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Abstract

:

The one-dimensional convection–dispersion equation has been widely used to describe the migration process of contaminant leachate through barriers. However, most of the existing solutions are limited to simple conditions. In this study, a one-dimensional convection–dispersion model with time-dependent velocity was established while considering the change in the permeability coefficient. The analytical solution of the model was obtained by using the integral transformation method. Based on the analytical model, three special conditions were assumed for comparison. The results showed that the concentration levels of pollutants inside the barrier would significantly increase with the increase in the flow velocity, and the pollutant concentrations inside the barrier would be increased by four times compared with the normal flow velocity when the flow rate increased by two times. The transports of heavy metal ions with variable velocities through soil–bentonite and soil–attapulgite barriers were predicted under field conditions. The predicted results showed that the breakthrough time would be reduced by as much as two times. In engineering practice, a barrier’s service performance can be improved by controlling the temperature of the seepage field and improving the chemical compatibility of the barrier materials.
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1. Introduction


Groundwater is a source of drinking water for many people around the world, so its quality is very important. With the continuous development of the world, contamination with the leachates of various human-made pollutants is becoming more and more serious [1,2,3]. These pollution sources mainly come from urban landfills and heavy metal mining areas, and they include organic chemicals, heavy metal pollutants, bacteria, and radioactive elements [4,5,6]. These substances easily migrate in groundwater [7,8,9]. One of the most important tasks in the environmental sciences consists of developing efficient and cost-effective techniques for remediating soil and groundwater contamination. In general, groundwater contamination is addressed through two different objectives: preventing the migration of contaminants from the source and, on the other hand, treating polluted aquifers by eliminating or at least reducing the concentrations of contaminants [10]. Underground horizontal and vertical engineered barriers are the main way to isolate pollutants in landfills and heavy metal mining areas. Therefore, it is particularly important to study the migration behavior of pollutants in engineered barriers [11,12,13]. The convection–dispersion model can describe the process of groundwater migration well. Relevant scholars at home and abroad have used the convection–dispersion equation to establish relevant models. Through its analytical and numerical solutions, the concentration levels of pollutants at different positions and times in the model can be described to illustrate the influences of pollutants [14,15,16,17,18,19,20,21,22].



The current research usually assumes that the permeability coefficient of the media will be constant for a period of time. The research of Liu Xia [23] and Zhang Jing [24] showed that due to the large amount of heat energy generated in the process of waste degradation in landfills, the internal temperatures of landfills will rise. The internal temperatures of some special landfills can be as high as 80–90 °C. At the same time as the increase in temperature, the permeability coefficient of a barrier will gradually increase. This will lead to an increase in the migration rate of pollutants. Rao [25] believed that a reduction in the thickness of a double electric layer would make the micro-pores in bentonite develop into large pores, increase the flow space of the solution, and increase the permeability coefficient of bentonite. Zhu Wei [26] systematically studied the chemical compatibility of four vertical soil isolation barrier materials under the action of a calcium chloride solution. Malusis [27], Bohnhoff [28], and Xu [29] reported the chemical compatibility of a vertical sand–bentonite isolation barrier material under the action of a 0–1000 mmol/L calcium chloride solution and a simulated landfill leachate. As calcium ions and glucose in the solution compressed the double electric layers of bentonite particles, the permeability coefficient significantly increased, which led to an increase in the rate of contaminant migration.



