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Abstract

Long-distance free-surface water-conveyance tunnels require a spatially continuous repre-
sentation of transient water depth, yet in practice flow is monitored at only a few sections.
This study develops a physics-informed neural network (PINN) that reconstructs the
transient water-depth field of unsteady free-surface flow in such tunnels from two- or
three-point sensors. The one-dimensional Saint-Venant equations, closed with a Darcy—
Weisbach steady friction term in hydraulic-radius form, are embedded as a soft constraint
in the training loss, so that sparse depth observations are combined with the governing
conservation laws to recover the field at unobserved interior and downstream locations.
High-resolution finite-volume (FVM) solutions of a 500 m circular tunnel under a flood-rise
scenario provide the reference data. The PINN reduces the relative L, error at unobserved
sections to approximately one-quarter of that of an otherwise identical, physics-free ANN
(2.50% versus 10.05% at an interior section; 4.77% versus 13.69% at an extrapolation sec-
tion). Runs repeated with different random seeds confirm statistical stability at zero noise,
while revealing that a minority of trainings at 10% noise converge to spurious solutions.
Sensor-placement experiments, including layouts anchored at the true domain bound-
aries (x = 0 and 500 m), show that boundary anchoring—particularly of the upstream
boundary—governs both accuracy and noise robustness: boundary-anchored two-sensor
layouts remain accurate in most runs under 10-20% observation noise, whereas interior-
only layouts degrade sharply. The method is presented as an offline reconstruction tool; its
extension to streaming data assimilation is discussed as future work.

Keywords: physics-informed neural network; free-surface flow; flow-field reconstruction;
sparse sensing; open-channel transient; long-distance water conveyance

1. Introduction

Long-distance water-conveyance systems transfer water over tens to hundreds of kilo-
meters through open canals and low-pressure conveyance tunnels and provide important
infrastructure for regional water security and inter-basin allocation. In these free-surface
conduits, routine operations, including gate adjustment and inflow or demand regulation,
continually induce unsteady flow, so that depth waves travel along the full reach before dis-
sipating. A spatially continuous, time-resolved representation of water depth h (x, t) along
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the conduit is consequently important for conveyance safety, real-time scheduling and over-
topping warning. In practice, however, flow is monitored at only a few gauging sections,
and the complete spatiotemporal field must be inferred from sparse measurements. This
problem is therefore an inverse data-assimilation problem: recovering a PDE-constrained
field from point observations.

Classical approaches to this inverse problem are dominated by variational and adjoint-
based data assimilation, in which a forward model is constrained to sparse observations
by minimizing a cost functional using an adjoint model. For the shallow-water equations,
this line of work dates back to Courtier and Talagrand’s variational assimilation with the
direct and adjoint shallow-water equations [1], and has since become standard practice
in operational meteorology and oceanography. These methods are theoretically elegant
and statistically rigorous, but they require a differentiable forward solver and its adjoint,
both of which are laborious to implement and maintain for free-surface flow in complex
geometries and involve cost that grow steeply with the number of control variables. This
motivates the exploration of mesh-free, adjoint-free alternatives, of which physics-informed
neural networks are the most prominent.

Two established method classes are also used to characterize such flows, but each is
limited under sparse field conditions. The first solves the Saint-Venant equations numeri-
cally, for example with the method-of-characteristics [2] or Godunov-type finite-volume
schemes [3]. These forward solvers are physically rigorous and remain standard tools
for design analysis, but they require specified boundary and initial conditions as well
as well-calibrated hydraulic parameters, such as channel roughness and friction. Their
accuracy deteriorates when an upstream or downstream boundary is unknown or when
roughness changes as a conduit age, and they provide no natural means of assimilating
the sparse, noisy monitoring data obtained during operation. The second class replaces
the physics with data-driven models. Convolutional and long short-term memory (LSTM)
networks, including hybrid models, have been used to predict streamflow and water level
from historical records [4,5], including coupled water-level and water-quality prediction
with CNN-LSTM [6]. Although these models are fast at inference, they lack physical
interpretability, require large volumes of high-quality labeled data and extrapolate poorly
beyond gauged locations. This limitation is particularly important for sparsely monitored
conveyance lines, where most of the field is unobserved.

Physics-informed neural networks (PINNSs) [7] provide an alternative that combines
these two approaches and have become an established framework in scientific machine
learning [8,9]. By embedding the residuals of governing partial differential equations as
soft constraints in the loss function, a PINN combines observations with conservation
laws in a mesh-free model. It can therefore operate with substantially less labeled data
than a purely data-driven emulator and, in principle, infer the solution where no data
are available. Domain-decomposition variants, such as the extended PINN (XPINN) [10],
extend this framework to multiscale and multi-domain problems. In pressurized pipeline
systems, PINNs have been developed most extensively for water-hammer transients as
inverse data-assimilation tools. Wagqar et al. [11] reconstructed transient-wave propaga-
tion in a reservoir—pipe-reservoir system. Ye et al. [12] trained a PINN with method-of-
characteristics data and validated it experimentally for a single pipe, before extending the
approach to reconstruct transient pressures in pipe networks from local observations [13].
Zhang and Shafieezadeh [14] introduced adaptive loss weighting for natural gas pipeline
transients, and Yan et al. [15] embedded nodal mechanistic information directly in the loss
to train a unified hybrid model for water-distribution networks. This literature shows that
PINNSs can assimilate sparse sensor data and infer unobserved states in closed-conduit
water hammer, but not for free-surface flow.
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PINNs have also been used to solve the Saint-Venant and shallow-water equations
for free-surface and open-channel flows. Cheng and Zhang [16] combined a PINN with
residual blocks for fluid-flow problems governed by these equations. Feng et al. [17]
used a Saint-Venant PINN to downscale a large-scale river model, Niu et al. [18] solved
coupled one-dimensional surface-flow and transport equations, and Qi et al. [19] solved
two-dimensional shallow-water equations for inundation without labeled data. PINNs
have also been applied to related tunnel-engineering problems, including deep-tunnel
seepage-field prediction [20]. Inverse parameter-identification formulations for free-surface
systems are beginning to emerge, for example, including spatially distributed parameter
identification for the two-dimensional shallow-water equations [21]. However, most free-
surface PINN studies remain forward solvers or downscaling schemes with prescribed
boundary and initial conditions. Inverse reconstruction of a complete transient field from
a few sparse, potentially boundary-deficient observations has not been established for long-
distance free-surface transients, although this capability is now common in pressurized
water-hammer applications.

Tunnel engineering increasingly relies on the fusion of monitored data with physical
or knowledge-based models. In tunnel support-safety assessment, Lai et al. [22] pro-
posed a data- and knowledge-dual-driven framework combining machine learning with
ex-pert-knowledge weighting, and in sub-sea tunnel lining design, Zhao et al. [23] com-
bined numerical simulation of lining water pressure with field measurements to calibrate
a pressure-reduction coefficient. These studies illustrate the value of dual-driven monitor-
ing frameworks for tunnel safety assessment: reconstructed hydraulic states, such as the
water-depth field targeted here, are the natural input to such water-pressure and safety as-
sessments. This study differs from them in that it targets the free-surface transient flow field
itself—the hydraulic state—rather than geotechnical support behavior, and reconstructs
this state from sparse hydraulic sensors under a hyperbolic PDE constraint.

Two gaps therefore remain. First, PINN reconstruction of hydraulic transients is con-
centrated in pressurized systems, whereas free-surface PINN studies predominantly solve
forward problems. Inverse reconstruction of free-surface transients from sparse observa-
tions remains largely unexplored. Second, when reconstruction relies on only a few point
sensors, the layouts that render the inverse problem sufficiently well posed and robust to
measurement noise are not known. Optimal sensor placement has been studied extensively
in water-distribution networks, commonly for leak localization or contamination detection
using evolutionary or graph-based optimization [24]. However, it has not been examined as
a factor governing the well-posedness of PINN field reconstruction. Existing reconstruction
studies generally treat sparse-sensor placement as a fixed experimental setting rather than
a design variable, even though it may control attainable accuracy in a boundary-driven
hyperbolic system. Accordingly, both sparse reconstruction of long-distance free-surface
transients and the placement principles needed to make that reconstruction reliable remain
open problems.

