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Abstract

Tesla valves are passive hydraulic devices capable of producing directional flow resistance
without moving components, making them attractive for applications in microfluidics,
thermal systems, and high-reliability hydraulic circuits. Despite extensive experimental
and numerical studies, an analytical formulation capable of describing the hydrodynamic
behavior of Tesla valves under varying operating and geometric conditions remains limited.
In this work, a comprehensive analytical model is developed to describe the pressure losses,
flow redistribution, and diodicity behavior of Tesla valves through a physics-based formu-
lation derived from conservation laws, dimensional analysis, and inertial scaling principles.
The proposed model incorporates the influence of Reynolds number, flow partition, geomet-
ric ratios, branch inclination angle, and number of diode stages within a unified nonlinear
framework. A closed structural equation is obtained that relates hydraulic losses and
directional asymmetry to the internal geometry of the valve. The formulation reveals the
existence of geometric and energetic constraints governing rectification efficiency, including
bounds associated with stage number, channel scaling, and angular momentum exchange.
The results show that Tesla valve performance emerges from a delicate balance between
inertial amplification and dissipative mechanisms, providing an analytical framework for
the design and optimization of Tesla-type hydraulic systems across multiple scales.

Keywords: Tesla valve; analytical formulation; diodicity; hydraulic losses; flow rectification;
passive flow control

1. Introduction
Tesla valves are based on the work of Nikola Tesla from 1920 [1], who proposed this

type of hydraulic device with no moving parts, capable of providing flow resistance based
on its direction. This system, now known as a Tesla valve, originated as a passive structure
composed of a series of geometric bifurcations that induce flow within a duct. Its most
important characteristic is its directional behavior, whereby the fluid encounters much
less resistance when moving in the designated forward direction, in contrast to the much
more significant energy losses that occur when the flow direction is reversed. This is now
known as the diodicity effect, as it is analogous to the behavior of electrical diodes, since
the system predicts flow in a preferred direction. The advent and subsequent advancement
of experimental hydraulics contributed to the introduction of the diodicity number (Di)
as a dimensionless parameter that quantifies the conventional behavior of this type of
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structure [2]. The Di number [3] is normally determined as the ratio between the pressure
drop in the reverse flow direction and the pressure drop under equivalent conditions
in the forward flow direction, thus allowing the evaluation of the device’s efficiency in
discriminating between the two flow directions. This concept subsequently became one
of the fundamental parameters for characterizing Tesla valves in experimental, numerical,
and analytical studies.

Over the past few decades, interest in these geometric configurations has reemerged
due to their potential application in systems where flow control must be achieved without
moving mechanical components [4,5], particularly in microfluidics, thermal systems, and
high-reliability hydraulic circuits. One of the experimental studies in this context [6],
which systematically evaluated the hydrodynamic behavior of a Tesla valve under different
Reynolds numbers [7], involved detailed measurements of pressure drop and internal
flow structure, allowing the identification of the physical mechanisms responsible for
hydraulic asymmetry [8]. The results propose that, when the flow is reversed, extensive
boundary layer separation regions and intense vortex structures are generated in the lateral
cavities of the device. These structures cause a significant increase in energy dissipation
and, consequently, greater hydraulic resistance. In contrast, when the flow is forward,
the main flow passes through the conduit with less interaction with the lateral branches,
reducing recirculation and decreasing pressure loss. Furthermore, the study showed that
the diodicity value increases progressively with the Reynolds number [7], indicating that
inertial effects play a dominant role in amplifying hydraulic asymmetry. This result is
particularly relevant because it experimentally confirms that the Tesla valve can indeed
behave as a passive hydraulic diode, validating hypotheses previously formulated through
numerical simulations. However, this work focused primarily on the phenomenological
characterization of the flow and the identification of the physical mechanisms associated
with energy dissipation, without developing general mathematical models capable of
predicting the hydraulic behavior of the system under different geometric configurations.

In parallel, several studies have addressed the analysis of Tesla valves using com-
putational fluid dynamics (CFD) tools [9–12], with the aim of understanding in greater
detail the influence of geometry on the hydraulic performance of the device [13]. These
investigations have demonstrated that geometric parameters such as the bypass angle of the
side channels [14], the aspect ratio of the main conduit, and the number of stages or Tesla
modules have a direct influence on the pressure distribution and the diodicity number [2].
Three-dimensional simulations have shown that, as the number of stages in the valve
increases, the pressure difference between forward and reverse flow increases significantly.
This behavior is due to the successive generation of vortical structures and recirculation
zones within each geometric module, which act as additional energy dissipation mecha-
nisms in the reverse flow. In physical terms, each additional stage introduces a new flow
diversion and recombination process that intensifies turbulent mixing and increases the
loss of kinetic energy. These characteristics have motivated the exploration of Tesla valves
in multiple technological applications, particularly in the field of microfluidics, where
the absence of moving parts is especially advantageous for small-scale devices [15,16].
Potential applications have also been investigated in heat exchangers [17], passive cooling
systems [13,18], and supercritical CO2 circuits [19], where the ability to control the preferred
flow direction can improve the stability and efficiency of thermal systems [20,21].

The literature on Tesla valves has evolved through three broad methodological stag-
es: early studies focused on experimental characterization of diodicity and flow separa-
tion [6], followed by CFD-based investigations of geometry-dependent losses and internal
flow structures [9–12], and more recently by geometry-specific scaling correlations [15].
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However, these contributions remain largely configuration-dependent and have not yet
yielded a general analytical formulation.

Despite advances in experimental characterization and understanding of the hydrody-
namic mechanisms involved, one of the main challenges in the study of Tesla valves has
been the development of predictive mathematical models capable of generally describing
the pressure drop in these devices. In this context, one of the most relevant contributions is
the work of Liu et al. [15], who proposed a scaling law for the pressure drop in systems
composed of multiple symmetrical Tesla valves. Through a combination of CFD simula-
tions and dimensional analysis, the authors identified a functional relationship between the
pressure drop, the Reynolds number, the characteristic flow velocity, the number of valves
in the system, and the geometric parameters of the conduit. As a result, a logarithmic
correlation was obtained that describes the variation in the pressure drop according to the
following expression [3],

∆p ∼
(

1 + ln
(

1 + N3/5Re1/3
))

ρV2LD−1Re−1/4 (1)

where N represents the number of Tesla valves or stages, Re is the Reynolds number, ρ is the
fluid density, V is the characteristic flow velocity, L is the characteristic length of the system,
and D corresponds to the hydraulic diameter of the channel. This formulation constitutes
one of the first attempts to establish a scaling law for this type of device, simultaneously
integrating geometric and dynamic parameters within a single analytical expression. The
development of this correlation represents a significant advance, as it allows for estimating
the hydraulic behavior of the system without necessarily resorting to detailed numerical
simulations for each particular configuration.

Available studies [22] suggest that the flow dynamics inside a Tesla valve are largely
dominated by the following three basic hydrodynamic mechanisms: flow separation, the
generation of vortex structures, and turbulent mixing promoted by the channel geometry.
It has been observed that the Reynolds number influences the magnitude of the vortex
structures generated within the channel [23,24]. As Re increases, inertial forces become
more significant, tending to magnify separation and recirculation phenomena. Similarly,
the number of stages, the length of the branches, and the connection angles determine the
intensity of the recirculating structures and, consequently, the final diodicity value achieved
by the system.

Despite the significant progress made in this field over the last decade, the relevant
scientific literature also reveals numerous research gaps that still limit a comprehensive
understanding of these devices. Firstly, a significant amount of existing work is based on
idealized numerical simulations [5,8,25–27], while experimental validation is scarce [6,28],
for example, in complex geometric arrangements or highly turbulent flow regimes. Sec-
ondly, most proposed models are empirical correlations obtained for a specific geometry,
preventing their generalizability to other arrangements. Furthermore, the effects of various
physical parameters that are critical in these devices, such as surface roughness, deflection
radii, and micro-nano scaling processes, have not been systematically characterized. These
parameters affect the flow structure and modify energy losses in the system, particularly in
microfluidics applications where characteristic flow lengths are comparable to boundary
layer thickness. As a result, there is still no universal equation that describes the behavior
of Tesla valves for general operating conditions, which limits their systematic integration
into the design of hydraulic systems.

A more fundamental limitation emerges when the available literature is examined
from a theoretical perspective. Although extensive experimental measurements, CFD
investigations, and geometry-specific correlations have significantly improved the un-
derstanding of Tesla valve hydrodynamics, these approaches do not provide a general
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analytical formulation capable of explicitly relating geometry, flow redistribution, hydraulic
losses, and diodicity within a unified mathematical framework. Consequently, the field
remains largely descriptive and configuration-dependent, with predictive capabilities often
restricted to the specific geometries and operating conditions under which empirical corre-
lations or numerical simulations were originally developed. To date, a closed analytical
equation describing the emergence of directional hydraulic resistance in Tesla valves from
first-order hydrodynamic principles remains unavailable.

In response to these limitations, there have been current research trends toward
formulating functional relations between fundamental parameters such as the Reynolds
number, channel geometric characteristics [29,30], pressure drop, diodicity number, etc., in
order to formulate robust scaling laws for predicting the hydraulic behavior of Tesla valves
under different operating conditions, thus evolving from a predominantly experimental and
phenomenological approach to a theoretical–analytical framework based on the principles
of dynamic similarity and scaling analysis.

In this context, the objective of the present work is to develop a generalized analytical
framework capable of describing the emergence of diodicity from the coupled interaction
between geometry, flow redistribution, and hydraulic dissipation. The proposed formula-
tion seeks to establish a theoretical foundation for Tesla valve hydrodynamics by deriving
explicit mathematical relations linking pressure losses, flow partition, geometric parameters,
and directional behavior. Consequently, the contribution of this work is primarily analytical
in nature, providing a predictive framework whose consistency is evaluated through math-
ematical rigor, dimensional coherence, and physical interpretability, while experimental
and high-fidelity numerical validation remain subjects for future investigation.

Accordingly, the present work should be read as a reduced-order analytical model;
quantitative design use will require experimental validation and calibration of the loss
coefficients Kc, Kr0, Ke and α against high-fidelity CFD or laboratory measurements.

Beyond its analytical formulation, a key contribution of the proposed framework lies
in its ability to provide a structured mathematical description of the relationship between
geometry and hydrodynamic response. In contrast to existing empirical or semi-empirical
approaches, which are often limited to specific configurations and offer limited physical
interpretability, the present model explicitly links the governing parameters of the valve to
its hydraulic performance.

This explicit formulation enables direct control over the variables that define device
behavior, allowing a systematic exploration of how geometric modifications influence flow
resistance, energy dissipation, and directional asymmetry. As a result, the model provides
a framework for parameter tuning, sensitivity analysis, and design-oriented investigations,
all of which are essential for engineering applications.

From a practical perspective, this capability provides a parametric analytical basis for
identifying the geometric and hydraulic conditions under which rectification is enhanced or
suppressed, enabling systematic parameter-space exploration prior to detailed numerical
simulation or experimental implementation. This is particularly relevant in applications
beyond microfluidics, where larger-scale hydraulic systems demand precise control over
flow regulation and energy losses. In this context, the proposed formulation opens new
possibilities for the design of Tesla-type devices in surface hydraulics and other macro-
scopic flow systems, where customized directional resistance and passive flow control
are required.

In this way, the developed model contributes to a generalized analytical description of
hydraulic rectification in Tesla valves and provides a theoretical basis for future analysis,
numerical investigation, experimental assessment, and engineering design of hydraulic
systems based on this type of device.
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2. Conceptual Framework of the Model
Describing the hydrodynamic behavior of a Tesla valve needs a conceptual framework

that links the dynamic flow variables with the geometric parameters characterizing the
mechanism’s configuration. Unlike conventional valves, which use moving valve elements
to control flow, the Tesla valve relies on an internal geometry where fluid circulation follows
different paths depending on the flow path. Therefore, the Tesla valve exhibits a directional
hydraulic response, where pressure, energy losses, and the internal flow structure depend
on the flow’s evolution, which, in turn, depends on the system’s geometry. Consequently,
formulating the problem requires establishing the parameters that govern the interaction
between the flow and the valve’s geometry.

From a dynamic perspective, flow behavior is characterized by macroscopic variables
related to momentum transport within the channel. These include characteristic flow
velocity, fluid density, and viscosity, which determine the flow regime and hydraulic losses.
The consideration of these characteristics is typically expressed through the Reynolds
number, which represents the ratio between inertial and viscous forces. This dimensionless
parameter is fundamental for describing the transitions between different flow regimes
and for interpreting the formation of hydrodynamic structures such as flow separation,
recirculation, or vortex formation. Simultaneously, the system’s final response can be
evaluated by the pressure drop that appears along the configuration, a magnitude that
describes the energy loss associated with fluid transport within the device.

The system’s geometry, as well as the dynamic flow variables, determines the device’s
hydrodynamic response. Thus, the angle of the baffles; the width of the main channel;
the diameter of the secondary channels that integrate the hydraulic diodes; the total
number of stages or diodes present in the arrangement; the total length of the valve, etc.,
define the path that the fluid follows through the system. These geometric characteristics
determine the intensity of internal recirculation, the intensity of flow separation behavior,
and the redistribution of the velocity field through the channel, resulting in energy losses
or hydraulic losses and governing the magnitude of hydraulic rectification.

From this perspective, the fundamental problem lies in obtaining a functional rela-
tionship to describe the overall hydrodynamic behavior of the Tesla valve as a function
of the interaction between the dynamic flow parameters and the geometric variables that
determine the device’s configuration. Formulating this relationship is the starting point for
constructing an analytical model that can generally incorporate the physical mechanisms
governing momentum transport, energy dissipation, and the system’s directional response.
Thus, the proposed conceptual framework serves as the foundation for developing a gen-
eral expression that justifies and interprets the hydraulic behavior of Tesla valves under
various operating conditions.

