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Abstract

Having reliable tools for characterizing rainfall-induced soil erosion is fundamental to the
effective management of agroforestry systems in order to increase resilience against climate
change. Physics-based models provide a robust, comprehensive and widely applicable
framework to quantify runoff generation and soil erosion during intense rainfall events in
agroforestry catchments. In this work, we propose a novel hydro-erosive model to simulate
hydrodynamical flow and bed mobilization, movement and deposition. This hydro-erosive
model solves the two-dimensional shallow water equations (SWE-2D) with hydrological
source terms for runoff generation, coupled with the 2D depth-averaged solid transport and
the soil surface evolution equations. The partial differential system is solved using a finite
volume method. Alternative Integral/Differential Bed Slope and explicit upwind /implicit
pointwise friction term discretization options can be used to improve performance in terms
of numerical stability and conservation. The behavior of different discretization options
in this hydro-erosive model is evaluated through an analytical hillslope verification, a
benchmark V-catchment rainfall-runoff test and a laboratory dam-break experiment over
an erodible bed. The results show that the Differential Bed Slope formulation combined
with the upwind friction discretization provides the most accurate and conservative pre-
dictions. Also, an Upwind Bed Updating method for integrating soil surface elevation
change is compared with the cell-centered integration of the bed change term by suppress-
ing non-physical oscillations without compromising computational efficiency. Overall,
the proposed open-source hydro-erosive model provides a reliable and computationally
efficient framework for high-resolution simulations of rainfall-induced soil erosion and
represents a valuable tool for environmental and agroforestry applications, but appropriate
calibration and mesh resolution are required to ensure reliable predictions.

Keywords: water soil erosion; physics-based distributed models; sediment transport;
friction integration; numerical methods

1. Introduction

Soil erosion by water has intensified worldwide because of both the expansion of
aggressive farming practices and climate change [1]. Characterizing and quantifying soil
loss processes due to water erosion is fundamental to increasing resilience to climate change.
Rainfall-induced erosion on hillslopes not only reduces the fertile soil layer available for
the growth of the protective vegetation canopy, decreasing land productivity, but also
affects infiltration and subsequent runoff generation. Consequently, intensive erosion
processes can modify the hydrological response of the catchment during heavy-rainfall
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events and increase flooding risk downstream. Therefore, reliable tools for estimating and
analyzing the spatio-temporal distribution of erosion are crucial to the smart management
of agroforestry systems. In this regard, computational soil erosion models are a low-cost
and useful option to support agroforestry planning with quantitative data.

Available models applied for assessing catchment-scale erosion can be classified
in three main groups, depending on the background approach used to represent the
involved environmental processes: (a) empirical models, (b) simplified process-based
models and (c) distributed physics-based models. Empirical models (a) are based on
parametric formulations that enable to estimate aggregated quantities at hillslope and
catchment scales. They are easy to use and do not require a high computational effort
but need a careful calibration adapted to each specific scenario. The most widely used
empirical model is RUSLE, i.e., Revised Universal Soil Loss Equation [2]. RUSLE has been
calibrated for predicting annually averaged soil loss rates at the catchment scale in different
agricultural and forestry landscapes [3-5]. Advanced parametric models based on the
RUSLE approach, such as WaTEM/SEDEM [6,7] and G2-ESDAC [8,9], have also been
successfully calibrated for characterizing spatially distributed soil loss rates at catchment
and regional scales.

Among these advanced empirical models, the Soil and Water Assessment Tool
(SWAT) [10] is one of the most extensively applied watershed models. SWAT operates on
a daily time step and uses a modified version of RUSLE to estimate runoff and sediment
yield under different land-use and management scenarios [11]. Nevertheless, as SWAT
was primarily developed to evaluate the long-term impacts of agricultural management
on runoff and sediment yield [10], it is less suitable for applications involving detailed
event-based flood propagation and sediment transport in forestry areas.

To better represent erosion processes, simplified process-based models (b) have also
been extensively used for quantifying soil loss and sediment yield at hillslope and catch-
ment scales. The WEPP model [12,13] deploys a simplified semi-analytical solution of the
kinematic wave equation to transform rain into overland flow at the hillslope scale and the
steady-state sediment continuity equation for estimating erosion. Similarly, the EUROSEM
model [14,15] also solves the runoff mass conservation equation using the kinematic wave
assumption at the hillslope and channel scale, together with the 1D dynamic balance equa-
tion for the soil mass over converging surfaces [16]. The Pan-European Soil Erosion Risk
Assessment (PESERA) model [17] uses a process-based approach to estimate long-term
averaged erosion rates in 1 km resolution coarse grids. Despite their simplified approach,
process-based models are more sophisticated than parametric models and require a careful
estimation of some semi-empirical parameters.

One step further in complexity are distributed physics-based models (c), which solve
the depth-averaged conservation equations of momentum and mass (shallow water equa-
tions, SWE-2D) to transform rainfall into the temporal and spatial distribution of runoff.
The erosion process is included by solving the 2D sediment transport equation coupled
with the bed surface evolution equation for modeling the mobilization, movement and
deposition of the soil particles [18,19]. Hence, these models allow for the dynamic and
distributed exchange of soil material between the erodible soil layer and the overland flow,
controlled by rainfall energy and the shear stress exerted by the runoff on the erodible stra-
tum. In contrast to RUSLE-based or process-based models, physics-based computational
models might offer suitable predictions of the local erosion features only by calibrating
values of the erosion parameters in the equations within “reasonable” physical ranges,
allowing for a more scientific and intuitive calibration process.

The main drawback of physics-based hydro-erosive models is the high computational
cost required when combined with fine computational grids. This limitation has hampered
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their application to estimate erosion processes at large scale with sufficiently high reso-
lution to capture these local erosion features. Application of these models to soil erosion
at catchment scale has been attempted previously [20-22] but always with coarse grid
resolutions, hindering the potential of these models. In recent years, the emergence of
intensive parallelization within GPU devices has fostered the development of distributed
computational models for geophysical surface flows to increase greatly their potential as
analytical and predictive tools [23-26]. Nevertheless, the numerical discretization imple-
mented for the main terms in equations can also affect model performance when dealing
with large-scale high-resolutions applications. Several alternatives have been proposed in
the literature for the numerical integration of the bed slope [27], friction dissipation [28,29]
and bed erosion terms in surface flows, but their combination within erosive models has
not been addressed.

In this work, we assess a physics-based hydro-erosive model (SERGHEI model-SE
module [30]) for simulating surface runoff and soil redistribution rates applicable to large
domains with high space/time resolution. As a preliminary stage before ambitious and
large-scale applications, it is convenient to evaluate the sensitivity of the proposed model
to parameters and the different discretization options available using controlled test cases.
This is the main purpose of the present work. This work is structured as follows: Section 2
is devoted to introduce the governing equations for the runoff movement and soil mobi-
lization, transport and deposition processes; in Section 3, the numerical method is detailed,
focusing on the new integration procedures; the results of the hydro-erosive model for
analytical and experimental tests are reported and analyzed in Section 4; and finally the
main conclusions are drawn in Section 5.

