

R B x x x x

y y

U

R B x x x x U

x x

















=

= =

=

= =

= =

=

=




=   
 

=   
 

=  = 
 





1 1

1 1 [ ][ ]( ) ( )

su( ) p ( ),  inf( () ).
m m

O
Ai

i i

AiAi

m m

B Bi i y xy xB R B

xy yx   

= =




= =
=  = 

 

  

where [ ]
iA

x  is the equivalence class of x in terms of the equivalence relation 
i
A . 

1
[ ] ,

A
x

2
 [ ] , ,[ ]

mA A
x x  

are m equivalence classes, and   is a disjunction operation. 

Definition 10 ([39]). Let , , ,IS U A V f=   be an information system, 1 2
, , ,

m
A A A A , and 

iA
R  is an 

equivalence relation of x in terms of attribute set A. [ ]
iA

x  is the equivalence class of iA
R

, B U  , B is IFS. 

Then the pessimistic multi-granulation lower and upper approximations of i
A  can be easily obtained by: 

 

 

= =

= =

=

=

=   
 

=   

 





1 1

1 1

( ) ( )

( ) ( )

1

1

{ ,  ( ),  ( ) | },

{ ,  ( ),  ( ) |

)

( ) },

( m m
i p p

A Ai i
i i

m mi p p

A Ai i
i i

m
p

A
R Ri

m
p

A
Bi R

B B

BR

R x x x x U

R x x x x U

B

B
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   

   

= =

= =

= =

= =







=  = 
 

=  = 

 

1 1

1 1

1 1( ) ( )

1 1
(

[ ] [ ]

[
) ] ( )

][

( ) ( )inf ( ),  sup ( ),

sup ( ),  ( ) inf ( ).( )

m m
P P
A Ai i

i i

m m
P P
A

Ai Ai

Ai
Ai i

i i

Ai

y x y

m m

B Bi iR B R B

m m

B Bi i
R B R

x

y xy Bx

x x

x x

y y

y y

 

 

where [ ]
iA

x  is the equivalence class of x in terms of the equivalence relation i
A

. 
1 2

[ ] ,  [ ] , ,  [ ]
mA A A

x x x  are m 

equivalence classes, and   is a conjunction operation. 

4.1. GRIFS Model Based on Type-I Dominance Relation 

Definition 11. Let , , ,IS U A V f
 =   be an intuitionistic fuzzy ordered information system, 

1 2
, , ,A A

m
A A . ( )

a i
R  is a dominance relation of x in terms of attribute ,   

i i
A a A , where ([ )]

a i
x   is the 

dominance class of ( ) .
a i
R Suppose X is GRS of ( )

a i
R  and B is IFS on U. IFS B with respect to attribute a 

satisfies dominance relation '(( ) ) .
a i

R   Therefore, the lower and upper approximations of B with respect to the 

graded k are given as follows:  

When 1k  , we can get, 

 



  

= =

=



=   

 


1 1( ) ( )

1 ( ) ( ) ( )

( ) { ,  ( ),  ( ) | },
i m m

O O
A Ai i

i ik k

B

m
O

A
i k R BR

R B x x x x U  

 



  

= =

=



=   

 



1 1( ) ( )

1 ( )
( ) ( )

( ) { ,  ( ),  ( ) | },
i m m

O O
A Ai i

i ik k

B

m
O

A
i k

R BR

R B x x x x U  

 

  

= =
' '| | | |

( ) ,  
( ) (

( ) .
|

) ( ( ) (

|

)

| |

)
i i

k kk k
B B

R X R X X

U

R
y

R

U

X
y  

 

We can get GRS in 
1 2
, , ,

m
A A A , then there will be 

1 2 3

' ' ' '( ), ( ), ( ), , ( )
mB B B B

y y y y     and 

1 2 3

' ' ' '( ), ( ), ( ), , ( )
mB B B B

y y y y    . Subsequently, we can obtain, 
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=
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 

 =  
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1
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Obviously,
' '( ) ( )0 1,  0 1,  1,2, , .
B B
y y j n     =

 

When 
1 1 ( )( )

( ) ( )
i i

m m
O O

A A
i i kk

R B R B




= =



  , B is an optimistic multi-granulation GRIFS model based on type-I 

dominance relation. 

When 0k = , ' ( )
iB
y  and ' ( )

iB
y  are calculated through the classical rough set. However, under these 

circumstances the model is still valid and we call this model an optimistic multi-granulation RIFS based on 

type-I dominance relation. 