2.1. Schematic Diagram of the Tesla Valve

Figure 1 shows a schematic representation of the Tesla valve configuration considered
in the present study. The diagram illustrates the principal geometrical elements of the
device, including the main flow channel, the sequence of hydraulic diode stages arranged
along the streamwise direction, and the lateral derivations that connect the diversion paths
with the primary conduit. The inclination angle of the secondary branches relative to
the main channel is indicated, together with the characteristic dimensions defining the
geometry, such as the width of the primary channel, the hydraulic diameter of the lateral
conduits, and the total streamwise length of the configuration.
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Figure 1. Tesla valve schematic [1]. Red arrows represent the reverse flow direction (high-resistance
mode), while blue arrows represent the forward flow direction (low-resistance mode).

In addition, the schematic identifies the number of diode stages that compose the
valve and highlights the periodic arrangement of the branching structures that produce
directional flow resistance. These geometric parameters constitute the fundamental de-
scriptors of the system and will be used in the subsequent analytical formulation to relate
the valve geometry with the resulting pressure drop, Reynolds number dependence, and
diodicity of the flow.

2.2. Physical Assumptions of the Model

The analytical formulation proposed in this study is based on a set of physical assump-
tions that allow the complex hydrodynamic behavior of the Tesla valve to be represented
within a tractable mathematical framework. The working fluid is assumed to be incom-
pressible, which is a reasonable approximation for liquid flows and for gas flows under the
moderate pressure variations typically encountered in internal hydraulic devices. Under
these conditions, density variations are negligible and the continuity equation simplifies
to a divergence-free velocity field. In addition, the thermophysical properties of the fluid,
particularly density and dynamic viscosity, are assumed to remain constant throughout the
domain. This assumption eliminates potential coupling between thermal and momentum
transport and allows the flow dynamics to be described solely in terms of the governing
momentum balance.

Within this framework, the flow regime inside the valve is interpreted as the result of
the interaction between inertial and viscous forces. This balance is commonly characterized
by the Reynolds number, which governs the relative importance of convective momentum
transport and viscous dissipation. The model, therefore, focuses on capturing how this
competition between inertia and viscosity interacts with the asymmetric geometry of
the device to generate directional resistance. By emphasizing these dominant physical
mechanisms, the formulation seeks to represent the macroscopic hydraulic behavior of the
system without resolving the full spatial complexity of the flow field.

A further assumption concerns the hydrodynamic state of the flow in the primary
channel. Away from the regions where lateral branches intersect the main conduit, the
flow is considered to approach a fully developed condition. This approximation is justified
when the streamwise length of the channel segments between successive geometric pertur-
bations is sufficiently large relative to the characteristic hydraulic diameter. Under such
circumstances, the velocity profile becomes stable and the local pressure gradient primarily
reflects frictional effects along the walls. This simplification provides a consistent baseline
description of the core flow, against which the additional perturbations introduced by the
valve geometry can be evaluated.
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The model assumes hydraulically smooth walls throughout. Wall roughness, deflec-
tion radii, and micro–nano boundary-layer effects are not explicitly included in the present
formulation; their aggregate influence is implicitly subsumed within the effective loss coef-
ficients Kc, Kr0, and Ke, rather than resolved as a function of surface finish or fabrication-
dependent geometry. This assumption is particularly noted for microfluidic applications,
where characteristic flow lengths may be comparable to boundary layer thickness.

The lateral derivations and reconnection zones introduce abrupt changes in flow direc-
tion, local acceleration and deceleration of the fluid, and interaction between the diverted
and main streams. As a consequence, a significant portion of the additional hydraulic
losses is generated in these geometrically induced disturbances, which act as sources of
momentum redistribution and energy dissipation. The present model, therefore, focuses
on describing the global hydraulic response of the device by relating these geometrically
induced losses to the overall pressure drop and directional resistance of the valve, rather
than attempting to resolve every local flow structure within the device.

Three-dimensional flow structures are not explicitly resolved and are represented
through effective loss coefficients capturing aggregate dissipative behavior.

For completeness, the principal modeling assumptions of the present formulation
are summarized as follows: (i) a fully developed velocity profile at the inlet of each stage;
(ii) outlet pressure taken as a reference condition at each stage exit; (iii) hydraulically
smooth walls, with roughness effects absorbed into the effective loss coefficients; and
(iv) weak hydrodynamic coupling between consecutive stages, with inter-stage interactions
represented through cumulative lumped losses rather than explicit boundary-condition
transfer between modules.

3. Analytical Formulation of the Tesla Valve Model
In the present study, the analytic formulation developed was formulated with the use

of the fundamental conservation laws governing the fluids’ motion and their interaction
with the geometry of the Tesla valve. The development begins from the conservation laws
of mass, momentum, and energy considerations applied to a control volume surrounding
one of the diode stages of the valve, which together provide the mathematical framework
required to relate the geometric parameters to its hydraulic response. Under conditions
of steady flow, the continuity equation defines the redistribution of volumetric flow rates
between the main channel of the valve and its lateral derivation(s). Therefore, the total
flow entering an appropriate control volume surrounding the junction of the main channel
and lateral derivation(s) will consist of flow continuing in the main channel, as well as
flow diverted into one or more lateral derivations. The partitioning of the total flow into
continuing (primary) and diverted (secondary) streams is described by means of a flow
fraction parameter, which indicates the relative proportion of fluid entering the junction
via each of these two pathways, thus providing a key intermediate variable used to relate
geometrical features of the Tesla valve to fluid dynamic behavior.

3.1. Conservation of Mass at the Bifurcation

The first step of the formulation is based on the conservation of mass applied to
the control volume containing the bifurcation between the main channel and the lateral
derivation. For an incompressible fluid under steady conditions, the continuity equation
reduces to,

∂ ρ

∂ t
+ ∇ · (ρ V) = 0, (2)

Under steady operating conditions, the density does not vary with time, which elim-
inates the transient term and reduces the equation to ∇ · (ρV) = 0. Integrating this
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expression over a control volume and applying the divergence theorem leads to the integral
form of the continuity equation, ∮

ρV · ndA = 0. (3)

For the bifurcation geometry considered here, the incoming flow splits into two
streams: one continuing along the main conduit and another diverted into the lateral branch.
Expressing the mass balance in terms of volumetric flow rates gives ρQ = ρQm + ρQr.
Since the density ρ is constant, it cancels from the equation, yielding the volumetric
conservation relation,

Q = Qm + Qr, (4)

where Q is the incoming volumetric flow rate, Qm is the flow remaining in the main
channel, and Qr is the portion diverted toward the lateral branch. At the level of the present
reduced-order formulation, the internal flow field is represented through the net volumetric
exchange between the main conduit and the lateral branch.

To characterize this redistribution, a flow-partition parameter is introduced:

η = Qr/Q, (5)

where η denotes the effective flow-partition parameter capturing redistribution effects
and represents the fraction of flow entering the branch. The introduction of η provides
a reduced-order representation of the flow redistribution process, allowing the effects of
geometry and hydraulic losses to be incorporated into a single physically interpretable
variable. Using this definition, the flow remaining in the main conduit becomes,

Qm = Q(1 − η). (6)

This parameter plays a central role in the subsequent formulation because it provides
a mathematical link between flow redistribution, hydraulic losses, and the geometric
configuration of the valve.

3.2. Velocity Relations and Geometric Scaling

The next step consists of expressing the characteristic velocities in the main channel
and the lateral branch as functions of the volumetric flow rates and the corresponding
cross-sectional areas. The mean axial velocity in the primary channel is defined as,

V0 = Q/A0 ↔ (V0 = Q/(Sh)i f rectangular), (7)

while the velocity in the lateral branch is Vr = Qr/Ar. Substituting the definition of the
partition relation Qr = ηQ parameter leads to Vr = ηQ/Ar. In order to relate the velocities
to the geometric configuration of the valve, the ratio between the cross-sectional areas of
the main channel and the branch is introduced, λ = A0/Ar. λ represents the geometric
area ratio between main and lateral channels. Using this definition and the velocity relation
for the main channel V0 = Q/A0, the branch velocity becomes:

Vr = ηλV0. (8)

Equation (8) establishes the first explicit connection between flow partition and geo-
metric scaling, a relationship that becomes central in the subsequent analytical development.
This expression shows that the characteristic velocity in the branch increases proportionally
with both the diverted flow fraction and the geometric ratio between the two conduits.
Consequently, narrower branches or larger diverted fractions increase the local momen-
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tum associated with the diverted flow, which is expected to influence the momentum
redistribution process at the bifurcation.

3.3. Reynolds Number and Inertial Regime

The present formulation focuses on the inertia-dominated regime that is most relevant
for directional hydraulic rectification. The hydrodynamic regime inside the valve is charac-
terized using the Reynolds number, defined in terms of the mean velocity in the primary
channel as Re = ρV0Dh

µ .
Substituting the velocity definition V0 = Q/A0 leads to:

Re =
ρQDh
µA0

, (9)

which indicates that Re is directly proportional to the volumetric flow rate for a given
geometry. In the present formulation, attention is restricted to inertia-influenced operating
conditions, for which the Reynolds number is sufficiently large that inertial contributions
become comparable to or larger than viscous contributions in the momentum balance.

In the operating conditions typically encountered in Tesla valves, the Reynolds number
is sufficiently large for inertial effects to dominate the momentum balance. Under this
assumption, starting from the incompressible Navier–Stokes equations,

ρ

(
∂V
∂t

+ (V · ∇)V
)
= −∇p + µ∇2V, (10)

This can be simplified by neglecting the transient term and considering the convec-
tive term as the dominant contribution. The characteristic scaling of the inertial term
is, therefore,

(V · ∇)V ∼ V2

L
, (11)

which leads to the proportionality between pressure forces and the square of the velocity
magnitude. This inertial scaling is fundamental to the analytical model because it provides
the physical basis for the quadratic dependence of pressure losses on characteristic velocity
under inertia-dominated operating conditions.

3.4. Energy Balance and Pressure Losses

The pressure variation across a diode stage is evaluated using the mechanical energy
equation. For incompressible steady flow between two sections, the Bernoulli relation can
be written as:

p +
1
2

ρV2 + ρgz = const (12)

When hydraulic losses are included, the pressure drop across the stage becomes:

∆p =
1
2

ρ
(

V2
1 − V2

2

)
+ ∆ploss (13)

For the purposes of the reduced-order formulation, all hydraulic losses are referenced
to the characteristic velocity in the main channel, allowing the distributed effects of flow
deviation and dissipation to be represented through equivalent loss coefficients:

∆p = ΣK
ρV2

0
2

(14)

This directly reveals the quadratic dependence of pressure losses on the charac-
teristic velocity, leading to the scaling relation ∆p ∝ V2

0 . Since V0 scales linearly with
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the volumetric flow rate, the formulation further implies ∆p ∝ Q2. These scaling rela-
tions constitute the characteristic pressure-loss behavior expected under inertia-dominated
operating conditions.

3.5. Momentum Balance at the Branching Region

To determine the relationship between the diverted flow fraction and the pressure
variation across the bifurcation, the integral momentum equation is applied along the
streamwise direction,

∑ Fx =
∮

ρVx(V · n)dA. (15)

Under the assumptions of the present reduced-order formulation, pressure forces
are assumed to provide the dominant contribution to the streamwise momentum balance,
while viscous stresses are represented through the equivalent hydraulic losses introduced
previously. Consequently, the momentum fluxes associated with the incoming flow, the
flow remaining in the main conduit, and the diverted flow entering the branch can be
expressed in terms of the corresponding volumetric flow rates and cross-sectional areas.
After expressing the velocities in terms of the volumetric flow rates and substituting the
relations derived previously, the equation becomes,

ρ
Q2

A0
− ρ

Q2(1 − η)2

A0
− ρ

Q2η2

Ar
cos θ = ∆pA0. (16)

θ is the branch inclination angle governing directional asymmetry. Dividing by the
characteristic inertial term ρQ2/A0 yields a dimensionless expression:

1 − (1 − η)2 − η2λcos θ = Φ, (17)

where the dimensionless pressure parameter is defined as:

Φ =
A2

0
ρQ2 ∆p (18)

This definition allows the pressure variation to be expressed relative to the characteris-
tic inertial scale of the flow. Expanding the quadratic term (1 − η)2 leads to:

(1 + λcos θ)η2 − 2η + Φ = 0, (19)

which constitutes the governing flow-partition equation of the present analytical formu-
lation for a single Tesla-diode stage. Φ represents the dimensionless pressure parameter
associated with the total hydraulic losses across the diode stage.

3.6. Extension to Multiple Stages

A Tesla valve is composed of multiple diode stages arranged sequentially along the
main conduit. Under the assumption that each stage operates under equivalent hydraulic
conditions and that inter-stage interactions can be represented through an equivalent
cumulative loss mechanism, the total pressure drop is approximated as the sum of the
contributions of the individual stages. If each stage produces a pressure drop ∆pet, the total
pressure drop across the system containing N identical stages becomes,

∆pN = N∆pet. (20)

This is a first-order approximation: inter-stage hydrodynamic coupling is neglected
under a weak-interaction assumption. The outlet pressure of each stage is taken as the

https://doi.org/10.3390/w18131649

https://doi.org/10.3390/w18131649


Water 2026, 18, 1649 11 of 43

reference inlet condition for the subsequent module, which constitutes an idealization rather
than a verified decoupling of the hydrodynamic boundary conditions between consecutive
stages. Furthermore, the assumption of equivalent hydraulic conditions across stages
implies that local recirculation structures generated within one module do not modify the
inlet boundary conditions of the subsequent stage. This idealization is expected to hold
in regimes where inertial redistribution between stages remains weak and constitutes a
known limit of the present formulation for large N or high-Re configurations.