To address these gaps, this study develops a Saint-Venant-constrained PINN for
inverse reconstruction of free-surface transient flow fields in long-distance conveyance
tunnels from sparse observations. The reconstruction method is the central contribution.
First, the PINN embeds the one-dimensional Saint-Venant equations as a soft constraint and
reconstructs the water-depth field from only two- or three-point sensors under boundary-
deficient conditions. This is an inverse data-assimilation problem rather than the forward
solution considered in most free-surface PINN studies. Second, a controlled physics
ablation, in which the same network is trained with and without the physical constraint,
isolates the contribution of physics at interpolation and extrapolation locations; additional
ablations of the initial-condition term and of the friction closure quantify the role of each
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loss component. Third, sensitivity analyses of network depth, loss weights and training
budget establish a stable configuration and show that the method does not require case-
specific tuning, and the statistical stability of the main conclusions at zero noise is verified
by repeated runs with different random seeds, which also reveal a spurious-solution failure
mode at 10% noise (Section 3.3.3). Finally, sparse-sensor placement is treated as a design
variable. Three- and two-sensor layouts are classified by spatial topology and evaluated
with injected-noise tests, complemented by layouts anchored at the true domain boundaries,
yielding a transferable placement principle and a characterization of noise robustness for
monitoring-network design. Finally, the generality of the reconstruction is tested on
independent scenarios with different boundary perturbations, friction and geometry, and
the reliability of the reference solution is established through grid-refinement, conservation
and cross-method (MOC) checks. Section 2 describes the methodology, Section 3 presents
the results and discussion, and Section 4 gives the conclusions.

2. Materials and Methods
2.1. Study System and Reference-Data Generation

The test system is a single long-distance free-surface conveyance tunnel subject to
an upstream boundary disturbance. In a physical experiment, pressure and level sensors
cannot be deployed densely enough to sample the flow field throughout the tunnel; a vali-
dated, high-resolution forward model of the same system is therefore used as the source of
training observations and evaluation data, exactly as in related PINN validation studies for
pressurized pipelines [12].

The reference solution is generated with a one-dimensional Godunov-type finite-
volume solver for the Saint-Venant equations of Section 2.2. The conduit is divided into
N = 500 finite-volume cells. Mass and momentum fluxes at cell interfaces are evaluated
with an HLL approximate Riemann solver [25], and second-order spatial accuracy is
obtained using MUSCL reconstruction [26] with a Minmod slope limiter to suppress
spurious oscillations near steep gradients [27]. Bed-slope and friction source terms are
treated with a standard explicit source-term formulation, and the solution is advanced with
an adaptive time step satisfying the Courant-Friedrichs-Lewy stability condition [28]. The
scheme conserves mass and momentum discretely; a dedicated check of the full-resolution
solution showed that the residual of the discrete mass balance dV/dt — Q_in vanishes to
within 1.1% of the RMS inlet flux (Section 3.5.1). Because the present case is fully wetted
at all times (h > 2.0 m throughout the domain, with a maximum depth of 7.7 m against
a diameter of 8.0 m), no wet-dry fronts arise and positivity of the water depth is preserved
by the HLL-MUSCL update, with the depth clamped to the geometric range of the circular
section. Well-balanced and positivity-preserving treatments of the Saint-Venant system for
non-homogeneous domains, as discussed by Li et al. [29], are therefore not required here
but would become relevant for dry-bed or steep-topography cases. Grid convergence of the
reference solution is verified in Section 3.5.1: the monitoring-section series obtained with
N =250, 500 and 1000 cells converge monotonically, with a relative L, difference of 0.81%
between the N = 500 and N = 1000 solutions, indicating that N = 500 adequately resolves
the transient. An independent first-order method-of-characteristics (MOC) implementation
of the same initial-boundary-value problem, also with Darcy—Weisbach friction, was used
as a cross-method check of the reference solution (Section 3.5).

The conduit has a circular cross-section with length L = 500 m, diameter D = 8.0 m, bed
slope Sp = 0.0005, Darcy—Weisbach friction factor f = 0.012 and gravitational acceleration g
=9.81 m s~2. The initial state is hydrostatic rest: a uniform water depth h (x, 0) = 2.0 m
and zero discharge Q (x, 0) = 0 throughout the tunnel. The upstream boundary condition
is a prescribed water-level hydrograph at the inlet (Figure 1a): the inlet level equals the
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initial depth of 2.0 m at t = 0 and is raised rapidly to 4.0 m at the start of the simulation—
representing the opening of an upstream reservoir or gate—then rises linearly from 4.0 to
5.0 m during t = 300-600 s (a flood-rise phase), remains at 5.0 m for 300 s, and falls linearly
back to 4.0 m during t = 900-1200 s. The downstream end is a closed blind end (wall
boundary condition, Q = 0), which reflects waves back into the tunnel and is representative
of the terminal section of a conveyance tunnel. The resulting flow is subcritical throughout:
the Froude number computed from the reference solution never exceeds 0.81, with a mean
of 0.12. Five candidate monitoring sections, T;—T5, are located at x = 50, 150, 250, 350 and
450 m. Water depth h is the primary dependent variable throughout; the reference series
used for training and evaluation are the depth series at these sections, and only depth is
observed in all experiments of this study (Section 2.4).

(a) Upstream BC (b) Spatiotemporal sampling
upstream downstream
boundary boundary
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Figure 1. (a) Upstream boundary condition: the prescribed inlet water level h(0, t) follows a flood-rise
hydrograph (4.0 — 5.0 — 4.0 m). (b) Spatiotemporal sampling in the x-t domain. Collocation points J
(gray) impose the PDE residual over the whole domain; observation points G (blue) supply the sparse
measured depth series at the sensor sections T1-T5; test points C (orange) at other sections are used
only for evaluation. The upstream (x = 0) and downstream (x = 500 m) boundaries are highlighted.

2.2. Governing Equations

Unsteady free-surface flow in the conduit is described by the one-dimensional Saint-
Venant equations [30,31], which express conservation of mass and momentum:

A 2Q
=t 5o =0 (1)

00 o [((Q? oh

at‘|‘ax<A>+gAax—gA(SOSf) (2)

where A is the wetted cross-sectional area (m?), Q is discharge (m?3 s71), his water depth
(m), g is gravitational acceleration (m s72), Sy is bed slope (dimensionless) and Sy is friction
slope (dimensionless). The equations are expressed in terms of discharge Q and no lateral
inflow is considered. For a circular cross-section of diameter D, the wetted area A and
free-surface top width B are defined exactly as functions of depth & through the wetted

central angle 6:

2h

0 = 2arccos <1 - D> 3)
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which hold for 0 < h < D and enter the residuals of Section 2.3 through automatic differen-
tiation. The hydraulic radius is R = A/ Py, where P, = Dg is the wetted perimeter.

The friction slope is represented by the Darcy—Weisbach steady-friction law written
in hydraulic-radius form, which is the standard closure for gradually varied and slowly
varying transient open-channel flow and is exactly the closure used in the reference finite-

_ fQlQ|
f ™ 8gR A2

volume solver:

(6)

where f = 0.012 is the Darcy—Weisbach friction factor (dimensionless) and R is the hydraulic
radius (m). Equation (6) is dimensionally consistent: with [Q] = m3 s71, [R] = m and
[A] = m?, the right-hand side is dimensionless. For steady uniform flow, Equation (6)
reduces to the familiar Sy = f u?/(8gR) with u = Q/A.

The choice of a steady friction closure, and the role of unsteady (Brunone-type) friction
in free-surface flow, deserve explicit discussion. Brunone’s instantaneous-acceleration
friction model was originally developed for pressurized-pipe water hammer [32,33], in
which the unsteady wall shear depends on the local and convective accelerations; extensions
of acceleration-based friction to Saint-Venant (mixed-flow) modeling exist [34], and the
calibration of such models in open channels remains an open research question [35]. For
free-surface flow, the natural adaptation re-places the pipe wave speed a by the free-surface
wave celerity c = /gA/B and the pipe diameter by the hydraulic radius R, giving

= K (aQ +esgn(@)| 2 ) )

S, = b
F=gA\ ot dx
where k;, is a dimensionless Brunone-type coefficient. In this study, the momentum balance

is dominated by the pressure, convective and local-inertia terms, and both the Darcy term
and a Brunone-type term with typical pressurized-pipe coefficients (k; = 0.03-0.05) are
an order of magnitude smaller (Section 3.5.1); moreover, no calibrated value of ky, exists for
open-channel flow. A steady Darcy—-Weisbach closure was therefore retained throughout,
and an ablation with the Brunone-type term included in the PINN residual confirms that it
does not materially change the reconstruction (Section 3.5). We emphasize that this does
not imply that unsteady friction is negligible in general free-surface transients—for fast
surge fronts or mixed-flow transitions, it may be required—but that the present flood-rise
scenario is sufficiently slowly varying for the steady closure to be adequate, as quantified
in Section 3.5.