Definition 12. Let , , ,IS U A V f
 =   be an intuitionistic fuzzy ordered information system,

1 2
, , ,A A

m
A A . ( )

a i
R  is a dominance relation of x in terms of attribute 

i
A , where ([ )]

a i
x   is the dominance class 

of ( )
a i
R . Suppose X is GRS of ( )

a i
R  and B is IFS on U. IFS B about attribute a satisfies dominance 
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relation '(( ) ) ,  .
a i i

R a A   Then the lower and upper approximations of B with respect to the graded k are 

given as follows: 

When 1k  , we can get, 

 

 



  
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m
p

A
i k R R

m

B B
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p

A
i k

R R

R x x x x U

R x x x x U

B

B

  

' '( ) ( ) ( ( ) ( )| | | |
( ) ,  ( ) .

| | | |

)
i i

k kk k

B B

R X R X R X R X
y y

U U
 

  


= =   

We can obtain GRS in 1 2
, , ,

m
A A A , then there will be 

1 2 3

' ' ' '( ), ( ), ( ), , ( )
mB B B B

y y y y     and 

1 2 3

' ' ' '( ), ( ), ( ), , ( )
mB B B B

y y y y    . Subsequently, we can obtain, 

'
'

1 1( ) (
1

)

1
(( ) (

' '

1 1
( ([ ] ) [ ] )) ( ([ ] ) [ ]) ( ))

( ) inf ( ( ) ,  ( )) ( ) sup ( ( )) ,( )
i im m

p p
a s a iA A a s a ii i

i ik k

j
j

s
s

m m

B Bi i
y x xR R y x

B B

B xB

x y x yy y    
 

 

= =

  

=
=

= =
 

 




=   =  

 

 
 

'
'

1 1( ) ( )

1
1

(( ) (

' '

1 1
( ([ ] ) [ ] ))( ([ )]( ] ) [ ))

( ) sup ( ( ) ,  ( )) ( ) inf ( ( )) .( )
i im m

p p
a

j
j

s
s

s a i
a s a iA Ai i

i ik k

m m

B Bi i
y x xR Ry x

B B

B Bx

x y y y yx    
 



  

=

= =
=



= =
 






=   =  

 

 
 

Obviously, 
' '( ) ( )0 1,  0 1,  1,2, , .
B B
y y j n     =

 

When 
1 1 ( )( )

( ) ( )
i i

m m
p p

A A
i i kk

R B R B




= =



  , B is a pessimistic multi-granulation GRIFS model based on type-I 

dominance relation.  

When 0k = , ' ( )
iB
y  and ' ( )

iB
y  are calculated through the classical rough set. However, under these 

circumstances the model is still valid and we call this model a pessimistic multi-granulation RIFS based on 

type-I dominance relation. 

Note that, 
'

1
( (([ ] ) [ ] ))
j

a s a is
x x 

=
   in multi-granulation GRIFS models based on type-I dominance relation. 

If x have j dominance classes [ ]
a

x   of dominance relation a
R  on GRS, we perform a conjunction operation 

  of j dominance classes [ ]
a

x   and 
'

[ ]
a
x  , respectively. 

Note that multi-granulation GRIFS models based on type-I dominance relation are formed by combining 

multiple granularities GRIFS models based on type-I dominance relation. 

According to Definitions 11 and 12, the following theorem can be obtained. 

Theorem 3. Let , , ,IS U A V f
 =   be an intuitionistic fuzzy ordered information system, 

1 2
, , ,A A

m
A A , and B be IFS on U. Then the optimistic and pessimistic multi-granulation GRIFS models based on 

type-I dominance relation have the following properties: 

( )1 1( )1 1 ( )( )

( ) ( ),  ( ) ( ).
i i i i

m mm m
O O

A A A A ki iki i kk

R B R B R B R B









= ==




=

= =    
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( )1 1( )1 1 ( )( )

 ( ) ( ),  ( ) ( ).
i i i i

m mm m
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A A A A ki iki i kk

R B R B R B R B









= ==




=

= =    

Proof. One can derive them from Definitions 7, 11, and 12. □ 

4.2. GRIFS Model Based on Type-II Dominance Relation 

Definition 13. Let , , ,IS U A V f
 =   be an intuitionistic fuzzy ordered information system, 

1 2
, ,A A

,
m
A A , and U be the universe of discourse. ( )

a i
R  is a dominance relation of x in terms of attribute 

,  
ii

A a A , where ([ )]
a i
x   is the dominance class of ( )

a i
R . Suppose X is GRS of ( )

a i
R  and B is IFS on U. 