All the above studies indicated that the permeability coefficient of porous media will change and the performance of barriers will deteriorate. If the permeability coefficient before deterioration is used for calculation, the predicted result is relatively conservative compared with that in the actual situation; if the permeability coefficient after deterioration is used for calculation, the predicted result is relatively exaggerated compared with that in the actual situation. Therefore, the long-term performance of a barrier can be more accurately predicted by considering the changes in the permeability coefficient in the model. Pickens [30] studied several forms in which the hydrodynamic dispersion coefficient changed over time by establishing a finite element model and obtained numerical solutions. Singh, M. K. [31] established a two-dimensional convection–dispersion governing equation without adsorption while considering the sinusoidal variation in flow velocity and obtained the analytical solution of two-dimensional convection–dispersion by using the Laplace transform method. Barry and Sposito [32] provided closed solutions for solute transport in a semi-infinite domain with time-varying dispersion coefficients, and arbitrary initial and boundary flux conditions were obtained through the separation of variables method. A simple numerical solution was also calculated and compared with the analytical solution, which was unstable for large values of   Δ t  . Zamani and Bombardell [33] explored the analytical solution of the convection–dispersion–adsorption (ADR) equation, from which the variation in the pollutant percolation field could be found. Guerrero and Skaggs [34] used the generalized integral transformation technique (GITT) to analyze the analytical solution of the convection–dispersion equation for the variation in the dispersion coefficient with distance. Basha and El-Habel [35] presented an analytical solution for the linear and exponential variations in the dispersion coefficient over time in an infinite domain. Singh [36] proposed a one-dimensional analytical solution for the variations in dispersion coefficients over time in a homogeneous, semi-infinite porous formation. Yates [37] developed a one-dimensional non-homogeneous porous medium model for the spatial variations in the diffusion coefficients of pollutants. The model used a new variable transformation method to transform the problem of transport in non-homogeneous media into a problem of transport in homogeneous media, and it was able to accurately calculate the flow rates in different media. The accuracy of the model was verified with experimental data, and the applicability of the model in different non-homogeneous media was demonstrated. Atul [38] studied the analytical solution of a one-dimensional convection–dispersion equation with variable coefficients (the dispersion coefficient was proportional to the square of the velocity) in a semi-infinite medium. The main objective was to solve this equation with new mathematical methods that could be used to predict the transport of contaminants in groundwater.



The above literature review revealed that there are few contaminant transport models that take changes in permeability coefficients over time into account. In this study, we only address the special case of linearly increasing permeability coefficients of soil barrier materials (e.g., bentonite and attapulgite), establish a one-dimensional convection–dispersion–adsorption equation, and use integral transformations to derive analytical solutions for the case of changing pollutant flow rates so that the study of groundwater pollution migration patterns can be more in line with practical needs.




2. Basic Assumptions and Calculation Model


2.1. Basic Assumptions


In this paper, the convection–dispersion model of pollutants in the soil is established based on the following assumptions: (1) The clay is homogeneous and saturated; (2) the diffusion of pollutants in soil follows Fick’s first and second laws; (3) the convection–dispersion equation involves one-dimensional transport; (4) the adsorption process is assumed to be linear and reversible; (5) the contaminant diffusion coefficient has a positive correlation with the percolation velocity and has a maximum value; (6) the model is semi-infinite and the contaminant transport is a variable-velocity flow that takes the change in the permeability coefficient into account.




2.2. Governing Equations and Solution Conditions


In general, the convection–dispersion equation with adsorption is expressed in one-dimensional Cartesian coordinates as


  R   ∂ C   ∂ t   =  ∂  ∂ t    (   D h    ∂ C   ∂ z   − u C  )   



(1)




where   C      [ ML    − 3   ]   denotes the solute concentration at position   z    [ L ]    at any moment   t    [ T ]   ;    D h       [ L   2   T   − 1    ]   and   u      [ LT     − 1    ]   denote the hydrodynamic dispersion coefficient and percolation velocity along the longitudinal direction (Z-axis), respectively. The retardation factor is denoted by  R . It is calculated by using the following equation.


  R = 1 +   ρ  K p   n   



(2)




where  ρ  is the medium density;    K p    is the distribution coefficient;  n  is the porosity.    K p    is the slope of the adsorption isotherm, and when the adsorption isotherm is linear,    K p    is called the distribution coefficient    K d   .