2.3. PINN Architecture

The solution is approximated by a fully connected feed-forward neural network that
maps space—time coordinates to the flow state. The input layer contains two neurons,
representing spatial coordinate x and time t. The output layer contains two neurons,
representing the Saint-Venant variables water depth h(x, t) and discharge Q(x, t). The
network architecture is shown in Figure 2. Both enter the physical residuals defined below;
this study reports water-depth reconstruction as the primary result, while retaining Q as
an auxiliary output. Hidden layers use the hyperbolic-tangent (Tanh) activation function,
whose differentiability supports the derivatives required by the PDE residual. To reduce
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the effect of dimensional disparity during gradient descent, the inputs are normalized to
the interval [—1, 1]:

X — Xmin

f=p_—"min 9 (8)
Xmax — X¥min
~ t— tmi
f=p_ — "mm 1 9)
Fmax — tmin
Fully-connected network (6x20, Tanh)
. o—0—O0
nputs
x, t) O 00
o000
automatic differentiation
Physics-informed composite loss
FinassyFmom sensor observations initial condition

[ EPDE\‘ } ‘ A/Edata ‘ [ Lic ]

Adam
[ L = AdataLaata + AppeLrpE + AicLic ]—'[ (minimize £) ]

Figure 2. Architecture of the Saint-Venant-constrained PINN. A fully-connected network maps the
space—time coordinates (x, t) to the water depth h and discharge Q; the composite loss combines the
PDE-residual term (from automatic differentiation of the Saint-Venant equations), the sparse-sensor

data term, and the initial-condition term, and is minimized by Adam.

Unlike a purely data-driven model, the PINN obtains derivatives of its outputs with
respect to the input coordinates directly by automatic differentiation, without mesh dis-
cretization [7]. Substitution of these derivatives into the governing equations gives the
mass and momentum residuals,

9A  2Q

Fmass:§+g (10)
Q. 0 (Q o
Fmom—at“‘a)C(A)‘l'gAax—gA (SO_Sf) (11)

where aa—’? =B % has been used, which are driven toward zero during training so that the
network predictions satisfy the physical conservation laws.

2.4. Spatiotemporal Sampling

Following common PINN practice [7,36], the training data are organized into
three types of space-time points, each serving a distinct role in coupling observations
with the physical constraint. The five candidate monitoring sections T1-T5 supply the
observation and test series (Figure 3). With the simulation time discretized into N; instants,
the three sets illustrated in Figure 1 are with i =1, ..., N; for the observation and test sets.
The observed depth h (xg, ti) is known only on the observation set G, the PDE residuals
are evaluated on the collocation set 7, which is resampled randomly at every iteration and
is therefore not restricted to a fixed set of sections; and the test set C is disjoint from G and
is used only for evaluation. Throughout this study, only water depth h is observed; the
discharge Q is never supplied to the network and is constrained solely by the momentum
residual and the initial condition.

G = {(xgti) }gzl,...,NG’ T ={(xt)}, C={(x, ti)}er,. Ne (12)
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Figure 3. Layout of the five candidate monitoring sections T1-T5 along the 500 m conduit. In the
validation study (Section 3.1), T1, T, and T, are observation (training) sections, and T3 and T5 are
unobserved test sections.

Observation points (G) are space-time samples at the sensor sections. At these points,
numerically generated depth series are supplied to the network, forming the observation
set used in the data-fidelity term; these are the only points at which measured values are
used. The observation points lie on the vertical lines x = x; at the sensor sections and
span the full simulation period.

Collocation, or residual, points (J) are space—time locations at which the PDE residuals
Fmass and Fmom are evaluated to impose the governing equations. They carry no observed
values. Instead, they sample the interior of the space-time domain so that the physical
constraint is imposed throughout the field, including regions between and beyond the
sensors. Because these points are resampled at every training iteration (Section 2.5), the
constraint is distributed across the domain rather than concentrated near the observations.

Test points (C) are located at sections other than the observation sections and are
withheld from training. They are used only to evaluate reconstruction performance. As
they lie away from observed sections, they test both interpolation within the envelope of
the observation sections and extrapolation outside it.

2.5. Composite Loss Function and Training

The network parameters are optimized by minimizing a composite loss that linearly
combines an observation-data loss, a PDE-residual loss, and an initial-condition loss:

Liotal = Adata Ldata + APDE LPDE + A1c Lic (13)

where £ 4,¢, is the mean-squared error (MSE) between predicted and observed depths at the
sparse observation points, Lppg is the mean squared residual of Fnass and Frmom over the
collocation points, and Lic enforces the prescribed initial state (1 =2.0m, Q =0) att =0. The
weights Aqata, ApDE and Ajc balance the gradient contributions of the three terms. Network
parameters are updated with the Adam optimizer [37] using an initial learning rate of
1 x 1073 and Xavier-normal initialization to reduce vanishing gradients and accelerate
convergence. At each iteration, 2048 collocation points are randomly resampled from the
space—time domain so that the physical constraint covers the entire field. Training involves
stochastic resampling of collocation points; the resulting run-to-run variability is quantified
in Section 3.3.3 by repeating representative trainings with different random seeds.
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2.6. Accuracy Metric

Reconstruction accuracy is evaluated using the relative L, error:

N 2
E Zi:l (upred,i — Utrue,i ) (14)
L, = N >
Zizl utrue,i

where Upred and #re are the predicted and reference vectors over N test points, respectively.
The metric is dimensionless and therefore comparable across sections and scenarios. It
aggregates deviations over the full time series rather than at isolated instants, representing
the global energy difference between prediction and reference. Because it is based on the
Euclidean norm, it is also sensitive to the local errors at surge peaks and troughs that the
reconstruction must capture. To complement this global metric, Section 3.1 additionally
reports peak-amplitude and phase-lag errors and the mass/momentum residuals of the
reconstructed field, which address the accuracy of wave timing and of the underlying
conservation laws, respectively.

3. Results and Discussion
3.1. Validation: PINN Versus Data-Driven ANN Under Sparse Observation

To determine whether the embedded physical mechanism is necessary under sparse
observation, a purely data-driven ANN with an identical architecture and training configu-
ration was used as the baseline. The ANN differs from the PINN only in the removal of
the PDE-residual and initial-condition loss terms. The comparison is therefore a controlled
physics ablation, not a benchmark against state-of-the-art data-driven predictors. Both
networks had eight hidden layers with twenty neurons, Tanh activation and 500,000 it-
erations. They were trained on depth series at T; (x = 50 m), T, (x = 150 m) and Ty
(x =350 m), and evaluated at T3 (x = 250 m) and Ts (x = 450 m). The PDE-loss and initial-
condition weights of the PINN were 0.05 and 0.1, respectively. T; lies within the envelope
of the observation sections and is therefore an interpolation point; Ts lies outside it and is
an extrapolation point.

Table 1 reports the relative L, errors. The ANN error is several times larger than the
PINN error at both sections and exceeds an engineering-acceptable range, whereas the
PINN error remains low. Figure 4 illustrates the difference in waveform reconstruction.
At interpolation section T3, the ANN overshoots the fourth surge peak, advances the
phase of the fourth and fifth peaks and, from approximately the eighth oscillation cycle,
produces a spurious peak that exceeds all peaks in the true post-disturbance signal while
lagging it in time. Several intervening troughs are similarly displaced. The deterioration
is more severe at extrapolation section Ts: between the third and sixth cycles, the ANN
prediction largely loses its peak-trough structure and subsequently drifts. This behavior
is consistent with the nature of the model. The ANN is a high-dimensional nonlinear
interpolator trained solely on statistical associations among observed series. In unobserved
regions, where flow remains governed by the hyperbolic Saint-Venant system with defined
propagation characteristics, it can produce only smooth or random curves that lack physical
meaning. It cannot resolve the surge wave passing through the unobserved section, and
its predictions therefore violate mass and momentum conservation. By contrast, the Saint-
Venant-constrained PINN reproduces the magnitude and timing of surge waves throughout
the 3600 s simulation.
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Table 1. Relative L, errors of the ANN and the PINN at the test sections (error metric of Equation (14),
with N equal to the number of time instants in the 3600 s series).