Using the loss-coefficient representation of the pressure drop, this relation can be
written as:

∆pN = NΣKet
ρV2

2
. (21)

By combining Equation (18) with the pressure-loss formulation of Equation (21), the
corresponding dimensionless pressure parameter for a valve composed of N identical
stages becomes,

ΦN =
NΣKet

2
. (22)

Substituting this expression into Equation (19) yields the global relation governing the
flow partition in a valve with N stages:

(1 + λcos θ)η2 − 2η +
NΣKet

2
= 0. (23)

This equation establishes the analytical relationship between flow partition, hydraulic
losses, and the principal geometric parameters of the valve, including the area ratio, branch
inclination angle, and number of diode stages.

3.7. Hydraulic Loss Model for a Tesla Diode Stage

Having established the equation that relates the flow-partition parameter η with the
dimensionless pressure parameter Φ, the next step of the formulation consists of describing
the hydraulic losses generated within a Tesla diode stage. In hydraulic systems, pressure
losses produced by local geometric perturbations are commonly represented through
dimensionless loss coefficients. The total loss coefficient associated with a single diode
stage can, therefore, be written as:

ΣKet = ∑ Ki, (24)

where the summation accounts for the different physical mechanisms contributing to
energy dissipation within the module.

In the Tesla geometry, these contributions arise from several distinct processes as-
sociated with the branching and recombination of the flow. The total loss coefficient
can, therefore, be decomposed into individual components corresponding to contraction,
expansion, flow interaction, and residual dissipation mechanisms. Within the reduced-
order framework adopted here, the dominant dissipation mechanisms are represented
through a limited set of equivalent hydraulic-loss contributions. This decomposition can
be written as:

ΣKet = Kc + Kr0 + Ke + Kimpact (25)

where Kc represents contraction losses, Ke corresponds to expansion losses during reinjec-
tion into the main channel, Kimpact describes the additional dissipation generated by the
interaction between the returning branch flow and the main stream, and Kr0 represents
a baseline equivalent-loss coefficient that accounts for residual dissipation mechanisms
not explicitly represented by the contraction, expansion, and impact terms. The addi-
tive representation adopted here should be interpreted as an equivalent hydraulic-loss
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decomposition rather than a strict separation of independent physical processes. Under
the inertia-dominated conditions considered in the present formulation, this coefficient is
assumed to be approximately independent of Reynolds number and, therefore, represents
an averaged contribution of viscous and turbulent dissipation mechanisms.

3.8. Angular Impact Losses in the Branch Interaction

Among these contributions, the impact term plays a particularly important role be-
cause it directly depends on the orientation of the lateral branch relative to the main flow
direction. When the diverted flow re-enters the primary channel, its velocity component
normal to the main flow produces a momentum exchange that generates additional dissi-
pation. This effect can be expressed as proportional to the square of the branch velocity
projected onto the direction perpendicular to the main flow. Since the dissipation associated
with the impact process scales with the kinetic energy of the velocity component normal
to the main flow, the dependence appears as sin2 θ. The scaling of the impact loss term,
therefore, is as follows:

Kimpact ∝
V2

r

V2
0

sin2 θ (26)

where Vr is the characteristic velocity in the lateral branch and θ is the inclination angle
between the branch and the main conduit. Substituting the previously derived velocity
relation for the branch,

Vr = ηλV0, (27)

V2
r

V2
0
= (ηλ)2 (28)

The impact term becomes proportional to

Kimpact ∝ (ηλ)2sin2θ, (29)

which explicitly reveals the dependence of the impact losses on the diverted flow fraction,
the geometric area ratio between conduits, and the inclination angle of the branch. The
impact loss coefficient is formulated by normalizing the branch kinetic energy with respect
to the dynamic pressure of the main flow, ensuring dimensional consistency.

Introducing a proportionality constant α to represent the efficiency of the momentum
exchange process, the impact contribution can be written in closed form as:

Kimpact = α(ηλ)2sin2θ, (30)

The impact loss term is introduced as a scaling-based closure, capturing the momen-
tum exchange generated by the oblique reinjection of the branch flow into the main stream.
The coefficient α represents an effective momentum-exchange efficiency factor associated
with the branch reinjection process. Although its value may depend on the Reynolds num-
ber and geometric characteristics, it is introduced here as a lumped parameter intended
to capture the cumulative effect of unresolved interaction mechanisms. It may ultimately
be quantified through calibration, detailed numerical simulations, or experimental mea-
surements depending on the specific application. This formulation preserves analytical
tractability while incorporating the dominant nonlinear interaction between geometry and
flow redistribution.

This expression provides a compact representation of the dominant nonlinear interac-
tion between the geometric parameters of the diode and the flow redistribution occurring
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at the bifurcation. Substituting this result into the loss decomposition yields the complete
loss-coefficient expression adopted for a single diode stage,

ΣKet = Kc + Kr0 + Ke + α(ηλ )2sin2 θ (31)

which constitutes the closure relation adopted in the present analytical formulation linking
hydraulic losses with the geometric configuration of the valve. Substituting the loss model
into the definition of the dimensionless pressure parameter yields:

Φ =

[
Kc + Kr0 + Ke + α(ηλ)2sin2θ

]
2

(32)

3.9. Coupled Equation of the System

The final step of the derivation consists of substituting the dimensionless pressure
parameter ΦN into the equation obtained previously for the bifurcation dynamics. This
substitution leads to:

(1 + λcosθ)η2 − 2η +
NΣKet

2
= 0 (33)

which expresses the coupling between the flow-partition parameter and the cumulative
pressure losses generated by the valve geometry. Replacing the explicit expression for the
stage loss coefficient NΣKet produces the fully expanded equation:

(1 + λcos θ)η2 − 2η +
N
2

[
Kc + Kr0 + Ke + α(ηλ)2sin2 θ

]
= 0. (34)

Since the impact-loss contribution is proportional to η2, the governing equation pre-
serves its quadratic structure in the flow-partition variable. Rearranging the terms to group
the quadratic contributions in η2 yields:

η2
[
(1 + λcos θ) +

N
2
αλ2sin2 θ

]
− 2η +

N
2
(Kc + Kr0 + Ke) = 0. (35)

The existence of a physically admissible solution requires 0 < η < 1, which imposes
additional constraints on the combinations of geometric and hydraulic parameters con-
sidered by the model. This equation constitutes the closed form of the analytical model,
relating the flow partition within the valve to the combined effects of geometry, stage num-
ber, and hydraulic loss mechanisms. Since the impact-loss contribution is proportional to
η2, the governing equation preserves its quadratic structure in the flow-partition variable.

3.10. Forward-Flow Condition

The forward-flow configuration is defined here as the operating condition in which
flow diversion into the lateral branches contributes minimally to the overall flow redistri-
bution. Under this condition, the geometry of the diode elements promotes only limited
diversion of the flow toward the lateral branches. As a consequence, the fraction of flow
entering the derivations becomes sufficiently small such that η f → 0 is adopted as a
first-order approximation.

This limit simplifies the expression of the total loss coefficient associated with a diode
stage. Since the diverted velocity becomes negligible, the nonlinear angular interaction
term disappears and the loss coefficient reduces to the baseline hydraulic-loss contributions
represented by Kc +Kr0 +Ke. The effective loss coefficient in forward flow can, therefore, be
approximated as ΣKet, f ≈ Kc +Kr0 +Ke. Under this condition, the pressure drop generated
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by a valve containing N identical stages can be obtained by substituting this coefficient into
the general pressure-loss formulation,

∆p f = N(Kc + Kr0 + Ke)
ρV2

0
2

. (36)

This expression shows that the pressure drop in the forward direction is governed pri-
marily by the baseline hydraulic-loss mechanisms associated with contractions, expansions,
and weak recirculation regions. No additional losses associated with angular momentum
exchange appear because the diverted flow component is essentially suppressed. This
forward-flow limit, therefore, establishes the reference hydraulic state against which the
reverse-flow condition and the resulting diodicity are subsequently evaluated.

3.11. Reverse-Flow Condition

Tesla valves develop their characteristic hydraulic resistance. In this regime, the geo-
metric arrangement of the diode elements promotes a significant redistribution of the flow
into the lateral branches. The diverted fluid subsequently returns toward the main conduit,
where it interacts with the primary flow and modifies the local flow topology. This interac-
tion modifies the local flow topology, promoting enhanced recirculation, flow separation,
and momentum redistribution processes that are characteristic of reverse operation.

Under these conditions, the total loss coefficient associated with a diode stage includes
both the hydraulic losses generated by the modified reverse-flow topology and the addi-
tional dissipation associated with the oblique reinjection of the diverted flow. The loss
coefficient can, therefore, be written as:

ΣKet,r = K′
c + Kr0,r + K′

e + α(ηrλ)2sin2θ (37)

where the primed coefficients represent effective contraction, recirculation, and expan-
sion losses associated with the reverse-flow topology. These coefficients differ from their
forward-flow counterparts because the fluid experiences a different sequence of flow redi-
rection, separation, and recombination processes when traversing the valve in the reverse
direction. The final term corresponds to the additional momentum-exchange dissipation
generated when the branch flow re-enters the main channel at an oblique angle.

In the present formulation, directional asymmetry emerges from the combined effect
of the modified reverse-flow topology represented by the primed loss coefficients and
the additional angular interaction term. Together, these mechanisms increase the overall
hydraulic resistance of the valve under reverse-flow conditions while preserving the same
general analytical framework used for the forward-flow configuration.

Using this loss coefficient, the total pressure drop in reverse flow for a valve containing
N stages can be expressed as:

∆pr = NΣKet,r
ρV2

0
2

(38)

This formulation highlights the fundamental physical mechanisms underlying Tesla
valve operation. Under reverse-flow conditions, the modified flow topology promotes
enhanced contraction, recirculation, and expansion losses, while the oblique reinjection of
the diverted flow introduces an additional momentum-exchange dissipation mechanism.
The combined action of these effects increases the hydraulic resistance of the valve and
gives rise to directional asymmetry.

3.12. Energetic Asymmetry of the Valve

The operational principle of the Tesla valve emerges directly from the difference
between the pressure losses generated under reverse-flow and forward-flow conditions.
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Using the expressions previously obtained for both configurations, the energetic asymmetry
of the valve can be evaluated by subtracting the forward-flow pressure drop from the
reverse-flow pressure drop. Substituting Equations (36) and (38) yields:

∆pr − ∆p f = N
[(

K′
c − Kc

)
+ (Kr0,r − Kr0) +

(
K′

e − Ke
)
+ α(ηrλ)2sin2 θ

]ρV2
0

2
. (39)

Equation (39), therefore, shows that the energetic asymmetry is not solely a conse-
quence of geometric directionality, but rather emerges from the combined action of topology-
dependent hydraulic losses and flow-redistribution effects. The relative importance of
each contribution depends on the operating conditions and geometric characteristics of
the valve.

For the particular case in which the directional variations in the baseline hydraulic-loss
coefficients are assumed to be small compared with the angular interaction mechanism,
Equation (39) reduces to:

∆pr − ∆p f = Nα(ηrλ)2sin2 θ
ρV2

0
2

(40)

This simplified expression isolates the contribution of the momentum-exchange mech-
anism and explicitly reveals the influence of the number of stages, the diverted-flow
fraction, and the branch inclination angle on the directional hydraulic response of the
valve. Since the characteristic velocity in the primary channel is given by V0 = Q/A0,
both Equations (39) and (40) predict that the energetic asymmetry scales with the square
of the volumetric flow rate. Consequently, ∆pr − ∆p f ∝ NQ2, indicating that directional
resistance increases quadratically with flow rate. This scaling reflects the inertia-dominated
nature of the dissipation mechanisms responsible for hydraulic rectification within the
Tesla valve.

3.13. Hydraulic Diodicity

A convenient dimensionless measure of the directional behavior of the valve is the
diodicity coefficient, defined as the ratio between the hydraulic losses in reverse and
forward flow, D = ΣKr/ΣK f Substituting the expressions obtained for the loss coefficients
yields the complete analytical expression,

D =
K′

c + Kr0,r + K′
e + α(ηrλ)2sin2θ

Kc + Kr0 + Ke
. (41)

This relation shows that directional amplification emerges from the combined effect
of the modified reverse-flow hydraulic-loss coefficients and the additional momentum-
exchange dissipation associated with oblique flow reinjection. The resulting diodicity
depends on the geometric characteristics of the valve, the flow-partition parameter, and the
effectiveness of the momentum-exchange mechanism represented by α.

An important consequence of the formulation is that the influence of the number
of stages is not introduced directly into the diodicity expression but indirectly through
its effect on the flow-partition parameter obtained from the coupled governing equation.
Consequently, if the flow-partition parameter remains approximately unchanged as stages
are added, both forward and reverse pressure losses scale similarly with N and the resulting
diodicity remains approximately constant. However, because η is itself governed by the
nonlinear system equation, variations in stage number may modify the flow redistribution
process and, therefore, influence the directional amplification predicted by the model.
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This result suggests that increasing the number of stages primarily amplifies the
overall hydraulic resistance of the valve, while changes in directional performance depend
on how the additional stages modify the underlying flow-partition mechanism.