IFS B about attribute a satisfies dominance relation '(( ) ) .
a i

R   So the lower and upper approximations of B 

with respect to the graded k are given as follows:  

When 1k  , we can get, 
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We can obtain GRS in 
1 2
, , ,

m
A A A , then there will be 

1 2 3

' ' ' '( ), ( ), ( ), , ( )
mB B B B

y y y y     and 

1 2 3

' ' ' '( ), ( ), ( ), , ( )
mB B B B

y y y y    . Subsequently, we can obtain, 
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=   =  

 
'

'
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1
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1
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sup ( ( ) ( )),  ( ) ( ) ( ))inf ( ( ) .
i i
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O O
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Obviously, 
' '( ) ( )0 1,  0 1,  1,2, , .
B B
y y j n     =

 

When 
1 1 ( )( )

( ) ( )
i i

m m
O O

A A
i i kk

R B R B




= =



  , B is an optimistic multi-granulation GRIFS model based on type-II 

dominance relation. 

When 0k = , ' '( )  and ( )
i iB B
y y   are calculated from the classical rough set. Under these 

circumstances, the model is still valid. 

Definition 14. Let , , ,IS U A V f
 =   be an intuitionistic fuzzy ordered information system,

1 2
, , ,A A

m
A A . ( )

a i
R

 is a dominance relation of x in terms of attribute  ,  
i i
A a A , where ([ )]

a i
x 

 is the 

dominance class of ( )
a i
R

. Suppose X is GRS of ( )
a i
R

 on U and B is IFS on U. IFS B with respect to 

attribute a satisfies dominance relation 
'(( ) ) .
a i

R 
 Then lower and upper approximations of B with respect to 

the graded k are as follows:  

When 1k  , we can get, 



Symmetry 2018, 10, 446 14 of 26 

 

1 1( ) ( )

1 ( (( )) )

{ ,  ( ),  ( ) | },( )
i m m

p p

A Ai i
i ik k

m
p

A
i k B BR R

R x x x x UB  



 

= =



=



=   

 

  
 

1 1( ) ( )

1
( (

(
)

)
)

{ ,  ( ),  ( ) | },( )
i m m

p p

A Ai i
i ik k

m
p

A
i k

B BR R

R x x x x UB  



 

= =



=



=   

 

   

' '( ) ( ) ( ( ) ( )| | | |
( ) ,  ( ) .

| | | |

)
i i

k kk k

B B

R X R X R X R X
y y

U U
 

  


= =   

We can obtain GRS in 
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Obviously, 
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  , B is a pessimistic multi-granulation GRIFS model based on type-II 

dominance relation.  

When 0k = ,  ' '( )  and ( )
i iB B
y y  are calculated from the classical rough set. Under these 

circumstances, the model is still valid. 

Note that, in 
'

1
( (([ ] ) [ ] ))
j

a s a is
x x 

=
  , if x have j dominance classes [ ]

a
x   of dominance relation 

a
R  on 

GRS, we perform a disjunction operation   of j dominance classes [ ]
a

x   and 
'

[ ]
a
x  , respectively. 

Note that multi-granulation GRIFS models based on type-II dominance relation are formed by 

combining multiple granularities GRIFS models based on type-II dominance relation. 

According to Definitions 13 and 14, the following theorem can be obtained. 

Theorem 4. Let , , ,IS U A V f
 =   be an intuitionistic fuzzy ordered information system, 

1 2
, , ,A A

m
A A , and  IFS B U . Then optimistic and pessimistic multi-granulation GRIFS models based on 

type-II dominance relation have the following properties: 









=





= ==



= = 
( )1 1( )1 1 ( )( )
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i i i i

m mm m
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A A A A ki iki i kk

R B R B R B R B   








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

= ==



= = 
( )1 1( )1 1 ( )( )

( ) ( ),  ( ) ( ).
i i i i

m mm m
p p

A A A A ki iki i kk

R B R B R B R B   

Proof. One can derive them from Definitions 7, 13 and 14. □ 
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5. Algorithm and Example Analysis 

5.1. Algorithm 

Through Examples 1–3, we can conclude that the GRIFS model is effective, and now we use 

multi-granulation GRIFS models based on dominance relation to predict results under the same 

situations again as Algorithm 1. 

Algorithm 1. Computing multi-granulation GRIFS models based on dominance relation. 

