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Abstract: We review the component Lagrangian construction of the supersymmetric higher spin
models in three-dimensional (3D) Minkowski and anti de Sitter (AdS) spaces. The approach is based
on the frame-like gauge-invariant formulation, where massive higher spin fields are realized through
a system of massless ones. We develop a supersymmetric generalization of this formulation to the
Lagrangian construction of the on-shell N = 1, 3D higher spin supermultiplets. In 3D Minkowski
space, we show that the massive supermultiplets can be constructed from one extended massless
supermultiplet by adding the mass terms to the Lagrangian and the corresponding corrections to the
supertransformations of the fermionic fields. In 3D AdS space, we construct massive supermultiplets
using a formulation of the massive fields in terms of the set of gauge-invariant objects (curvatures) in
the process of their consistent supersymmetric deformation.

Keywords: supersymmetry; higher spins; three-dimensional space times; gauge invariance

1. Introduction

As soon as the supersymmetry (see, e.g., the books [1-3]) has been discovered, it aroused an
immediate interest in finding the supersymmetric generalization of the known theories. In a short
time, there appeared the supersymmetric extensions of such famous theories as the standard model,
the Einstein’s gravity and string theory. Construction of supersymmetric models and the study of
their properties on classical and quantum levels became one of the most attractive trends in modern
theoretical physics.

In the last few decades, there was an essential progress in the higher spin field theory (see,
e.g., the reviews [4-6]). The purpose of this review is to describe a recent development of Lagrangian
construction for massless and massive supersymmetric higher spin models in three-dimensional
Minkowski and anti de Sitter spaces.

In the papers [7,8], the massless N = 1 supersymmetric higher spin field theory was formulated
in four-dimensional (4D) Minkowski space. The basic results of these papers were the global on-shell
N = 1 supertransformations leaving invariant the pair of (Fang)-Fronsdal Lagrangians for free
massless higher spin-(s,s + 1/2) fields [9,10]. The off-shell formulation of such a system was given
in [11,12], where the N' = 1 superfield extension of (Fang)-Fronsdal Lagrangians in 4D Minkowski
space was obtained. Later on, this result was generalized for 4D AdS space [13]. In both cases,
the constructed superfield models, up to elimination of auxiliary fields, reduce to the sum of spin-s
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and spin-(s 4+ 1/2) (Fang)-Fronsdal Lagrangians, thus describing A/ = 1, 4D massless higher spin
supermultiplets. Later, making use the same technique, the off-shell formulation of 4D, N' = 2 massless
higher spin supermultiplets was found [14].

There exist much fewer results in the study of supersymmetric massive higher spin models.
The reason is that shifting from massless component formulation to the massive one, we have to
introduce the very complicated higher derivative corrections to the supertransformations. Moreover,
the higher the spin of the fields entering the supermultiplet, the higher the number of derivatives
one has to consider. The problem of the supersymmetric description of the 4D massive higher
spin supermultiplet was resolved explicitly only in 2007 for the case N/ = 1 on-shell Poincare
superalgebra [15]. The solution was based on the generalization of the gauge-invariant formulation of
the massive higher spin fields [16-18] to the case of massive supermultiplets. In such a formulation,
the massive supermultiplets are described as a system of the appropriate massless ones coupled by local
symmetries. On the other hand, this system of massless supermultiplets should be invariant under the
initial massless supertransformations corrected in a certain way. In [15], it was shown that to obtain the
massive deformation, it is enough to add the non-derivative corrections to the supertransformations
for the fermions only. Complicated higher derivative corrections to the supertransformations reappear
if one tries to fix all local symmetries breaking gauge invariance (attempts to develop the off-shell
superfield formulation of the massive 4D higher spin supermultiplets were considered for some
examples in [19-21]). Surprisingly, in 4D, the above results are still the main results in massive
supersymmetric higher spin theory till now.

Taking into account the difficulties in constructing the Lagrangian formulation for 4D massive
higher spin supermultiplets, it is natural to study the same problems in a simpler case, for example
to consider the massive higher spin supermultiplets in three dimensions. Indeed, in the last few
years, much attention in the supersymmetric higher spin theory has been focused on 3D spaces where
higher spin theory is much more simple (see, e.g., [4,22]). Here, it is important to emphasize that
in general, a supersymmetry in different dimensions is realized quite differently. The matter is that
the supersymmetry operates with spinor fields, which are formulated separately for each space-time
dimension. Therefore, the 3D supersymmetry is an independent type of symmetry and should be
considered by itself.

It is known that in 3D, the massless higher spin fields (k > 3/2) do not propagate any physical
degrees of freedom, and one of the reasons to study such models can be the possibility to consider
their deformation to a massive theory. In turn, the massive higher spin fields in 3D do propagate two
physical degrees of freedom [23]. It is important to note that massive higher spin fields can be realized
in different ways. One of the possibilities is to generate the mass for 3D massless gauge fields by
adding a Chern-Simons-like term [24] generalizing 3D topologically massive gravity [25]. Note that
such a description is based on the higher derivative parity odd Lagrangians. The existence of such
Lagrangians is a very specific feature of the three-dimensional theories, so they do not admit any
straightforward generalization to higher dimensions. Recently for these models, the off-shell N = 1
and NV = 2 superfield extensions have been constructed in 3D Minkowski space [26,27].

In our work, we use another possibility to describe massive higher spin fields similar to the one
used in higher dimensions [28]. There are two main ingredients in this formalism. The first one is the
gauge-invariant formulation for the massive bosonic and fermionic fields (for the non-gauge-invariant
description, see [29]). The main idea is to begin with the appropriately chosen set of massless fields
and then glue them together in such a way as to keep all (though modified) their gauge symmetries.
This guarantees the correct number of the physical degrees of freedom and the absence of Ghosts.
Moreover, such a formalism nicely works both in flat Minkowski space, as well as in anti de Sitter space.
Let us stress once again that it is the usage of the gauge-invariant description for massive higher spin
bosonic and fermionic fields that allowed one of us to construct massive higher spin supermultiplets
in D = 4 [15]. The second ingredient is the frame-like formalism, which is just the higher spin
generalization of the rather well-known frame-like formalism for gravity. It has a number of very
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convenient features. In particular, being completely antisymmetric on the world indices, it allows
one to use the language of differential forms admitting, e.g., a coordinate-free description for the
background Minkowski and anti de Sitter spaces (see below). For the three dimensions, this possibility
has been realized in the papers [30,31]. The goal of this review is to present the general methods of
supersymmetric Lagrangian construction for massive higher spin fields in 3D Minkowski and AdS
spaces. These methods are based on the gauge-invariant description of the massive fields [30,31] and
are realized in the component approach for the case of on-shell N’ = 1 supersymmetry. The main
content of this review is based on the papers [32,33].

The review is organized as follows. In the rest of the Introduction, we fix our notations and
conventions on 3D field variables. In Sections 2 and 3, we present the Lagrangian formulation of 3D
free bosonic and fermionic higher spin fields, respectively. In Section 4, we construct the Lagrangian
formulation for higher spin supermultiplets in 3D Minkowski space. Here, we show that it is possible
to construct one extended massless supermultiplet and then smoothly deform it into the massive
one. Another approach is used in Section 5 for the construction of the massive supermultiplets in 3D
AdS. It is based on the Lagrangian formulations in terms of the explicitly gauge-invariant objects and
their consistent supersymmetric deformation. Such an approach is more elegant, but it requires the
introduction of the so-called extra fields.

Notations and conventions: In this review, we use a language of differential forms where all the
objects are some p-forms Q) (p =0, 1, 2, 3). It is defined as:

Q=01.0M0, ., 046" = —6"0"

In particular, the derivative is defined as one-form d = 6#9,,.

In 3D, it is more convenient to use a frame-like multispinor formalism where all the objects have
totally symmetric local spinor indices. To simplify the expressions, we will use the condensed notations
for the spinor indices such that, e.g.,

Ox2k) — laaz..ax)

Furthermore, we always assume that spinor indices denoted by the same letters and placed on
the same level are symmetrized, e.g.,

Q) re — (a1 ptaies1)

In flat space, usual derivative d commutes d A d = 0, while for AdS space, we use the following
normalization of the covariant derivative:

D ADZ® = —A?E%g7P

Basis elements of 1,2, 3-form spaces are et(2) Ex(2) E, respectively, where the last two are defined
as the double and triple wedge product of the frame e%(2):

e N PP = *BEYB, E A ePB = *Pe*PE.
Furthermore, we write some useful relations for these basis elements:
E*) A e"P = 3¢*PE, ey A e"P = 4E*B,

Further on, the sign of wedge product A will be omitted.
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2. Free Higher Spin Bosonic Models

In this section, we review the Lagrangian description of the arbitrary spin bosonic fields in
three-dimensional Minkowski and its cosmological extension AdS spaces [30]. Both for massless
and massive fields, we present the gauge-invariant formulation using the frame-like field variables.
These fields generalize the tetrad and Lorentz connection in the frame formulation of gravity. Such an
approach allows us to construct gauge-invariant objects (we will call them curvatures) similar to the
gravitational curvature and torsion and use them to simplify many constructions.