Location ANN L, Error PINN L, Error
T3 (x = 250 m, interpolation) 0.10054 0.025011
Ts5 (x = 450 m, extrapolation) 0.13688 0.047669
9 4 (a) T5 (250 m, interpolation) = Reference (FVM) (b) Ts (450 m, extrapolation) = Reference (FVM)
-=- ANN(E,=0.101) 9 - ~=- ANN (E(,=0.137)
8 ~=- PINN (E(,=0.025) ~=- PINN (E(,=0.048)

Water depth (m)

T T T T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
Time (s) Time (s)

Figure 4. Predicted and reference water-depth series at (a) T3 (x = 250 m, interpolation) and (b) Ts
(x = 450 m, extrapolation). Reference (finite-volume): black solid; physics-free ANN: blue dashed;
PINN: red dashed. The PINN closely tracks the reference, whereas the ANN drifts in phase and
amplitude and produces a spurious peak near t = 1150 s in (a).

Beyond the relative L, metric, the reconstructed field is also assessed locally. At the
main surge peak, the PINN amplitude error at Ts is —3.1% (peak under-predicted by 3.1%)
with a peak time lag of —7.6 s and a cross-correlation lag over the full series of 0.6 s, i.e.,
the wave timing is essentially captured. As a global consistency check, the mass and
momentum residuals of the PINN reconstruction were evaluated on a 51 x 100 space-time
grid spanning the full domain: the RMS mass residual equals 67% of the RMS of the
dA/dt term and the RMS momentum residual equals 23% of the RMS of the gAdh/ox
term. These values are dominated by the steep initial transient near the inlet, where the
imposed upstream level rises from 2.0 to 4.0 m within the first second; away from this
region, the residuals are substantially smaller. The consistently low PINN error across the
field indicates that physical information both corrects local prediction bias and constrains
the solution space globally, suppressing the overfitting and spurious correlations common
in data-driven models under sparse sampling.

3.2. Hyperparameter Sensitivity and Optimal Configuration

A sensitivity analysis was conducted under the same flood-rise scenario to establish
a standard model configuration and remove hyperparameter variation as a confounding
factor in the subsequent sensor-placement study:.

3.2.1. Network Depth

The input-output structure and layer width of twenty neurons were fixed, and the
number of hidden layers was set to 4, 6, 8 or 10, with Ty, T, and Ty as observation sec-
tions. Accuracy varied non-monotonically with depth (Figure 5). The six-layer network
completed training in 75 min, only 5 min longer than the four-layer network, yet gave
the lowest relative L, error and the most favorable accuracy-cost trade-off. Increasing the
depth to eight and ten layers increased the training time to 80 and 88 min, respectively,
raising computational cost by 6.7% and 17.3% while reducing accuracy. For the available
sparse data, six layers therefore provide sufficient capacity, whereas deeper networks add
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unnecessary complexity and mild overfitting. The six-layer model also followed surge
peaks and troughs at interpolation section T3 and extrapolation section Ts more closely
than the deeper networks.

Relative L, error (%)

—8— T3 (x =250 m, interpolation)

: —Mm- Ts (x =450 m, extrapolation)

01— : . :

4 6 8 10
Number of hidden layers

Figure 5. Relative L, error at the interpolation section T3 and the extrapolation section T5 versus the
number of hidden layers. Six layers give the lowest error at both sections (dashed line), confirming
that reconstruction accuracy is non-monotonic in network depth.

3.2.2. Loss-Term Weights

Loss-term weighting strongly affects PINN training because an imbalance can cause
the optimizer to favor one term at the expense of the others and impede convergence [38].
With a six-layer network, five weight combinations (Table 2) were compared in a controlled-
variable design: groups {1,2,3} varied the PDE weight, and groups {1,4,5} varied the
initial-condition weight. Figure 6 compares predicted depth series with the reference. The
baseline (group 1) reproduced the surge waveform most closely and produced the lowest
relative L, error at both interpolation section T3 and extrapolation section Ts. Reducing the
PDE weight by almost two orders of magnitude (group 2) weakened physical regularization
substantially. After approximately t = 1300 s, the prediction gradually lost the transient
oscillation and drifted towards a flattened, non-physical curve at Ts. Its error was the largest
among the PDE-sweep cases, indicating that a weak physical constraint cannot sustain the
solution in the sparsely observed interior. Excessively increasing the PDE weight (group 3)
had the opposite effect: the loss landscape became too stiff for the optimizer to fit transient
observational features, and the extrapolation error increased. Extreme initial-condition
weights in groups 4 and 5 did not improve either section. The baseline weights of 1.0, 0.05
and 0.1 therefore provided the best balance between data fidelity and physical constraint.

Table 2. Loss-term weight settings.

Group Adata APDE Arc

1 (baseline) 1.0 0.05 0.1
2 1.0 0.001 0.1

3 1.0 0.5 0.1

4 1.0 0.05 0.5
5 1.0 0.05 0.05
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(@) T3 (x =250 m) — interpolation (b) T5 (x = 450 m) — extrapolation
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Figure 6. Effect of the loss-term weights on reconstruction, at the interpolation section T3 (250 m) and
the extrapolation section T5 (450 m). (a,b) PDE-weight sweep (groups 1-3); (c,d) initial-condition-
weight sweep (groups 1, 4, 5). The baseline (group 1) tracks the reference most closely at both
sections. Reducing the PDE weight (group 2) causes the prediction to drift toward a flattened, non-
physical curve at the interpolation section from about t = 1300 s, while over-strengthening it (group 3)
degrades the extrapolation prediction; the initial-condition sweep (groups 4, 5) does not improve on
the baseline.

3.2.3. Training Budget

Four training budgets, 50,000, 100,000, 500,000 and 1,000,000 iterations, were compared
(Table 3). With 50,000 and 100,000 iterations, errors exceeded 4% at interpolation section
T3 and 6% at extrapolation section Ts, and the model failed to learn the waveform after
approximately the eighth oscillation cycle. With 1,000,000 iterations, error was low but
training time was disproportionately long, and mild overfitting appeared as smoothing that
clipped wave peaks. The 500,000-iteration model produced the lowest error at an acceptable
training cost and tracked the reference over the full 3600 s.

Table 3. Training time for different iteration budgets (errors from the stored models of this study).

Iterations 50,000 100,000 500,000 1,000,000

Training time 8 min 14 min 80 min 173 min
L, atTs 0.0488 0.0411 0.0179 0.0235
L, atTs 0.0733 0.0603 0.0345 0.0413

3.2.4. Standard Configuration

On the basis of these analyses, the configuration in Table 4 was adopted for the training-
budget and loss-weight studies. For the validation (Section 3.1) and sensor-placement
(Section 3.3) experiments, the eight-hidden-layer architecture was retained so that all recon-
struction comparisons share one architecture with the validation model; the network-depth
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study shows that six layers are optimal in isolation, while eight layers perform comparably
at a modestly higher training cost. This is stated explicitly here for reproducibility.

Table 4. Model configuration adopted in this study.