Input: , , ,IS U A V f=  , X U , IFS B U , k is a natural number 

Output: Multi-granulation GRIFS models based on dominance relation 

1:if (U   and A  ) 

2: if can build up GRS 

3:  if ( 1k  && i = 1 to m && 
i

a A ) 

4:    compute ' ( )
B
y  and ' ( )

B
y , [ ]

a
x   and 

'

[ ]
a
x  , for each 

i
A A ; 

5:    then compute   and   of ( )
B
y  and ' ( )

iB
y , ' ( )

iB
y  and ( )

B
y  and compute   

and  of [ ]
a

x   and 
'

[ ]
a
x  ; 

6:   if 
'

1
( & & ( (([ ] ) [ ] )) )

j

a s a is
x U y x x 

=
      

7:     for (i = 1 to m & & 1 j n  ) 

8:      compute    • • • •   

   

= = = =

   
( ) (1 ) ( ) ( )1 1 1

( ) ( ) ( ) ( )

( ),  ( ),  ( ),  ( )
m m m m

A Ai i A A

k
i i

i i i ik k k

R B R B R B R B

x x x x ; 

9:     end 

10:     compute 
1 1 ( )( )

( ),  ( ).
i i

m m

A A
i i kk

R B R B

•
• 

 

= =



   

11:   end 

12:  end 

13: end 

14:else 

return NULL 

15:end 

Note that   represents optimistic and pessimistic and   means   or   operation, and in 

'

1
( (([ ] ) [ ] ))
j

a s a is
x x 

=
  , 

'

1
( (([ ] ) [ ] ))
j

a s a is
x x 

=
   represent 

'

1
( (([ ] ) [ ] ))
j

a s a is
x x 

=
   or 

'

1
( (([ ] ) [ ] ))
j

a s a is
x x 

=
   in this 

algorithm. •  represents I or II.  

Through this algorithm, we next illustrate these models by example again. 

5.2. An Illustrative Example 

We use this example to illustrate Algorithm 1 of multi-granulation GRIFS models based on 

type-I and type-II dominance relation. According to Algorithm 1, we will not discuss this case 

where k is 0. There are 9 patients. Let =
1 2 3 4 5 6 7 8 9

{ , , , , , , , , }U x x x x x x x x x  be the domain. Next, we 

analyzed these 9 patients from these symptoms of fever and salivation. The set of condition 

attributes are A = {fever, salivation, streaming nose}. For fever, we can get 
 =

1 2 4 3 8 7 4 5 6 9
{{ , , },{ , },{ },{ ,/ , , }}U R x x x x x x x x x x , for salivation there is 

1 1 4 3 5 6 5 6 6 9 2 7 8
{{ },{ , },{ , , },{ , },{ , },{ }/ , , },x x x x x x x x x xR x xU x =  and for streaming nose 1

 {{ },/ R xU  =  

1 2 4 3 5 6 4 6 7 9 2 7 8
{ , , },{ , , },{ , , , },{ , , }}x x x x x x x x x x x x x . According to the cold disease, these patients have the 

have the following IFS 
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  
=  
  1 2 3 4 5 6 7 8 9

[0.9,0] [0.8,0.1] [0.65,0.3] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.5,0.2] [0.87,0.1] [0.75,0.2]
, , , , , , , , . B

x x x x x x x x x
  

Suppose =
1 4 5 6 9

{ , , , , }X x x x x x , 1k = . Then we can obtain multi-granulation GRIFS models 

based on type-I and type-II dominance relation through Definitions 11–14. Results are as follows. 

For fever, according to /U R , we can get, 


= =
1 2 4 11 5 6 7 9 1 2 4 5 6 7 9

( ) { , , , , , , },  ( ) { , , , , , , },X x x x x x x x R X x x x x x x xR  

 

  

= =  =


= 
1 1

1 1 ' 1' 1| | | |7 2
( ) 0

( ) ( ) (
.78,  ( ) 0.22.

| | 9 | | 9

( ) ( ))
B B
y y

U

R X R X R X R X

U
 

 

Similarly, for salivation and streaming nose, the results are as follows: 

2 2

' '6 3
( ) 0.67,  ( ) 0.33.

9 9B B
y y =  =    =  = 

2 2

' '8 1
( ) 0.89,  ( ) 0.11.

9 9B B
y y   

According to Definitions 11–14, we can obtain multi-granulation GRIFS models based on 

type-I dominance relation and type-II dominance relation. 

For  
1 1

' '( ) and ( )
B B
y y ,  

2 2

' '( ) and ( )
B B
y y  and  

3 3

' '( ) and ( )
B B
y y , the results are the followings 

as Table 3. 