The assumption in this study is that the permeability coefficient increases linearly with time; thus, the following relationship between the permeability coefficient and time is introduced:


   k s  ( t ) =  k 0  ( 1 + a t )  



(3)






  u ( t ) =    k s  ( t ) × i  n   



(4)




where  a  is defined as the coefficient of influence;    k s  ( t )   is a function of the permeability coefficient and time;    k 0    is the initial value of the permeability coefficient;   u ( t )   is a function of the flow rate and time;  i  is the hydraulic gradient;  n  is the porosity. Since this study ignores the effect of molecular diffusion, the hydrodynamic dispersion coefficient    D h    can be expressed as:


   D h  ( t ) = α u ( t )  



(5)




where    D h  ( t )   is a function of the hydrodynamic dispersion coefficient;  α  is the longitudinal dispersion. Based on the above theories and assumptions, a one-dimensional convection–dispersion model of contaminants in soil with a variable velocity is established. The governing equations of the problem can be described as follows:


    ∂ C ( z , t )   ∂ t   =    D h  ( t )  R     ∂ 2  C ( z , t )   ∂  z 2    −   u ( t )  R    ∂ C ( z , t )   ∂ z    



(6)







Using Equations (3)–(5), the flow velocity and hydrodynamic dispersion coefficient can be expressed as


   {      V ( a t ) = 1 + a t       u ( t ) =  u 0  V ( a t )        D h  ( t ) =  D 0  V ( a t )        



(7)







  V ( a t )   is the linear relationship that is introduced;    D 0    and    u 0    are the initial values of    D h  ( t )   and   u ( t )  , respectively;    D 0  = α  u 0   ,    u 0  =  u a  / n  ,    u a    is the Darcy flow rate, and    u a  =  k 0  i  . The assumed velocity of contaminant migration   u ( t )   is a piecewise function, and this piecewise function is as follows:


  u ( t ) =  {       u 0  ( 1 + a t ) ,      t e  > t ≥ 0        u 0   (  1 + a  t e   )  ,     t ≥  t e         



(8)







Suppose that at the start time, the model has the initial condition that the initial concentration of the pollutant in the medium is 0.


  t = 0 : C ( z , 0 ) = 0  



(9)







The initial concentration of the contaminant in the landfill is constant and is    C 0   ; then, the boundary condition of the model is


  z = 0 : C ( z , t ) =  C 0   



(10)







The lower boundary conditions of the model are


  z = ∞ : C ( z , t ) = 0  



(11)








2.3. Solution of the Model


The original model governing Equation (6) can be changed to


      ∂ C ( z , t )   V ( a t ) ∂ t   =    D 0   R     ∂ 2  C ( z , t )   ∂  z 2    −    u 0   R    ∂ C ( z , t )   ∂ z    



(12)







The left side of the new governing Equation (9) is subjected to an integral transformation [39].


   T *  =    ∫ 0 t   V ( a t ) d t     



(13)







The left side of the governing Equation (12) then becomes   ∂ C / ∂ (  T *  )  , and    T *    is a new time variable.


    ∂ C  (  z ,  T *   )    ∂  T *    =    D 0   R     ∂ 2  C  (  z ,  T *   )    ∂  z 2    −    u 0   R    ∂ C  (  z ,  T *   )    ∂ z    



(14)







Then, the original initial and boundary conditions become


   T ∗  = 0 : C  (  z ,  T ∗   )  = 0  



(15)






  z = 0 : C  (  z ,  T ∗   )  =  C 0   



(16)






  z = ∞ : C  (  z ,  T ∗   )  = 0  



(17)







The model can be solved by using the integral transform. In the Laplace transform, when   t ≥ 0  ,   f ( t )   is defined. The integral is


  F ( p ) =    ∫ 0 t   f ( t ) exp ( − p t ) d t     



(18)







The inverse transformation is, then,


  f ( t ) =  1  2 π i      ∫  α − i ∞   α + i ∞    F ( p ) exp ( − p t ) d p     



(19)