3.14. Geometric Scaling Effects

The analytical formulation also provides insight into how geometric scaling influences
flow redistribution within the valve. For a rectangular channel, the cross-sectional area
of the main conduit can be expressed as A0 = S·h, where S represents the characteristic
channel width and h the channel depth. The analytical formulation also provides insight
into how geometric scaling influences flow redistribution within the valve. For a rect-
angular channel, the cross-sectional area of the main conduit can be expressed as h, the
channel depth. Under this representation, the area ratio between the main conduit and the
lateral branch is defined as λ = A0/Ar, indicating that modifications of the main-channel
dimensions directly influence the geometric parameter governing flow partition.

At the same time, the mean velocity in the primary conduit is given by V0 = Q/A0.
Therefore, for a fixed flow rate, increasing the cross-sectional area of the main conduit
reduces the characteristic flow velocity. This relationship demonstrates that geometric
scaling affects both the hydraulic transport capacity of the primary channel and the relative
importance of the branch-flow contribution within the overall redistribution process.

Inspection of the governing equation further indicates that the effectiveness of flow
diversion depends on the balance between the geometric ratio λ, the flow-partition param-
eter η, and the nonlinear interaction mechanisms represented by the loss model. As the
main conduit becomes progressively larger relative to the lateral branch, the contribution
of the diverted flow to the overall momentum redistribution process tends to become less
significant. Consequently, the angular interaction term associated with branch reinjection
exerts a weaker influence on the global hydraulic response predicted by the model.

Within the present analytical framework, this behavior suggests that excessively large
area ratios reduce the effectiveness of the flow-redistribution mechanism responsible for
directional asymmetry. As a result, the hydraulic response approaches that of a conven-
tional conduit in which most of the flow remains confined to the primary channel and only
a limited fraction participates in the branch-induced dissipation processes.

This scaling analysis highlights the importance of maintaining an appropriate geo-
metric balance between the main channel and the lateral branches in order to preserve
the flow-redistribution mechanisms that generate directional hydraulic behavior. The
results, therefore, suggest that geometric scaling influences valve performance not only
through changes in hydraulic resistance but also through its effect on the underlying
redistribution–dissipation equilibrium governing diodicity.

3.15. Expanded Structural Equation Including Geometric Losses

The coefficient ΣKet represents the total dimensionless hydraulic loss associated with
a single Tesla diode stage and is obtained as the sum of the individual dissipative mech-
anisms acting within that stage. Replacing the expression for the stage loss coefficient
derived previously leads to the fully expanded quadratic equation governing the system
in Equation (35). This expression explicitly shows how the redistribution of flow depends
on the combined effects of geometry and hydraulic losses. The first term represents the
inertial coupling between the main stream and the diverted flow. The second term arises
directly from the continuity constraint, while the final term incorporates the cumulative
hydraulic losses generated by contraction, recirculation and expansion processes inside
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each diode stage. For clarity of analysis, the previous Equation (35) can be written in the
standard quadratic form:

aη2 + bη + c = 0 (42)

where the coefficients of the polynomial are defined as:

a = (1 + λcos θ) + N
2 αλ2sin2 θ

b = −2
c = N

2 (Kc + Kr0 + Ke)

(43)

These coefficients reveal the consistent structure of the model. The parameter a
combines the geometric effect of the bifurcation orientation with the nonlinear contribution
produced by the branch interaction term. The parameter b arises directly from the mass-
conservation constraint, while c represents the accumulated hydraulic losses generated by
the internal structures of the valve. Among the two mathematical roots of Equation (42),
the physically admissible solution is selected as the branch that simultaneously satisfies the
asymptotic condition η → 0 as the hydraulic losses vanish (c → 0) and the admissibility
constraint 0 < η < 1. This branch is, therefore, consistent with the limiting forward-flow
regime and is adopted throughout the subsequent analysis.

The validity of the model requires that the quadratic equation governing the flow
partition admits real solutions. This requirement follows from the fact that the parame-
ter η represents a measurable flow fraction and must, therefore, remain within the real
domain. For a quadratic equation of the form of Equation (42), real solutions exist only
when the discriminant satisfies ∆ = b2 − 4ac ≥ 0. Substituting the coefficients obtained
previously yields

∆ = 4 − 4
[
(1 + λcos θ) +

N
2
αλ2sin2 θ

]
N
2
(Kc + Kr0 + Ke) (44)

The condition ∆ ≥ 0 defines the admissible region of parameter space in which the ana-
lytical formulation yields physically interpretable solutions for the flow-partition parameter.

An important consequence of this condition is the emergence of an upper bound on
the number of diode stages that can be represented within the assumptions of the present
formulation. For a fixed set of geometric and hydraulic parameters, increasing N modifies
the coefficients of the governing equation and may eventually lead to ∆ < 0. Under such
conditions, the flow-partition variable no longer admits real-valued solutions within the
analytical framework.

This result should not be interpreted as a physical impossibility of Tesla valve opera-
tion. Rather, it indicates that the flow-partition representation adopted in the present model
is no longer self-consistent for that combination of parameters. The discriminant condition,
therefore, establishes a mathematical limit of applicability of the formulation and defines
the admissible domain within which physically interpretable solutions exist.

The emergence of this admissibility condition is a direct consequence of the nonlin-
ear coupling between geometry, hydraulic losses, and flow redistribution. Consequently,
the formulation predicts that these quantities cannot vary independently but remain con-
strained by the mathematical structure of the governing equation.

3.16. Analytical Limits and Asymptotic Behavior of the Model
3.16.1. Structural Solution

The analytical development presented earlier results in a quadratic formulation for the
flow-partition parameter η, arising from the integral momentum balance at the bifurcation
region of the Tesla diode element. The fundamental structure of this relationship is given in
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Equation (19). By further incorporating the stage loss coefficient derived in the preceding
section, the model is extended to its complete form, as expressed in Equation (35), which
includes the contribution of distributed losses and geometrical parameters associated with
the multi-stage configuration.

As discussed previously for the forward-flow limit, the diverted flow fraction becomes
sufficiently small such that η f → 0 can be adopted as a first-order approximation. Under
this limit, the flow diversion becomes sufficiently small, and the hydraulic losses associated
with the diode element reduce to the purely geometric contributions, ΣKet, f . This regime
corresponds to the low-resistance state of the Tesla valve, where the flow propagates
primarily through the main conduit with minimal interaction with the branch structures. In
the reverse-flow configuration, the physically admissible branch of the analytical solution
is given by,

ηr =
2 −

√
4 − 4ac
2a

(45)

This is provided that the discriminant remains non-negative. Under this condition,
the governing equation admits real-valued solutions for the flow-partition parameter. The
resulting value of η depends on the specific combination of geometric and hydraulic pa-
rameters and determines the extent of flow redistribution into the lateral branches. As η

increases, the angular interaction term remains active and contributes to the additional dis-
sipation mechanisms associated with directional asymmetry. Consequently, the directional
response of the valve emerges from the coupled interaction between flow redistribution,
hydraulic losses, and geometric forcing represented by the analytical formulation.

The discriminant condition ∆ ≥ 0, therefore, defines the admissible region of pa-
rameter space in which the formulation yields physically interpretable solutions. This
admissibility requirement constitutes an intrinsic mathematical constraint of the model and
establishes the range of geometric and hydraulic conditions for which the flow-partition
representation remains self-consistent.

Additional insight into the structure of the formulation can be obtained by considering
asymptotic parameter limits. For sufficiently large values of the geometric ratio λ, the coef-
ficient a becomes dominated by the angular-interaction contribution, a ≈ N

2 αλ2sin2 θ. The
coefficient a also becomes dominated by the angular-interaction contribution, η ∼ 2

a , and,
therefore, η ∝ 1

λ2 . This result indicates that, as the main-channel area becomes increasingly
large relative to the branch area, the flow diverted into the lateral branch progressively
decreases. Consequently, the effectiveness of the flow-redistribution mechanism weakens
and the contribution of the angular interaction term becomes progressively less significant.

A second limiting case is obtained by considering the formal limit N → 0 . Although
this condition does not correspond to a physical Tesla valve, it provides useful insight
into the mathematical structure of the governing equation. In this limit, the cumulative
hydraulic-loss contribution vanishes and Equation (34) reduces to:

η2(1 + λcos θ)− 2η = 0, (46)

which admits the solutions η = 0 and

η =
2

1 + λcos θ
. (47)

This limiting behavior shows that, in the absence of accumulated stage losses, the flow-
partition process is governed exclusively by the bifurcation geometry. The result highlights
the distinct roles played by geometry and hydraulic dissipation within the formulation and
provides a useful reference state for interpreting the influence of stage accumulation in the
complete model.
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3.16.2. Large-N Limit and Critical Stage Number

When the number of diode stages becomes large, the coefficients of the governing
quadratic equation scale as:

a ∼ N
2 αλ2sin2 θ,

c ∼ N
2 (Kc + Kr0 + Ke).

(48)

Consequently, for a fixed set of geometric and hydraulic parameters, the product ac
increases approximately as N2. As the number of stages increases, the discriminant of the
governing equation may eventually approach zero and subsequently become negative.
Under such conditions, the analytical formulation no longer admits real-valued solutions
for the flow-partition parameter, indicating that the corresponding parameter combination
lies outside the admissible domain of the model. The limiting condition is obtained by
imposing the boundary of admissibility, ∆ = 0, which, for the present quadratic formulation
with b = −2, is equivalent to the condition ac = 1. The condition ac ≤ 1 arises from the
requirement of real-valued solutions in the quadratic formulation and should be interpreted
strictly as a mathematical admissibility constraint of the model.

Using the asymptotic large-N expressions for the coefficients yields the estimate:

Ncrit ≈
2

αλ2sin2 θ(Kc + Kr0 + Ke)
(49)

which defines a characteristic critical stage number associated with the analytical
framework.

This result should be interpreted as a mathematical property of the formulation rather
than as a physical limitation of Tesla valve operation. The predicted value of (Ncrit) identi-
fies the approximate boundary beyond which the flow-partition representation adopted in
the present model ceases to remain self-consistent. Consequently, the formulation predicts
that the number of stages, geometric forcing, and hydraulic losses cannot vary indepen-
dently, but remain constrained by the admissibility condition arising from the nonlinear
structure of the governing equation. Physically, (Ncrit) may be interpreted as a characteristic
threshold beyond which additional stages are expected to provide progressively smaller
gains in rectification relative to the accompanying increase in hydraulic losses and geomet-
ric complexity. Values exceeding (Ncrit) are not prohibited, nor do they imply that Tesla
valves cease to operate. Rather, they indicate conditions under which the assumptions
underlying the present flow-partition description become increasingly restrictive and the
practical benefits of additional stages may become less significant. Therefore, (Ncrit) should
be interpreted as a design-oriented analytical threshold associated with diminishing returns
rather than as a strict physical constraint on valve construction or operation.

3.16.3. Structural Properties of the Analytical Solution

The analytical formulation also provides insight into several limiting and structural
properties of the governing equation. The geometric ratio between the main conduit
and the lateral branch can be expressed as λ = S·h

Ar
, where S represents the characteristic

width of the primary channel. As the channel width increases, the geometric ratio also
increases. Consistent with the asymptotic behavior obtained previously, the flow-partition
parameter decreases and tends toward zero as λ becomes sufficiently large. Under these
conditions, flow diversion into the lateral branches becomes progressively weaker and the
angular interaction term loses significance, reducing the directional response predicted by
the model.

The formulation also provides insight into the influence of flow rate. The pressure drop
generated by the valve scales according to ∆p ∝ Q2, reflecting the inertia-dominated nature
of the dissipation mechanisms represented in the model. However, the dimensionless
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pressure parameter is defined as ΦN = NΣKet
2 , which does not explicitly depend on the

volumetric flow rate under the assumptions of the present formulation. Consequently,
in the inertia-dominated regime, the flow-partition parameter is governed primarily by
geometric and hydraulic-loss parameters rather than by the magnitude of the imposed flow
rate. This result suggests that flow redistribution becomes approximately independent of
Q once inertial scaling dominates the hydraulic response.

Additional information can be obtained by examining the structure of the gov-
erning polynomial, f (η) = aη2 − 2η + c. Differentiating with respect to η yields
d

dη

(
aη2 − 2η + c

)
= 2aη − 2. The stationary point of the quadratic form is, therefore,

located at η = 1
a . Because admissible geometries satisfy a > 0, the quadratic function

remains convex and possesses a unique minimum. This property contributes to the well-
defined mathematical structure of the analytical formulation and supports the existence of
a unique physically admissible solution branch within the admissible parameter domain.

4. Energy Scaling Laws of the Tesla Valve
The following results should be interpreted as analytical predictions derived from the

proposed closure assumptions and not as experimentally validated performance limits.
The previous section established the mathematical structure of the model, including the
existence conditions, asymptotic limits, and stability constraints associated with the flow-
partition parameter. The purpose of the present section is different. Rather than analyzing
the structural properties of the governing equation, the following development focuses on
the energetic consequences of the model and the scaling laws governing pressure losses,
diodicity, and design constraints in Tesla valves.

4.1. Base Energetic Scaling

Under the operating conditions of interest, hydraulic losses are assumed to be domi-
nated by inertial mechanisms, leading to a quadratic dependence of pressure drop on the
volumetric flow rate. The starting point for the energetic interpretation of the model is
the classical formulation of pressure losses in internal flows, as expressed in Equation (14).
Using the continuity relation, V0 = Q/A0, the pressure drop can be rewritten as:

∆p = ΣK
ρ

2

(
Q
A0

)2
. (50)

This expression suggests the fundamental scaling law of the system, ∆p ∝ Q2, indi-
cating that the hydraulic response of the Tesla valve is governed by inertial effects in the
regime of interest.