2. Governing Equations

The hydro-morphodynamic framework is composed of the 2D shallow water equa-
tions (SWE-2D) for overland flow, the 2D advective transport equation for the multigrain
sediment mass suspended in the flow and the soil surface elevation equation [21]. The equa-
tions forming the system can be written in expanded component form as:

oh  d(hu)  d(hv)
ot ox ay

=ro—1f+¢Ny 1

o(hu) 0 (, » 1 o\ 9 o9 _ (P
51 +E)x(hu —i—zgh —i—ay(huv)— ghax ghCrlulu —u 0 1)¢N, (2

a(h 9 9 1 J b
(atv) +ag ) + o <hz;2 + 2ghz) = —ghaiyb — ghCylulv - v<i)h - 1) ¢Np ()
d(h¢)  o(hu¢)  o(hvp)
it e Toay — M (4)
aZb .
o~ N ©

where h [m] is the flow depth; u = (1, v) [m/s] is the depth-averaged velocity vector; z;,
[m] is the bed-layer elevation; g [m/ s?]is the gravity acceleration; rg [m/s] is the rainfall
rate; ¢ [m/s] is the infiltration rate in the underlying porous soil; p = py (1 —¢) +
ps¢ [kg/m?] is the depth-averaged bulk density of the flow, with p;, [kg/m?] the water
density and ps [kg/m3] the sediment particle density; ¢ [-] denotes the depth-averaged
volumetric concentration of the sediment in the flow; and N, [m/s] is the total bed-material
exchange rate.
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The last term, N, participates in the momentum exchange between the overland flow
and the underlying stratum [31]. According to that, net entrainment rates N;, > 0 involve a
momentum reduction in the flow, whereas net deposition rates N;, < 0 lead to an increment
in the flow momentum. This is one of the fundamental principles in fluvial dynamics,
usually referred to as the principle of self-adaptation [32]. This principle states that the
flow becomes weaker when entraining sediment and the soil surface degrades, whereas
deposition of the transported sediment load leads to a stronger flow.

Besides that, in this work the effective rainfall is obtained directly from the hourly
rainfall intensity Irs9 [mm/h]. Moreover, the infiltration rate is estimated using a constant
infiltration value over the entire domain.

The boundary shear stress at the soil surface T3, [Pa] is here estimated using the
quadratic pure-turbulent relation as [33]:

T = (Tox, Toy) = pgh Cy lulu (6)

where C; = n% h=4/3 [s2/m?] is the turbulent friction coefficient, with 1, [s/m!/3] the
Manning roughness parameter of the terrain.

The last source term in the momentum equations accounts for the bulk mass and
momentum exchange between the flow and the erodible soil layer [32] and is expressed in
terms of the void factor ¢ [-]:

1

=1- b =ps (L=ps)  po=pPh+Puwps @)
Pv

¢

where pj, [-] is the bulk porosity of the soil layer. The property pj, [kg/m?] is the dry
apparent density of the solid aggregate, and p; [kg/m?>] accounts for the density of the
saturated soil layer.

Bed-Material Exchange in Channels (BMEC) Model

Following the sediment transport theory in rivers [34], estuaries and shore environ-
ments, the total net exchange rate N}, can be expressed as:

Ny = Ep — Dy (8)

where Ej, [m/s] and Dj, [m/s] are the specific entrainment and deposition rates, generalized
here as [31]:
qs

9; + 43 (9)

Eb = K¢ Ws

Dy =wayws ¢

where «, [-] and a, [-] are two empirical fitting parameters for the entrainment and the
deposition rates respectively, ws [m/s] is the specific settling velocity and g} [m?/s] is the
specific solid transport capacity of the flow for the j-sediment.

Multiple empirical relationships exist to estimate the specific solid transport capacity
g%, usually derived by fitting transport data observed in natural rivers. Particularly, the
formula from [34] for suspended sediment capacity is widely used due to its adaptability
to different sediment sizes:

8 _e.10° (’”" |“) - (10)
Fy/ (ps/ o) g
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where 7.; = 6. (05 — pw)8dsj [Pa] is the threshold of turbulent shear stress for the detach-
ment of the j-sediment, with 6, [-] the critical dimensionless Shields stress for the incipient
motion. The specific settling velocity wy; is here estimated using the relationship from [35],
derived from empirical measurements for a wide range of sediment sizes in natural flows:

ws = [(13.95”)2 +1.09 (psp pw)gds} Y jaesY (11)

ds ds

where v [m?/s] is the kinematic viscosity of water. It is worth mentioning that the coef-
ficients a, and a; might be calibrated for realistic applications depending on the specific
features of the case.

3. Numerical Method

The governing equations are solved using a finite volume (FV) method. The spatial
domain is discretized into the orthogonal mesh defined by the Digital Terrain Model (DTM),
and the equations are integrated in each square computational i-cell. The implementation of
the hydrodynamic flux computation is described in [30] and referenced therein. Therefore,
the present work is focused on the novel parts that are detailed next.

3.1. Updating the Runoff and Sediment Transport

Considering the overland components of the system, the piecewise initial variables
at the i-cell are updated from time t" to an intermediate step, denoted by superindex
*, following:

4
h _hn—fz k+At(0—1’f) (12)
(hu)f = Z s (13)
* n_ Ot : - l=\n
(hv); = (hv)} — AJ (my~ +sy )k (14)
k=1
At &
(hp); = (hg)! = 37 Y- (g 9+ (15)
k=1

where Al is the spatial resolution of the DTM, At = #"+1 — " is the time step, and q,f is
the hydrodynamic normal mass flux, with g, = hii - 1 and (mx , my ")k being the upwind
x- and y-momentum fluxes, respectively, at the k-edge. These upwind fluxes at the cell
edges are computed using the eigenvalues and eigenvectors of the Jacobian matrix of the
hydrodynamic system and also include source strengths accounting for the bed pressure
contribution. The bed pressure source appears explicitly in the momentum equations as
- gh% and — ghaa%. Additionally, (sif, sf )k denote the upwind edge-based discretization
of the frictional momentum source, which is associated with the bed shear-stress vector T,
defined in Equation (6).

3.1.1. Upwind and Explicit Friction Term Discretization

Following [36], the integrated friction contribution at edge k, evaluated at time ", can

n 2/~ ~ n
B 2 o (ns,)" RG]
(pe), =s0s7)jan 3= ( e ) 1

be written as:
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where d,, is the distance between neighboring cell centers in the normal direction to the
edge, u is the averaged velocity vector at the edge, and n is the outward unit normal vector
to the edge. The term Sy is the Manning friction slope, which is related to the friction
coefficient Cy = n2h~#/3 by Sy, = Cy|ulu in the x-direction and S;, = Cf|ulv in the
y-direction. Thus, this formulation treats friction as an edge-based source contribution,
coupled with the explicit upwind flux computation. It will be referred to as Upwind
Friction Slope (UFS).

3.1.2. Pointwise and Implicit Friction Term Discretization

As an alternative, the updated momentum components (hu)! and (hv); can be ob-
tained through an implicit pointwise centered treatment. This approach follows the idea of
applying the resistance term as a local correction of the frictionless momentum, as discussed
by [28] for visco-plastic friction dissipation. In this case, the hydrodynamic flux update is
first computed without the friction source contribution:

At &
M, = (hu)! AZZ

(17)

My— hv Z

Here, My and M, are auxiliary cell-centered quantities representing the momentum
components after the hydrodynamic flux update, including bed slope terms and before
the local friction correction. The corrected cell-centered momentum components after the
pointwise friction treatment can be written as:

M@fzhh—A%T?)f
’ 18)

* Tbl *
(ho)f = My — At<y>
e /i

Using 7, and T, as defined in (6), Cy = n2h™*/3, u = (hu); /h}, and v = (hv)}/h},
Equation (18) can be rewritten as:

hu)*)% + [(ho)*]?
(hu)i = Mx — At gnj \/[( )E;]l*)—;/?a[( i hu)f
l (19)

hu)* ho)1?
oyt =t — s g L1 ”)g;]lf;/s[( D

Since the pointwise friction correction reduces the magnitude of the momentum

vector while preserving its direction, the corrected momentum vector ((hu);, (hv)}) is
. L. hu)¥ .

proportional to the frictionless momentum vector (My, My). Therefore, % = % Using

this relation, one component can be written as a function of the other, which leads to:
(hu)j = T;M,

20
(ho)f = T;M, 20)
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where

—1+\/1+4Atgn2(h’f)—7/3,/M2+M2
v Y (21)
2Mtgny(hy)=7/3, /M2 + M2

This procedure will be referred to as Pointwise Friction Slope (PFS).