2.1. Massless Fields

It is well known that all massless fields with spin k > 1 are gauge ones; therefore, the
gauge-invariant formulation for them is a natural form of description. As the gravity, which can
# and the Lorentz
connection wy“'b, the massless higher spins can be described in two ways: metric-like or frame-like. In

be described in terms of the metric g,y field or in terms of the frame field e,

4D Minkowski or AdS spaces, the metric-like approach leads to the Fronsdal formulation of massless
integer spin-k in terms of totally symmetric tensors ¢y, ,.., subject to the double tracelessness
condition ¢“,* U5 Jier which becomes nontrivial for k > 4. In the frame-like approach, such a field is
described by the generalized frame and Lorentz connection fields:

fyal...ak,ll anl...ak,l,b

(Actually, for 4D massless fields with spin k > 2, one should consider extra gauge fields Q},”l""‘kfl'bl"'bf
where 2 <t < (k —1). They do not enter the free Lagrangian, but do play a crucial role in the Vasiliev
interacting theory. However, in 3D, these extra fields are absent in the massless case). Here, y is
the curved world index and 4, b the flat tangent indices. World and flat indices are related by the
background Minkowski or AdS frame e,“. The flat indices of these generalized fields correspond to the
irreducible so(3,1) Lorentz tensors. The Fronsdal formulation is recovered by eliminating the auxiliary
field Qﬂ‘ll“'“kfl'b and considering symmetric combination:

— m a Ag—
Pureqie = €y Cpa "+-Cp 1f}lk)al‘12-~”k—l
In 3D, it is convenient to use a dual higher spin connection:
ay..dp_q1 __ a as...a,_1)b,c
0," kl_gbc(]QMZ k1)

where g7b¢

is a totally antisymmetric tensor. Therefore, in 3D, the frame-like and Lorentz-like higher
spin gauge fields have the same index structure, and their local indices form irreducible so(2, 1) Lorentz
tensors. Due to the isomorphism so(2,1) ~ sp(2), it is very convenient to use multispinor formalism

in which our gauge fields take the form:

X182 K22 K100 Kf—2
u c

where &« = 1,2 are spinor indices. Below, we make use of the language of differential forms, considering
the above higher spin field variables as one-forms (we omit index y) and condensed notations for the
spinor indices given in the Introduction.

Spin-(k + 1) (k > 1):

In the frame-like formalism, it is described by the physical one-form f*(%) and the auxiliary
one-form Q%2 The Lagrangian in 3D AdS looks like:
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L= (1) kO g 1)pefy QDY + Qo D)
kA? _
+Tfa(2k71)ﬁeﬁ7fa(2k Rl 1

It is invariant under gauge transformations:

5O = pyalak) 4 A ow au(2k-1)p .
5fa(2k) _ Dé'a(Zk) + ezxﬁﬂzx(Zk—l)ﬁ
One can construct a pair of the gauge-invariant curvatures:
R¥) = pOrER) 4 A g fe-1p o
Ta(2k) _ szx(zk) + eaﬁsz(Zk—l)[S
Using these curvatures, the Lagrangian can be rewritten as follows:
—1 k+1
= ! 2) [y T + frag R 4)

In order to obtain the formulation in 3D Minkowski space, one should put A — 0. Thus, kinetic
terms for higher spin fields are just the first line in (1) where D — d. Let us also present kinetic terms
for the lower spin fields. The frame-like formulation for them is just the first-order formalism.

Spin-1 is described by the physical one-form A and the auxiliary zero-form B*2). The Lagrangian
has the form:

L = EBB* —Bge"fdA
and it is invariant under the gauge transformations with zero-form parameter ¢:
0A =d¢

Spin-0 is described by the physical zero-form ¢ and the auxiliary zero-form 774(2). The expression
for the Lagrangian looks like:

L = —En“ﬁﬂ”‘ﬁ—l—na/gE""gd(p

As will be seen below, all these constructions play a role in the gauge-invariant formulation of the
massive bosonic fields.

2.2. Massive Fields

In the gauge-invariant form, the massive spin s field can be described as a system of the massless
fields with spins s, (s — 1), ..., 0. In the frame-like approach, the corresponding set of fields consists of:

(Qa(Zk),fa(Zk)) 1<k< (S _ 1), (Ba(Z),A)’ (ﬂa(Z),q))
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The Lagrangian for the free fields with mass m in 3D AdS has the form:

L = Y (=DM kO, o1y peP QM F DY 4 O ) D]
+EB,gB* — Byge"P DA — Emtygri®f + m,3E*F Do
+r] (*1)k+1’1k[*(kLkZ)Qa(Z)ﬁ(Zk)ea(z)fﬁ(zk) + Qa1 p(2) fHPP] (@)
+2a00 ()" A — ag fug EF B + 2sM g E¥F A
2
+ L) (Db fa i 1ype o ATV b fo o) EM P + 29 Eg?

where: K k1) k1)
L s+k+1)(s—k— ' 2,2
W= xRk ay M T kD
a? = (S‘|‘1)3(5*1) [M2 _AZ] (6)
b= Rarap Tz MEmAEoDR

Let us briefly discuss the structure of the Lagrangian (5). The first two lines are kinetic terms.
It is just the sum of the massless Lagrangians for spins s, (s — 1), ..., 0 where ordinary derivatives are
replaced by the AdS covariant ones. The third and the fourth lines contain cross-terms for neighboring
spins. These cross-terms couple the individual massless fields into the whole system describing the
massive spin-s field. The last line in (5) contains the mass terms. The coefficients in (6) are determined
by the invariance of the Lagrangian under the following gauge transformations:

[ o k+2 a [
OR) = el +%eﬁ(2)’7 (205(2)
A1 a(2), a(2k-2) | Pk o xa(2k-1)p
Tra—n° T T3 O 8t
5flx(2k) _ D(;:uc(Zk)_i_eoc‘Bnac(Zkfl)ﬁ_i_akeﬁ(z)gtx(Zk)ﬁ(Z)

(k+1)ag 4 () ga(2%-2)
Kk—1)(2k 1)

50" = Dy*® 4 3are5)n"@PP 4 by, 2 @)
5f‘x(2) — Dglx(z) + ea,yﬂlx')/ + aleﬁ(Z) gﬂ‘(z)ﬁ(z) + 2aoelx(2)§

5th(2) _ 2%17&(2), 5A =D¢+ %ea(z)C“(Z)

57.[04(2) _ MZQO 5&(2)[ §(P — *2MS§

Comparing with the massless case in the previous subsection, one can see that we still have all the
gauge symmetries that our massless fields possessed modified so as to be consistent with the structure
of the massive Lagrangian. This gauge-invariant formulation of the massive theory in 3D AdS space
possesses some remarkable features. First, we can consider a flat limit A — 0 and immediately obtain
the description of the massive fields in 3D Minkowski space. Second, there is a correct massless limit
m — 0 without the gap in the number of physical degrees of freedom. In such a limit, our system
decomposes into two systems describing the massless spin-s and the massive spin-(s — 1) fields. At last,
in dS space, when A% < 0, one can consider the so-called partially massless limits a; — 0. In such a
limit, the system decomposes into the two subsystems describing the partially massless spin-s field
and the massive spin-k field.

Now, let us return to the general case of the 3D AdS massive spin-s field. Having at our disposal
the explicit expressions for the gauge transformations (7), we can construct the gauge-invariant
curvatures. After the change of the normalization:

B | 2qB) @ @) ®)
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the first part of the curvatures looks like:

Re@) _ poeen (K +k2)ﬂk 5(2) QA 20BC)
k-1 a(2) a(2k—2) Q o ca(2k—1)B

+7k(2k71)e @) + ke ﬁf
Ta(Zk) _ szx(Zk) +eaBQa(2k—l)ﬁ+akeﬂ(2)fa(2k)/3(2)

(k+Dax_4 e(2) pu(2k-2)
Kk —1)(2k—1)

R = DO 4 3aye5,) PP 4 by, f47 — ag?E* B + hoE* P g )
T‘X(2) = szx(Z) + E’X'YQMY + aleﬁ(z)fzx(Z)ﬁ(Z) + 2&106“(2)14

A = DA + a(z)f “(2) _ 2610E,Y(2)B,y(2)

o = D(p + ZMSA — boea(z) 7'(“(2)

There is a peculiarity when we try to construct the curvatures for the B*?) and 7% fields.
Namely, in order to achieve gauge invariance for them, we should introduce the so-called extra fields
B*4), 74(4) with the following gauge transformations:

6BY(4) = yr(4) s = gu4)
Then, the corresponding gauge-invariant curvatures look like:
By = DB“(Z) -0 4 blelx/gﬂ'a‘g + 3aleﬁ(2)B“(2)ﬁ(2)

m@ - f’X thﬁ sM (Z)go—i—aleﬂ(z)n”‘(z)ﬁ(z) (10)