Forward and Reverse Energetic Separation

The directional behavior of the valve emerges from the difference in loss coefficients
between forward- and reverse-flow configurations. The corresponding pressure drops can
be written as:

∆p f = ΣK f
ρ

2

(
Q
A0

)2
, (51)

∆pr = ΣKr
ρ

2

(
Q
A0

)2
. (52)

Taking the ratio of these expressions leads directly to the diodicity coefficient, D = ΣKr
ΣK f

,
which confirms that, under inertial conditions, the directional behavior of the valve is
independent of the volumetric flow rate. When scaling with main channel area, the cross-
sectional area of the main channel can be expressed as A0 = S·h, and substituting this
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relation into the pressure expression yields ∆p ∝ Q2

S2·h2 . This result shows that increasing
the width of the main channel reduces the pressure drop quadratically. From a design per-
spective, this introduces a direct trade-off between hydraulic resistance and compactness.

For the geometric scaling through the area ratio, the governing the interaction between
the main channel and the lateral branches is defined as λ = A0

Ar
, which implies λ ∝ S.

The angular loss term appearing in the model, α(ηλ)2sin2θ, scales as ∝ η2S2. However,
from the solution derived previously, η ∝ 1

λ2 , which leads to (ηλ)2 ∝ 1
λ2 . This result

reveals a non-trivial scaling behavior: although the geometric ratio increases with channel
width, the effective angular contribution decreases. Consequently, if the main channel
becomes excessively wide, the angular interaction term cancels out and the model predicts
a progressive reduction in directional behavior. The cumulative loss coefficients scale
linearly with the number of diode stages,

ΣK f = N(Kc + Kr0 + Ke), (53)

ΣKr = N
[
(Kc + Kr0 + Ke) + α(ηλ)2sin2 θ

]
. (54)

Substituting into the pressure expression yields ∆p ∝ NQ2, indicating that the overall
hydraulic resistance increases linearly with the number of stages. However, the diodicity
does not scale linearly with N, because the flow-partition parameter η depends on N
through the nonlinear structural equation. This introduces a coupling between geometry
and cumulative losses that limits the effectiveness of increasing the number of stages. In
the asymptotic regime for a small number of stages, in the limit N ≪ 1, the coefficients
reduce to a ≈ 1 + λcos θ, which yields η ≈ 2

a . Substituting into the diodicity expression
leads to:

D ≈ 1 +
αλ2sin2 θ

Kc + Kr0 + Ke

(
2
a

)2
. (55)

This regime is dominated by purely geometric effects, where the directional behavior
is controlled primarily by the inclination angle and the area ratio.

In the asymptotic regime for large number of stages, when the number of stages
increases, the coefficients scale as a ∝ N, c ∝ N, which implies ac ∝ N2. The existence
condition for real solutions, ac ≤ 1, introduces a critical number of stages,

Ncrit ∼
2

αλ2sin2 θ(Kc + Kr0 + Ke)
. (56)

Beyond this limit, the discriminant becomes negative and the model ceases to represent
a model-consistent flow configuration. This result proposes that increasing the number
of stages indefinitely does not improve performance and may instead lead to loss of
physical coherence.

4.2. Combined Scaling with Q, S, and N

The global expression for the reverse pressure drop can be written as:

∆pr = N
[
(Kc + Kr0 + Ke) + α(ηλ)2sin2 θ

]ρ
2

(
Q

S·h

)2
. (57)

This expression makes explicit the combined scaling behavior of the system: the
pressure drop scales quadratically with the flow rate, inversely with the square of the
channel width, and linearly with the number of stages, while the dependence on the
geometric ratio remains nonlinear through the parameter η.
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For the structural condition for valve operation, the analytical model reveals that
directional behavior only exists within a constrained region of the parameter space. The
conditions required for rectification can be summarized as ac ≤ 1, λ not excessively
N ≤ Ncrit, θ ̸= 0. If any of these conditions is not accomplished, the angular interaction
term vanishes and the diodicity approaches unity, D → 1 , indicating that the system no
longer behaves as a functional Tesla valve.

4.3. Global Energetic Formulation

Combining all previous results, the final energetic expression for the reverse-flow
pressure drop can be written as:

∆pr = N

(Kc + Kr0 + Ke) + αλ2sin2 θ

(
2 −

√
4 − 4ac
2a

)2
ρ

2

(
Q

S·h

)2
, (58)

with
a = (1 + λcos θ) +

N
2

αλ2sin2 θ, (59)

c =
N
2
(Kc + Kr0 + Ke). (60)

This expression represents the complete energetic closure of the model, explicitly
showing how the pressure drop emerges from the interaction between inertial effects,
geometric configuration, and nonlinear flow redistribution.

4.4. Maximum Projected Number of Stages

Considering that the existence condition is ∆ = b2 − 4ac ≥ 0 with b = −2 ⇒ b2 = 4 ,
then ∆ = 4 − 4ac ≥ 0 ⇒ ac ≤ 1 . Using the definitions from Equation (42), the dominant
contribution for large N is:

ac ≈
(

N
2
αλ2sin2 θ

)(
N
2
(Kc + Kr0 + Ke)

)
(61)

which simplifies to

ac ≈ N2

4
αλ2sin2 θ(Kc + Kr0 + Ke). (62)

An upper bound for the number of diode stages can be obtained from the discriminant
condition of the structural equation. For large values of N, the dominant contributions
to the coefficients scale as a ∼ N

2 αλ2sin2 θ and c ∼ N
2 (Kc + Kr0 + Ke)c. Substituting these

expressions into the existence condition ac ≤ 1 yields:

N2

4
αλ2sin2 θ(Kc + Kr0 + Ke) ≤ 1 (63)

Then,

Ncrit ≤
2√

αλ2sin2 θ(Kc + Kr0 + Ke)
(64)

This expression defines an upper bound for the number of stages within which the
analytical model admits real solutions for the flow-partition parameter. Beyond this
limit, the mathematical structure of the model ceases to provide solutions under the
assumptions employed.
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4.5. Angular Condition and Analytical Range

The diodicity is given by:

D = 1 +
αλ2sin2 θ

Kc + Kr0 + Ke
η2

r . (65)

Differentiating with respect to the angle,

∂D
∂θ

∝ 2sin θcos θ. (66)

The mathematical maximum occurs at θ = 90◦. However, this is a purely formal result.
In real flows, such an angle induces strong separation, recirculation and additional losses
not captured in the simplified model.

This system has a structural conflict due to having a high amount of θ. The greater
the amount of θ, the more likely it is that the components of the system will have a good
angular momentum transfer through their interaction. However, as θ increases, so do the
irretrievable losses associated with the components of the system due to factors such as
frictions, displacements, and turbulence. Therefore, the momentum transfer will eventually
have an offset value from the efficiency losses as the irretrievable losses increase. Therefore,
the most appropriate structure would be one that is sub-perpendicular, where angular
momentum transfers at a reasonable value while still allowing for an adequate amount of
energy to be lost. From the structural solution, the geometric constraint on the area ratio
is η ∝ 1

λ2 .
Substituting into the diodicity expression leads to the limiting behaviors, D → 1 as

λ → ∞ and D → 1 as λ → 0 . This immediately rules out naive design intuition: neither
very large nor very small area ratios produce rectification. Instead, the system admits
an intermediate regime where angular interaction is maximized without suppressing the
diverted flow.

4.6. Constraint on the Main Channel Width

Since λ = S·h
Ar

, an increase in the main channel width S produces a coupled set of
hydrodynamic effects. First, the axial velocity decreases due to the enlargement of the
cross-sectional flow area. Second, the diverted flow fraction η is reduced, as a wider channel
weakens the mechanism that redirects the flow into lateral branches. Third, the angular
dissipation term is nullified because the flow experiences less curvature-induced resistance.

As a direct consequence of these combined effects, the diodicity approaches unity
for large values of S, D → 1 . This implies a strict design requirement: the main channel
width cannot be arbitrarily increased. Instead, a finite value must be maintained and
tightly controlled, since excessive widening suppresses the rectification effect and causes
the system to behave as a passive symmetric duct.

The sensitivity with respect to the number of stages is indirect and mediated through
the diverted flow fraction η. This relationship can be written as:

dD
dN

=
∂D
∂η

dη
dN

(67)

For sufficiently large values of N, it follows that dη
dN < 0, which implies dD

dN < 0, be-
yond a certain threshold. This suggests a critical result: diodicity reaches a maximum before
a critical number of stages Ncrit. Adding more stages beyond that point degrades the recti-
fication capability rather than improving it, due to accumulated losses and redistribution
of the flow that diminish directional asymmetry.
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For the system to behave as a functional Tesla valve, the following conditions must be
simultaneously satisfied:

1. ac ≤ 1,
2. 0 < η < 1,
3. N < Ncrit,
4. θ ̸= 0,
5. λ is finite.

Disagreement of any of these conditions leads to D → 1 and the system degenerates
into a passive duct with no directional behavior. The structural conditions of the model can
be condensed into a compact design inequality:

αλ2sin2 θ(Kc + Kr0 + Ke)N2 ≲ 4 (68)

This expression defines the admissible design space by balancing geometric amplifi-
cation effects with dissipative losses. In addition, the model suggests practical geometric
bounds of approximately (θ ≈ 60◦ − 90◦) and (λ = O(1 − 10) ) These ranges should not
be interpreted as strict physical limits, but rather as characteristic regions where the mecha-
nisms responsible for flow rectification remain most effective within the assumptions of
the present framework. For branch angles substantially larger than (90◦), the diverted flow
tends to align progressively with the main streamwise direction, reducing the effectiveness
of lateral flow redistribution and the associated directional asymmetry. Consequently,
although such geometries remain physically admissible, their contribution to rectification
may become progressively less significant, causing the valve behavior to approach that of a
conventional flow passage.

4.7. Final Structural Interpretation

The analytical structure of the model leads to a conclusion that directly challenges
naive engineering intuition: the performance of a Tesla valve does not improve monoton-
ically by simply increasing geometric or structural parameters. In particular, increasing
the number of stages, widening the main channel, or enlarging the branch angle does not
guarantee enhanced rectification. On the contrary, the governing equations reveal that
such changes, beyond certain thresholds, actively degrade the mechanism responsible for
directional behavior.

This non-monotonic response emerges from the presence of multiple, independent
constraints embedded in the model. First, there exists a mathematical limit imposed by
the condition ac ≤ 1, which ensures the existence of real solutions for the flow-partition
parameter η. Once this condition is violated, the model ceases to admit meaningful
solutions, indicating that the assumed internal flow structure cannot be sustained. This is
not a matter of physical failure of the device, but of mathematical inadmissibility within the
reduced-order framework: the assumed flow-partition structure ceases to admit real-valued
solutions under the adopted closure assumptions.

Second, a geometric constraint arises through the area ratio λ. The model shows that
both extreme limits, λ → 0 and λ → ∞ , lead to the same outcome: the suppression of
diodicity. When λ is too small, the lateral branches become hydraulically irrelevant; when
it is too large, the diverted flow fraction collapses due to the scaling η ∝ 1/λ2. In both cases,
the angular interaction term vanishes, eliminating the asymmetry required for rectification.

Third, the system is subject to a cumulative constraint associated with the number
of stages. While the total pressure drop increases linearly with N, the internal coupling
through η(N) introduces nonlinear feedback that limits performance. Within the assump-
tions of the present analytical formulation, the diodicity is predicted to decrease beyond
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a critical number of stages Ncrit. This proposes a clear upper bound: adding more stages
eventually becomes counterproductive.

Finally, there is an energetic constraint linked to the angular dissipation mechanism.
The term responsible for rectification, proportional to α(ηλ)2sin2θ, depends critically on
maintaining a balance between flow diversion and geometric amplification. When this
balance is disrupted (either by excessive channel width, unfavorable scaling of λ, or
degradation of η), the angular contribution collapses, and the model predicts a reduction
in directional behavior.

Taken together, these constraints define a bounded region in the parameter space
within which rectification can exist. Outside this region, the Tesla valve does not gradually
lose efficiency; it undergoes a qualitative transition. The diodicity approaches unity, and the
system behaves as a passive duct with symmetric losses. In this sense, rectification is not
an intrinsic property of the geometry alone, but an emergent phenomenon that arises only
when strict structural, geometric, and energetic conditions are simultaneously satisfied.

4.8. Closure of Loss Coefficients from First Principles

The loss coefficients Kc, Kr0, and Ke are traditionally treated as empirical parameters.
Within the present framework, however, they are interpreted through physics-based scal-
ing arguments associated with momentum redistribution, flow separation, and viscous
dissipation mechanisms. The following development should, therefore, be regarded as a
physics-based scaling closure for the loss coefficients rather than a strict derivation from first
principles. The objective is not to eliminate modeling assumptions, but to replace purely
empirical constants with physically motivated closures that retain analytical tractability.