Multiplying both sides of the governing Equation (14) by   exp ( − p t )   and integrating over t in the range   ( 0 , ∞ )   results in


       ∫ 0 ∞   exp  (  − p  T *   )       ∂ C  (  z ,  T *   )    ∂  T *    d  T *  =        ∫ 0 ∞   exp  (  − p  T *   )        D 0   R     ∂ 2  C  (  z ,  T *   )    ∂  z 2    d  T *  −    ∫ 0 ∞   exp  (  − p  T *   )        u 0   R    ∂ C  (  z ,  T *   )    ∂ z   d  T *     



(20)







With the initial condition (9),   C ( z , 0 ) = 0  , and by substituting (20), the result is


       C  (  z ,  T *   )  exp ( − p t )  |  0 ∞  − [    ∫ 0 ∞   ( − p )    C  (  z ,  T *   )  exp  (  − p  T *   )  d  T *  ×    ∫ 0 ∞   ( − p )    C  (  z ,  T *   )  exp  (  − p  T *   )  d  T *  ] =        ∫ 0 ∞   exp     (  − p  T *   )     D 0   R     ∂ 2  C  (  z ,  T *   )    ∂  z 2    d  T *  −    ∫ 0 ∞   exp    ( − p t )    u 0   R    ∂ C  (  z ,  T *   )    ∂ z   d  T *  =        D 0   R     ∂ 2    ∂  z 2       ∫ 0 ∞  C    (  z ,  T *   )  exp  (  − p  T *   )  d  T *  −    u 0   R   ∂  ∂ z      ∫ 0 ∞  C    (  z ,  T *   )  exp  (  − p  T *   )  d  T *  − C ( z , 0 ) + p    ∫ 0 ∞  C   ( z , t ) exp ( − p t ) d t    



(21)







Then, the governing Equation (14) eventually takes the form


  p C ( z , p ) =    D 0   R     ∂ 2  C ( z , p )   ∂  z 2    −    u 0   R    ∂ C ( z , p )   ∂ z    



(22)







Equation (22) is the changed governing equation, and the boundary conditions (16) and (17) are also transformed with the Laplace transform to obtain


  z = 0 :  C ∗   (  0 , p  )  =    C 0   p   



(23)






  z = ∞ : C  (  ∞ , p  )  = 0  



(24)







The characteristic equation of (22) is obtained:


     D 0   R   r 2  −    u 0   R  r − p = 0  



(25)







Two eigenvalues can be obtained:    r  1 , 2    . The general solution is


   C *  ( z , p ) = A  e  r 1 z   + B  e  r 2 z    



(26)






   r  1 , 2   =    u 0    2  D 0  R   ±  1     D 0  R          u 0 2    4  D 0  R   + p    



(27)







The characteristic value    r  1 , 2     is obtained substituting this into Equation (26):


   C ∗  ( z , p ) = A exp  (    z  u 0    2  D 0  R   +  z     D 0  R          u 0 2    4  D 0  R   + p    )  + B exp  (    z  u 0    2  D 0  R   −  z     D 0  R          u 0 2    4  D 0  R   + p    )   



(28)







  A = 0   can be calculated by substituting Equations (23) and (24). With   B =  C 0  / p  , eventually,


   C ∗  ( z , p ) =    C 0   p  exp  (    z  u 0    2  D 0  R   −  z     D 0  R          u 0 2    4  D 0  R   + p    )   



(29)







In order to find   C ( z ,  T *  )  , an inversion of    C *  ( z , p )   is required. From the inversion equation, it follows that


    C  (  z ,  T ∗   )  =  1  2 π i      ∫  α − i ∞   α + i ∞     C ∗  ( z , p ) exp ( p t ) d p    =        C 0    2 π i      ∫  α − i ∞   α + i ∞     1 p  exp (   z  u 0    2  D 0  R   )    exp  (  −  z     D 0  R          u 0 2    4  D 0  R   + p    )  exp ( p t ) d p    