T, =

3.1.3. Bed Slope Term Discretization

After the treatment of the frictional momentum dissipation, the bed pressure contri-
bution can be detailed. Following the source term integration proposed by [36], the bed
pressure contribution can also be numerically integrated using either a differential or an
integral approximation. The differential approximation is based on the assumption that the
variables vary smoothly between two neighboring cells, denoted by i and i 4 1. In this case,
the bed pressure term at edge k in the x-direction is approximated by:

0z ~ Az ~  hi+h;
(—ghaxb) ~ —8(h A;)}{ h = % Azy = (zp)it1 — (z)i  (22)
k

where 1 is the mean water depth between neighboring cells i and 7 + 1, and Az, is the
difference between their bed-layer elevations. This option will be referred to as Differential
Bed Slope (DBS).

In the integral approximation, the bed variation is not represented as a smooth slope
between neighboring cells. Instead, it is treated as a bed step located at the cell interface.
Consequently, the bed pressure contribution is computed from the hydrostatic thrust acting
on the submerged portion of this step. This approximation is written as:

0z |AzZ] | , i if Az, >0,
(—gha) ~ _8<hj -t )an =g
X /k i+1 ifAz, <O,
h; if Az, > 0and d; < (zp)iq1,

Az, = hivq ifAzy <O0and diq < (zp);, d=h+z

Az, otherwise.

(23)

where h]- is the water depth on the reference side of the bed step, Az{7 is the effective
submerged part of the bed elevation difference, and d is the free-surface elevation. When
the bed step is fully submerged, the whole bed elevation difference contributes to the
hydrostatic thrust; therefore Azz = Azp. Otherwise, Az’b is limited by the local water depth,
so that the hydrostatic force is only applied over the submerged portion of the bed step
that is actually covered by water. This option will be referred to as Integral Bed Slope (IBS).

3.1.4. Updating the Solid Transport Concentration

For updating the solid transport equation, the upwind value of the convective solid
mass flux for the sediment at the k-edge is computed using the hydrodynamic normal mass
flux q,ﬁ_ and the upwind solid concentration at the edge ¢*~, calculated as:

pr o DI O~ 0

(24)
where (¢)! is the sediment concentration in the i-cell and (¢)’; is the sediment concentration
in the k-neighboring cell, both at the current time t*. Note that the upwind behavior is
given here by the direction of the hydrodynamic normal mass flux sgn(q%_ ), where sgn
denotes the sign of the corresponding quantity.
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3.1.5. Final Updating Step

Then, the bed-material exchange term is included for updating the flow, and the
sediment transport equations to the next time t"*! is given by

W = 1 4 AE(E N (25)
(hu) ™ = (hu)f — At {u <Ppb - 1) §Nh]j (26)
(ho)" = (ho)f — At [v(‘;j’ - 1) ngI 27)
(hg)[ ™t = (he); + At(N,)] (28)

where (Nj)! is the total bed-material exchange at the i-cell for the current time; hence:
Np = (Ep — Dy){f (29)

Stability is enforced by limiting the global time step by using the CFL condition. The lo-
cal time step allowed at the i-cell is estimated using the fastest wave celerity depending on
the local flow features and the spatial resolution of the computational grid. Then, the global
time step At is limited by minimum of the local time steps as:

n

At = CFL min Al (30)

max (‘u‘ +\/g>h, v|+\/ﬂ)

with CFL < 0.5 for square-orthogonal grids [37]. Further details on this numerical scheme

and additional considerations such as entropy fixes, source terms limitations and wet-dry
treatment can be found in [36].

3.2. Updating the Soil Surface Elevation

This section is dedicated to the integration and updating of the soil surface level,
where the net exchange of sediment with the runoff contributes to the soil surface elevation
evolution. In this work, two different numerical approaches are proposed for updating the
soil surface elevation due to the vertical solid exchange flux.

3.2.1. Centered Bed Updating (CBU)

The classical approach to update the bed level [32,34] consists of explicitly integrating
the vertical exchange flux within each computational cell,

d i __4n
a/Qizhdn_ @/QiNb(t—t)dQ @31)
leading to the simple bed elevation updating formula:
(zp)] 71 = (zp) — ALE (Np)} (32)

where the total exchange rate (N)} at computational cell i for time ¢" is hence computed
using (29) depending on the erosion model.
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3.2.2. Upwind Bed Updating (UWBU)

A novel approach is herein proposed based on splitting the integral of the vertical
exchange flux into solid load contributions associated to each intercell edge. Hence, the bed
change equation can be expressed as:

d 4 ;
dt/ﬂizbd():—gk;/nth(t:t)dQ (33)

where (), denotes the area associated to the k-edge, and the total exchange rate Nj, is
computed using (8). Assuming the exchange of sediment between the erodible soil layer
and the overland flow constant during a time step, the edge integral of the vertical net flux
represents an increment on the solid discharge transported by the overland flow throughout
the k-edge; hence:

~ n AP
g /Qko(t: £1)d0 =& (Ny)} 5 = agal (34)

Np)" +(Np)L . . .
M is the arithmetic average of the vertical exchange flux at the

where (N)} =
k-edge for the current time, (Nj,)% is the vertical flux in the k-neighboring cell to the i-cell
at the current time, and Agk = %l (Nb)z is the resulting increment in the solid transport
discharge due to the vertical exchange.

Hence, by replacing (34) into (33), the soil surface evolution equation can be trans-

formed into the following upwind updating expression for the i-cell soil surface elevation:
n+1 n_ Ot ! —k
(z)f ™ = () — 55 Y E A (35)
Al =

where Ag$F denotes the upwind contribution to the solid discharge increment due to
soil material exchange at the k-edge. Note that the downwind contribution to the solid
discharge Agk~ at the k-edge, which contributes to the soil surface change in the opposite
neighboring cell, must satisfy A + Agk™ = Agk, ensuring mass conservation for the
solid material. The reconstruction of these upwind and downwind vertical contributions
are detailed below.

The computation of these upwind and downwind solid discharge increments, Ag$*
and Agk™ respectively, is based on the weak solution of the local Riemann problem
for the bed-level evolution at cell edges, originally developed for bedload transport in
rivers [19,38,39]. A detailed explanation on this procedure can be found in [40]. This
discrete approach derives a local virtual wave celerity 7\’; for the soil surface elevation due
to the vertical exchange flux at the k-edge, expressed as:

(Np)2

Ak —
b é(25’;

(36)

with S’g = Az, /Al the discrete local terrain slope at the cell edge. Depending on both
the vertical exchange flux and the local terrain slope, the following soil surface evolution
configurations arise.

Forward step configuration: It is characterized by positive values of the local bed
change celerity X’g > 0, leading to the forward propagation of terrain level steps, i.e., along
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the direction of the outward unit normal vector at the edge. The solid discharge increments
at the cells on both sides of the k-edge are computed as:

Al ~
AR =0 AgT =S (N (37)

Two combinations cause this configuration (see Figure 1): net erosion (Nb)z > 0in
upward slopes S’lj > 0 and net deposition (Nh)Z < 0 in downward slopes S’lj < 0.

. k n 1 1
Negative slopes: S, <0 (t) G "
k-edge k-edge k-edge

a0Tz0 g AL, aqT= LA E agt o
i-cell . i-cell itcell i
iy-cell
a2 a1z ]
5 - Forward configuration Backward configuration

Positive slopes: S >0 (t) X: >0 ;: <0

k-edge k-edge k-edge

Figure 1. Local bed-update configurations for negative and positive slopes.