4.8.1. Contraction Loss Coefficient Kc

A geometric contraction in the flow passage induces a local acceleration of the fluid
as it transitions from the upstream section toward the reduced area. This acceleration
is not purely ideal, since, depending on the contraction ratio, the flow may undergo
partial separation, leading to the formation of a likewise vena contraction downstream of
the minimum geometric section. From a control volume perspective, the pressure drop
associated with this process can be estimated by applying momentum conservation between
the upstream section and the contraction region. Under this framework, the pressure loss
due to contraction can be expressed as proportional to the square of the velocity difference
between these two sections, leading to:

∆pc ∼
ρ

2
(Vc − V0)

2. (69)

To express this relation in terms of geometric parameters, the velocities can be rewritten
using the continuity equation. Assuming a constant volumetric flow rate, the velocities at
the contraction and upstream section are given by Vc = Q/Ac and V0 = Q/A0, respectively.
Substituting these expressions into Equation (69) yields:

∆pc ∼
ρ

2
Q2
(

1
Ac

− 1
A0

)2
. (70)

This form makes explicit that the pressure loss is governed by the mismatch between
inverse areas, highlighting the role of geometric contraction in amplifying velocity gradients.
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For a more general and dimensionless characterization, the pressure drop is normalized by

the upstream dynamic pressure ρV2
0

2 , and we obtain:

Kc ∼
(

A0

Ac
− 1
)2

. (71)

At this point, it is convenient to introduce the contraction ratio as:

β =
Ac

A0
, (72)

which provides a compact measure of the geometric restriction. In terms of this parameter,
the loss coefficient takes the form:

Kc ∼
(

1
β
− 1
)2

. (73)

This final expression reveals a key scaling behavior: the contraction loss coefficient
Kc is not arbitrary, but instead it scales with the square of the inverse area ratio. As
a consequence, mild contractions (β ≈ 1) produce relatively small penalties, whereas
stronger contractions (β ≪ 1) lead to a rapid and nonlinear increase in losses, reflecting the
intensified acceleration and enhanced likelihood of flow separation.

4.8.2. Baseline Friction–Recirculation Term Kr0

This term represents distributed losses in the main path, including wall friction and
mild recirculation. Starting from the Darcy–Weisbach formulation:

∆p f = f
L

Dh

ρV2
0

2
. (74)

The baseline friction–recirculation term is expressed as:

Kr0 = f
L

Dh
. (75)

where f represents an effective friction factor. In the present formulation, which focuses
on inertia-dominated flow conditions, f is treated as an effective constant parameter that
accounts for the combined contribution of viscous dissipation and turbulence-induced
mixing. This assumption ensures consistency with the quadratic scaling of pressure losses
adopted throughout the model. The explicit dependence of f on the Reynolds number can
be incorporated as an extension of the present formulation but is not considered in the
base model.

4.8.3. Expansion Loss Coefficient Ke

The expansion process is fundamentally governed by flow separation and subsequent
turbulent mixing as the fluid transitions from a smaller cross-sectional area to a larger
one. Unlike contractions, where acceleration dominates, expansions are characterized by a
deceleration that is typically accompanied by boundary layer detachment and the formation
of recirculation zones. These phenomena introduce irreversible losses that are primarily
associated with momentum redistribution and mixing. From an energy perspective, the
pressure loss across the expansion can be estimated based on the mismatch between the
upstream and downstream velocities. This leads to the classical scaling:

∆pe ∼
ρ

2
(V1 − V2)

2 (76)
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To relate this expression to the geometry of the system, the velocities are rewritten
using continuity. For a constant volumetric flow rate, the velocities in the upstream and
downstream sections are given by:

V1 =
Q
A1

, (77)

V2 =
Q
A2

. (78)

Substituting these relations into the previous expression and normalizing by the
upstream dynamic pressure leads to a dimensionless characterization of the losses through
the expansion loss coefficient,

Ke ∼
(

1 − A1

A2

)2
. (79)

In order to express this dependence in a more compact and transparent form, the
expansion ratio is introduced as:

γ =
A1

A2
(80)

which allows the loss coefficient to be written as:

Ke ∼ (1 − γ)2 (81)

This formulation highlights that the losses are governed by the square of the velocity
mismatch induced by the area change. Consequently, the dominant mechanism is not
merely geometric expansion, but the irreversible mixing process required to redistribute
momentum between regions of differing velocities. As a result, even moderate expansions
can generate significant losses if they promote strong separation and mixing, emphasizing
that the dissipation is intrinsically linked to the breakdown of ordered kinetic energy into
turbulent fluctuations rather than to geometry alone.

4.8.4. Unified Structural Form

The next step consists of reinserting the previously derived scaling relations into the
global model, thereby replacing empirical closures with grounded expressions. In particular,
each contribution to the total loss is associated with a distinct mechanism: geometric
acceleration in contractions, viscous dissipation along the flow path, and irreversible
mixing during expansion. The contraction loss coefficient is expressed in terms of the
contraction ratio β as:

Kc ∼
(

1
β
− 1
)2

, (82)

which captures the effect of flow acceleration and the potential onset of separation at the
contraction.

The frictional contribution along the channel is described through the classical scaling:

Kr0 ∼ f
L

Dh
, (83)

where f represents the friction factor, L the characteristic length of the flow path, and Dh

the hydraulic diameter, thus accounting for viscous dissipation distributed along the walls.
Finally, the expansion loss coefficient, governed by velocity redistribution and turbu-

lent mixing, is given by:
Ke ∼ (1 − γ)2, (84)
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where γ denotes the expansion ratio. By combining these three contributions, the total
baseline loss coefficient can be written as:

Kbase =

(
1
β
− 1
)2

+ f
L

Dh
+ (1 − γ)2 (85)

This expression replaces three empirical constants with three interpretable mechanisms.
Specifically, the first term represents geometric acceleration associated with contraction,
the second term accounts for viscous dissipation due to wall friction, and the third term
quantifies the irreversibility introduced by mixing processes in the expansion. In this
way, the model acquires a clearer physical structure, where each contribution can be
independently analyzed and related to measurable geometric and flow parameters, rather
than relying on purely empirical adjustments.

4.9. Impact on the Global Model

Substituting the baseline loss formulation into the expression for diodicity yields:

D = 1 +
αλ2sin2 θ

Kbase
η2 (86)

where Kbase is now explicitly defined in terms of contraction, friction, and expansion
mechanisms. This substitution closes the model by expressing the rectification performance
as a balance between geometric forcing, embedded in the numerator, and dissipative effects,
contained in the denominator.

In this form, the structure of the model reveals several important features. First, the
dependence on geometry is entirely captured through dimensionless ratios, such as β, γ, λ,
and the angular parameter θ. This implies that the formulation is scale-independent and
can be applied across different sizes provided that geometric similarity is preserved.

Second, the influence of the Re is not introduced explicitly, but rather embedded
through the friction factor f , which appears in the definition of Kbase. As a consequence,
the model retains sensitivity to the flow regime, laminar, transitional, or turbulent, without
requiring an explicit Re in the governing equation.

Finally, despite incorporating multiple physical mechanisms, the model remains fully
analytical. All contributions are expressed through closed-form relationships, which allows
direct evaluation and facilitates parametric analysis without the need for numerical closure.
This analytical character is particularly advantageous for design purposes, as it enables
rapid exploration of the influence of geometry and flow conditions on diodicity while
preserving a clear physical interpretation of each term.

5. Results and Validation
The validation of the analytical model proposed in this work to describe the relation-

ship between volumetric flow rate and pressure drop in Tesla valves faces an inherent
limitation due to the absence of experimental or numerical datasets. Most of the avail-
able studies focus on performance metrics for specific geometries, such as heat transfer
enhancement or flow rectification efficiency, rather than on the formulation or verification
of an analytical expression governing the hydrodynamic behavior of these systems under
liquid flow conditions. Consequently, the validation framework adopted herein is based
on internal consistency, asymptotic correctness, parametric sensitivity, and agreement with
established qualitative trends rather than direct comparison with external datasets.

A first level of validation is provided by the consistency of the model with the funda-
mental principles of fluid mechanics. As illustrated in Figure 2, pressure losses increase
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as inertial effects become progressively dominant, reproducing the expected Reynolds-
dependent increase in hydraulic resistance.

Figure 2. Pressure losses increase with inertial dominance. The trend reflects Reynolds-dependent
hydraulic resistance; here, the area ratio is λ = A0/Ar [15].

The resulting formulation predicts a quadratic dependence of pressure drop on vol-
umetric flow rate, ∆p ∝ Q2, which is characteristic of inertia-dominated internal flows.
This behavior is explicitly verified through numerical evaluation of the model, where a
quadratic fit of the computed pressure drop as a function of flow rate confirms the expected
scaling. As shown in Figure 3, the computed pressure drop follows a nearly linear trend
when represented against Q2, confirming the inertia-dominated scaling predicted by the
analytical formulation. At the same time, viscous effects are incorporated through the
Reynolds-number-dependent friction term, ensuring that the model captures the influence
of fluid properties and flow regime. Although the formulation does not explicitly resolve
transitional flow physics, it provides a consistent representation of the interplay between
inertial and viscous effects.

 

Figure 3. Linear trend indicates ∆p ∝ Q2. Quadratic trend confirms inertia-dominated losses.
Deviations reflect geometric coupling and non-hydraulic effects.

A second level of validation is associated with the model’s ability to reproduce di-
rectional asymmetry, which is the defining operational characteristic of Tesla valves. The
analytical formulation predicts an increase in effective hydraulic resistance under reverse-
flow conditions due to the activation of angular dissipation terms, while maintaining
lower resistance in the forward direction. This behavior is consistent with widely reported
qualitative observations in Tesla-type geometries, where flow redirection and momentum
exchange lead to asymmetric energy dissipation [15]. This behavior is consistent with
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experimental observations reported by Nguyen et al. [6], who showed that Tesla valves
develop significantly larger hydraulic resistance under reverse-flow conditions, leading to
measurable diodicity at sufficiently high Reynolds numbers. Rather than resolving detailed
vortex dynamics, the model provides an interpretable parametric representation of this
asymmetry through its dependence on geometric and flow-partition parameters.

The resulting directional asymmetry is quantified in Figure 4 through the diodicity
ratio, where values greater than unity indicate the emergence of asymmetric hydraulic
resistance between forward- and reverse-flow directions.

Figure 4. Diodicity = ∆P − r/∆P − f . Values > 1 indicate directional hydraulic asymmetry (diode
effect behavior) induced by nonlinear coupling between forward and reverse flow [15].

The influence of geometric complexity constitutes a third validation axis. The model
predicts that the total pressure losses increase with the number of stages, while the diodicity
exhibits a nonlinear dependence mediated by the flow-partition parameter. This result is
consistent with the known behavior of Tesla valves, where increasing the number of stages
enhances resistance but does not necessarily improve rectification efficiency proportionally.
Additional support for the analytical trends predicted by the model can be found in
previously reported numerical investigations of Tesla valves.

The predicted sensitivity to geometric parameters is consistent with studies showing
that modifications in channel geometry significantly alter the pressure-drop asymmetry be-
tween forward- and reverse-flow directions [31]. Similar stage-dependent trends have also
been reported, where the accumulation of successive flow redirections increases reverse-
flow losses more rapidly than forward-flow losses [32]. Furthermore, the dependence on
the area ratio and channel dimensions reflects the well-established sensitivity of Tesla valve
performance to geometric configuration, particularly regarding the redistribution of flow
between the main channel and lateral branches. Recent numerical studies further con-
firm that the geometric configuration of bifurcated channels strongly influences diodicity
and pressure-loss asymmetry [23]. These observations collectively support the qualitative
trends predicted by the present analytical formulation.

A key validation element arises from the intrinsic admissibility condition of the model,
defined by the inequality ac ≤ 1, which bounds the existence of meaningful solutions
to the nonlinear governing equation. This condition emerges directly from the analytical
structure and is verified numerically through two-dimensional parameter maps in the
(θ, N) space for different geometric configurations. The identification of this admissible
domain provides a rigorous constraint on the applicability of the model and prevents
non-physical predictions outside its range of validity.

Additionally, solutions of the nonlinear equation are retained by enforcing the con-
straint 0 < η < 1, ensuring consistency with the definition of the flow-partition parameter.
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This filtering step guarantees that the numerical evaluation remains within the interpretable
solution branch.

Further validation is obtained through asymptotic analysis. In the low-Reynolds-
number limit, viscous effects dominate and the formulation reduces to a friction-controlled
regime consistent with classical laminar flow behavior. Conversely, in the high-Reynolds-
number limit, inertial contributions prevail and the quadratic dependence on flow rate
becomes dominant. In geometric limits, the model also behaves consistently: as the
number of stages approaches zero, the system degenerates into a straight channel with
negligible directional effects, while extreme geometric configurations suppress angular
interaction terms, leading to a diodicity approaching unity. These asymptotic behaviors
confirm that the model remains well-posed and consistent across its admissible parameter
space. This inertial behavior is further supported by Figure 5, where the ratio ∆P/Q2

remains approximately constant as the number of stages increases, consistent with an
inertia-dominated regime.

Figure 5. Inertial regime check by stages. Constant ∆P/Q2 ratio indicates pure inertial regime.
Deviations indicate viscous or transitional effects or nonlinear coupling effects.

Dimensional consistency provides an additional layer of validation. All terms in the
governing formulation can be expressed in a dimensionless framework, ensuring that the
predicted behavior depends solely on nondimensional groups rather than arbitrary unit
choices. Moreover, the structure of the model does not exhibit singularities or divergences
within the admissible domain defined by the discriminant condition, further supporting its
robustness. The evolution of the admissibility parameter is presented in Figure 6, where
the condition ac = 1 defines the analytical admissibility boundary separating admissible
and non-admissible regions of the formulation.

Overall, the combination of internal consistency, asymptotic correctness, parametric
sensitivity analysis (presented in Appendix A), and the identification of a well-defined ad-
missible solution domain constitutes a consistency-based validation framework for assess-
ing the internal coherence and applicability range of the proposed analytical formulation.