In turn, to construct gauge-invariant curvatures for the B“(4), 7(”‘(4), we should introduce the extra
fields B"‘(é), 71"‘(6), and so on. The procedure ends when we construct curvatures for B”‘(zsfz), (25-2)
Thus, the full set of extra fields is B*(2), 74(2K), 2 < k < s — 1 with the following gauge transformations:

5Bv¢(2k) _ 17&(2k) 57sz(2k) _ Coc(Zk)

and the gauge-invariant curvatures:

B2k —  ppx2k) _ a(2k) 4 b?k etxﬁnix(Zkfl)/S + kél;:l) o*(2) ga(2k-2)
_|_Make‘5(2)B‘x(2k)ﬁ(2) (11)
ek — pek) _ fa (2K) 4 on ﬁBa(Zk DB 4 k((k+1))(;§( 11) o(2) pa(2k=2)

_|_gke’8(2) 7.[06(2]()‘5( )

In three dimensions, it is possible to rewrite the Lagrangian in terms of the curvatures only [34].
In the case of arbitrary integer spin field, the corresponding Lagrangian (5) can be rewritten in the
following simple form:

1
L= =2 Y (1) Ry TN + Ty 0 B* 2k)}+7€ BV (12)

Thus, there are two approaches to the construction of the supersymmetric (or interacting in
general case) higher spin models. According to one of them, one can work with the explicit field
variables and the Lagrangian in the form (5). It is straightforward, but a rather cumbersome way.
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We will use it in Section 4 for the more simple case of 3D Minkowski space. According to the other
way, one can work in terms of the gauge-invariant curvatures and Lagrangian in the form of (12). It is
a more elegant way, and we use it in Section 5 to study the supersymmetric higher spin models in
3D AdS.

3. Free Higher Spin Fermionic Models

In this section, we review the Lagrangian description of arbitrary spin fermionic fields in
three-dimensional Minkowski and its cosmological extension AdS spaces [31]. As in the bosonic
case, we present the frame-like gauge-invariant formulation. It is a natural form of description for
massless fields, and for massive fields, the gauge-invariant formulation is realized as a system of
massless fields coupled by Stueckelberg symmetries.

3.1. Massless Fields

As in the integer spin case, all massless fields with half-integer spin (k +1/2) > 3/2 are gauge
ones and can be described according to the metric-like or the frame-like approaches. In 4D Minkowski
or AdS spaces, the metric-like approach leads to the Fang—Fronsdal formulation of the massless
half-integer spin-(k + 1/2) fields in terms of totally symmetric spin-tensors §, u,...s,« (here, &, p = 1,2
is the spinor index) subject to the y-tracelessness condition 7P PP 00 3.y, p Which becomes nontrivial
for k > 3. In the frame-like approach, such a field is described by the generalized frame-like field

q) ay...dp_1,&
H

(As in the bosonic case in 4D for the massless fields with half-integer spins (k +1/2) > 3/2, one should
consider extra gauge fields CD;,”l"'”kfl'bl"'bf “ where 2 < t < (k—1). They play a crucial role in Vasiliev
interacting theory. In 3D, these extra fields vanish in the massless case). Here, y is the curved world
index and g4; are Lorentz flat tangent indices. World and flat indices are related by the background
Minkowski or AdS frame e,”. Their flat indices correspond to the irreducible so(3,1) Lorentz
spin-tensors. The Fang-Fronsdal spin-tensors are recovered by considering symmetric combination:

_ a1, a4y ax_1
Yoreqpne = €y ey Sy TPy gy g

Again, due to the isomorphism s0(2,1) ~ sp(2), it is more convenient to use the multispinor
formalism in which our gauge field takes the form:

¢‘ua1a2...tx2k71

Below, we make use of the language of differential forms, considering the higher spin field
variables as one-forms and using condensed notations for the spinor indices given in the Introduction.

Spin k+3/2 (k > 0):

In the frame-like formalism, it is described by physical one-form ®*(2*~1), The Lagrangian in 3D
AdS has the following form:
(1) 2k +1)A
L = 1% [cpa(zkﬂ)Dq"X(ZkH) + %q)a(%)ﬁeﬁ’Yq)D‘(ka] (13)

It is invariant under the following gauge transformations:

5q)a(2k+1) _ D(:'X(ZkJrl)-f—%(i‘a‘BC:“(Zk)ﬂ (14)
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The gauge-invariant curvature looks like:
]:‘tX(2k+l) _ D(I)zx(ZkJrl) + %eaﬁq)tx(Zk)‘B (15)

Using this curvature, the Lagrangian can be rewritten as follows:

‘(_1)k+1

L = 1T¢a(2k+l)‘ra(2k+1) (16)

The 3D Minkowski case corresponds to the flat limit A — 0. Let us also write out the kinetic term
for the spin-1/2 field.

Spin 1/2 is described by the physical zero-form ¢*. It is not a gauge field, and the Lagrangian
looks like:

1
L = E%E“ﬂd(pﬁ

3.2. Massive Fields

To describe the massive spin-(s + 1/2) field in the gauge-invariant form, we have to consider
a system of the massless fields with spins (s +1/2), (s —1/2),...,1/2. In the frame-like approach,
the corresponding set of fields consists of:

q)ac(2k+1) 0<k< (S _ 1)’ (PIX
The Lagrangian for the free field with mass m; in 3D AdS space looks like:
= DD 3Pk s1) D] + g 4 DF
+ T (DR oDy o152y PP DY) 4 gy E* ppP (17)
— d
+ Zi:é(*1)k+17k©a(2k)5€ﬁ7¢“(2k)7 - %E%qb“

where:
2 (S-l—k—f—l)(S—k) 2 2/\72
% = Skrksn M- @G+
2
0’ = 25(5+1)[M12—/\Z} (18)
_ (2s+1) 2_ .2 1,0
dk - (2k+3) Ml/ Ml =m” + (S E) A

The structure of Lagrangian (17) is the same as in the bosonic case. The first line is kinetic terms;
the second line is cross-terms; and the third line is mass terms. The coefficients in (18) are determined
by the requirement of the invariance of the Lagrangian under the following gauge transformations:

d
a(2k+1) w(2k+1) k o =u(2k)B
5D Dé + e
¢ — o
+k(T:_1)e’X(2)g[X(2k 1) +Ck+1€/5(2)§ (2k+1)B(2) (19)
5(Pa = Coga

In such a formulation, we can take the correct massless limit 7; — 0 in AdS (A% > 0) and correct
partially massless limits ¢; — 0in dS (A? < 0). Taking flat limit A — 0, we obtain the description of the
massive field in 3D Minkowski space. Note that the Lagrangian (17) describes the massive Majorana
left fermion carrying one physical degree of freedom.
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Let us return to the general massive fermion and reformulate the theory in terms of
the gauge-invariant curvatures. Having at our disposal the explicit expressions for the gauge
transformations (19), we can construct the gauge-invariant objects. After the change of normalization:

4)“ — CQ(P‘X (20)
they take the form:
Fa2k+1)  —  pa(2k+1) + (Zlfil)eaﬂq)a@k)ﬁ
o) @rh1) | e PUEHDBR)
k(2k+1) +1°B(2) 1)
Fu = D"+ doeaﬁqyg + cleﬁ(z)d)“ﬁ(z) — COZE“ﬁ(Pﬂ
co = D¢* — D" + doe” g + cleﬁ(2)<p“ﬁ<2)

As in the case of integer spins, in order to achieve gauge invariance for C*, we have introduced
extra zero-form ¢*(®) with the gauge transformations:

5 — uld)

In turn, to construct gauge-invariant curvatures for the ¢*() field, we should introduce extra
zero-form ¢*(%), and so on. Iterations end at the case of $*(>~1), so that the full set of extra fields we
should introduce is ¢*%+1), 1 < k < (s — 1) with the following gauge transformations:

5¢a(2k+1) _ ga (2k+1)

The gauge-invariant curvatures for them have the form:

cx2k+1) — p ¢a(2k+1) — @ul2k+1) 4 (21?%1) ezxﬁ (Puc(Zk)ﬁ o)
+ ray D) 4oy en pHATDER)
Finally, the Lagrangian (17) can be rewritten in terms of these curvatures as follows:
js=2
L = - ]g(—l)kﬂfa(zkﬂ)ca(zﬂl) (23)

In the next sections, we study supersymmetric higher spin models. In 3D Minkowski space,
we use the gauge-invariant formulation in terms of the explicit fields and the Lagrangian in the
form (17). In 3D AdS space, we use the formulation in terms of the gauge-invariant curvatures and the
Lagrangian in the form (23).