Alj2

Backward step configuration: It is characterized by negative values of the local bed
change celerity /N\’lj < 0, leading to the backward propagation of terrain level steps, i.e.,
opposite to the direction of the outward unit normal vector at the edge. The solid discharge
increments at both sides of the k-edge are computed as:

AT = (Np)] Mg =0 (38)

Al |~
)

Two scenarios can be distinguished in this configuration (see Figure 1): net erosion
(Nb)z > 0 in downward slopes Sf < 0 and net deposition (Nb)Z < 0 in upward slopes
Sk >o0.

Flat bed configuration: The local bed change celerity 7\’; is undefined. The balance
between the vertical exchange flux at the left and right cells of the k-edge at the current
time, computed as (ANy)} = (Np)j — (Np)}, determines the direction of the emergent
slope. The solid discharge increments at both sides of the edge are computed as:

aqct =T Ak = Fowy 9)

Two scenarios can appear in this configuration (see Figure 2). First, positive flux
balance (ANy)} > 0 leads to the appearance of downward slopes for both net erosion and
deposition scenarios. Second, negative flux balance (AN} )} < 0 leads to the appearance of
upward slopes, regardless of whether erosion or deposition predominates.
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k n+1 n+1
Flat bed: be 0 (t) (t)
Positive flux balance Negative flux balance
(&N, > 0 (aN,) <0

k-edge k-edge

n

aq° “:ATI(N,,)T {aq = AL(N,)

n

s 4 bk

. A ACI(:k:ATI(Nh)'.‘ iAq = ALy

i-cell | i-cell i-cell | i-cell

(aN) = (N - (v’

(t)

k-edge

i-cell i i,-cell

n n X n n X
e e If: (Nb)‘k> (Nb)‘ leadsto: S, <0 If: (Nb).k< (Nb). leadsto: S, >0

Figure 2. Flat bed configuration.

4. Model Validation and Performance

In this section, we validate the model and discuss its performance. We use a series of
numerical experiments to demonstrate the robustness, efficiency and performance of the
proposed model.

4.1. Test 1: Hillslope Case Study

The first numerical case involves an idealized hillslope designed to provide a con-
trolled verification of the hydrodynamic and morphodynamic response of the model.
Owing to the 1D character of the flow and the uniform bed slope, the Differential Bed Slope
(DBS) formulation was adopted in this test. The analysis therefore focuses only on the
influence of the friction source term discretization by comparing the upwind (UFS) and
the pointwise centered (PFS) formulations. The numerical results are compared against
the analytical reference solution derived in Appendix A for both non-erosive and erosive
conditions. In this way, the test evaluates the ability of the model to reproduce the expected
runoff depth and velocity profiles, as well as the associated bed elevation changes.

The computational domain is rectangular, with a length of 1000 m and a width of
200 m, having a uniform negative longitudinal slope of 0.01. Figure 3 shows a representative
illustration of the case study. The erodible soil layer is composed of a single sediment class
with diameter d; = 0.1 mm and dry apparent density p, = 1406 kg/m°. The hydraulic
resistance is represented by a uniform Manning roughness coefficient of 1, = 0.02 s/m!/3.
The domain is initialized in dry conditions and subjected to a constant rainfall of 200 mm/h,
applied only to the upper half of the slope, between x = 0 and x = 500 m, as illustrated
by the blue rectangle in Figure 3. The domain was discretized with a spatial resolution of
Al =1 m, and the simulation was run for 3600 s using a CFL = 0.5.
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Figure 3. Test 1—Schematic representation of the hillslope domain and rainfall zone.

In order to establish a baseline scenario for the model hydrodynamic response, erosion,
deposition and infiltration processes were not considered in the first set of simulations.
Figure 4 shows the runoff depth /1 and the x-velocity u along the hillslope centerline at
times t = 180s,t = 540 s, and t = 3600 s after the rainfall starts, comparing the UFS
and PFS formulations. Since the exact solution presented in Appendix A corresponds to a
steady-state condition, it is included only for the final profile at t = 3600 s.

t = 180s t = 540s t = 3600s
4012 oy 4 o 1 1 ]
] —UFS non-erosive flow
2.0 - ---PFS non-erosive flow
1 —- Analytical non-erosive
", Rainfall zone
0.0 T T =
60.0 1
—UFS non-erosive flow
30.0 |==-PFS non-erosive flow
M —- Analytical non-erosive
0.0 | | b I Rainfall zone
—T—T — — T — —F
0 250 500 750 0 250 500 750 0 250 500 750
Distance [m] Distance [m] Distance |m]|

Figure 4. Test 1—Temporal evolution of the runoff depth and x-velocity along the plane centerline

for the non-erosive soil condition.

The overland flow develops progressively along the rainfall zone. Between x = 0 and
x = 500 m, the specific discharge increases downstream due to the continuous inflow of
water from precipitation. After the rainfall zone ends (x > 500 m), no further water input
is added, so that the runoff is a uniform regime along the downstream portion of the slope.
At the end of the simulation (t = 3600 s), the flow reaches a fully steady state in both the
upper-half and lower-half regions of the domain.

In the uniform downstream region, the exact solution yields a reference depth
h =~ 4.43 cm and an x-velocity u =~ 62.64 cm/s. The numerical values obtained downstream
of the rainfall zone for the UFS are the same as the analytical solution, i.e., hyps ~ 4.43 cm
and uyps ~ 62.64 cm/s. Meanwhile, the values obtained for PFS are hppg =~ 4.12 cm and
upps ~ 59.67 cm/s. Although both formulations reproduce the expected steady-flow
pattern, the UFS formulation provides closer agreement with the exact solution for this
hillslope configuration.

Before evaluating soil erosion, the agreement between the analytical and numerical
profiles was also assessed for t = 3600 s. The relative error of the spatial integral was
computed for both water depth and averaged velocity over the domain, as shown in Table 1.
The UFS scheme reproduced the analytical solution with relative errors below 1.3% for

https://doi.org/10.3390/w18151870


https://doi.org/10.3390/w18151870

Water 2026, 18, 1870

13 of 28

u [cm/s|

N, [m/s|

Az, [em]

both variables, whereas the PFS scheme yielded errors of approximately 10% for water
depth and 7.5% for x-velocity.

Table 1. Test 1—Relative errors for the case without erosion.

Variable Model Integral Area Relative Error (%)
UFS 3565.05 1.20
h PFS 3248.50 9.98
Analytical 3608.44 -
UFS 52,896.83 1.05
Uy PFS 49,438.74 7.52
Analytical 53,457.16 -

In order to compare the numerical model results with the exact solution for the
idealized erosive case with infiltration, infiltration was simplified and assumed constant,
and the erosion source term was adapted to match the same simplified expression assumed
in Appendix A. Therefore, instead of using Equation (8), N, was computed according to
the simplified expression presented in Equation (A10).

Figure 5 shows the evolution of x-velocity u, the net bed exchange rate Nj, and the
bed elevation change Az, along the steep plane for both UFS and PFS at times t = 180 s,
t =540s, and t = 3600 s after the rainfall starts. The comparison with the exact solution is
included only for the final profile at t = 3600 s.

t = 180s t = 540s t = 3600s

—UFS erosive flow
---PFS erosive flow

—- Analytical erosive

Rainfall zone

T T T

0.0 -

—0.5
—1.0

—1.5

—2.0

250

500 750 0 250 500 750 0 250 500 750
Distance [m)] Distance [m]| Distance [m)]

Figure 5. Test 1 —Temporal evolution of x-velocity, net bed exchange rate, and bed elevation change

along the plane centerline for the erosive soil condition.