Table 3. The conjunction and disjunction operation of  ( )
B
y  and 

1

' ( )
B
y . 

x 
1
x  

2
x  

3
x  

4
x  

5
x  

6
x  

7
x  

8
x  

9
x  

 ( )
B
y  0.9 0.8 0.65 0.85 0.95 0.7 0.5 0.87 0.75 

 ( )
B
y  0 0.1 0.3 0.1 0.05 0.3 0.2 0.1 0.2 

 
1

'( ) ( )
B B
y y  0.78 0.78 0.65 0.78 0.78 0.7 0.5 0.72 0.75 

 
1

'( ) ( )
B B
y y  0.22 0.22 0.3 0.22 0.22 0.3 0.22 0.22 0.22 

 
1

'( ) ( )
B B
y y  0.9 0.8 0.78 0.85 0.95 0.78 0.78 0.78 0.78 

 
1

'( ) ( )
B B
y y  0 0.1 0.22 0.1 0.05 0.22 0.2 0.1 0.2 

 
2

'( ) ( )
B B
y y  0.67 0.67 0.65 0.67 0.67 0.67 0.5 0.6 0.67 

 
2

'( ) ( )
B B
y y  0.33 0.33 0.33 0.33 0.33 0.33 0.33 0.33 0.33 

 
2

'( ) ( )
B B
y y  0.89 0.8 0.67 0.85 0.95 0.7 0.67 0.67 0.75 

 
2

'( ) ( )
B B
y y  0.11 0.1 0.3 0.1 0.05 0.3 0.2 0.1 0.2 

 
3

'( ) ( )
B B
y y  0.9 0.8 0.65 0.85 0.89 0.7 0.5 0.87 0.75 

 
3

'( ) ( )
B B
y y  0 0.11 0.3 0.11 0.11 0.3 0.2 0.11 0.2 

 
3

'( ) ( )
B B
y y  0.9 0.89 0.89 0.89 0.95 0.89 0.89 0.89 0.89 

 
3

'( ) ( )
B B
y y  0 0.1 0.11 0.1 0.05 0.11 0.11 0.1 0.11 
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Then, according to Definition 6, for B, we can get 
'

[ ]
a
x  . Then, the conjunction operation of 

[ ]
a

x   and 
'

[ ]
a
x   can be computed as Table 1. 

For fever, we can get GRIFS based on type-I dominance relation as follows: 









  
=  
  


= 

1 2

1

1

3 4 5 6 7 8 9

1 2 3 4

[0.78,0.22] [0.78,0.22] [0.65,0.3] [0.78,0.22] [0.78,0.22] [0.7,0.3] [0.5,0.22] [0.78,0.22] [0.75,0.22]
( ) , , , , , , , , ,

[0.9,0] [0.85,0.1] [0.78,0.1] [0.85,0.1]
( ) , , , ,

R B
x x x x x x x x x

R B
x x x x




  5 6 7 8 9

[0.95,0.05] [0.87,0.1] [0.78,0.1] [0.87,0.1] [0.78,0.2]
, , , , .

x x x x x

 

For streaming nose, similar to Table 1, we can obtain  
'

[ ] [  ]
a a
x x  as Table 4. 

Table 4. The conjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x 

. 

x [ ]x a
≥  [ ]x

a
≥'  [ ] [ ]x x

a a
≥ ≥'  

1
x  

1 1 2 4
{ },{ , , }x x x x  

1
{ }x  

1
{ }x  

2
x  

1 2 4 2 7 8
{ , , },{ , , }x x x x x x  

2 4 5 8
{ , , , }x x x x  

2
{ }x  

3
x  

3 5 6
{ , , }x x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

3 5 6
{ , , }x x x  

4
x  

1 2 4 4 6 7 9
{ , , },{ , , , }x x x x x x x  

4 5
{ , }x x  

4
{ }x

 

5
x  

3 5 6
{ , , }x x x  

5
{ }x  

5
{ }x  

6
x  

3 5 6 4 6 7 9
{ , , },{ , , , }x x x x x x x  

6 8 9
{ , , }x x x  

6
{ }x  

7
x  

2 7 8 4 6 7 9
{ , , },{ , , , }x x x x x x x  

7 8 9
{ , , }x x x  

7
{ }x  

8
x  

2 7 8
{ , , }x x x  

8
{ }x  

8
{ }x  

9
x  

4 6 7 9
{ , , , }x x x x  

9
{ }x  

9
{ }x  

For salivation, similar to Table 1, we can obtain  
'

[ ] [  ]
a a
x x  as Table 5. 