4. Lagrangian Construction of Higher Spin Supermultiplets in 3D Minkowski Space

In this section, we show how to combine the bosonic and the fermionic higher spin fields into one
supermultiplet in 3D Minkowski space and restrict ourselves with A/ = 1 on-shell supersymmetry.
Our construction is based on the gauge-invariant formulation given above in terms of the field
variables. As we have shown in such a formulation, the massive field in the massless limit decomposes
into a system of massless fields. If we take such a decomposition for each field in the massive
supermultiplet, we obtain in general its decomposition into supersymmetric system of the massless
fields. Therefore, the main idea is to start with this supersymmetric system of the massless fields and
construct smooth massive deformation. In other words, we generalize the gauge-invariant formulation
to the supersymmetric case.
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4.1. 3D vs. 4D Supermultiplets

For the first time, the idea to construct the massive higher spin supermultiplets from the
supersymmetric system of massless fields was realized for 4D Minkowski space [15]. Moreover,
it was shown that this supersymmetric system of the massless fields is perfectly combined into the
system of the massless supermultiplets. Therefore, it is useful to consider how the familiar massive 4D
supermultiplets decomposes into the massless ones and then compare it with decomposition of the
more specific massive 3D supermultiplets. In both cases, it is used such that in the gauge invariant
formulation, massive bosonic and fermionic fields decompose into a set of the massless ones:

s n=0, s®(s—1)@.e0=Y_ok

m=0

(s+3) — G+hHeGc-dHo.ol=_k+1)

(24)

Massive 4D, N = 1 supermultiplets with the half-integer spin-(s + 1/2) as the highest one contain
four massive fields s + 1/2,s,s’ and s — 1/2. Recall that in 4D, massive bosonic spin-s has 2s + 1 d.o.f.,
and massive fermionic spin-(s + 1/2) has 2s 4 2 d.o.f. All 4D massless fields have two d.o.f., except for
Spin 0, which has one. In the massless limit, the massive supermultiplet decomposes into massless
ones in the same way as (24). Simple counting of d.o.f. gives:

SJF% s 1 s / 1
= k+ 5 k >

s s/ m=0, E ( 2 >69 E ( >69< 2 ) (25)
= k =\ k=3 0,0/

Therefore, to construct massive supermultiplets, we have to start with 2s + 1 massless ones
and find a massive deformation. However, in [15], it was shown that the crucial point in the whole
construction is the possibility to make a dual mixing of the massless supermultiplets by rotating fields
with spin k and spin k':

k+3
1 / 2
k2 ® k - k K (26)
k k—1
2 k—l
2

In such mixing, the massless bosonic fields with spin k and k" must have equal spins, but opposite
parities. Thus, the structure of the decomposition of the 4D massive supermultiplets with higher
half-integer spin into the massless ones looks like:

s+ 3% s k+

1
s s’ =0, Y| k K’ 69(020,>

_1 k=1 _1
53 k=3

N|—=

Analogously, we obtain that the 4D massive supermultiplets with higher integer spin in the
massless limit has decomposition:

s+1 K+ i /
_ 1 s 2 1

s+ s'+1 m=0, (::1)@2 k k @<020>
2 7

k=1 _1
s k-3

Now, let us consider 3D massive supermultiplets decomposition in the massless limit and compare
it with 4D case. First of all, recall that all 3D massless bosonic and fermionic higher spin fields do
not propagate any degrees of freedom. Only massless fields with Spins 1,1/2 and 0 propagate one
physical degree of freedom. In turn, 3D massive higher spin fields do propagate physical degrees of
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freedom, two and one d.o.f. for bosons and fermions, respectively. In the gauge-invariant formulation,
this is clearly seen from (24).

As in 4D, the minimal massless supermultiplets in 3D contain one boson and one fermion.
However, unlike 4D, massless higher spin fields in 3D do not have physical degrees of freedom,
which is why one can extend the massless supermultiplet adding such fields. In some sense, it plays an
analogous role as the mixing between two massless supermultiplets in the 4D case (26). As we will see
in 3D, one can construct extended the massless supermultiplet, which will correspond to the massless
decomposition of the massive supermultiplet.

Further in this section, we first of all construct minimal massless higher spin supermultiplets.
They will play the role of initial blocks for the construction of the extended massless supermultiplet.
Then, we fined a gauge-invariant massive deformation for them so that the resulting system describes
massive supermultiplets.

4.2. Massless Higher Spin Supermultiplets

Supermultiplet (k + %,k +1),k>1:

It contains one fermionic field with spin (k + 3) and one bosonic field with spin (k + 1). In the
frame-like formulation, the corresponding field variables are the one one-form ®*(%*1) for the fermion
and two one-forms Q*(26), f*(2K) for the boson. The Lagrangian describing this supermultiplet is just
the sum of their kinetic terms (see Sections 2.1 and 3.1 for details):

o — (14 l o
Lo = (DM IO e 1)pePr Q F DT 4 O d f430) + 5 Pa(2r+1) 4P (@] (27)

It is not hard to show that the Lagrangian is invariant under the following global supertransformations:
SFA2 = (2K 4 1)ay @8 &, SOAF) — g, () e (28)

Let us calculate commutator of the supertransformations on the bosonic field:
(01, = (2K + a0 VP 00" — aplr”) (29)

In the frame-like formulation, the right side of the commutator corresponds to the translations,
and it means that:

[Qa: Qﬁ] ~ P, wpB
In what follows, we will not fix the normalization of supertransformations.
Supermultiplet (k+ 1,k + 1),k > 1:

It contains one fermionic field with spin (k + }) and one bosonic field with spin (k + 1). In the
frame-like formulation, the corresponding field variables are one one-form ®*(2*~1) for fermion and
two one-forms Q%20 £2(26) for boson. The Lagrangian describing this supermultiplets has the form:

Lo = (DR IOk 1)pePr Q*E D7 4 O o d 1) — %%(qu)d@“m_l)] (30)
It is invariant under the following supertransformations:
5fzx(2k) _ ilquyx(Zl—l)szl 5q)a(2k—1) _ Zk,BkQ“(Zk_l)ﬁgﬁ (31)

Therefore, we have described the full set of the massless higher spin supermultiplets, but in the
massive case, we will also need the massless lower spin supermultiplets (1, ) and (3,0).

Supermultiplet (1, 1):
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It contains the fermionic zero-form ¢*, as well as the bosonic zero-form B*f and the one-form A.
The sum of their kinetic terms:

i
Lo = EB*’Byg — Bupe*PdA + 5o E" pdg" (32)
One can show that on the auxiliary field B*f equations, we have:
E*dBPT = EVgdBF* (33)

Lagrangian (32) is invariant under the following supertransformations (Strictly speaking,
this Lagrangian is invariant up to the terms proportional to the auxiliary field B*? equation only (33).
Thus, there are two possible approaches here. On the one hand, one can introduce non-trivial
corrections to the supertransformations for this auxiliary field. Another possibility, which we will
systematically follow here and further on, is to use equations for the auxiliary fields in calculating
all variations.):

6A = iopue™Pls,  0p™ =4PoB P4 (34)

Supermultiplet (3,0):

It contains the fermionic zero-form ¢, and two bosonic zero-forms 77*f and ¢. The sum of their
kinetic terms looks like: .
i

Lo = E%E”‘ﬁd(p“ — En*friyg + E¥Pypdg (35)

Using the fact that on the auxiliary field 77%# equations, we have:
E%,dmP7 = %e”‘ﬁ E.sdr? (36)

we can show that the Lagrangian is invariant under the following supertransformations:

0 -
bp = 09ul%, 09" = e, @7)
4.3. Massive Higher Spin Supermultiplets

Supermultiplet (s + 1, s):

This supermultiplet contains spin-s + % fermion with mass m; and spin-s boson with mass m.
In the massless limit, it decomposes into the system of the massless fields with spins:

1 1 3 1
(s+ E)’S’ (s — 5)’ (s—1),..., 5,1, E,0

Correspondingly, we begin with the appropriate sum of the kinetic terms for all fields:
L o= L (=DM kO, 1) peP QDY 4 O o d f430]
+EB,gB* — B,ge"Pd A — Emygm*P + mg E*Pdg (38)
4 Timg(— 1) Py opy1)d @Y - fpy E* g pP
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This Lagrangian possesses the following supersymmetry:

5ftx(2k) — l"qu)a(Zkfl)ga_i_iakcplx(Zk)‘Bg‘B
5F = B 4 iay DY
. . 5,
0A = iag®", + zﬁoeaﬁqﬂ"gﬁ, dp = —1704)7@7 (39)
a(2k+1) X w(2k) o a(2k+1)8
6P T +2(k +1)Br1 Zp
5O = 28105 + woepn) BPA "

5" = 4PoB P+ GomPig

These supertransformations are determined by the structure of the supertransformations for the
massless supermultiplets given above. Therefore, in some sense, the Lagrangian (38) describes the
“large” massless supermultiplet, which contains the full set of the massless fields.