The results show that the numerical model reproduces the expected temporal devel-
opment of the erosive flow. At the early stage, t = 180 s, the runoff is still mainly confined
to the rainfall area, and both numerical solutions predict relatively small values of u and
Nyp. As a consequence, the accumulated bed elevation change remains almost negligible.
At t = 540 s, the runoff front has propagated downslope, producing larger velocities and,
consequently, larger values of Nj,. Since the imposed erosion formulation depends on the
local velocity, the spatial distribution of N, follows the evolution of the velocity field.
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At the final time, t = 3600 s, the UFS solution shows very close agreement with the
analytical profile for both the x-velocity and Nj,. This agreement indicates that the numerical
model correctly reproduces the final velocity field and that the modified expression used
to compute N, is being applied consistently. The PFS solution captures the same spatial
pattern, although slightly lower velocities are obtained along the plane. Since the imposed
erosion formulation is proportional to 3, the slightly lower velocities predicted by the PFS
approach produce lower values of N; than those obtained with the UFS approach and the
exact solution.

The bed elevation change exhibits the expected erosive behavior, with negative values
of Azy, indicating degradation of the soil surface. The largest erosion values occur within
the rainfall area, especially toward the downstream end of the rainfall zone. However,
the numerical profiles of Az, do not exactly reproduce the analytical curve. This discrepancy
is expected because the analytical bed variation is obtained from the final steady erosive
state, whereas the numerical bed change is accumulated during the full transient evolution
of the event, starting from initially dry conditions.

Using the CBU approach, the bed level is updated locally as presented in Equation (32),
so that the final bed variation depends on the time integral of the instantaneous exchange
rate Ny (x, t). During the early stages of the simulation, the runoff is still developing and
the local velocity is lower than its steady-state value. Since the imposed erosion formula
depends strongly on the flow velocity, the accumulated numerical erosion differs from the
erosion obtained by applying the final steady value of Nj, over the whole simulation time.

In addition, the comparison of Az, should be interpreted as a consistency check of
the spatial erosion pattern and magnitude, rather than as an exact reproduction of the
analytical steady-state estimate. In contrast, the close agreement observed for 1 and N, at
t = 3600 s confirms that the model properly recovers the final steady hydrodynamic and
erosive forcing fields. The parameters considered in this verification case are summarized
in Table 2.

Table 2. Test 1—Parameters used for the erosion model.

Parameter Value Comments
Sediment class 1

Sediment size d, 0.1 mm Fine sand [41]
Soil bulk porosity p, 0.469 From Equation (7)
Soil dry density pj, 1406 kg/m?3 From Equation (7)
Infiltration r f 0.001 mm/s Default value
Empirical coefficient a 1075 g2 /m?2 Default value

Lastly, the agreement between the analytical and numerical profiles was also assessed
for the erosive case using the relative error of the spatial integral over the domain (Table 3).
The UFS scheme reproduced the analytical solution with relative errors below 2% for
both u, and Nj, whereas the PFS scheme yielded errors of 7.85% and 17.36%, respectively.
Larger discrepancies were observed for Az, with relative errors of 22.58% for UFS and
33.70% for PFS. As discussed previously, this difference is expected because the analytical
bed variation corresponds to the final steady erosive state, whereas the numerical bed
change is accumulated throughout the transient evolution of the event. The lower relative
errors obtained with UFS indicate closer agreement with the analytical solution.
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Table 3. Test 1—Relative errors for the case with erosion.
Variable Model Integral Area  Relative Error (%)

UFS 53,520.51 1.12

u PFS 49,878.76 7.85
Analytical 54,126.62 -

UFS 1.83 x 1073 1.61

N, PFS 1.54 x 1073 17.36
Analytical 1.86 x 1073 -

UFS —977.48 22.58

Az, PFS —837.07 33.70
Analytical —1262.57 -

4.2. Test 2: V-Catchment Case Study

The second test consists of an idealized V-shaped catchment, originally proposed
by [42], which is commonly used to evaluate the ability of rainfall-runoff models to
reproduce lateral flow convergence from hillslopes into a central drainage channel. In the
present work, the test is used to also assess the sensitivity of the numerical model to
different treatments of the bed slope and the friction source terms. In particular, UFS is
compared with PFS, considering both differential and integral evaluations of the bed slope
contribution, denoted by DBS and IBS, respectively. The goal is to evaluate which approach
provides a more consistent, stable and conservative prediction of hillslope and channelized
discharge convergence.

The computational domain represents a symmetric V-shaped basin composed of
two inclined lateral planes draining toward a straight central channel. The channel is 20 m
wide and aligned with the longitudinal direction of the domain. The total domain size
is 1000 m in the channel direction and 1620 m in the transverse direction, corresponding
to two 800 m wide hillslopes separated by the central channel. The longitudinal slope of
the channel is 0.02, whereas the transverse slope of the hillslopes is 0.05. The domain is
initially dry and is subjected to a spatially uniform rainfall intensity of 10.80 mm/h during
the first 90 min. The simulation is then continued until ¢ = 200 min, allowing the complete
recession limb of the hydrograph to be analyzed. A uniform resolution of Al =1 m is used,

and CFL = 0.2. A Manning roughness coefficient of n = 0.015s/m'/3

is imposed over both
the hillslopes and the channel.

To characterize the hydrological response of the system, two discharge monitoring
sections are defined. The first discharge, denoted by Qgj,p., is at the downslope boundary
of the hillslope, immediately upstream of the central channel. This discharge represents
the runoff generated over the hillslope before entering the channel. The second discharge,
denoted by Qjannei, is at the downstream outlet of the central channel and represents the
total channelized outflow from the catchment. Qgop, provides insight into how each bed
slope treatment represents overland flow generation over inclined terrain, whereas Qyanel
allows for the assessment of the integrated response after flow concentration within the
central drainage. Figure 6a shows the plan-view DEM, highlighting the domain extent,
rainfall zone, central channel, and discharge monitoring sections. Figure 6b provides a
three-dimensional view of the same domain, emphasizing the V-shaped topography and
the lateral convergence of runoff toward the central channel. The simulated discharge
hydrographs were then compared against the analytical solution reported by [42].
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Figure 6. Test 2—V-Catchment case. (a) Plan-view representation of the computational domain.
(b) V-catchment geometry.

It should be noted that the present setup is not strictly identical to the original con-
figuration reported by [42]. In the classical benchmark, different Manning roughness
coefficients are assigned to the hillslopes and to the channel, whereas here, a uniform
value is used throughout the domain, as applied by [29]. Another difference concerns the
spatial distribution of rainfall, which was applied over the whole domain, while in [42],
precipitation was assumed not to affect the channel directly. These differences are expected
to affect mainly the channelized response, since the lower channel roughness adopted
in this work reduces flow resistance and may modify the timing and magnitude of the
outlet hydrograph. For this reason, the analytical solution is used as a reference benchmark,
while the interpretation focuses on the relative behavior of the different bed slope source
term treatments.

The simulated hydrographs are shown in Figure 7. Since no infiltration is considered,
the discharge values are controlled directly by the rainfall intensity and the contributing
area. For the imposed rainfall intensity, the expected steady Qgj,p, is 2.40 m3/s, while
Qchannel is 4.86 m3/s. For the DBS, the channel discharge is well reproduced by both UFS
and PFS. The two numerical hydrographs reach approximately the same quasi-steady
discharge as the exact solution, with only small differences during the rising limb. The PFS
formulation produces a slightly earlier increase in Qjn5e1, Whereas the UFS formulation
shows a smoother transition toward the plateau. After the rainfall stops at t = 90 min, both
UFS and PFS reproduce a similar recession behavior. However, the numerical hydrographs
remain slightly above the analytical solution during the late recession stage, indicating
slower drainage of the water stored within the computational domain.

The Qgjope obtained with DBS shows larger differences during the initial part of the
event. The analytical solution reaches its steady value rapidly, whereas the numerical
hydrographs present a smoother and delayed rising limb. Nevertheless, the UFS scheme
reaches a plateau very close to the analytical value. In contrast, the PFS scheme slightly
underestimates the hillslope steady discharge. During the recession stage, both numerical
solutions decrease gradually than the analytical curve, again suggesting larger temporary
storage of water over the hillslope.