Table 5. The conjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x 

. 

x [ ]x a
≥  [ ]x

a
≥'  [ ] [ ]x x

a a
≥ ≥'  

1
x  

1 2
{ , }x x  

1
{ }x  

1
{ }x  

2
x  

1 2 2 4
{ , },{ , }x x x x  

2 4 5 8
{ , , , }x x x x  

2
{ }x  

3
x  

3 8
{ , }x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

3 8
{ , }x x  

4
x  

2 4
{ , }x x  

4 5
{ , }x x  

4
{ }x

 

5
x  

5 6
{ , }x x  

5
{ }x  

5
{ }x  

6
x  

5 6
{ , }x x  

6 8 9
{ , , }x x x  

6
{ }x  

7
x  

7 9 7 8 9
{ , },{ , , }x x x x x  

7 8 9
{ , , }x x x  

7 9
{ , }x x  

8
x  

3 8 7 8 9
{ , },{ , , }x x x x x  

8
{ }x  

8
{ }x  

9
x  

7 9 7 8 9
{ , },{ , , }x x x x x  

9
{ }x  

9
{ }x  

For streaming nose, we can get GRIFS based on type-I dominance relation as follows: 

 
= 






1 2 3 4 5 6 7 8

9

1

[0.9,0.11] [0.8,0.11] [0.65,0.3] [0.85,0.11] [0.89,0.11] [0.7,0.3] [0.5,0.2] [0.87,0.11]
( ) , , , , , , , ,

[0.75,0.2]
                 ,

R B
x x x x x x x x

x
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 
= 






1 2 3 4 6 7 8

9

1

5

[0.9,0] [0.89,0.1] [0.95,0.05] [0.89,0.1] [0.95,0.05] [0.89,0.11] [0.89,0.11] [0.89,0.1]
( ) , , , , , , , ,

[0.89,0.11]
                 .

R B
x x x x x x x x

x

  

For salivation, we can get GRIFS based on type-I dominance relation as follows: 

1 2 3 4 5 6 7 8

1

9

[0.67,0.33] [0.67,0.33] [0.65,0.33] [0.67,0.33] [0.67,0.33] [0.67,0.33] [0.67,0.33] [0.67,0.33]
( ) , , , , , , , ,

[0.67,0.33]
                 ,

R B
x x x x x x x x

x

 
= 






  

1 2 3 4 5 6 7 8 9

1
[0.9,0] [0.8,0.1] [0.87,0.1] [0.85,0.1] [0.95,0.05] [0.7,0.3] [0.75,0.2] [0.87,0.1] [0.75,0.2]

( ) , , , , , , , , .R B
x x x x x x x x x

   
=  
  

  

For 
2 1 2

[ ] { , }
a

x x x = , 
2 2 4

[ ] { , }
a

x x x =  and  =
'

2 2 4 5 8
[ ] { , , , }

a
x x x x x , based on Definitions 11–14, we 

should perform the conjunction operation of them, respectively. 

       =  ==
' '

1 1 1 1 1 1 1 4 1 2 1 2 4 1 1 2 1
([ ] [ ] ) ([ ] [ ] ) { } { , , }) ({ , } { , , }) { } { , } { }.(

a a a a
x x x x x x x x x x x x x x x x x   

Similarly, for x2, x4, x6 and x7, we can get the results as Tables 4 and 5. 

Therefore, according to the Definitions 11 and 12 and the above calculations, we can get 

multi-granulation GRIFS models based on a type-I dominance relation as follows: 





=





=

  
=  
  


= 





3

1 1 2 3 4 5 6 7 8 9

1 2

1

3

1 31

[0.89,0.11] [0.8,0.11] [0.65,0.3] [0.85,0.11] [0.89,0.11] [0.7,0.3] [0.67,0.2] [0.87,0.11] [0.75,0.2]
( ) , , , , , , , , ,

[0.9,0] [0.8,0.1] [0.78,0.1]
( ) , , ,

i

i

O

A
i

O

A
i

R B
x x x x x x x x x

R B
x x x



=




  


= 




4 5 6 7 8 9

3

1 1 2 3 4 5 61

[0.85,0.1] [0.95,0.05] [0.7,0.3] [0.75,0.2] [0.87,0.1] [0.75,0.2]
, , , , , . 