To construct a massive deformation, we have to add the lower derivative terms. For the bosonic
terms, we take the ones corresponding to the gauge-invariant description of massive spin-s boson with
mass m (see Section 2.2):

_ k
Ly, = Zi:%(—1)k+1ﬂk[—(L;(Z)Qa(z);a(zk)e"‘(z)fmk) + O pyep(2) fHPPP]
+2a00) ()" ?) A — ag fu g P B*Y + 2sM g E¥F A (40)
_ -~ 2
+ L () b f a1y pePo S VY 4 bo fo o) E¥P g + 24 E?
Note that after such deformation, Equations (33) and (36) are also deformed. Now, they have
the form: .
E*,dBPT = EP. dB*Y — Zos“ﬁewdfw
E*,drPT = %s”‘ﬁEwans + #e“ﬁdA

For the fermionic terms, we take the ones corresponding to the gauge invariant description of the
massive spin-s + 1/2 fermion with mass m; (see Section 3.2):

41
+Zz;é(*l)kHdikq)a(zk)ﬁeﬁvq)a@kn - %E‘Pa‘/’“ &

Calculating the variations, we use auxiliary field equations:

o a1y _ k) _ -1k +1)  a0) cr-2) _ «(2k)B(2)
e ’YQ df k(k — 1)(2]( — 1)6 f akeﬁ(2)f

EB*® — %e"‘(z)dA - Z—OE% 0, 2En*@ = *@dg +2sME*® A

In this case, to find a massive deformation for the supertransformations, we have to add
corrections for the fermionic fields only. From the variations with one derivative, we found that
we must introduce the following set of the corrections to the supertransformations:

5®N(Zk+l) _ ,)/kftX(Zk) étx + 5kfa(2k+l)/5€ﬁ

6D = Sof*lp+ 10AL" + Foge® plF (42)
op* = popl"
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Taking into account that all the coefficients in the Lagrangian are fixed, it is straightforward to find
solution for the parameters of the supertransformations, which appears to be valid when m; = m only:

(k+1)(s—k)

2 A2 2 _ A2
Moo= keHRADE, B = ey
2
2 S(S+k+1) 2.2
TS 2kt (43)
2
2 s‘(s—k-1) 252
e TS ) [P )
5o = 4By = Vi,  ag—+ (s+ 1) 2o et
0=4po = ' 072 ' T 2s5(s—1)
(s+1)y/sm

Yo= 2% =sy/(s+1)ma, po=—

Supermultiplet (s,s — 1 ):

We need the same set of fields as in the previous case, except the field Pr(2s-1) Therefore,
we take the same massless Lagrangian (38) with this field omitted and the same set of initial
supertransformations (39) where now a;_1 = 0. As far as the low derivative terms, the bosonic
terms again have the same form (40), while the fermionic terms correspond to the gauge-invariant
description of the massive spin-s — 1/2 fermion (it coincides with (41), where ®4(25-1) g omitted).
Since the structure of the bosonic and the fermionic terms is the same as in the previous case, the

correction to the supertransformations also look the same, that is:

(S(I)a(2k+l) — ,)/kftX(Zk) étx + 5kfa(2k+l)/5€ﬁ
0" = Sof*ls+ 10AL" + Fope plF (44)
op" = popl"

Calculating all variations, we obtain the relation between masses m = m; and the following
expressions for the parameters determining supertransformations:

2 k(s—k—1)a2 2 kKt D(+E)
s = k(s—k—1)a%, Bi® = K2k 1) &
2
5 s(s—k—1) 2.2
= 4
Tk Kk r D22k r12™ " (45)
2
2 s(s+k+1) 2.2
% = G nGroekey™?
5 ~ 1 o ~2 0‘5722
0o = 4B = V2si, = 3 (s—1)&, &2 = m

Yo = —2%0 =sy/(s—1)m&, po= —(S_\}z)\/gmﬁc

Thus, we explicitly construct the Lagrangian description for the two massive supermultiplets
(s+1/2,s) and (s,s —1/2). Both of these massive supermultiplets have two bosonic and one
fermionic (left) degrees of freedom, i.e., they possess (1,0) supersymmetry. One can construct massive
supermultiplets possessing (1,1) supersymmetry with an equal number of bosonic and fermionic
degrees of freedom if one introduces one more massive fermion (right). In our previous work [32],
we have constructed the particular cases of such massive supermultiplets when supertransformations
take the form of diagonal superposition of two (1,1) supertransformations.
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5. Higher Spin Supermultiplets in 3D AdS Space

In this section, we study N/ = 1 supersymmetric construction for the higher spin models in
3D AdS space. As has been shown in [35], AV -extended supersymmetry in 3D AdS space exists in
several incarnations. They are so-called (p, q) supersymmetries where p, g are integers and N' = p + g.
The simplest (l, 0), which we restrict ourselves to, is naturally associated with 3D AdS supergroup:

0OSp(1,2) ® Sp(2)

so that we have supersymmetry in the left sector only. In practice, this means that the massive higher
spin supermultiplets, as well as the massless ones contain only one bosonic and one fermionic degrees
of freedom.

As in the previous section, our construction is based on the gauge-invariant description of the
higher spin fields, but in contrast to Minkowski space, we work in terms of the gauge-invariant
curvatures and the Lagrangians in the form (12) and (23). Below, we present a general scheme of our
higher spin supermultiplet construction and apply it to the massless and massive cases. At the end,
we demonstrate how 3D AdS superalgebra is realized in our construction. In particular, we show that
the higher spin supertransformations satisfy (1,0) superalgebra for which the commutation relation of
supercharges has the form:

A
{Qou Qﬁ} ~ Pa,B + EM"‘IS

where P, ) and M, ;) are the generators of 3D AdS algebra.

5.1. Procedure of Curvature Deformation

Here, we present the general scheme of our higher spin supermultiplet constructions in 3D
based on the procedure of curvature deformation. As has been shown in Sections 2 and 3, the
Lagrangian description of the bosonic and fermionic higher spin fields can be reformulated in terms
of the gauge-invariant curvatures. To supersymmetrize the system of the bosonic and fermionic
fields, we covariantly deform the corresponding curvatures by a background non-dynamical gravitino
one-form Y%, so such construction can be interpreted as a supersymmetric theory in terms of the
background fields of the supergravity. Due to some difference in the structure of the gauge-invariant
curvatures for the massless and massive case, we separately present the procedure of their deformation.

Massless fields:

Massless higher spin bosonic and fermionic fields are described by one-forms (see
Sections 2.1 and 3.1), which we denote as () and ®, respectively. Let us also denote corresponding
gauge-invariant curvatures as R and F, which are two-forms. They have the form (schematically):

R = DO+ (eQ), F =D® + (ed)
Here, ¢ = ¢,*f is a non-dynamical background 3D AdS frame. The Lagrangians then look as follows:
Lao=QR, Lo =DF (46)

We note again that in the massless theory, all curvatures are two-form, and so, in 3D AdS, there
is no possibility to rewrite the Lagrangian in terms of squares of them. It can be done in space-time
dimensions greater than or equal to four.

At the first step in the supersymmetric construction, we deform the curvatures by the terms
containing the background gravitino one-form ¥*:

AR = (¥@), AF = (¥Q)
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and require that the deformed curvatures transform covariantly, that is:
SR=0(R+AR)~F, OF=06(F+AF)~R

In turn, the covariant deformation of curvatures immediately defines the form of
the supertransformations:
(YD)
or

where (% is the parameter of local supertransformations:

5(¥Q)

Q)= e

zv, 0P =

ng

A
5P = D" + Ee“ﬁgﬁ

Now, if we set ¥* = 0, this leaves us with the global supertransformations, i.e., with the
supertransformations, where the parameter satisfies the relation:

DEt = el

Note that up to this point, the deformation procedures for the bosonic and fermionic curvatures
(and as a result, the parameters of these deformations) are completely independent. Their relation
appears when we consider a sum of the bosonic and fermionic Lagrangians:

L=QR+®F (47)

and require that the sum be invariant under the global supertransformations obtained.
Massive fields:

In the gauge-invariant description of the massive bosonic and fermionic higher spin fields, the set
of field variables contain one-forms, as well as zero-forms (see Sections 2.2 and 3.2). We denote them
respectively as Q4, B4 for bosons and ®4, ¢# for fermions. Let us also denote the corresponding
gauge-invariant curvatures as R4, B4 and F4, C4 (R4 and F4 are two-forms, B4 and C# are
one-forms). Schematically, they have the following structure:

RA = DO + (eQ)? + (eeB)A FA = DA 4 (ed)? + (eedp)? (48)
BA = DBA +Q+ (eB)” CA = Do + @ + (ed)” (49)

Note that in 3D terms (eeB)* and (ee¢))” in the expressions for the two-form, curvatures disappear
for higher spin components. This is typical for 3D higher spin models and is related to the fact that
the massless higher spin fields do not propagate any degrees of freedom. Unlike the massless case,
the Lagrangian for the massive higher spins can be presented as the sum of the quadratic expressions
in two-form and one-form curvatures (12) and (23):

Lo=Y RBY,  Le=) FicA (50)

Let us turn to a realization of the supersymmetric construction. Deformation of the curvatures by
the terms containing the background gravitino one-form ¥* schematically can be written as:

ARA = (Y©)4 + (e¥9p)? AFA = (YQ)4 4 (e¥B)4 (51)
AB% = (¥¢)4 ACH = (¥B)A (52)

Note here that the presence of (e¥¢)* and (e¥B)* terms in two-form curvatures is related to the
presence of (eeB)? and (eed)” ones. Hence, such terms in the deformations appear in the two-form
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curvatures for the low spin components only. The requirement of covariant deformation defines
uniquely supertransformations:

S(YD)A  s(e¥e)d S(YQ)A  5(e¥B)A

%0 = (Tt e ) 5 = (Tt e ) %3)
A A
5€BA — 5(‘\};(5) éa 5(PA _ 5(:1;5) gﬂc (54)

As in the massless case, we now set ¥* = 0, so that our supersymmetric Lagrangian for the given
supermultiplet is just the sum of the free bosonic and fermionic Lagrangians:

£ =Y [RABA + FAch] (55)

Remaining arbitrariness is fixed by the condition that the Lagrangian must be invariant under
the global supertransformations. Below, we demonstrate how such a general scheme can actually be
realized for the massless and massive supermultiplets in 3D AdS.