Category Parameter Value
Architecture Hidden layers 6 x 20 neurons
Activation Tanh
Optimization Optimizer Adam
Learning rate 1x1073
Iterations 500,000
Batch (collocation) size 2048
Loss weights AMdata 1.0
APDE 0.05
Ac 0.1

3.3. Sensor-Placement Strategy Under Sparse Observation
3.3.1. Three-Sensor Non-Uniform Strategies

Four deliberately non-uniform three-sensor strategies (Table 5) were designed to ex-
amine reconstruction with incomplete boundary information. Their mean L, errors at
unobserved sections are listed in Table 6. Strategy 3 retained the upstream inlet (T;) and
downstream outlet (Ts), leaving a 300 m interior blind zone, and gave the lowest mean
error and best overall reconstruction (Figure 7). In a hyperbolic system governed by the
Saint-Venant equations, anchoring both near-boundary sections nearly determines the
uniqueness of the full-field solution. The PDE-loss term then propagates boundary informa-
tion inwards from both ends and stabilizes interpolation in the interior. This result confirms
that interpolation is intrinsically easier than extrapolation in this system. Strategies 2 and 4
both omitted the upstream inlet (T;), allowing us to assess whether the model can infer
the upstream boundary from downstream information. Strategy 2, supported by denser
observations from the middle to downstream reach, recovered inlet T; with moderate error.
When interior sensors capture the passing-wave shape, the momentum equation allows
the PINN to trace the wave back towards its source. Strategy 4 lacked the inlet and had
a sparser interior, with T, and T4 separated by 200 m. It gave the largest error because,
with a key boundary missing and the interior sparsely observed, the physical constraint
weakens and the model cannot uniquely determine complex upstream inflow from a sparse
downstream signal. This contrast shows that inverse reconstruction upstream is much more
sensitive to data density than forward propagation. Strategy 1, with the densest upstream
coverage, reconstructed mid-channel T3 well (relative L, error approximately 2.5%), but
its error at far-downstream Ts was larger (approximately 4.8%). Without a downstream
anchor, physical error accumulated and amplified along the 350-500 m reach, representing
the extrapolation risk of an unanchored downstream end. Ranked by mean error across
unobserved sections (Table 6), the layouts were strategy 3 (approximately 3.0%) > strategy 1
(approximately 3.7%) > strategy 2 (approximately 5.3%) > strategy 4 (approximately 16.8%).

Table 5. Three-sensor non-uniform placement strategies.

Strategy Observation Sections Test Sections
1 {T1, T, T4} {Ts, Ts}
2 {T2, T3, T5} {T1, Ta}
3 {T1, To, Ts} {T3, Ta}
4 {T2, Ty, Ts} {Tq, T5}
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Table 6. Mean L, errors of the three-sensor strategies.

Strategy Test Section Mean L; Error
1 Ts 2.540902 x 102
1 Ts 4.763170 x 102
2 T; 6.824009 x 102
2 Ts 3.704768 x 102
3 T, 4.498486 x 102
3 Ty 1.463041 x 1072
4 T; 1.602583 x 107!
4 Ts 1.758179 x 10~ 1

(a) Strategy 1 — T3 (interpolation) (b) Strategy 1 — T5 (extrapolation)

74 —— Reference (FVM) —— Reference (FVM)

--= PINN --- PINN

0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500

t(s) t(s)
(c) Strategy 2 — T1 (upstream back-calculation) (d) Strategy 2 — T4 (interpolation)
b —— Reference (FVM) —— Reference (FVM)

--- PINN --- PINN

E
< 44
1
3 .
2 E
0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
t(s) t(s)
(e) Strategy 3 — T3 (interpolation) (f) Strategy 3 — T4 (interpolation)
7 —— Reference (FVM) 74 —— Reference (FVM)

--= PINN --- PINN

0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
t(s) t(s)

(g) Strategy 4 — T1 (upstream back-calculation) (h) Strategy 4 — T3 (interpolation)

— Reference (FVM) — Reference (FVM)
--- PINN

0 50 1000 1500 2000 2500 3000 3500 0 50 1000 1500 2000 2500 3000 3500

t(s) t(s)
Figure 7. Reconstruction under the four three-sensor strategies. Each panel shows the PINN predic-
tion (red dashed) against the finite-volume reference (black solid) at a representative unobserved
section. Strategies 1,2 and 3 reconstruct the transient accurately, whereas strategy 4 (no inlet and
sparse interior) fails at the upstream section Tj.
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Overall, the boundary-anchored layout of strategy 3 shows that boundary anchoring
combined with PDE infilling is an effective approach to sparse reconstruction. Strategy 2
shows that, even without the upstream inlet, the PINN can infer the inlet with moderate
error and retain useful inverse-reconstruction accuracy provided that interior observations
are sufficiently continuous. Strategy 1 shows that, even without a downstream anchor,
dense upstream coverage supports interior interpolation. Together, these results indicate
practical fault tolerance. Strategy 4 provides a cautionary example: monitoring-network
design should avoid both missing a key boundary and using overly sparse interior coverage,
because this combination weakens the physical constraint and allows errors to diverge.

3.3.2. Two-Sensor Strategies, Spatial Topology, and Noise Robustness

To examine the reconstruction limit under extreme sparsity, all ten two-sensor combi-
nations of the five candidate sections were enumerated and classified by spatial topology,
from complete boundary control to purely interior observation (Table 7). To emulate
unavoidable measurement error, zero-mean Gaussian white noise was added to clean
observation series during training,

hnoisy = helean + Ui O-N(OI 1) (15)

where NV (0, 1) is the standard normal distribution, ¢ is the standard deviation of the original
depth series at the sensor, and 7 is the noise level, set to 0.05, 0.10, and 0.20, that is, 5%,
10%, and 20%.

Table 7. Two-sensor placement strategies and their topological classification.

Strategy  Sensors (T) Positions (m) Boundary-Condition Feature
1 {1,2} {50,150} inlet only, upstream-dense
2 {4,5} {350,450} outlet only, downstream-dense
3 {1,5} {50,450} full inlet + outlet
4 {2,5} {150,450} outlet only, long-range back-calculation
5 {2,3} {150,250} no boundary, upstream-local
6 {2,4} {150,350} no boundary, large span
7 {1,3} {50,250} inlet only, mid-range extrapolation
8 {1,4} {50,350} inlet only, long-range extrapolation
9 {3,5} {250,450} outlet only, short-range back-calculation
10 {3,4} {250,350} no boundary, downstream-local

Under 5% noise, the three best layouts were strategies 4, 6 and 8 (Figure 8). Strat-
egy 6, with sensors T, and T4 at 30% and 70% of the conduit length, provided the most
uniform spatial coverage. Strategies 4 and 8 placed a sensor near the downstream and
upstream boundaries, respectively, widening the sensing envelope while retaining reason-
ably uniform spacing. These layouts formed the experimental group. Strategy 3, which
used the two sensors nearest the boundaries, served as the control for the noise-intensity
sensitivity analysis.

Figure 9 summarizes the mean error of the four representative layouts as noise level
increases, and Figure 10 shows the corresponding waveforms. Strategy 3 anchors the
inlet at 50 m and outlet at 450 m and was highly robust in the single runs. Even with
20% noise, predicted depth series remained accurate, with only small peak-amplitude
deviations and no severe non-physical oscillations. Anchoring both near-boundary sections
constrains characteristic evolution and allows information to propagate stably from both
ends towards the interior. Notably, in the single runs the model trained with 10% noise
generalized slightly better than that trained with 5% noise; the statistical meaning of this
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observation is examined in Section 3.3.3, where repeated runs show that it reflects the noise
realization rather than a systematic benefit.

. top-3 layouts
0.10 + others
0.092 .
0.084

o 0.080
S 0.08 0.075
@ oo 0.065
=il 0.062 0083 oo ;
2 0.06 0.057
©
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0.02 A
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Two-sensor strategy

Figure 8. Mean relative L, error over the unobserved sections for all ten two-sensor strategies under
5% training noise. The three lowest-error layouts (strategies 4, 6 and 8; green) are selected for the
noise-intensity analysis.

0.20 !
=@~ Strategy 3 {T1,Ts} (both boundaries)
-l- Strategy 4 {T,Ts} (outlet only)
0.18 o =~ Strategy 6 {T2,T4} (interior only)
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Figure 9. Mean relative L, error at the unobserved sections versus the training-noise level, for
four representative two-sensor strategies. The boundary-anchored strategies 3 and 8 stay accurate up
to 20% noise, whereas the interior-only strategy 6 degrades sharply at 20%.