[0.67,0.33] [0.67,0.33] [0.65,0.33] [0.67,0.33] [0.67,0.33] [0.67,0.33] [0.5,0.33
( ) , , , , , ,

i

P

A
i

x x x x x x

R B
x x x x x x



=





 
= 




7 8

9

3

1 1 2 3 4 5 6 7 81 9

] [0.67,0.33]
, ,

[0.67,0.33]
                        ,

[0.89,0] [0.85,0.1] [0.95,0.05] [0.85,0.1] [0.95,0.05] [0.87,0.05] [0.78,0.1] [0.87,0.1] [0.78,0.1]
( ) , , , , , , , ,

i

P

A
i

x x

x

R B
x x x x x x x x x





.

 
 

From the above results, Figures 1 and 2 can be drawn as follows:  
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Figure 1. The lower approximation of GRIFS based on type-I dominance relation, as well as 

optimistic and pessimistic multi-granulation GRIFS based on type-I dominance relation. 

For Figure 1, we can obtain, 

      
1 1 1 1 1

( ) ( )  ( )  ( ) ( ) ,
OI GIn GIf GIs PI

y y y y y        = 
1 1 1 1 1

( ) ( ) ( ) ( ) ( )
GIs PI OI GIf GIn

y y y y y ;  

Note: 

  represents   or ; 


1

( )
GIf

y  and  1
( )

GIf
y  represent GRIFS type-I dominance relation (fever); 


1

( )
GIs
y  and 

1
( )

GIs
y  represent GRIFS type-I dominance relation (salivation); 


1

( )
GIn

y  and 
1

( )
GIn
y  represent GRIFS type-I dominance relation (streaming nose); 


1

( )
OI
y  and 

1
( )

OI
y  represent optimistic multi-granulation GRIFS type-I dominance relation; 


1

( )
PI

y  and 
1

( )
PI

y  represent pessimistic multi-granulation GRIFS type-I dominance relation; 

From Figure 1, we can get that x1, x2, x4, x5 and x8 patients have the disease, and x7 patients do 

not have the disease.  

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x₁ x₂ x₃ x₄ x₅ x₆ x₇ x₈ x₉

u(GRIFS type-I)fever

v(GRIFS type-I) fever

u(optimisitc multi-granulation GRIFS type-I)

v(optimisitc multi-graulation GRIFS type-I)

u(pessimistic multi-granulation GRIFS type-I)

v(pessimistic multi-granulation GRIFS type-I)

u(GRIFS type-I) salivation

v(GRIFS type-I) salivation

u(GRIFS type-I) streaming nose

v(GRIFS type-I) streaming nose
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Figure 2. The upper approximation of GRIFS based on type-I dominance relation, as well as 

optimistic and pessimistic multi-granulation GRIFS based on type-I dominance relation. 

Then, from Figure 2, we can obtain, 

    
    
=   

2 2 2 2 2
( ) ( ) ( )  ( )  ( )

O G n P G s G f
y y y y y ,     

    
   

2 2 2 2 2
( ) ( )  ( )  ( ) ( )

G s O P G f G n
y y y y y ;  

Note: 

  represents   or ; 


2

( )
GIf

y  and 
2

( )
GIf

y  represent GRIFS type-I dominance relation (fever); 


2

( )
GIs

y  and 
2

( )
GIs
y  represent GRIFS type-I dominance relation (salivation); 


2

( )
GIn
y  and 

2
( )

GIn
y  represent GRIFS type-I dominance relation (streaming nose); 


2

( )
OI
y  and 

2
( )

OI
y  represent optimistic multi-granulation GRIFS type-I dominance relation; 


2

( )
PI

y  and 
2

( )
PI

y  represent pessimistic multi-granulation GRIFS type-I dominance relation; 

From Figure 2, we can get that x1, x2, x3, x4, x5, x6, x8, and x9 patients have the disease, and x6 

patients do not have the disease. 

For multi-granulation GRIFS models based on type-II dominance relation, the calculations for 

this model are similar to multi-granulation GRIFS models based on type-I dominance relation.  

Firstly, for streaming nose, we can compute the disjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x  , and 

the results are as Table 6. 