The differences become more evident when the Integral Bed Slope (IBS) treatment is
used. For Qanner, both UFS and PFS produce a delayed response with respect to the exact
solution. Although the peak discharge is close to the expected value, the rising limb is
significantly slower, and the plateau is only reached close to the end of the rainfall period.
This behavior indicates that the IBS treatment introduces additional temporal spreading
in the channel response. The PFS reacts earlier than UFS, but both cases show a delayed
recession and remain above the exact solution at late times. A similar pattern is observed for
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Qstope With IBS. The numerical hydrographs increase more slowly than the exact solution
and reach their maximum values close to the end of the rainfall event. The UFS formulation
reaches a peak discharge close to the exact plateau, whereas PFS remains slightly lower.
After rainfall ceases, the recession limb is again smoother and more delayed than the

reference, especially for UFS.
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Figure 7. Test 2—Hydrographs obtained with UFS and PFS formulations using DBS (left column)
and IBS (right column) for Al = 1 m. The upper panels show the channel outlet discharge, while the

lower panels show the hillslope discharge.

Overall, the DBS treatment provides the closest agreement with the benchmark, par-
ticularly for the channel outlet discharge. The IBS treatment produces a noticeable delay in
both hillslope runoff generation and channel outflow, affecting mainly the timing of the
rising limb and the recession. Regarding the comparison between source term formulations,
UFS tends to better preserve the expected steady discharge magnitude, especially for Qgjope,
whereas PFS generally produces an earlier response but slightly lower plateau values.
Therefore, the main differences observed in this test are associated with the DBS-IBS treat-
ment, while the differences between UFS and PFS are secondary but still relevant during
transient stages.

To complement the hydrograph analysis, the total discharged volume was also com-
pared for each numerical configuration. This volume was obtained from the area under each
hydrograph over the common time interval between the exact and numerical time series.

Table 4 shows that the DBS treatment provides the best agreement with the exact
solution. For Qpzn.1, DBS-UFS gives the closest result, with a relative error of only —0.43%.
DBS-PFS also performs reasonably well, although it slightly overestimates the discharged
volume, with an error of 5.50%. In contrast, IBS shows larger differences. For Qj,.1, both
IBS-UFS and IBS-PFS underestimate the volume, with errors of —33.10% and —23.22%,
respectively. This confirms that the delayed response observed in the IBS hydrographs has
a direct effect on the total volume discharged at the outlet.

For Qsjope, all numerical configurations underestimate the volume. The smallest error
is again obtained with DBS-UFS, while the largest difference is observed for IBS-PFS.
This indicates that DBS represents the lateral runoff contribution from the hillslopes more
accurately than IBS. Negative errors indicate underestimation by the numerical model.
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Table 4. Test 2—Integrated discharge volume comparison over the common time interval between

the exact and numerical hydrographs.

Case Formulation Volume (m®) Relative Error (%)
UFS 17,734.98 —0.43
DBS PFS 18,791.98 5.50
Channel IBS UFS 11,915.28 —33.10
PFS 13,675.05 —23.22
Analytical 17,811.81 -
UFS 12,111.55 -7.29
DBS PFS 10,990.53 —15.87
Slope IBS UFS 10,890.46 —16.64
PFS 10,269.84 —-21.39
Analytical 13,063.73 -

Finally, to evaluate the influence of DTM resolution on Qjope, @ mesh sensitivity
analysis was performed using three grid resolutions, Al = 1m, Al =2mand Al =5m,
as shown in Figure 8. Overall, the 1 m and 2 m grids produce very similar hydrographs
for both bed slope discretizations, indicating limited sensitivity to mesh refinement once
a sufficiently fine resolution is adopted. In contrast, the 5 m grid introduces noticeable
numerical diffusion, resulting in delayed rising limbs, smoother recession curves and, par-
ticularly for the PSF formulation, significant attenuation of the discharge peak. Among the
evaluated combinations, the DBS generally preserves the characteristic hydrograph plateau
more effectively than the IBS formulation, while the USF friction treatment exhibits greater

robustness to mesh coarsening than PSE.
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Figure 8. Test 2—Influence of three different resolutions on the outlet discharge hydrograph. In red

Al =1m,inblue Al =2m,and Al =5m.

4.3. Test 3: Dam-Break Experimental Case Study

The third case considered in this work corresponds to a dam-break experiment over
an erodible bed, based on the laboratory data reported by [39,43]. This test was selected
due to the strong interaction between the hydrodynamic and morphodynamic processes
induced by an unsteady flow over a sudden flow contraction. The goal is to evaluate the
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capability of the numerical model to reproduce the final bed morphology generated by the
passage of the dam-break wave. In addition, the influence of the bed-update strategy is
analyzed by comparing the Upwind Bed Updating (UWBU) formulation with the classical
Centered Bed Updating (CBU) approach.

The experimental facility consists of a rectangular flume 3.25 m long and 0.24 m wide,
connected to an upstream reservoir 1.57 m long and 0.81 m wide. The dam-break wave is
generated by the opening of a pneumatic gate, releasing an initial water depth of 0.08 m
over an initially dry bed. The movable-bed section consists of a 0.05 m thick layer of
non-cohesive sand. The sediment bed is initially flat and level with the fixed channel
bottom. The bed material is composed of two uniform sand classes with particle diameters
of 0.7 and 1.3 mm, each representing 50% of the sediment mixture. The flow resistance was
represented using Manning coefficients equal to 1, = 0.012 s/m'/3 in the fixed-bed regions
and 1, = 0.026 s/m!/3 throughout the movable-bed region, following the numerical setup
of the reference study.

The present work focuses on the Case 2 narrowing configuration [39], which consists
of two rectangular obstacles with dimensions 11 cm X 5.5 cm symmetrically arranged on
the side walls of the flume. The obstacles generate a sharp contraction of the flow section,
producing significant flow acceleration and increased sediment transport capacity in the
narrow section. They were centered at 1.50 m downstream of the gate. A schematic repre-
sentation of the experimental setup is shown in Figure 9, while the numerical parameters
adopted in the simulations are summarized in Table 5.

The numerical simulations were carried out on a uniform mesh with spatial resolution
Al = 0.005 m and a final simulation time of = 30 s. The CFL was set to 0.4. The UFS and
IBS formulations were used for the discretization of the friction and bed slope source terms,
respectively. The calibrated entrainment and deposition factors were set to a, = 140.0 and
ay = 3.0. Special attention is given to the erosion generated at the contraction and to
the depositional pattern formed downstream of the obstacles, which constitute the main
morphodynamic features observed in the experimental measurements.

Although this case has also been employed by [39] to validate bedload transport
models, the present work does not aim to reproduce or compare those numerical results.
Their formulation was specifically developed for bedload transport, whereas the present
model considers suspended sediment transport. Therefore, the laboratory measurements
reported by [43] constitute the reference dataset used to assess the influence of the UWBU
and CBU formulations on the prediction of the final bed morphology.

a
(a) g E
Reservoir Gate 2 Obstacle
g i il g
5] R A | S
I . - Rigid bed Erodible sand bed Rigid bed w0
) 157cm ) 100cm ) 150cm } 75cm }

81lcm
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Figure 9. Test 3—Dam-break experimental configuration. (a) Side-view. (b) Top-view.
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Table 5. Test 3—Parameters used for the numerical model.

Parameter

Value

Sediment classes
Soil composition

2

Coarse sand  Fine sand

Soil fractions F, 50%  50%
Sediment diameter d; 0.7mm 1.3 mm
Entrainment coefficient a, 140.0
Deposition coefficient a4 3.0

Movable-bed region  0.026 s/m!/3

Manni h
anning roughness ny, Fixed-bed regions 0.012s/ m!/3

Figure 10 compares the final experimental bed elevation after the passage of the dam-
break wave with the numerical results obtained using the UWBU and CBU formulations.
The same color scale, ranging from 11 to 15 cm, is adopted in all panels to facilitate a direct
visual comparison of the predicted bed morphology.
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Figure 10. Test 3—Comparison between the experimental final bed elevation and the numerical
results obtained with the UWBU and CBU formulations. (a) Experimental bed elevation after the first
dam-break wave. (b) CBU numerical results. (¢) UWBU numerical results.