By contrast, strategy 6, which used interior-only sensors T, and T4, achieved good
interpolation accuracy under low noise because of uniform spacing. Under 20% noise,
however, its predictions deteriorated sharply at both ends near T; and Ts and developed
large non-physical oscillations; downstream error increased several-fold relative to the
low-noise case. Without direct boundary constraints, the model must extrapolate in both
directions. In a hyperbolic system, this bidirectional extrapolation is ill-posed and ampli-
fies observation noise. Strategy 4, with sensors T, and Ts, anchors only the downstream
boundary. It retained low outlet error but had a persistently larger error in the upstream
blind zone at T1, where clear non-physical oscillations appeared with 20% noise. Down-
stream control cannot fully constrain ill-posed inverse propagation upstream, although this
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partial anchoring avoided the catastrophic breakdown seen with the interior-only layout.
Strategy 8, with sensors Ty and T4, gave the best overall robustness in the single runs. By
anchoring the upstream boundary at T1, the model need only propagate downstream along
the Saint-Venant characteristics. Thus, even with 20% noise, predictions at interpolation
sections T, and T3 and downstream extrapolation section T5 closely followed the reference.
With limited monitoring resources, a non-uniform layout including the upstream boundary
node, such as strategy 8, is therefore more noise-robust and more suitable for engineering
applications than a uniform interior-only layout, such as strategy 6—with the caveat on
10%-noise failure modes quantified in Section 3.3.3.

(a) Strategy 3 (T1, T5) at T3 (b) Strategy 4 (T2, T5) at T1
7 o
74 —— Reference  —— 10% noise —— Reference  —— 10% noise
0% noise e 20% noise 0% noise - 20% noise

---- 5% noise ---- 5% noise

E J E |
= < 1
44 4 4
1
1
1
34k 3
|
|
2 2
0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
t(s) t(s)
e (c) Strategy 6 (T2, T4) at T5 (d) Strategy 8 (T1, T4) at TS
8 o
—— Reference —-— 10% noise 4 —— Reference —— 10% noise
7 0% noise e 20% noise 7. 0% noise e 20% noise
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Figure 10. Waveform robustness to training noise for four representative two-sensor layouts, each
shown at a diagnostic unobserved section. (a) Full-boundary strategy 3 (T1, Ts) at T3 and (d) upstream-
anchored strategy 8 (T1, T4) at Ts stay close to the reference at 0%, 10% and 20% noise. (b) Outlet-only
strategy 4 (Ty, Ts) leaves a persistent upstream error at T; and develops non-physical oscillations
at 20% noise. (c) Interior-only strategy 6 (T, T4) is accurate at 0% and 10% but collapses into large
non-physical oscillations at Ts under 20% noise. Reference: black solid; predictions colored by noise
level. Anchoring a boundary, and especially the upstream boundary, confines the noise-driven error,
whereas the interior-only layout must extrapolate to both ends and amplifies it.

3.3.3. Statistical Stability of the Reconstruction

Because PINN training and noise injection are stochastic, representative configurations
were retrained with three independent random seeds (all random streams—network ini-
tialization, collocation resampling, noise realizations—were reseeded). Table 8 reports the
mean and standard deviation of the relative L, errors at the unobserved sections (Figure 11).

At 0% noise, the reconstruction is statistically stable. Three-sensor strategy 3
yields 3.55% =+ 0.40% at T3 and 3.59% =+ 0.38% at T4 (the single-run values reported
in Table 6, 4.50% and 1.46%, lie within a few standard deviations of these means), and the
two-sensor strategies 8 and 6 give means of 4.8-6.0% and 3.7-7.7%, with standard devi-
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ations below 1.1%. The rankings among layouts reported in Sections 3.3.1 and 3.3.2 are
therefore reproduced across seeds: boundary-anchored layouts outperform interior-only
layouts on average.

Table 8. Mean =+ standard deviation of relative L, errors over three independent seeds (0% noise;
10% noise where indicated).

Configuration Test Sections Mean =+ Std (%)

Three-sensor strategy 3 (0%) T3/Ty 3.55 +0.40/3.59 + 0.38

Two-sensor strategy 8 (0%) T,/T3/Ts 5.09 + 0.80/4.80 + 0.54/5.99 + 0.25
31.7 +£31.1/31.7 +£ 30.7/30.3 + 28.9

- 00

Two-sensor strategy 8 (10%) Ty/T3/Ts (2 of 3 runs < 16%)

Two-sensor strategy 6 (0%) T1/T3/Ts 7.68 +£1.10/3.68 + 0.46/5.88 + 0.12

Two-sensor strategy 6 (10%) T1/T5/Ts 7.71 £ 0.56/3.58 + 0.46/5.63 + 0.64

(a) 0% noise (3 independent seeds) (b) 10% noise (3 independent seeds)

704
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o
©
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Relative L2 error (%)
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Test section
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Figure 11. Mean and standard deviation (error bars) of the relative L, errors over three random seeds
for the repeated configurations. At 0% noise, all configurations are stable; at 10% noise, strategy 8
shows one spurious run out of three (large error bars), while strategy 6 remains stable.

At 10% noise, however, the repeated runs reveal a failure mode that the single-run
experiments could not show. For strategy 8, two of the three runs retained low errors
(5.6-15.7% at the test sections), but one run converged to a spurious solution with errors of
70~75%, even though its composite loss decreased normally to 9 x 10~3. In that run, the
network satisfied the PDE residual and the noisy data while locking onto a wrong wave
pattern—a non-uniqueness mode of the sparse noisy inverse problem, in which the initial
condition alone (enforced only at t = 0) is insufficient to select the correct branch. This
confirms that the occasional improvement at 10% noise reported for single runs reflects the
noise realization and random initialization rather than a systematic benefit. The practical
implication is that, at moderate noise levels, the boundary-anchored two-sensor layouts
are robust in most runs but require safeguards—multiple restarts with the lowest-data-loss
solution selected, or a third sensor—before deployment. By contrast, the interior-only
strategy 6 was stable at 10% noise in all three runs (7.71% =+ 0.56% at Ty, 3.58% =+ 0.46%
at T3, 5.63% =+ 0.64% at Ts), essentially indistinguishable from its 0%-noise results. This
contrast is mechanistically informative: strategy 8 concentrates its two observations near
the ends of the domain and leaves a 300 m interior blind zone, so that, at 10% noise, a wrong
interior wave pattern becomes a viable branch; strategy 6 places its sensors uniformly in
the interior, which constrains the wave shape more evenly and, at this noise level, avoids
the spurious branch at the cost of weaker boundary information. Boundary anchoring
therefore provides the highest accuracy and noise robustness overall, but under moderate
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noise a layout with a large observation-free interior span carries a small but non-negligible
risk of converging to a spurious branch, whereas a uniformly spaced interior layout is more
predictable, if somewhat less accurate.

3.3.4. Sensors at the True Boundaries

Because T; and T5 are boundary-adjacent rather than boundary sensors, four addi-
tional layouts with sensors at the true domain boundaries (x = 0 and x = 500 m) were
trained on the full-field reference data, using the same architecture and training settings as
the two-sensor study. Table 9 reports the relative L, errors, and Figure 12 shows representa-
tive waveforms.

Table 9. Relative L, errors (%) at unobserved sections for layouts with true-boundary sensors.

Layout Test Sections L, Errors (%)
{x =0, 500 m} (two sensors) 50/150/250/350/450 m 5.33/8.60/8.73/6.56/3.37
{x =0, 350 m} (two sensors) 150/250/450/500 m 8.13/6.00/6.96/9.35
{x =150, 500 m} (two sensors) 0/50/250/350 m 9.18/6.58/4.64/4.78
b =0, 250, 500 m} (three 50/150/350/450 m 4.74/4.60/3.64/3.05
sensors)
{x =0, 350 m} at 10% noise 150/250/450/500 m 6.46/5.27/6.77 /8.69

(a) {0, 500 m} at T3

(b) {0, 350 m} at x = 500 m

7 —— Reference (FVM)

—— Reference (FVM)

E
=
4 4
3 4
21 24
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Figure 12. Reconstruction with sensors at the true boundaries (x = 0 and 500 m). (a) Two-sensor
{0, 500 m} at T3; (b) up-stream-anchored {0, 350 m} at x = 500 m; (c) downstream-anchored {150, 500 m}
at x = 0 (inlet boundary); and (d) three-sensor {0, 250, 500 m} at T,. Reference: black solid; PINN:

red dashed.