Table 6. The disjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x 

. 

x  [ ]x a
≥  [ ]x

a
≥'  [ ] [ ]x x

a a
≥ ≥'  

1
x  

1 1 2 4
{ },{ , , }x x x x  

1
{ }x  

1 2 4
{ , , }x x x  

2
x  

1 2 4 2 7 8
{ , , },{ , , }x x x x x x  

2 4 5 8
{ , , , }x x x x  

1 2 4 5 7 8
{ , , , , , }x x x x x x  

3
x  

3 5 6
{ , , }x x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x₁ x₂ x₃ x₄ x₅ x₆ x₇ x₈ x₉

u(GRIFS type-I)fever

v(GRIFS type-I) fever

u(optimisitc multi-granulation GRIFS type-I)

v(optimisitc multi-graulation GRIFS type-I)

u(pessimistic multi-granulation GRIFS type-I)

v(pessimistic multi-granulation GRIFS type-I)

u(GRIFS type-I) salivation

v(GRIFS type-I) salivation

u(GRIFS type-I) streaming nose

v(GRIFS type-I) streaming nose
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4
x  

1 2 4 4 6 7 9
{ , , },{ , , , }x x x x x x x  

4 5
{ , }x x  

1 2 4 5 6 7 9
{ , , , , , , }x x x x x x x  

5
x  

3 5 6
{ , , }x x x  

5
{ }x  

3 5 6
{ , , }x x x  

6
x  

3 5 6 4 6 7 9
{ , , },{ , , , }x x x x x x x  

6 8 9
{ , , }x x x  

3 4 5 6 7 8 9
{ , , , , , , }x x x x x x x  

7
x  

2 7 8 4 6 7 9
{ , , },{ , , , }x x x x x x x  

7 8 9
{ , , }x x x  

2 4 6 7 8 9
{ , , , , , }x x x x x x  

8
x  

2 7 8
{ , , }x x x  

8
{ }x  

2 7 8
{ , , }x x x  

9
x  

4 6 7 9
{ , , , }x x x x  

9
{ }x  

4 6 7 9
{ , , , }x x x x  

Next, for salivation, we can compute the disjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x  , and the 

results are as Table 7. 

Table 7. The disjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x 

. 

x  [ ]x a
≥  [ ]x

a
≥'  [ ] [ ]x x

a a
≥ ≥'  

1
x  

1 2
{ , }x x  

1
{ }x  

1 2
{ , }x x  

2
x  

1 2 2 4
{ , },{ , }x x x x  

2 4 5 8
{ , , , }x x x x  

1 2 4 5 8
{ , , , , }x x x x x  

3
x  

3 8
{ , }x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

4
x  

2 4
{ , }x x  

4 5
{ , }x x  

2 4 5
{ , , }x x x  

5
x  

5 6
{ , }x x  

5
{ }x  

5 6
{ , }x x  

6
x  

5 6
{ , }x x  

6 8 9
{ , , }x x x  

5 6 8 9
{ , , , }x x x x  

7
x  

7 9 7 8 9
{ , },{ , , }x x x x x  

7 8 9
{ , , }x x x  

7 8 9
{ , , }x x x  

8
x  

3 8 7 8 9
{ , },{ , , }x x x x x  

8
{ }x  

3 7 8 9
{ , , , }x x x x  

9
x  

7 9 7 8 9
{ , },{ , , }x x x x x  

9
{ }x  

7 8 9
{ , , }x x x  

Then, for fever, we compute the disjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x  , and these results are 

shown as Table 8.  

Table 8. The disjunction operation of [ ]
a

x 

 and 
'

[ ]
a
x 

. 

x

 

[ ]x a
≥  [ ]x

a
≥'  [ ] [ ]x x

a a
≥ ≥'  

1
x  

1 2 4
{ , , }x x x  

1
{ }x  

1 2 4
{ , , }x x x

 

2
x  

1 2 4
{ , , }x x x

 2 4 5 8
{ , , , }x x x x  

1 2 4 5 8
{ , , , , }x x x x x  

3
x  

3 8
{ , }x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

3 4 5 6 8 9
{ , , , , , }x x x x x x  

4
x  

1 2 4 4 5 6 9
{ , , },{ , , , }x x x x x x x  

4 5
{ , }x x  

1 2 4 5 6 9
{ , , , , , }x x x x x x  

5
x  

4 5 6 9
{ , , , }x x x x  

5
{ }x  

4 5 6 9
{ , , , }x x x x  

6
x  

4 5 6 9
{ , , , }x x x x  

6 8 9
{ , , }x x x  

4 5 6 8 9
{ , , , , }x x x x x  

7
x  

7
{ }x  

7 8 9
{ , , }x x x  

7 8 9
{ , , }x x x  

8
x  

3 8
{ , }x x  

8
{ }x  

3 8
{ , }x x  

9
x  

4 5 6 9
{ , , , }x x x x  

9
{ }x  

4 5 6 9
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For streaming nose, we can get GRIFS based on type-II dominance relation, 
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Then, from Figure 3, we can obtain, 
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