The experimental measurements show a pronounced erosion region immediately
downstream of the contraction, followed by the formation of a broad depositional region
extending towards the downstream section of the channel. The erosion develops mainly
along the channel centerline, whereas deposition occurs over a relatively wide area, indi-
cating a significant lateral redistribution of the transported sediment after the contraction.

Both numerical models are able to reproduce the dominant morphological features
observed in the experiment. In particular, the location of the erosion region and the
subsequent depositional zone are well represented, demonstrating that the proposed
suspended sediment transport model captures the overall bed response induced by the
dam-break wave. However, the numerical solutions underestimate the lateral spreading of
both the erosion and deposition regions. In the UWBU solution, the erosion remains more
confined to the channel centerline, while the depositional region is narrower and more
concentrated than that observed experimentally.

The difference between the two bed-update formulations becomes evident in the
downstream region. The UWBU formulation produces a smooth and physically consis-
tent bed evolution, preserving the symmetry of the erosion and deposition patterns and
providing a stable prediction of the final bed morphology. On the other hand, the CBU
formulation develops pronounced oscillatory structures immediately downstream of the
contraction. These oscillations appear as alternating bands of erosion and deposition that
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are absent from the experimental measurements, producing unrealistic local bed variations
and fragmenting the depositional region. As a consequence, the agreement between the
numerical and experimental bed morphologies is significantly reduced.

Figure 11 presents a quantitative comparison of the final bed elevation along the
channel centerline. The profile was obtained by averaging the bed elevation across the
central region of the channel (y = 12+ 1 c¢m), thereby reducing the influence of local
measurement noise while preserving the dominant longitudinal morphological features.

The longitudinal profiles corroborate the observations obtained from the 2D bed
elevation showed in Figure 10. Consistent with the previous comparison, both numerical
formulations reproduce the overall erosion—-deposition sequence induced by the flow
contraction, capturing the onset of the main erosion region and the subsequent downstream
recovery of bed elevation. However, both solutions underestimate the maximum erosion
depth and predict a smoother longitudinal bed profile than observed experimentally.
In particular, the transition from the initially flat bed to the eroded region is more gradual,
resulting in a shallower bed depression than that measured in the laboratory.

Although the differences between the two bed-update strategies are relatively small in the
longitudinal profile, the UWBU formulation exhibits closer agreement with the experimental
measurements. Furthermore, the smoother longitudinal profile obtained with UWBU reflects
its ability to suppress the non-physical oscillations observed in the CBU solution while
preserving the overall erosion and deposition patterns observed experimentally.
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Figure 11. Longitudinal bed elevation profile based on the centerline of the channel. The entrainment
and deposition factors were set to &, = 140.0 and a; = 3.0.

To complement the qualitative comparison of the longitudinal bed elevation profiles,
a quantitative assessment was performed using the relative error based on the spatial
integral of the bed elevation change, Az, = zj, — zj9, where z; and zpy denote the final
and initial bed elevations, respectively. This metric evaluates the ability of each sediment
transport formulation to reproduce the overall balance between erosion and deposition
over the analyzed longitudinal section.

As shown in Table 6, the UWBU scheme achieved a relative error of 12.82%, compared
with 21.23% for the CBU scheme, corresponding to an approximate 40% reduction in the
error associated with the cumulative bed elevation change. This result indicates that the
UWBU formulation better reproduces the overall sediment redistribution observed in the
laboratory experiment.
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Table 6. Test 3—Comparison of the cumulative bed elevation change along the analyzed longitudi-

nal section.

Method Integrated Bed Change (cm?) Relative Error (%)
CBU —9.472 21.23
UWBU —10.483 12.82
Experiment —12.024 -

To further investigate the model performance under experimental conditions,
a sensitivity-based calibration analysis was performed for UWBU. Three combinations
of the entrainment and deposition coefficients («, and «;) were evaluated: a, = 1.0 and
ag = 1.0, 2, = 10.0 and a5 = 2.0, and a, = 140.0 and a; = 3.0. The objective was to investi-
gate the influence of these parameters on the model accuracy and identify the parameter
set providing the best agreement with the experimental observations.

Figure 12 compares the longitudinal bed elevation profiles obtained with each param-
eter set against the experimental measurements. Increasing the erosion and deposition
coefficients led to a progressively better reproduction of the experimental bed profile, partic-
ularly in the region of maximum erosion and the downstream deposition area. Among the
tested combinations, o, = 140.0 and a; = 3.0 provided the closest agreement with the
experimental observations and was therefore adopted in the present study. Although some
discrepancies remain, they are consistent with the limitations discussed previously, since the
present model considers suspended sediment transport rather than the bedload transport.

15

Experimental
----- Narrowed center

12 —_ q,=10, ay=1.0
=Eoq,=10.0, ag=2.0
-, =140.0, a;=3.0
11 T . - -
120 140 160 180 200

z [cm]

Figure 12. Sensitivity of the experimental and simulated longitudinal bed elevation profiles for
three calibration scenarios of UWBU, considering different values of a, and «a; coefficients. In green
. = 1.0and oy = 1.0, in red &, = 10.0 and a; = 2.0, and in blue &, = 140.0 and ay = 3.0.

Finally, Table 7 summarizes the relative errors obtained in all validation tests. Overall,
UFS consistently reduced the relative errors with respect to PFS, whereas UWBU achieved
lower errors than CBU in the experimental validation. In Test 1, the UFS formulation
reduced the errors for both the hydraulic variables (1 and #) and the sediment-related
variables (Nj, and Azp). In Test 2, the UFS formulation combined with the DBS treatment
yielded the lowest discharge volume errors for both the channel and slope configurations.
For Test 3, the UWBU formulation reduced the relative error associated with the spatially
integrated bed elevation change from 21.23% to 12.82%, corresponding to an approximate
40% reduction. These results demonstrate that the proposed formulations improve the
predictive capability of the model across both analytical and experimental cases.
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Table 7. Summary of the relative errors obtained in the validation tests.
Test Quantity Formulation Relative Error (%)
Water depth, h Ilfllsg ;;g
Test 1 (without erosion) ’
Velocity 11 UFS 1.05
elocity, 4z PFS 752
. UFS 1.12
Velocity, uy PFS 785
. . . . UFS 1.61
Test 1 (with erosion) Sediment concentration, N PFS 1736
. UFS 22.58
Bed elevation change, Az, PFS 33.70
. UFS 0.43
Channel discharge, Qchannel (DBS) PFS 550
Channel discharge, Qchannel (IBS) UFS 33.10
PFS 23.22
Test 2 UFS 7.29
Slope discharge, Qslope (DBS) PFS 15.87
. UFS 16.64
Slope discharge, Qgjope (IBS) PES 2139
. UWBU 12.82
Test 3 Bed elevation change, Az, CBU 21.23

5. Conclusions

In this work we present a novel hydro-erosive model that solves the 2D shallow water

equations (SWE-2D) for runoff generation and the 2D solid transport and the bed evolution

equations for the mobilization, movement and deposition of erodible soil particles. Several

novelties are included in this cutting-edge hydro-erosive model. The model is tested against

synthetic and experimental cases, demonstrating its robustness, accuracy and performance.

The following conclusions can be drawn:

1.

We derived a novel Upwind Bed Updating (UWBU) method to integrate the soil
erosion due to exchange of sediments between the runoff and the erodible soil layer.
The proposed UWBU procedure is tested against the classical centered integration
at cells, referred to as the CBU method. The UWBU method demonstrates enhanced
robustness and non-oscillatory behavior compared with the CBU integration when
dealing with high-resolution grids.