Although a formal sensitivity analysis of the loss coefficients lies beyond the scope of
the present work, the structure of the governing equations indicates that Kc, Kr0, Ke and the
geometric ratio λ are the dominant parameters controlling diodicity, while Reynolds num-
ber dependence enters through the friction factor f in Kbase rather than through structural
modification of the solution form. A systematic parametric sensitivity study is identified as
a direct and tractable extension of the present framework.
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Figure 6. ac solution vs. total stages. ac defines the mathematical existence of real solution in the
model formulation. ac = 1 indicates stability boundary or critical condition. ac < 1 indicates physical
solution existence. ac > 1 indicates that the model becomes invalid (no real solution).

6. Analysis and Discussion
The hydrodynamic behavior of Tesla valves emerges from the coupled interaction

between inertia, viscous dissipation, and geometric flow redistribution. Rather than treating
these mechanisms independently, the present formulation incorporates them into a single
nonlinear framework through the flow-partition parameter, η, which represents the fraction
of flow diverted from the main channel into secondary branches. This interpretation
provides a physically meaningful description of rectification, where directional behavior
is not imposed through empirical assumptions but emerges from the interaction between
flow redistribution and energy dissipation.

A distinctive aspect of the proposed formulation is that η is not prescribed a priori
nor introduced as a fitting parameter. Instead, it is obtained as the solution of a nonlin-
ear balance involving inertial forcing, hydraulic losses, and geometric forcing terms. Its
value emerges from the governing equation and is constrained by the admissibility con-
dition 0 < η < 1, ensuring that only physically interpretable flow partitions are retained.
Consequently, the directional response of the valve becomes an emergent property of the
governing equation itself rather than an imposed assumption. In this sense, diodicity
should not be interpreted exclusively as a consequence of geometric asymmetry, but rather
as the macroscopic manifestation of how geometry modifies the partition of flow and
the associated dissipation mechanisms. The analytical structure, therefore, suggests that
geometric asymmetry alone is insufficient to explain rectification unless it is coupled with
an effective redistribution of momentum and energy within the device.

The resulting equation reveals that the hydraulic response of the valve is controlled by
the competition between two opposing tendencies. On one hand, inertial effects promote
flow penetration into secondary paths, increasing the possibility of momentum redis-
tribution and directional asymmetry. On the other hand, hydraulic losses oppose this
redistribution through frictional and local dissipation mechanisms. The flow-partition
parameter emerges from the equilibrium between these competing effects, providing a
direct link between geometry, operating conditions, and hydraulic performance. This inter-
pretation gives physical meaning to the nonlinear structure of the governing equation and
explains why rectification cannot be described solely through pressure-drop correlations or
purely geometric arguments.

The formulation further indicates that the effective hydraulic resistance contains
two distinct contributions: a baseline resistance associated with conventional hydraulic
losses and an additional angular dissipation term associated with flow redirection. The
latter becomes increasingly important as the flow is forced to deviate from the main
channel, thereby enhancing energy dissipation and directional asymmetry. Within the
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framework of the model, forward flow corresponds to configurations where this additional
contribution remains limited, whereas reverse flow activates stronger angular dissipation.
As a consequence, the difference between forward and reverse pressure losses emerges
naturally from the analytical structure without requiring separate empirical formulations
for each direction.

Although the present model does not explicitly resolve local vortex dynamics, flow
separation, shear-layer development, or transient recirculation structures, these processes
remain indirectly represented through the scaling of the loss coefficients and their de-
pendence on the Reynolds number and geometry. The formulation should, therefore, be
interpreted as a reduced-order representation of the cumulative hydrodynamic effects
generated by such mechanisms rather than as a direct description of the underlying flow
field. This distinction is particularly important because the objective of the model is not
to reproduce detailed fluid-dynamic structures but to identify the dominant parameters
governing directional hydraulic behavior.

One of the most significant outcomes of the formulation is the emergence of the
admissibility condition ac ≤ 1, obtained directly from the nonlinear structure of the
governing equation. This condition defines the region of parameter space in which real
and physically interpretable solutions for η exist and was explored numerically through
the two-dimensional maps presented in the Results Section. Outside this domain, no real
and consistent value of η satisfies the governing equation, indicating that the assumed
redistribution mechanism is no longer compatible with the constraints imposed by the
analytical model. This condition does not represent a physical failure of the valve nor a
hydrodynamic instability. Rather, it establishes a mathematical boundary defining the range
of self-consistent solutions admitted by the formulation. The existence of this bounded
admissible domain demonstrates that geometric forcing, hydraulic dissipation, and flow
redistribution cannot vary independently but remain constrained by a nonlinear coupling
that limits the feasible operating space predicted by the model.

This result suggests an alternative interpretation of Tesla valve operation. Instead of
viewing performance as a quantity that can be indefinitely improved through geometric
modification, the formulation predicts the existence of intrinsic constraints arising from the
internal balance of the system. The appearance of a bounded admissible region suggests
that increasing geometric complexity does not necessarily translate into improved rectifi-
cation and may eventually reduce the effectiveness of the flow redistribution mechanism.
Within the assumptions of the model, this behavior explains the emergence of a critical stage
number, Ncrit, and the existence of geometric configurations that become progressively less
effective despite increasing structural complexity.

The role of the Reynolds number is particularly important because it governs the
relative contribution of viscous and inertial effects. Through the Reynolds-dependent
friction factor, the formulation incorporates the influence of fluid properties, characteristic
dimensions, and flow velocity. At low Reynolds numbers, viscous dissipation dominates
and limits flow redistribution, leading to weaker directional effects. As the Reynolds
number increases, inertial contributions become progressively more important and the
pressure drop approaches the characteristic quadratic scaling ∆P ∝ Q2 observed in inertia-
dominated internal flows. Consequently, the model predicts a gradual transition from
friction-controlled behavior toward inertia-controlled behavior while preserving the same
governing mathematical structure. For sufficiently high Reynolds numbers within the
inertial regime considered in this work, inertial contributions become dominant and the
formulation approaches the asymptotic scaling ∆P ∝ Q2 obtained from the governing equa-
tions and evaluated numerically within the analytical framework. Under these conditions,
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the hydraulic response is primarily controlled by momentum redistribution and geometric
forcing, whereas viscous effects progressively lose influence on the overall pressure losses.

The geometric parameters of the valve influence this balance through complementary
mechanisms. The branch angle controls the intensity of flow redirection and, therefore,
the magnitude of the angular dissipation term. The area ratio governs the fraction of
flow capable of entering secondary branches and directly affects the redistribution process
represented by η. The number of stages acts as an accumulation mechanism that amplifies
total losses while simultaneously modifying the nonlinear balance controlling flow partition.
The formulation, therefore, predicts that the Reynolds number, geometry, and stage number
cannot be optimized independently, since each parameter influences the same underlying
redistribution–dissipation equilibrium.

From an engineering perspective, these results suggest that effective Tesla valve
design should not focus exclusively on maximizing geometric asymmetry or increasing the
number of stages. Instead, performance emerges from a balance between flow diversion,
hydraulic losses, and inertial transport. The existence of the conditions 0 < η < 1 and
ac ≤ 1 further indicates that feasible operating states are bounded by both physical and
mathematical constraints. The model, therefore, provides a framework for identifying
regions of parameter space where directional behavior is enhanced while maintaining
consistency with the governing analytical assumptions. In this sense, the formulation
may be interpreted as a design-oriented analytical tool capable of revealing dominant
trends and admissible operating conditions before undertaking more detailed numerical or
experimental investigations.

Finally, the proposed formulation provides a bridge between local hydrodynamic
processes and global system-level behavior. While detailed fluid-dynamic phenomena
occur at scales associated with flow separation, recirculation, and momentum exchange,
their cumulative influence is incorporated into a reduced set of physically interpretable
parameters. The resulting framework does not replace high-fidelity simulations or ex-
periments, but offers a coherent analytical description that connects geometry, operating
conditions, hydraulic losses, and directional behavior within a single mathematical struc-
ture. The central outcome of the present work is, therefore, not merely a pressure-drop
correlation, but the identification of flow partition as a key governing variable within the
present analytical framework through which the coupled effects of inertia, dissipation, and
geometry determine Tesla valve rectification.

7. Conclusions
This work developed an analytical formulation for describing the hydrodynamic be-

havior of Tesla valves by relating pressure drop, flow partition, and directional resistance to
the main geometric and hydraulic parameters of the system. The proposed model provides
a reduced-order representation of the valve response based on interpretable quantities,
including the flow-partition parameter, the area ratio between the main channel and lateral
branches, the branch inclination angle, the number of stages, and the effective loss coef-
ficients. The present formulation neglects transient vortex dynamics, three-dimensional
effects, turbulence closures, wall roughness and inter-stage hydrodynamic memory effects.
Consequently, the model should be interpreted as an analytical scaling framework intended
to identify dominant trends and admissible operating regions.

The formulation reproduces the expected quadratic dependence between pressure
drop and volumetric flow rate under inertia-dominated conditions, while also incorporating
viscous effects through the effective friction contribution. In this way, the model captures the
transition from baseline hydraulic resistance to directional amplification without requiring
full resolution of the internal flow field.
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A central outcome of the analysis is the identification of an admissible operating
domain for the valve. The discriminant condition of the governing structural equation
imposes a mathematical constraint on the existence of solutions for the flow-partition
parameter. This result provides a theoretical criterion for distinguishing between feasible
configurations and parameter combinations that fall outside the range of validity of the
reduced-order formulation.

For practical design use, this admissibility condition is expressed through the compact
inequality αλ2sin2θ·(Kc + Kr0 + K − e)·N2 ≲ 4 [Equation (68)], which couples geometric
and hydraulic-loss parameters into a single first-order design criterion. This expression
identifies the admissible region for effective rectification and provides a direct guideline for
parameter selection prior to detailed simulation or fabrication.

The model also shows that Tesla valve performance is intrinsically non-monotonic
with respect to geometric complexity. Increasing the number of stages, modifying the area
ratio, or increasing the branch angle does not necessarily enhance rectification. Instead,
effective directional behavior emerges only when flow diversion, angular interaction, and
dissipative losses remain properly balanced. This finding indicates a rational basis for
defining design limits and avoiding configurations that may increase total pressure losses
without improving diodicity.

Another relevant contribution of the formulation is that it provides a consistent frame-
work for interpreting diodicity as an emergent property of the coupled interaction between
geometry and flow redistribution. The directional response is not treated as an empirical
outcome alone, but as the result of identifiable hydraulic mechanisms represented through
closed-form relationships. This makes the model useful for preliminary design, sensitivity
analysis, and comparison among different Tesla valve configurations.

From an engineering perspective, one of the main contributions of the proposed for-
mulation is its ability to reinterpret the Tesla valve as a parametrically tunable hydraulic
component, by making explicit the analytical dependence of its rectifying behavior on a
small set of governing parameters. The model identifies the critical variables that govern
valve performance, including the number of stages, the area ratio between the main conduit
and the lateral branches, the branch inclination angle, the flow-partition parameter, and
the effective loss coefficients. This provides a practical framework for constraining the
design space and for determining which parameters must be controlled during numerical
simulations, laboratory experiments, and potential field-scale implementation. The study
shows that there is no direct relationship between increased geometric complexity and
rectification performance. Instead, the effective operation of a valve exists in a limited
portion of the parameter space combinations where proper balances exist between flow
splitting, angular momentum exchange and dissipative loss. This insight is particularly
valuable for the design of Tesla-type devices in hydraulic engineering applications, in-
cluding open-channel systems, where passive flow-control structures could be used to
reduce backflow, regulate preferential flow paths, or enhance the resilience of drainage and
flood-control infrastructure. Thus, beyond its theoretical relevance, the proposed model
offers a practical basis for guiding the design, optimization, and scaling of Tesla valves
from numerical prototypes to real hydraulic systems.
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Abbreviations
The following abbreviations are used in this manuscript:

Symbol Definition Units
S Main channel width m
h Effective channel depth (hydraulic depth) m
A0 Cross-sectional area of the main channel m2

Ar Cross-sectional area of the lateral branch m2

Dh Hydraulic diameter of the main channel m
P Wetted perimeter m
θ Angle between main channel and branch axis rad
Lr Effective branch length m
Ls Axial spacing between consecutive Tesla stages m
Ld Hydrodynamic development length m
S(crit) Critical channel width for rectification m
Q Total volumetric flow rate m3/s
Qm Flow remaining in the main channel m3/s
Qr Flow entering the branch m3/s
ṁ Total mass flow rate kg/s
ṁm Mass flow rate in main channel kg/s
ṁr Mass flow rate in branch kg/s
η Flow-partition parameter, Qr/Q –
ηf Flow-partition parameter in forward direction –
ηr Flow-partition parameter in reverse direction –
η(crit) Critical flow-partition parameter –
λ Area ratio, A0/Ar –
V0 Mean axial velocity in the main channel m/s
Vr Mean velocity in the branch m/s
Vx Axial velocity component m/s
V Velocity vector m/s
ρ Fluid density kg/m3

µ Dynamic viscosity Pa·s
ν Kinematic viscosity (µ/ρ) m2/s
g Gravitational acceleration m/s2

p Static pressure Pa
∆p Pressure drop Pa
∆pet Pressure drop per Tesla stage Pa
∆pN Total pressure drop for N stages Pa
∆p

f
Total pressure drop in forward flow Pa

∆pr Total pressure drop in reverse flow Pa
∆p

(r−f)
Reverse-forward pressure difference Pa
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Fx Net axial force N
F Total force vector acting on the control volume N
As Control surface area m2

N Unit outward normal vector –
Mx Axial momentum flux N
As Control surface area m2

N Unit outward normal vector –
Mx Axial momentum flux N
Re Reynolds number, ρV0Dh/µ –
Φ Dimensionless pressure parameter –