The two-sensor layout {x = 0, x = 500} reconstructs the whole domain with errors of
3.4-8.7% across the five diagnostic sections—confirmation that two true boundary sensors,
combined with the PDE constraint, are sufficient to reconstruct the interior field. The single-
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t(s)
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upstream-boundary layout {x = 0, x = 350} reconstructs the downstream end (x = 500 m)
with 9.4% error, while the single-downstream-boundary layout {x = 150, x = 500} recon-
structs the inlet boundary (x = 0) with 9.2% error and the near-inlet section T; (x = 50 m)
with 6.6%: consistent with the mechanism of Section 3.4, information propagates more
reliably downstream than upstream, so securing the upstream boundary is the priority. At
the inlet, the reference depth is the externally controlled water-level boundary—a step-
and-ramp hydrograph—rather than a wave-dynamical response, so the inlet is the hardest
section for any interior-data-driven inference; the 9.2% error quantifies this difficulty, and
Figure 12c¢ displays the reconstruction at the inlet boundary itself. The three-sensor layout
{x =0, x =250, x = 500} is the most accurate of the group (3.1-4.7%). At 10% noise, the
up-stream-anchored {x = 0, x = 350} remains stable (5.3—-8.7%). These results confirm that
the placement principle established with boundary-adjacent sensors—anchor the upstream
boundary first—carries over to true boundary sensors. The results also strengthen the
claim that boundary anchoring, rather than the specific sensor positions of T;-Ts, is the
operative mechanism.

3.4. Discussion: Mechanism, Generality, and Limitations

The results in Sections 3.1-3.3 point to a common mechanism. The Saint-Venant system
is hyperbolic, and information propagates along characteristics originating at the domain
boundaries. A boundary sensor provides a well-determined origin for these characteristics,
and the PDE-residual loss subsequently carries this information into the interior. This
mechanism explains why boundary-anchored layouts—three-sensor strategy 3, two-sensor
strategy 8, and, in the new boundary-sensor experiments (Section 3.3.4), the layouts an-
chored at the true boundaries—were both most accurate and most robust to noise. By
contrast, interior-only layouts such as strategy 6 force the network to perform ill-posed
bidirectional extrapolation, which amplifies noise. The resulting practical principle is to
secure the upstream boundary first and then broaden the sensing envelope. Because this
principle follows from the governing-equation structure rather than from the specific case,
it may transfer to other advection-dominated free-surface conveyance systems. It may
not apply unchanged to strongly diffusive regimes or multidimensional flows, which are
outside the scope of this study.

The apparent noise benefit in the single-run experiments of Section 3.3.2 must be inter-
preted with care. The repeated-seed experiments of Section 3.3.3 show that, at 0% noise,
all runs of the boundary-anchored strategies stay accurate (standard deviations < 1.1%),
whereas, at 10% noise, one of three runs of strategy 8 converged to a spurious solution with
errors above 70% although its composite loss decreased normally. The occasional slight im-
provement at 10% noise observed in single runs therefore reflects the noise realization and
random initialization rather than a systematic benefit; it should not be read as a recommen-
dation to add noise. The more robust reading is that, in most runs, moderate observation
noise does not degrade the boundary-anchored reconstruction appreciably, because the
physics residual regularizes the noisy data term; but sparse noisy configurations admit
spurious branches, and safeguards such as multiple restarts or an additional sensor are
advisable. This failure mode is a property of the two-sensor, 10%-noise configuration tested
here and was observed for the layouts and scenario of this study.

The friction-closure question discussed in Section 3.5 deserves emphasis: the momen-
tum balance of the present scenario is dominated by the pressure, convective and inertia
terms, so the reconstruction is insensitive to whether a steady Darcy or a Brunone-type clo-
sure is used, as confirmed by the friction ablation. This is a property of the slowly varying
flood-rise transient studied here, not a general statement about unsteady friction in free-
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surface flow; fast surge fronts or mixed-flow transitions may require an acceleration-based
closure, whose open-channel calibration remains an open research question.

Several limitations qualify these conclusions and indicate directions for future work.
The reference data are high-resolution numerical solutions rather than field measurements;
although the reference solver is verified through grid convergence, discrete conservation
and a cross-method MOC check, the absolute errors may be optimistic and require confir-
mation with experimental or operational data. The comparison in Section 3.1 is a controlled
physics ablation against an identical network without the physics loss, not a benchmark
against classical data-assimilation methods (adjoint/variational, Kalman-type), Gaussian-
process or interpolation methods, recurrent networks or neural operators; such benchmarks
are planned as future work. The study also considers a single circular conduit under
one flood-rise scenario (plus the four cross-scenario tests of Section 3.5), and the model
requires retraining or fine-tuning when boundary or initial conditions change substantially.
Finally, the method is an offline reconstruction tool that uses complete observation histories;
causal (streaming-data) assimilation and its combination with classical data-assimilation un-
certainty estimates remain open. Future work should validate the approach with field data,
examine additional geometries (including mixed-flow and wet-dry regimes, where well-
balanced positivity-preserving schemes [29] become necessary), compare it with stronger
baselines, extend it to branched and looped networks, and assess online assimilation of
streaming data.

3.5. Reliability of the Reference Solution and Cross-Scenario Tests

The credibility of the reconstruction results rests on the reliability of the reference FVM
solution and on the generality of the conclusions beyond the single training scenario. Both
are examined here.

3.5.1. Reliability of the Reference Solution

To establish the reliability of the reference solution, the forward solver was re-run with
N =250 and N = 1000 cells and compared with the N = 500 solution used elsewhere in
this study. Figure 13a shows the water-depth series at T3 during the flood-rise window
for the three resolutions; the solutions are visually indistinguishable. Quantitatively, the
relative L, difference against the N = 1000 solution decreases from 1.53% (N = 250) to 0.80%
(N =500) at T3, with similar values at all five monitoring sections (Figure 13b, Table 10).
The monotone convergence indicates that N = 500 adequately resolves the transient.

(a) Water depth at T3 (x = 250 m)

L2(N=500) = 0.80% —— N =1000 (reference) 1 N = 250
g J[L2(N=250) = 1.53% ——= N=500 | === N=500

(b) Grid-convergence error at monitoring sections
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Figure 13. FVM grid convergence. (a) Water depth at T3 for N = 250, 500 and 1000 cells during the
flood-rise window; (b) relative L, error of the N = 250 and N = 500 solutions against the N = 1000
solution at the five monitoring sections.
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Table 10. Diagnostic checks of the reference solution and of the reconstructed field.

Quantity Value
Froude-number range (mean) 0-0.81 (0.12), subcritical throughout
Water-depth range 2.0-7.7m
Grid convergence, N = 500 vs. N = 1000 (T3) 0.80% relative L,

Discrete mass-balance closure (RMS, relative to inlet flux) 1.1%
Time-discretization difference (adaptive vs. uniform o

. <0.3%

sampling)

MOC vs. FVM, global relative L, ~14%

PINN peak-amplitude error at T5 —3.1%

PINN peak-time lag at Ts —7.6s
PINN cross-correlation lag at Ts 0.6s
PINN RMS mass residual (normalized by dA /ot scale) 0.67

As a second check, the discrete mass-balance closure dV/dt — Q;, (where V is the
stored water volume and Q;, the inlet flux; the outlet is closed) was evaluated from the
full-resolution solution saved at every adaptive step: its RMS value is 1.1% of the RMS inlet
flux (Table 10), as expected for an explicit HLL update with source splitting, and the largest
closure error occurs at the initial level step at the inlet. Comparing the adaptive-step series
with the uniformly sampled series used for the full-field data shows differences below 0.3%
at all sections, i.e., the output sampling does not degrade the reference series (Table 10).

As an independent cross-method check, a first-order method-of-characteristics (MOC)
implementation of the same initial-boundary-value problem, with the same Darcy-
Weisbach closure, yields a global relative L, difference of ~14% from the FVM solution,
with the differences concentrated at the steep surge fronts where the first-order MOC dissi-
pates the peaks (Figure 14). This quantifies the method-related uncertainty of the reference
solution: the second-order HLL-MUSCL solution is the more accurate of the two (see
Figure 13 and the conservation check), but the comparison shows that the wave structure
and timing are robust across independent numerical methods. The absolute accuracy of
the reference solution cannot be certified further without experimental or operational data;
this is stated as a limitation.