5.2. Massless Supermultiplets

Supermultiplet (k+ 1,k +3/2):

The integer spin-(k + 1) field is described by two one-forms Q%) f2(26)  and half-integer
spin-(k 4 3/2) is described by one one-form ®*(Z+1), The initial curvatures for these system are
defined by (3) and (15). Let us begin with the deformation of the curvatures for the integer spin.
There is a unique possibility:

AR = gt Pby
AT = it 20Py

where we have two arbitrary parameters ¢ and a;. To construct covariant deformation, we write out
the corresponding supertransformations:

SOk — io.kq)zx(zk)ﬁgﬁ
56
5fa(2k) _ ilxqux(Zk)‘Bgﬁ (56)
Explicit calculations of the covariant transformations for the deformed curvatures give us, on the
one hand:
2
SR = i DO KBy 4 i%akeaqw@k—lﬂﬁgﬁ - i%akew@"‘ak”gﬁ
5T = i DO 4 ige®, @Dy i%akewqﬂﬂkﬂgﬁ
and on the other hand:
57’?/0( (2k) _ l'o.kf'tx(Zk)‘B gﬁ

= io [DP P 4 %(e%@"‘(zk_l)m + e, @)z,
5T =y Fr 2R,

= in[DP¥ZPB 1 %(6“7¢“(2k*1)ﬁ7 + eﬁvqpﬂc(Zk)"r)]gﬁ
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Comparing these expressions, we obtain the relation on the parameters:

A
O = Eﬂck

Now, let us turn to the curvature deformation for the half-integer spin fields. A unique possibility is:
Afa(2k+1) — ‘BkQa(Zk)Ttx + ,)/kftx(Zk)\Ija

where By and 7 comprise another pair of arbitrary parameters. The structure of the deformed
curvatures defines the form of the supertransformations:

5@0&(2k+1) — ﬁkQR(Zk) Cx + ,)/kflx(Zk) glx (57)

Explicit verification of the covariant transformation for the deformed curvatures gives, on the one hand:
5fa(zk+1) — IBkDsz(Zk)ga + ,)/kszx(Zk)sz + %eav[ﬁkﬂa(Zk—l)vétx + ,ykftx(Zk—l)'ysz]

and on the other hand:

/\2 o (14 — o« o n o _ ”
= ,Bk[DQa(Zk)'f'Ze ﬁf (2 l)ﬂ]g + 7¢[Df (k) 4o ﬁQ (2k 1);3]5

Comparing these expressions, we conclude that:

A
Tk = E’Bk

Therefore, we constructed the covariant supersymmetric deformation for the curvatures, but we
still have two free parameters ay and . To relate them, we construct the supersymmetric Lagrangian.
We choose the following form for it:

( -1 ) k+1

L = 5 [ T + foo0 R 4 iy 1) FHHHD)] (58)

ie, just the sum of the free Lagrangians for spin-(k + 1) and spin-(k + 3/2) fields.
Using supertransformations for fields and curvatures, we obtain for the Lagrangian variations:

—1)k+1 . ) N
oL = %[“Uk — (2k + 1)) D PIPL T, g + i — (2k + 1) B) Qo) F* PP

+ilag — 2k + 1)) @ PPLER  op) + 0k — (2k + 1)) faar FHPIPL)
In order to achieve invariance, we must put:
ap = (2k +1)Bx

Thus, we showed in the explicit form how to use the curvature deformation procedure to construct
the supersymmetric Lagrangian formulation of the multiplet (k 4+ 1,k + 3/2). The constructed model
contains one free parameter fj, which is related to the normalization of the superalgebra.

Supermultiplet (k+1,k+1/2):

In this supermultiplet, the integer spin is the same as in the previous case and described by a
pair of one-forms Q*(2%), £2(26) and half-integer spin-(k + 1/2) is described by one one-form ®~(2-1),
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Supersymmetric construction for the given supermultiplet is analogous, and so, let us present the final
results only. The supersymmetric curvatures have the form:

R A? A
Ra(Zk) _ DQ"‘(Zk) + Zeo(ﬁfa(Zk—l),B + lEﬁkq)a(Zk—l)\Iﬂx
7A—1x(2k) _ Dfac(Zk) -|-e"“BQ“(2k71)IB _i_iﬁkcpa(Zkfl)\I;a
Fak-1)  _ peu(k-1) 4 %etxﬁqyx(Zk*Z)ﬁ 2Ky (VB ¢ %fa(qu)ﬁq,ﬁ)

They are covariant under the following supertransformations:

A a(2k—1) »a
500((21() _ liﬁkq) (2k l)g
5fuc(2k) _ l-’Bk(sz(Zkfl)gzx
) . A o
5q)0t(2k 1) — 2kﬁk<ﬂ (2k 1)'B€,B+§f“(2k l)ﬁ§ﬁ>

The supersymmetric Lagrangian looks as follows:

-1 k+1 ) B
L ( 2) [th(2k)7—a(2k) +ftx(2k)Ra(2k) - lq)a(Zkfl)]:a(zk 1)] (59)
where:
A
a2k a(2k—1) 7o
SR i BT 4

57—04(2k) _ l-IBk‘;mx(Zkfl)sz
(5./—_11((2](71) — zkﬁk(Rlx(Zkfl)ﬁgﬁ + %Ta(Zkfl),Bgﬂ)

5.3. Massive Supermultiplets

Supermultiplet (s, s + 1):

For the realization of the given massive supermultiplets, let us first consider their structure at the
massless flat limit m, m;, A — 0. In this case, the Lagrangian is described by the system of massless
fields with spins (s + %), S, ..., %, 0 in three-dimensional flat space:

L = LD kO, o1)pef QDY 4 Q) D]
+EB,gB* — B,ge"* DA — Emygrt®f + 1,3 E*FDgp (60)
+5 Do (— 1) 1@y 14 1) DO o+ 390, E* g DgP
It is the same extended massless supermultiplet, with which we start the construction of the
massive supermultiplets in Minkowski space. We have shown that this Lagrangian is supersymmetric.

If the equations of motion (33) and (36) are fulfilled, the Lagrangian is invariant under the
supertransformations (39):
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5fﬂ((2k)
5 fﬂ(2)

6A

SD (2k+1)
SP*

ot

21 of 29

i'qu)a(Zkfl) gzx + l'akcplx(Zk)ﬁg‘B
i1 " + i PP,

Z'Cog()

i@y + iCoﬁ06“ﬁ¢“Cﬁ, 6p = TWCV
X w(2k) o a(2k+1)8
G I 2 B0t P

21007 + 2agmpeq o) BRI

8a0B0 pap, | 000 ap
o B §‘3+ % 7T glg

Here, we take into account the normalization (8) and (20). Thus, requiring that massive theory has
a correct massless flat limit, we partially fix an arbitrariness in the choice of the supertransformations.
Parameters ay, Bk, Bo, %o, 5o at this step are still arbitrary.

As in the massless case, we will realize supersymmetry deforming the curvatures by the
background gravitino field Y. We start with the construction of the deformations for the bosonic fields:

AR(20)
AT?0)
AR®?)
AT*?)