ΦN
Dimensionless pressure parameter including N
stages

–

D Hydraulic diodicity coefficient –
D(N) Diodicity as a function of stage number –
Kc Contraction loss coefficient –
Kr0 Base recirculation loss coefficient –
Ke Expansion loss coefficient –
Kimpact Angular impact loss coefficient –

K′
c

Effective contraction loss coefficient in reverse
flow

–

K′
e

Effective expansion loss coefficient in reverse
flow

–

Kr0,r Reverse-flow recirculation coefficient –
A Angular momentum interaction coefficient –
ΣK Total hydraulic loss coefficient –
ΣKet Total loss coefficient per Tesla stage –
ΣKet,f Stage loss coefficient in forward flow –
ΣKet,r Stage loss coefficient in reverse flow –
ΣKf Total loss coefficient in forward flow –
ΣKr Total loss coefficient in reverse flow –
ΣKtot Overall hydraulic loss coefficient of the valve –
N Number of Tesla stages –

N/2
Structural accumulation factor appearing in the
governing equation

–

Ncrit Critical number of stages predicted by the model –
A Quadratic coefficient of the structural equation –
B Linear coefficient of the structural equation –
C Constant coefficient of the structural equation –
∆ Discriminant of the structural equation –√

∆ Real-solution existence term –
ac Structural stability product –
dD/dN Sensitivity of diodicity to stage number –
dη/dN Sensitivity of flow partition to stage number –
∂D/∂θ Angular sensitivity of diodicity rad−1

V0 = Q/A0 Mean axial velocity
Vr = Qr/Ar Mean branch velocity
Q = Qm + Qr Conservation of mass
η = Qr/Q Flow-partition parameter
λ = A0/Ar Geometric area ratio
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∆p = ΣK(ρV0
2/2) Hydraulic loss formulation

Φ = (A0
2/ρQ2)∆p Dimensionless pressure parameter

(1 + λ cos θ)η2 −
2η+ Φ = 0

Structural equation

Φ_N = NΣKet/2 Multi-stage coupling parameter
D = ΣKr/ΣKf Diodicity definition
Re ∝ Q Reynolds number scaling
∆p ∝ Q2 Inertial pressure-loss scaling
λ ∝ S Area-ratio geometric scaling
V0 ∝ 1/S Velocity dilution with width
∆pr − ∆p

f
∝ NQ2 Accumulated rectification effect

η ∝ 1/λ2 Large-area-ratio asymptotic limit
D → 1 as λ → 0 Loss of rectification
D → 1 as λ → ∞ Loss of rectification
N ≤ Ncrit Structural validity condition
ac ≤ 1 Real-solution existence condition

Appendix A. Sensitivity Analysis of the Reduced-Order Formulation
This appendix presents a sensitivity analysis of the proposed analytical formulation,

intended to identify, in quantitative terms, which parameters control the admissibility
parameter ac and the diodicity Di within the present model. The analysis is organized into
a local component, based on normalized partial derivatives evaluated at the nominal oper-
ating point, and a global component, based on one-at-a-time parameter sweeps and two-
dimensional admissibility maps. The nominal operating point corresponds to the conditions
reported in the main text (V = 0.25 m/s, Dh = 0.002 m, ρ = 1000 kg/m3, µ = 0.001 Pa·s,
θ = 45◦), for which Re = 5.00 × 102 (laminar regime) and Kbase = Kc + Kr0 + Ke = 0.640
for λ = 1.0. Under these conditions, the discriminant condition ac ≤ 1 is satisfied only
for N = 1, since ac already exceeds unity for N ≥ 2; this is the same boundary that
produces the rapid growth of the ac curves reported in Figure 6 of the main text. The
nominal point N = 1 is, therefore, adopted as the local-sensitivity evaluation point, while
the global sweeps below extend the stage count up to N = 20 in order to expose the full
admissible-to-inadmissible transition.

Appendix A.1. Local Sensitivity (Normalized Elasticities)

For each governing parameter pi ∈ N, λ, θ, Kbase, a normalized sensitivity coefficient,
or elasticity, is defined as

Si = (∂Y/∂pi)·(pi/Y), (A1)

where Y denotes one of the model outputs (ac or Di) and the partial derivative is estimated
through a central finite-difference scheme with a relative perturbation of 0.1% around
the nominal value of pi, with all remaining parameters being held fixed. Because Si
is dimensionless, it allows a direct comparison between parameters of different physical
nature and units, such as a geometric ratio, an angle, an integer stage count, and a composite
loss coefficient. The resulting elasticities, evaluated at the nominal point (λ = 1.0, θ = 45◦,
N = 1, Kbase = 0.640), are summarized graphically in Figure A1.
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Figure A1. Normalized local sensitivity (elasticity) of the admissibility parameter ac (left) and the
diodicity Di (right) with respect to the stage number N, the cumulative loss coefficient Kbase, the
area ratio λ, and the branch angle θ, evaluated at the nominal operating point. Blue bars indicate a
positive elasticity (the output increases with the parameter); red bars indicate a negative elasticity.

The results in Figure A1 show that the stage number N (S = 1.13) and the cumulative
loss coefficient Kbase (S = 1.00) are the dominant parameters controlling the admissibility
parameter ac, followed by the area ratio λ (S = 0.62), while the branch angle θ exhibits a
comparatively small elasticity (S = −0.08). This hierarchy is consistent with the structural
form of the coefficients a and c in Equation (43): since c scales linearly with N and with Kbase,
and a is dominated, for moderate λ, by the geometric term 1 + λcosθ rather than by the
angular-interaction term, the product ac responds most strongly to N and to the cumulative
losses, while θ enters mainly through the bounded factor sin2θ, whose derivative is small in
the vicinity of 45◦. Conversely, for the diodicity Di, the ranking is reversed: θ (S = 1.45) and
λ (S = 1.43) emerge as the dominant parameters, while Kbase (S = −1.46) and N (S = −2.42)
act with negative elasticity. This sign reversal follows directly from the definition of Di in
Equation (65): because Di depends on λ and θ both directly, through the angular-interaction
term αλ2sin2θ·Kbase, and indirectly, through η, which itself decreases as N or Kbase increase,
the net effect on Di of increasing N or Kbase is dominated by the 1/η2 term and, therefore,
reduces Di, whereas an increase in λ or θ strengthens the angular-interaction numerator
faster than it depletes η. Taken together, these results indicate that N and Kbase are the
parameters that primarily govern whether the formulation remains within its admissible
domain, while λ and θ are the parameters that primarily govern the magnitude of the
rectification effect once admissibility is satisfied. This separation of roles is consistent with
the distinction, established in the main text, between the discriminant condition ac ≤ 1 as a
mathematical admissibility constraint and the diodicity Di as the physically interpretable
output of the model.

As a complementary verification, a Monte Carlo sampling of the admissible parameter
space (8 × 106 realizations) was performed, and Spearman rank correlations between the
input parameters and the diodicity output were computed. The analysis confirms the
dominant influence of λ (ρS = 0.60) on Di, consistent with the local elasticity results
reported above.

Appendix A.2. Global Sensitivity: One-at-a-Time Parameter Sweeps

The local elasticities reported above are strictly valid only in the immediate neighbor-
hood of the nominal point and do not, by themselves, describe how the admissible domain
evolves as a parameter is varied over its full physically meaningful range. To address this,
a complementary global sensitivity analysis was performed by sweeping each parameter
individually, one at a time, while holding the remaining parameters fixed at their nominal
values, and recording the corresponding response of the admissibility parameter ac. This
procedure was repeated for the three area-ratio configurations already reported in the main
text (λ = 0.8, 1.0, 1.2), for direct comparability with Figures 2 and 6.
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Figure A2 confirms, over an extended stage range, the trend already visible in Figure 6:
ac grows monotonically and supra-linearly with N for the three values of λ considered,
crossing the admissibility boundary ac = 1 within the first one to two stages under
the present operating conditions. This rapid growth follows directly from the quadratic
dependence of the coefficient a on N through the angular-interaction term N2αλ2sin2θ,
combined with the linear dependence of c on N, so that the product ac scales approximately
as N2 for sufficiently large N, exactly as anticipated by the asymptotic estimate of Ncrit

given in Equation (49). It is worth noting that, although the three curves remain close to
one another for small N, the configuration with the largest area ratio (λ = 1.2) consistently
produces the fastest growth of ac, and, therefore, the smallest admissible stage count, an
effect that becomes more pronounced as N increases. This behavior is consistent with the
positive elasticity of ac with respect to λ reported in Appendix A.1, and indicates that,
under the inertia-dominated, low-Reynolds-number conditions of the present operating
point, increasing the area ratio narrows rather than widens the admissible design space, in
contrast with the asymptotic large − λ limit discussed in the main text, where the angular
term eventually saturates.

Figure A2. One-at-a-time sweep of the admissibility parameter ac as a function of the stage number
N, for λ = 0.8, 1.0, and 1.2, at θ = 45◦. The dashed horizontal line marks the admissibility boundary
ac = 1. This sweep reproduces, in extended form, the same ac vs. N behavior reported in Figure 6 of
the main text.

In contrast to the rapid growth observed for N, Figure A3 shows that ac varies only
mildly with θ over the full physically relevant range of branch angles, remaining well
below the admissibility boundary for all three values of λ considered. The curves exhibit
a broad, gently varying profile, with ac decreasing slowly as θ increases beyond roughly
40 − 50◦, which is consistent with the small magnitude of the local elasticity of ac with
respect to θ reported in Appendix A.1. This behavior follows from the structure of the
coefficient a, in which the angular-interaction term scales with sin2θ, a bounded and slowly
varying function over most of the domain, whereas the geometric term 1 + λcosθ decreases
monotonically with θ and partially offsets the growth of the angular contribution. Taken
jointly with Figure A2, this result indicates that, within the present operating regime, the
branch angle plays a comparatively secondary role in determining whether the formulation
remains admissible, even though, as shown in Appendix A.1, it remains an important
parameter for the magnitude of the diodicity itself once admissibility is satisfied.
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Figure A3. One-at-a-time sweep of the admissibility parameter ac as a function of the branch angle θ,
for λ = 0.8, 1.0, and 1.2, at N = 1. The dashed horizontal line marks the admissibility boundary ac = 1.

Appendix A.3. Two-Parameter Admissibility Maps

While the one-at-a-time sweeps of Appendix A.2 isolate the marginal effect of each pa-
rameter, they do not reveal how the admissibility boundary itself migrates when two param-
eters are allowed to vary jointly. To complete the sensitivity assessment, two-dimensional
admissibility maps were constructed by evaluating ac over a dense grid in the (λ, N) and
(θ, N) planes, with the complementary parameter held at its nominal value in each case
and superimposition of the contour ac = 1 that separates the admissible region (ac ≤ 1)
from the inadmissible region (ac > 1).

The contrast between Figures A4 and A5 provides, in graphical form, the same conclu-
sion already anticipated by the local elasticities and by the one-at-a-time sweeps. In the
(λ, N) plane of Figure A4, the ac = 1 boundary is almost horizontal and confined to very
low stage numbers across the entire range of λ explored, indicating that, for the present
operating point, the admissible region is bounded primarily by N and is only weakly dis-
placed by changes in λ; increasing λ does shift the boundary to slightly lower N, consistent
with the positive elasticity of ac with respect to λ, but the effect is modest compared with
the steep increase in ac with N itself. In the (θ, N) plane of Figure A5, the ac = 1 boundary
is essentially flat across the full range of branch angles considered, confirming that θ has
a negligible influence on the location of the admissibility boundary, in agreement with
the near-zero elasticity reported in Appendix A.1 and with the mild variation in ac with
θ observed in Figure A3. Taken together, Figures A1–A5 support a single, consistent con-
clusion: within the present reduced-order formulation, the admissible operating domain
defined by ac ≤ 1 is governed almost entirely by the stage number N and the cumulative
loss coefficient Kbase, with the area ratio λ playing a secondary role and the branch angle
θ playing only a marginal role in setting the boundary of admissibility, even though λ

and θ remain the principal parameters controlling the magnitude of the diodicity once a
configuration lies within the admissible domain. This separation between the parameters
that govern admissibility and those that govern rectification strength is, in the authors’
view, the most useful practical outcome of the present sensitivity analysis, since it indicates
that, for design purposes, N and the cumulative hydraulic losses should be treated as the
primary variables to constrain when verifying compliance with the admissibility condition
of Equation (68), while λ and θ should be regarded as the primary variables to tune, within
that admissible range, in order to maximize the rectification performance of the device.
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Figure A4. Admissibility map of ac as a joint function of the area ratio λ and the stage number N, at
θ = 45◦. The red contour marks the boundary ac = 1; the region below and to the left of the contour
is admissible (ac ≤ 1), while the shaded region above and to the right is inadmissible (ac > 1).

Figure A5. Admissibility map of ac as a joint function of the branch angle θ and the stage number N,
at λ = 1.0. The red contour marks the boundary ac = 1.

It should be emphasized that the sensitivity ranking reported in this appendix is
specific to the inertia-dominated, low-Reynolds-number operating point examined in
the main text, for which Kbase is comparatively large and the admissible stage range is
correspondingly narrow. At higher Reynolds numbers, where the friction-dependent
contribution Kr0 decreases and Kbase becomes smaller, the admissible domain widens and
the relative influence of N, λ, and θ on ac is expected to redistribute accordingly, since the
balance between the geometric term and the angular-interaction term in the coefficient a
shifts as Ncrit increases. The present appendix should, therefore, be read as a representative,
fully reproducible illustration of the sensitivity methodology applicable to the proposed
formulation, rather than as a universal ranking of parameter importance across the entire
admissible operating space of the Tesla valve.
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