(a) Water depth at T3 (x = 250 m) b) |h_MOC - h_FVM| (m
500
A —— FVM (HLL-MUSCL, N=500) 40
74 ! --- MOC (first order) )
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1
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Figure 14. Cross-method check of the reference solution. (a) Water depth at T3 from the FVM
solution and from an independent first-order MOC implementation of the same problem; (b) absolute
difference |hyjoc — hpym | over the full space-time domain, concentrated at the steep surge fronts.

Returning to the friction-closure question of Section 2.2, the momentum Equation (2)
was evaluated term by term from the reference solution over the full space-time domain
(Table 11). The pressure term gAdh/0x, the convective term and the local-inertia term dQ/dt
dominate, with RMS values 13-26 times the bed-slope term gA Sy; the Darcy friction term is
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43% of the bed-slope term and ~3.3% of the inertia term, and a Brunone-type term with the
free-surface adaptation of Equation (7) and k;, = 0.03-0.05 is 0.7-1.2 times the bed-slope term
and ~5.4-9.1% of the inertia term (Figure 15). Friction is thus a second-order contributor to
the momentum balance of this slowly varying transient (Figure 15, Table 11). As a direct
check, a PINN was retrained with the Brunone-type term included in the momentum
residual (friction ablation): the resulting errors at T3 and Ts are 3.88% and 6.06%, slightly
worse than the Darcy baseline (2.50% and 4.77%). The unsteady term therefore does
not improve the reconstruction, confirming that the steady closure is adequate for this
scenario. Because no calibrated ky, exists for open-channel flow, the steady Darcy closure
was retained; unsteady friction may become necessary for fast surge fronts or mixed-flow
transitions, as is discussed among the future directions.

Table 11. Term-wise RMS of the momentum Equation (2) over the full space-time domain, computed
from the reference solution (units m® s~2).

Term RMS Relative to Bed-Slope Term
dQ/dt (inertia) 1.82 13.1
9(Q?/A)/0x (convection) 221 15.9
gAodh/0dx (pressure) 3.61 259
gA Sy (bed slope) 0.139 1.0
gA S;, Darcy friction 0.060 0.43
Brunone-type, k, = 0.03 0.099 0.71
Brunone-type, k, = 0.05 0.165 1.19

(a) Dominant momentum terms at x = 250 m
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Figure 15. Term-wise momentum balance at x = 250 m during the flood-rise window, computed
from the reference solution. (a) Dominant terms: inertia 0Q/dt, pressure gAoh/dx and bed slope gA
Sp; (b) friction terms (Darcy and Brunone-type with k;, = 0.03) against the inertia scale. Friction is
a second-order contributor to the momentum balance of this slowly varying transient.

3.5.2. Ablation and Cross-Scenario Generality

Turning to the components of the PINN itself, removing the initial-condition term
(Arc = 0) changes the validation errors from 2.50%/4.77% to 1.68%/5.76% at T3/ Ts: the
reconstruction is essentially unaffected, because the observation series and the PDE con-
straint already determine the field, and the IC term only assists the earliest transient near
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the inlet. This ablation confirms that the data and PDE terms are the operative constraints
in the present setup.

Finally, the standard PINN configuration was retrained, without any change, on
four additional scenarios generated by the same solver family: CASE2, a falling-water
perturbation (4.0 — 3.0 — 4.0 m) with the same wall outlet; CASE3, a constant 5.0 m up-
stream level with a downstream gate; a +20% perturbation of the friction factor (f = 0.0144);
and a +5% perturbation of the diameter (D = 8.4 m). The relative L, errors at T3/Ts are
3.67%/5.92% (CASE2), 5.93%/8.95% (CASE3), 2.31%/5.05% (f + 20%) and 3.79%/5.79%
(D + 5%), all of the same order as the baseline scenario (2.50%/4.77%). Figure 16 shows
representative reconstructions. The reconstruction accuracy transfers to these scenarios, in-
dicating that the method is not tuned to the specific flood-rise case and that the conclusions
are not an artifact of the reference model’s parameter values.

(a) CASE2:4.0 - 3.0 —>4.0m, T5 (b) CASE3: gate downstream, T3

—— Reference (FVM) —— Reference (FVM)
=== PINN === PINN

E
£ 4

34 3

o) 2

0 560 10|00 15|00 20b0 25|00 30|00 35'00 0 5(IJO 10|00 15|00 20I00 25b0 30|00 35I00
t(s) t(s)
(c) f = 0.0144 (+20%), T5 (d)D =8.4m (+5%), T5
—— Reference (FVM) —— Reference (FVM)
71 --- PINN 7 --- PINN

0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
t(s) t(s)

Figure 16. Generalization to independent scenarios with the same PINN configuration. (a) CASE2
(falling-water perturbation) at Ts; (b) CASE3 (gated outlet) at T3; (c) f = 0.0144 (+20%) at Ts;
(d) D = 8.4 m (+5%) at Ts. Reference: black solid; PINN: red dashed.

4. Conclusions

This study developed a physics-informed neural network coupled with the
one-dimensional Saint-Venant equations, closed by a Darcy-Weisbach steady friction term
in hydraulic-radius form, to reconstruct transient water-depth fields in long-distance free-
surface conveyance tunnels. By embedding the governing equations as a soft constraint
in the loss function, the model reconstructs the complete field from sparse depth observa-
tions under physical constraints. Its behavior was characterized across network topology,
noise conditions and sensor layouts, and the credibility of the reference solution and the
generality of the conclusions were verified through dedicated checks. The main findings
are as follows.

1. The PINN mitigates the overfitting of purely data-driven methods under sparse
sampling. With only a few monitoring sections, it accurately reconstructs water-
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depth evolution in unobserved regions and reduces relative L, error to approximately
one-quarter of that of an equivalent ANN at both interpolation (2.50% vs. 10.05%)
and extrapolation (4.77% vs. 13.69%) sections. A controlled ablation identifies the
embedded physics as the source of this advantage, and the advantage is robust:
repeated runs under three random seeds reproduce the ranking of the layouts, and
peak-timing and residual checks confirm that wave amplitude and phase are captured.

2. Sensor placement is decisive for reconstruction robustness. A layout including the
upstream boundary—whether boundary-adjacent (strategy 8) or at the true boundary
(x = 0)—is markedly more robust to noise than an interior-only layout (strategy 6),
because boundary anchoring suppresses noise amplification during inverse extrapo-
lation. Layouts anchored at both true boundaries (x = 0 and 500 m) reconstruct the
whole domain accurately from two sensors alone.

3. The model shows substantial tolerance to noise. Under the physical regularization
imposed by the governing equations, moderate observation noise (up to 10-20%
for boundary-anchored layouts) does not cause prediction divergence in most runs.
Repeated-seed experiments show stable low errors at 0% noise (standard devia-
tions < 1.1%) but reveal that a minority of trainings at 10% noise converge to spurious
solutions; the occasional slight improvement at 10% noise in single runs is a realization
effect, not a systematic benefit. Safeguards such as multiple restarts or an additional
sensor are recommended at higher noise levels.

4. The conclusions rest on a verified reference solution: grid refinement (N = 250-1000)
converges monotonically (0.8% difference at N = 500), the discrete mass balance closes
to 1.1%, and an independent MOC solution confirms the wave structure. The friction
closure is a second-order term in the momentum balance of this slowly varying tran-
sient, and a friction-closure ablation confirms that the reconstruction is insensitive to
whether a steady Darcy or a Brunone-type term is used; the free-surface adaptation of
acceleration-based friction is provided for future use in fast transients. Cross-scenario
tests (falling-water perturbation, gated outlet, perturbed friction and geometry) show
that the method transfers without retuning.

These results provide a basis for intelligent monitoring and soft-sensor development
in free-surface conveyance tunnels, as an offline reconstruction tool. Limitations remain,
however. This study relies on numerical reference data and considers a single conduit
focusing on water depth h; validation against field or experimental data is required be-
fore operational deployment. Extension to branched and looped conveyance networks,
mixed-flow and wet-dry regimes, benchmark comparisons with classical data-assimilation
methods and neural operators, and causal online assimilation of streaming data remain
subjects for future work.
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