(30)







This is because


  L { exp ( b  t 2  ) f ( t ) } =    ∫ 0 ∞   exp    ( b  t 2  ) exp ( − p t ) d t = F { p −  b 2  }  



(31)







So,


   L  ( − 1 )   { F ( p −  b 2  ) } = exp ( b  t 2  ) f ( t ) = exp ( b  t 2  )  L  ( − 1 )   { F ( p ) }  



(32)




where    L  ( − 1 )     is the Laplace inversion of  L , that is,


   L  ( − 1 )   { exp ( −  z     D 0  R          u 0    2    4  D 0  R   + p   ) } = exp ( −    u 0    2    4  D 0  R   )  L  ( − 1 )   {  z     D 0  R      p  }  



(33)







So,


   L  ( − 1 )   {  z     D 0  R      p  } =  1  2   π  T  * 3        z     D 0  R     exp ( −    z 2    4  T *   D 0  R   )  



(34)







The following convolution theorem is used:


   L  ( − 1 )   {  F 1  ( p ) ×  F 2  ( p ) } =  f 1  ( t ) ∗  f 2  ( t )  



(35)




where


   F 1  ( p ) =  1 p   



(36)






   F 2  ( p ) = exp ( −  z     D 0  R          u 0    2    4  D 0  R   + p   )  



(37)







Here,   t > 0 , t − τ > 0  , that is,   0 < τ < t  .


   L  ( − 1 )   [  1 p  exp ( −  z     D 0  R          u 0    2    4  D 0  R   + p   ) ] =    ∫ 0 t    z  2    D 0  R π  τ 3         exp  (  −    u 0    2     D 0  R τ   −    u 0    2    4  D 0  R   τ  )  d τ =  










    exp ( −   z  u 0      2  D 0   R 2      )    ∫ 0 t      z     D 0  R     +    u 0  t      D 0  R       4    D 0  R π  τ 3         exp  (  −     (  z     D 0  R     −    u 0  t      D 0  R     )  2    4 τ    )  d τ +     exp (   z  u 0      2  D 0   R 2      )    ∫ 0 t      z     D 0  R     −    u 0  t      D 0  R       4    D 0  R π  τ 3         exp  (  −     (  z     D 0  R     +    u 0  t      D 0  R     )  2    4 τ    )  d τ    



(38)







In addition,


  ξ =    Z     D 0  R     −    u 0  τ      D 0  R       4 τ   ; η =    Z     D 0  R     +    u 0  τ      D 0  R       4 τ    



(39)







The error function is introduced, and then the result is substituted into the original equation to obtain the final analytical solution.


    C ( z ,  T *  ) =    C 0   2  exp (    u 0  z   2  D 0  R   −    u 0 2   T *    4  D 0  R   ) [ exp (    u 0 2   T *    4  D 0  R   −    u 0  z   2  D 0  R   ) e r f c (   R z   2    D 0   T *  R     −    u 0   T *    2    D 0   T *  R     ) +     exp (    u 0 2   T *    4  D 0  R   +    u 0  z   2  D 0  R   ) e r f c (   R z   2    D 0   T *  R     +    u 0   T *    2    D 0   T *  R     ) ]    



(40)







The new time variable obtained with Equation (13) has the following expression:


   T *  = t + a  t 2  / 2    



(41)









3. Verification


The analytical solution in this study is based on neglecting the effect of the effective molecular diffusion coefficient, and the solution in this study can be degraded to a constant-flow-rate analytical solution [40] as follows:


  C ( z , t ) =    C 0   2  [ e r f c (   R z   2    D 0  t R     −    u 0  t   2    D 0  t R     ) + exp (    u 0  z    D 0    ) e r f c (   R z   2    D 0  t R     +    u 0  t   2    D 0  t R     ) ]  