AA
ABa(Zk)
AHzx(Zk)

0@ DY g 2By

B DY i 2Py,

i DY + iaqu“(z)ﬂ‘I’ﬁ + iﬁoe”‘(z)gbﬁ‘l’/g

iB1 PV + iy D¥2Py

icody
2

ing® ¥, + icoBoey )¢ ¥P, AP = AR
—ipk¢a(2k71)qf“ _ iﬁk(Pa(Zk)ﬁ\I;‘B

_i‘Bk(PtX(Zk—l)lea o Z&k(l)tx(Zk)ﬂ\ijﬁ

The corresponding ansatz for the supertransformations has the form:

5O(2K)
52
5042
5 fﬂt(Z)
JA
5BA(20)

Jna(Zk)

ipp@ g | iaquc(Zk)ﬁgﬁ

iB @ 1w | mkq,a(zk)ﬁgﬁ

01D —i—icrl@“(z)’séﬁ +ipoe“(2)¢ﬁ€/3

iB1 0T + i P, 1
ing®"Zo + icoPoey0)p"F, S =— iC(;So 970

ippp e 4 i&kq,a(zk)ﬁgﬁ

iBrpr@Vga 4 i&k¢a(2k)ﬂgﬁ

All parameters are fixed by the requirement of covariant transformations of the curvatures. First

of all, we consider:

57@34(2k) —
57’04(2k) —

l‘pkfﬂé(Zk*l)ng + iakfa(Zk)ﬁgﬁ

l"Bk]:a(Zkfl)ga + mk]:a(zk)ﬁgﬁ (62)

It leads to relation M; = M + % between mass parameters M; and M and defines the parameters:
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w? = k(s+k+1)[M+ (k+1)A]a?
2 (k+Ds=k)
P = kD) (M= KkAlp
2 (S + k + 1) )
0 = KkE1)2 M+ (k+1)A]o
2 (s—k) a1A2
= Bl k) M ©3)
where:
3_£ A_ﬂ& &_ﬂ@ a2 = a1
RV LW i -2 = 25(s — 1)[M + sA]
From the requirement that:
58&(2k) _ ipAkCuc(Zkfl)gtx + ié’kC"‘(Zk)ﬁ@ﬁ
5ﬁa(2k) — ilgkclx(Zk—l)Clx + Uikca(Zk)ﬁCﬁ (64)

we obtain:
k=0,  Ok=0r  Pr=PBr b =ua

The requirement of covariant transformations for the remaining curvatures:

SR = ipl}"xga + iO’]]ﬂx(z)ﬁgﬁ — iﬁoe“(z)Cﬁgﬁ
5T@ = iy P +in FH 2P, ) (65)
SA = ingF*gu — icoPoensCilf,  odb = —"ahcg,
gives the solution:
1 C02

~ 2 = Co
o g0 B1, 0 =4pPo P B1, ) ZsMag B1

Now, let us consider the deformation of the curvatures for the fermions. We choose an ansatz in
the form:

AF2KHD) ( Zk“j‘r 5 O POYE 2 (k 4 1)y, QU
+,kaa(2k)1ifvc + (5kfﬂt(2k+1)‘311jﬁ
AF* = 2ﬁ1QaﬁTﬁ + 21100(06/5(2)3/3(2)‘{[“ + 50fa'6Tﬁ + ’Y()A"Pa + ’704)6"‘/5‘1’5
8a0B0 pap bodo _up
«a « _ Y0° _« _ o
ACY = % B*Yg o Y — pop?
AC(X(Zk-‘rl) — _BkBa(2k+1)ﬁ\Ij‘B _ EékBa(Zk)‘Pa _ Skna(2k+1)ﬁlifﬁ _ ;)'/kn.t!((Zk)TtX

and the ansatz for the supertransformations in the form:
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a(2k+1) X a(2k) a(2k+1)p
6P (2k+1)0 " +2(k+1)Br 10 QB
+,)/kfa(2k) ga + 5kf0c(2k+l),3€ﬁ
50" = 2B+ 2aomoepn) BPIT + 80" L + 10 AL" + Toge® plF (66)
x 8aofo aB bL&) ap o
0Pt = % B*Cp + % P8 + pogd
5¢1x(2k+1) _ BkB“(2k+1)'B§ﬁ + &kBa(2k)sz + Skna(2k+1)‘5§3 + i e (2K) "

From the requirement that:

i3 o o o o
SFukt) - — o i 1)73 @)% 4 2(k +1) B RYFHVPg,

+,)/k7-1x(2k) étx + 5k7-a(2k+l)ﬁgﬂ (67)

we have the same relation between masses M; = M + % Besides, it leads to:

2 (S+k+1)

= 1)A]4>
Tk et 12k g Mt R+ DAl
—k—-1) N
52 = (s M — (k+1)A]82
k Frnkr2) ks M- E+DA
where:
& — ﬁ& b= %5{
’)/ 2 4 \/E
In turn, the requirement that:
5@0((2](-&-1) — ‘BkBa(Zk—Fl)ﬂgﬁ + &kth(Zk)?x + Skna(2k+1)‘5€/5 + '7/7(1—1“(2]() é’ﬂé (68)
gives us:
- ~ . n ~
Ve =T k=0 M= (Zkarl)’ Br = 2(k+1)Br11

At last, the requirement for the other curvatures:

(5]}“ = 251R“ﬁ€ﬁ - 26!0?(06‘3(2)6’3(2)(;“ + 507"‘/3@ + 'yoA§”‘ + ’70@60‘[35‘5

5 69
5Cr = 84160050 B“ﬁéﬁ + btc)%nrxﬁgﬁ + po®* (69)
yields solution:
— 28, = i - _ co’
70 =270 = 5P o=~ g P
Now, all the arbitrary parameters are fixed.
The supersymmetric Lagrangian is the sum of the free Lagrangians:
L= =35 (-1 Ry 1Y + Ty B + ey B2 (70)

— Y (1) gpen) CH D)

The Lagrangian is invariant under the supertransformations for curvatures up to equations of
motion for the fields B*(2), 7z4(2).

®=0, A=0 = e,pI"?=D>-25sMA=0 (71)
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The Lagrangian (70) is a final solution for the massive supermultiplet (s,s + 5 ).
Supermultiplet (s,s — 1 ):

In this section, we consider another massive higher spin supermultiplet when the highest spin is
boson. The massive spin-s field was described in Section 3.1 in terms of massless fields. The massive
spin-(s — 1/2) field can be obtained for the results in Section 3.2 if one makes the replacement
s — (s —1). Therefore, the set of massless fields for the massive field with spin s —1/2 is (k1)
0 <k <s—2and ¢*. The gauge-invariant curvatures and the Lagrangian have the forms (19) and (23),
where the parameters are:

K)(s—k—1 A2
o = (S(Jqut)l(;(zk ¥ 1)) [M1* = (2K +1)* 7]
o = 25— DM~ 2] 72)
2% —1 3
dk = ((QJS(_'_?)))ML M12 = m12 + (S — 5)2)\2

Following our procedure, we should construct the supersymmetric deformations for the
curvatures. Actually, the structure of the deformed curvatures and supertransformations have the
same form as in the previous subsection for the supermultiplets (s, s + 1/2). There is a difference in
parameters (72) only. Therefore, we present here only the supertransformations for the curvatures.
The requirement of covariant curvature transformations for the bosonic fields:

57@0{(2]{) — ipkflx(Zk—l)glx + io.k]:tX(Zk)‘Béﬁ
57’0&(2/() — iIBk]:a(Zkfl)ga + ilxk]:lx(Zk)ﬁ;B
SRY) = iy Fg + io FYPIPLs — ipge* PP
6T = i FU + i FHPIP,
SA = igFCu —icoPoesCilf,  5b = —@cm
530((21() _ Z'p\kclx(Zk—l)élx + la'kca(Zk)’Béﬁ
5fla(2k) _ inCa(2k71)€“ + iﬁ‘kclx(Zk)'BgB

gives us the relation M} = M — % between masses M; and M. Besides, it leads to:

02 = W[M—(kﬂp\]&z
k .
o = k3(k4(r51j)L(23<+1)[MJrk/\]p2
w? = k(s—k—1)[M— (k+1)A]a?
pe = EE D M g 73)

. < o Co
= —= , oo = 4By = , =
o gco B1 0 =4Po p p1 0 45Mao'81
where:
a sM sM "2 s o
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From the requirement of covariant supertransformations for the fermionic curvatures:

(S]_"'IX(ZkJrl) Roc (2k) gac + Z(k + 1)'Bk+1Rtx 2k+1)ﬁ€ﬁ

(2k + 1)
+,Ythx(2k)€tx + 6kTa(2k+1)'B€/3
5F* = 2B Ry — 2aomoeqn BPP T + 50T g + v AL" + FoDe" p2F

N 8a bod,
i = —Cofo B (g + %H“ﬁgﬁ +po®L"
(5c"tx(2k+l) — BkB“(2k+l)ﬁ€g+&kB“(2k)§“+5~kna(2k+l)ﬁg‘5+’?kna(2k)€a
one gets:
2 (s—k-1) _ £2
S trspak M kDAY
+k+1) .
52 = (s M+ (k+1)A]82
k Frnkr2 ks Mt E+DA
~ x . 14 ~
Yk =Y Ok=0 &= ok j_ 1)’ Br = 2(k+1)Bry1
2 2
_ s 0T ___%
Yo = —2%0 = 2a0 B1,  po 4sMag B1
where:
& — ﬂ& b= ﬂ&
Y 5 2

Supersymmetric Lagrangian have the form (70), and it is invariant under the supertransformations
up to equations of motion for the auxiliary fields B*(2), 7%(2) (71).

