
Figure S1 presents the results of the analysed distributions, highlighting the confidence interval (C.I) 
for each distribution, for both parameter estimation methods. Results are presented for AES analysis.
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Figure S1. The probability distributions curves with Confidence Intervals 



The raw and central moments of the analysed distributions were determined 
using the following methodology presented below, by substitution using the 
probability density function. 

For the L-moments method, variable substitution is used, using the inverse 
function 

 
Generalized Pareto Type II distribution 
To determine the raw moments of the Generalized Pareto Type II 

distribution, the following substitutions in the expression for the probability 
density function are required: 
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Thus, the first six raw moments are: 
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The first six central moments (except the arithmetic mean) have the following 
expressions: 
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Skewness ( 1γ ), kurtosis ( 2γ ), 3γ  and 4γ  are determined with the following 
expressions: 
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The first three L-moments of the Generalized Pareto Type II distribution are 
obtained as follows: 
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Generalized Pareto Type III distribution 
To determine the raw moments of the Generalized Pareto Type III 

distribution, the following substitutions in the expression for the probability 
density function are required: 
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Thus, the first six raw moments are: 
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The characteristic moment of order r of the Generalized Pareto Type III 

distribution, has the following expression: 
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The first six central moments (except the arithmetic mean) have the following 
expressions: 
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2 3 4 6
6 5 1 4 1 3 1 2 1 1

6 15 20 15 5
6 15 20 15 5

m m m m m m m m m m m
g g g g g g g g g g

= − ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅ − ⋅ =

− ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅ − ⋅
 

Skewness ( 1γ ), kurtosis ( 2γ ), 3γ  and 4γ  are determined with the following 
expressions: 
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The first three L-moments of the Generalized Pareto Type III distribution are 
obtained as follows: 

1 1L Bγ= +   2 2L B=   3 3L B=    

where 1 11r rB β
α α α

   = ⋅ Γ ⋅ Γ −   
   

 

 
Generalized Pareto Type IV distribution 
To determine the raw moments of the Generalized Pareto Type IV 

distribution, the following substitutions in the expression for the probability 
density function are required: 

( )

11 11

1x x

f x

λ

α αγ γλ
β β

α β

− −
−  

   − − ⋅ ⋅ +        
 =

⋅
 

It is noted: 
1

xt
αγ

β
 −=  
 

  x tαβ γ= ⋅ +   1dx t dtαα β −= ⋅ ⋅  

 
Thus, the first four raw moments are: 
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The characteristic moment of order r of the Generalized Pareto Type IV 

distribution, has the following expression: 
( ) ( )

( )
1

1
r

r

r r
g

α λ α
β

λ
Γ + ⋅ ⋅ Γ − ⋅
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The first six central moments (except the arithmetic mean) have the following 
expressions: 

'
1 1 1m m gμ γ= = = +  

2 ' '2 2
2 2 1 2 1m m m g gσ= = − = −  

' ' ' '3 3
3 3 2 1 1 3 2 1 13 2 3 2m m m m m g g g g= − ⋅ ⋅ + ⋅ = − ⋅ ⋅ + ⋅  

' ' ' ' '2 '4 2 4
4 4 3 1 2 1 1 4 3 1 2 1 14 6 3 4 6 3m m m m m m m g g g g g g= − ⋅ ⋅ + ⋅ ⋅ − ⋅ = − ⋅ ⋅ + ⋅ ⋅ − ⋅  

' ' ' ' '2 ' '3 '5
5 5 4 1 3 1 2 1 1

2 3 5
5 4 1 3 1 2 1 1

5 10 10 4
5 10 10 4

m m m m m m m m m
g g g g g g g g

= − ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ + ⋅ =

− ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ + ⋅
 



' ' ' ' '2 ' '3 ' 4 '6
6 6 5 1 4 1 3 1 2 1 1

2 3 4 6
6 5 1 4 1 3 1 2 1 1

6 15 20 15 5
6 15 20 15 5

m m m m m m m m m m m
g g g g g g g g g g

= − ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅ − ⋅ =

− ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅ − ⋅
 

Skewness ( 1γ ), kurtosis ( 2γ ), 3γ  and 4γ  are determined with the following 
expressions: 
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The four L-moments of the Generalized Pareto Type IV distribution are 
obtained as follows: 

1 1L Bγ= +  

2 1 2L B B= −  

3 1 2 33 2L B B B= − ⋅ + ⋅  

4 1 2 3 46 10 5L B B B B= − ⋅ + ⋅ − ⋅  

where ( ) ( )
( )
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λ α α
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Γ ⋅ − ⋅ Γ +
= ⋅

Γ ⋅
 

 