The hillslope verification tests demonstrate that the numerical model consistently
reproduces the analytical behavior under both non-erosive and erosive conditions.
The non-erosive case verifies the rainfall-runoff response and the hydrodynamic
propagation over the steep plane, whereas the erosive case verifies the implementation
of a simplified bed-exchange formulation. The close agreement obtained for u and N,
particularly for the UFS approach at ¢ = 3600 s, confirms that the imposed erosion law
is correctly represented in the numerical model. The remaining discrepancies in Az,
are expected, since the analytical solution is based on the final steady erosive state,
whereas the numerical solution accounts for the transient evolution of the flow.

In the V-catchment test, the numerical model was able to reproduce the main rainfall-
runoff response of the benchmark, including the lateral convergence from the hillslopes
toward the central channel and the subsequent outlet discharge. The comparison
between bed slope source term treatments showed that the DBS approach provided
the closest agreement with the analytical hydrographs, especially at the channel
outlet. Among the tested configurations, DBS-UFS gave the most consistent results,
while the IBS treatment introduced a delayed hydrological response and a slower
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recession. This indicates that the differential treatment of the bed slope source term is
more suitable for representing the coupled hillslope—channel runoff dynamics in this
idealized catchment.

4.  In the experimental dam-break test over an erodible bed, the numerical model suc-
cessfully reproduced the dominant morphodynamic response induced by a flow
contraction, including the formation of the main erosion region and the downstream
depositional pattern. Comparisons with laboratory measurements showed that both
bed-update formulations captured the overall erosion—-deposition sequence and the
final bed morphology. However, the UWBU formulation produced smoother and
more physically consistent solutions by suppressing the non-physical oscillations
observed with the classical CBU approach. The longitudinal bed elevation profiles
further confirmed these observations, showing that UWBU provided closer agreement
with the experimental measurements while preserving the overall evolution of the bed.

5. Finally, among the numerical strategies investigated, the DBS formulation showed
consistently better agreement with the reference solutions than the IBS, while the UFS
generally outperformed the PFS approach, particularly under transient conditions.
Appropriate parameter calibration and mesh resolution are required to ensure reli-
able predictions, particularly when PFS discretization is employed, whereas the UFS
formulation exhibits greater robustness. In addition, the proposed UWBU method
successfully reduced oscillations during bed evolution while maintaining computa-
tional efficiency, providing a robust alternative to the CBU procedure. It must be
pointed out that the test cases shown are highly simplified and deviate substantially
from real-world field conditions. Model applicability when considering vegetation
coverage, multi-size sediment mixtures and large-scale field watersheds requires fur-
ther effort. Future works should focus on extending the model to multiple sediment
classes, vegetation effects and large-scale field applications in agroforestry catchments.
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Appendix A. Analytical Solution-Test 1

A one-dimensional (1D) hillslope configuration is considered in order to obtain a
reference solution for the hydrodynamic and morphodynamic variables. The hillslope has
length L, constant bed slope Sy, and width B. The flow is described in terms of the water
depth h(x), the unit discharge g(x) = h(x)u(x), and the depth-averaged velocity u(x).
The x-coordinate is defined along the downslope direction, with x = 0 at the upstream end
and x = L at the downstream outlet.
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Under steady-state conditions, assuming gradually varied flow and hydrostatic pres-
sure distribution, the one-dimensional mass conservation equation for the water—sediment
mixture can be written as:

Z—z =ro(x) — 1+ ENy(x) = Cy(x) (A1)

where r(x) is the rainfall rate, 7 is the constant infiltration rate applied over the whole

domain, Nj,(x) is the net bed exchange rate, and { = 1*17171; is the porosity correction factor,
with py, being the bed porosity.

The rainfall is prescribed over the upstream part of the hillslope, such that:

, 0<x<L
=" = =7 (A2)
0, L,<x<L

where r is the rainfall intensity and L, is the length of the rainfall area.

Appendix A.1. Non-Erosive Case

For the non-erosive reference case, no mass exchange between the bed and the flow is
allowed. Therefore, Nj(x) = 0. The source term in the mass equation reduces to:

Ci(x) = rox) — 1y (A3)

Thus, the unit discharge is obtained by direct integration of Equation (A1):

1) =) + [ Crlx') v (A4

where x’ is an intermediate position along the hillslope between 0 and x. Assuming zero
inflow at the upstream boundary, 4(0) = 0, constant rainfall over the rain zone, and constant
infiltration over the whole domain, the unit discharge becomes:

(r—rf)x, 0<x<IL,

(A5)
TLr—T’fx, L}’<x§L

q(x) =

The water depth profile is obtained from the one-dimensional momentum equation.
In gradually varied form, the equation is written as:

o CGx(lpy _2Cix
P . )

dx 1— Fr2

(A6)

where g is the gravitational acceleration, p is the density of the water—sediment mixture,
2
and p, is the density of the saturated bed layer. The squared Froude number is Fr? = g%,
2.2
and the friction slope is estimated using Sy = %, where ny, is the Manning roughness

coefficient. For the non-erosive case, Equation (A6) simplifies to:

ZC%x
dh 50757 g2
dx 1—Fr2 (A7)
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The downstream boundary condition for the water depth is imposed using the normal
depth associated with the outlet discharge. For a wide rectangular section, this depth is

3/5
h, = ”7””’> A8
<¢% (48)

where g1, = g(L) is the unit discharge at the outlet. Since the flow is subcritical, the wa-

approximated by:

ter depth equation is integrated from the downstream boundary towards the upstream
direction using h(L) = hy,.

Appendix A.2. Erosive Case

In the erosive case, the flow is coupled with the bed through the net exchange rate
Ny (x). The mass conservation equation retains the general form given in Equation (A1),
and the corresponding source term is calculated as:

Ci(x) = ro(x) — rg + ¢Ny(x) (A9)

Following the total net exchange rate formulation presented in the Section Bed-
Material Exchange in Channels (BMEC) Model, N; can be expressed as the difference
between sediment entrainment and deposition rates, as defined in Equation (8). For the
sake of simplicity, we adopt a simplified closure in which the net exchange rate is directly
parameterized as a function of the local flow velocity. Therefore:

Np(x) = au(x)? (A10)

where 4 is an empirical coefficient, set here to a = 107> [s?/m?]. The water depth pro-
file is then obtained from the gradually varied flow equation, including the momentum
exchange associated with the entrainment of bed material, as defined in Equation (A6).
The depth-averaged suspended sediment concentration is obtained from the steady 1D
sediment balance:

d(gp) _
o =Ny (A11)

where ¢ is the volumetric sediment concentration in the flow. Assuming that N, and C; are
locally constant, and using dq/dx = C;, an approximation for the concentration is:

Ny (x)
x) = Al2
0 = & (A12)
Finally, the bed elevation evolves according to:
aZb
= Al
L = 2N, (A13)

For a fixed erosion rate during the considered time interval, the bed elevation can be
updated analytically as:
24(x,t) = 2y (x) — ENy ()t (A14)

where z, o(x) is the initial bed elevation.

The resulting ordinary differential equations are also integrated in space from the
downstream boundary towards the upstream direction. This choice is consistent with
the imposed subcritical downstream boundary condition for the water depth. Since the
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computational coordinate is stored from x = L to x = 0, the explicit spatial updates are

written as:
giv1 = q; — Cp,iAx
dh (A15)
hiy1 =hi — <dx>iAx

At each spatial location, the local velocity is first computed as u; = . Then, the ero-

sion rate Nj; and the source term C;; are evaluated, and g and & are advanced to the
next spatial point. This 1D solution provides a controlled reference case for assessing the
hydrodynamic and morphodynamic response of a hillslope under rainfall, infiltration,
and simplified erosion processes.
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