5.4. Realization of (Super)Algebra

In this section, we analyze the commutators of the (super)transformations and show how the
(super)algebra is realized in our construction. All the considerations are valid both for the (s,s +1/2)
supermultiplets and the for (s,s —1/2) one.

5.4.1. Description of the AdS Transformations

Before we turn to the supersymmetric theory, let us discuss the conventional AdSs algebra.
In the frame formalism, AdS space is described by the background Lorentz connection field w*(?)
and the background frame field ¢*(?). The first of them enters implicitly through the covariant
derivative D, while the second one enters explicitly. Let 742 and ¢%?) be the parameters of the
Lorentz transformations and the pseudo-translations, respectively. The theory of the massive spin-s
field has the following laws under these transformations:

5}701x(2k) — UDC/SQIX(Zkfl)ﬁ 57]](0((2]() _ leﬁflx(Zkfl)ﬁ (74)
56004(21() — (k+k2)uk(:ﬁ(2)0a(2k)/3( ) ‘;)Ic( 11 é'a ) (2k=2) biga fzx(Zk—l),B -
5€f"‘(2k) = g“ﬁQ“(Zk—l)ﬁ + akgﬁ(z)fa k)B(2) + k(kk+11) ‘;l;( 11>éra le (2k—2)

here a; and by are defined by (6). For the massive spin-(s & 1/2) field, the transformation laws look like:

5r]q>a(2k+1) — q“ﬁqD‘X(Zk)AB

5§q)1x(2k+l) — 2k+1 éaﬁq)a 2k)/5+ k2k+1 ga ) pr(2k—1) (76)

+err18p() @M FFIER)
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Here, ¢, and dy. are defined by (18) for the spin-(s + 1/2) and (72) for the spin-(s — 1/2). To consider a
structure of the AdS3 algebra Sp(2) ® Sp(2) in the left sector only, we introduce the new variables for
the bosonic fields:

Ak _ k) M fu2K)

fu(2k) _ yw(2k) _ sM w(2k)
2K(k+1) U / @)

2k(k+1)

7

so that the variables (%% correspond to the left sector. In terms of these variables, the
transformations (74) and (75) have the form:
5’7041(210 _ Uaﬁ()a(Zkfl)/S

(5§Qa(2k) _ (k+2)uk§ 2sz(2k)ﬁ(2) g1 (;:zx ) (y(2k—2)

k2k—1) (78)

2k—1
+2k k1) g pQr P

Now, let us consider the commutators of these transformations. The direct calculations lead to the
following results:

[5,71,5,72}()“(2@ = (" pmPy - 171“;5’7257)0“(2]‘71)%
[561"5@}0“(2@ — %2(62“76175 _ éllx’yéh’yﬁ)()a@kfl)ﬁ’
[(5,7,56}()a(2k) — 2@%(2”%@“(2@% + k(;ﬁi—jl)gawmoa(zka)
+2k(j<A_/i1)(‘:aﬁ’7ﬁ’y - Wavffvﬁ)ﬁa(zk_l)

Comparison with (78) shows that we do have the AdS-algebra:
[Ma(2), Mpo)] ~ €apMap,  [Paga)r Po)] ~ A2eagMag

(Mag2), Pp)] ~ eapPug
The analogous results have a place for the commutators in the fermionic sector, as well.
5.4.2. AdS Supertransformations

Let us consider the supersymmetric theory. The supertransformations for the massive higher spin
supermultiplets have the form of (61) and (66):

isM isM

a(2k) a(2k—1)pa , oIV x(2k)B
502 2k<k+1)ﬁk<1> ¢"+ ok 1) P Zp
(szx(2k) = By @«(Zk—l)gzx + iockq)“(Zk)/ggﬁ
a(2k+1) a(2k) a(2k+1)p
o® (2k+1)Q 178 +2(k+1)Brir O Zp
sM a@)ze M a(2k+1)p
N TS R A R Py el s

where the parameters « and py are defined by (63) for the (s,s 4+ 1/2) supermultiplets and (73) for the
(s,s —1/2) one. In terms of the new variables (77), the supertransformations look like:
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Aa2k) o iSM a(2k—1) ra isM w(2k)B
o0 P L~ o s L2
5J?1x(2k) - 0

SOk (2k0:kr T ORI Y 42k + 1) By Q*F VP

One can see that the f*(2) fields are inert under the supertransformations. This just means that we
have (1,0) supersymmetry. Let us calculate the commutator of two supertransformations. We obtain:

N L ay_ A _ 2(k+2)ay ~
[61,8,]0*) = 15M“2[7k(2;§_11)0“(2k 1)€1“§2“+7( . ) SO Rl PTen

M A
fr DTG G MG - (16 2)

+

Ck
k(2k+1)
2dy.
(2k+1)

[01,0,]* D) = isMa?[ e L LR S AT e R PYEN

+ N7, 4 AT T (145 2)

Here, we use the explicit expressions for a; and By and the conditions:

28 2 a2 . sM
(ERR s s YR
2B 2 a2 . 2d
iy P ey = Clmen Y

ap 1P = (k+ Da’ay_1, arPryr = (k+2)a%a,  apfy = (k+ 1)cd?

Comparing the commutators of the supertransformations with (76), we obtain the (1,0) AdS3
superalgebra with the commutation relation:

A
{th, Qﬁ} ~ szﬁ + EMa‘B (79)

As we see, the algebra of the supertransformations is closed. It is worth emphasizing that we
did not apply the equations of motion to obtain the relation (79) both in the bosonic and in the
fermionic sectors. This situation is analogous to the one for the massless higher-spin fields in the
three-dimensional frame-like formalism. Recall that in the massive supermultiplet cases, the invariance
of the Lagrangians is achieved up to the terms proportional to the Spin-1 and Spin-0 auxiliary fields
equations only. Note that in dimensions d > 4, one would have to use equations for the higher
spin auxiliary fields, as well (though in odd dimensions, there exist examples of the theories where
Lagrangians are invariant without any use of e.o.m [36]). The difference here comes from the well-known
fact that no massless higher spin fields in three dimensions have any local degrees of freedom.

6. Summary

In this review, we have presented and discussed the component supersymmetric formulations
of the higher spin fields in three dimensions. We applied these formulations for the Lagrangian
construction of the on-shell N' = 1 massless and massive supermultiplets in 3D Minkowski and
AdS spaces. Although the off-shell formulation of 3D massless higher spin supermultiplets has been
known long enough, we discussed the on-shell massless formulation as well, since it is interesting
by itself. Besides, such a formulation is a base for the deformation to the massive higher spin
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supermultiplets. To generate the massive terms in the Lagrangians, we have used the approach based
on the gauge-invariant formulation of the massive higher spin fields where the massive fields are
described as the system of the massless ones coupled to each other in a special way.

In 3D Minkowski space, we generalized the gauge-invariant formulation of massive higher
spin fields to the case of the massive supermultiplets. In particular, we showed that the massive
supermultiplets can be constructed from the extended massless one. This extended massless
supermultiplet is defined, and its smooth mass deformation is explicitly constructed for the two cases
of the massive supermultiplets (s,s + 1/2) and the (s,s — 1/2). Both of these massive supermultiplets
have two bosonic and one fermionic (left) degrees of freedom, i.e., they possess (1,0) supersymmetry.

In 3D AdS space, the construction of the N' = 1 massive supermultiplets with (1,0) supersymmetry
is realized by another more elegant way. We have used a technique of the gauge-invariant curvatures.
Namely, we found their supersymmetric deformation by the background gravitino field. This means
that the resulting theory describes the massive supermultiplets on the background of AdS supergravity.
Constructed higher spin supermultiplets have a correct flat limit.

In this work, we restrict ourselves to the free models only. Let us stress however that such a
gauge-invariant frame-like formalism is perfectly suited for the investigation of possible interactions.
On the one hand, the presence of gauge invariance allows one to work with the so-called constructive
approach requiring that the switching on an interaction must keep (though modified) all the initial
gauge symmetries. On the other hand, many known interacting models have a much simpler form,
namely in the frame-like formalism. As an instructive illustration, one can consider a paper [37] where
the authors considered a simple model containing just massless Spin-2 and Spin-3 and tried to rewrite
this in the metric-like formulation. Note that for the massless fields, switching on interaction leads to
the Chern-Simons-like models, while for the massive fields, to the Fradkin—Vasiliev type [34]. At the
same time, the construction of the interacting models containing both massless and massive fields is
still an open question.

One more possible application of our results is related to the supersymmetric models in the
context of the AdS/CFT correspondence. This class of models is investigated rather poorly, and one
of the reasons is that at the bulk side, the spectrum usually contains massive fields and /or massive
supermultiplets.
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