(42)







This solution is compared with the analytical solution in this study to illustrate the rationality of the model. The values of the parameters are as follows: the hydrodynamic dispersion coefficient is    D h  = 3 ×   10   − 9        m   2   / s   , the convective initial velocity is    u 0  = 3 ×   10   − 8      m / s   , the maximum flow rate reached is    v e  = 1.44 ×   10   − 7      m / s   , the influence coefficient is   a = 1.46 ×   10   − 8      / s   , the initial concentration of pollutants is    C 0   = 1   mg / L   , the retention factor is   R = 20  , and the depth is   L = 1    m   .



Figure 1 shows that the degenerated constant-velocity solution in this study is in good agreement with the solution in [40], which demonstrates the correctness of the one-dimensional variable-velocity contaminant transport equation solved in this study.



The numerical solution considering the molecular diffusion    D *    was analyzed by using the Geo-studio numerical simulation software. The numerical solution was also used for a comparison with the solution in this study. The molecular diffusion here is    D *  = 3  . 45  ×   10    − 10         m   2   / s   .



The Pelect number   P e   is a factor-free parameter representing the ratio of convectivity to diffusivity.   P e =  u 0  L /  D h   . The molecular diffusion is so small that it can be ignored.



Specifying a breakthrough concentration of 10%, Figure 2 shows the effects of considering molecular diffusion and not considering molecular diffusion on the breakthrough time. It can be clearly seen that effective molecular diffusion had a very small effect of 3.9% on the scenarios that were analyzed in this section. All   P e   values in the subsequent studies in this paper are greater than those in this section. This suggests that the assumption of ignoring effective molecular diffusion is feasible and provides theoretical support for the subsequent analysis.




4. Parameter Impact Analysis


The following is a comparative analysis of the variable-flow-velocity migration mechanisms of the contaminants for which solutions were found in this study in combination with different parameters. The main considerations were the magnitude of the flow velocity, the time required to reach the maximum flow velocity, and the effect of the influence coefficient on the migration of pollutants. The analysis was divided into three working conditions, namely:




	(1)

	
Influence coefficient  a  varies, maximum velocity    v e    varies, and the time to maximum velocity    t e    is constant.




	(2)

	
Influence coefficient  a  varies, maximum velocity    v e    is constant, and the time to maximum velocity    t e    varies.




	(3)

	
Influence coefficient  a  is constant, maximum velocity    v e    varies, and the time to maximum velocity    t e    varies.









According to [31,41], the parameters sets for the groups are shown in Table 1.



The parameters of the conventional model are shown in Table 2.



4.1. Analysis of Parameter Influence in Group 1


Figure 3 shows the velocity over time for the simulations in Group 1. In practice, this can be used to evaluate barriers with different degrees of deterioration over the same period of time. The breakthrough time when   C /  C 0  = 0.1   is evaluated for each case.



Figure 4 is the outflow curve for Group 1, combined with    u 0  = 3 ×   10   − 8      m / s    and    v e  = 1  . 44  ×   10   − 7      m / s   . The breakthrough times corresponding to the above constant-flow-rate migration are 4059.308 d and 1217.779 d, respectively. A breakthrough occurs earliest in Case 1-3, and the breakthrough time is    t  1 − 3   = 1707.156    d   . Cases 1-2 and 1-1 are followed by a breakthrough. The breakthrough times are    t  1 − 2   = 2030.348    d    and    t  1 − 1   = 2274.864    d   . Cases 1-3 and the constant flow rate    u 0    result in a breakthrough time difference of    t  1 − 3   −  t 0  = 2352.152    d   ; Case 1-2 and the constant flow rate    u 0    result in a breakthrough time difference of    t  1 − 2   −  t 0  = 2028.96    d   . Case 1-1 and the constant flow rate    u 0    result in a breakthrough time difference of    t  1 − 1   −  t 0  = 1784.444    d   . It can be seen that the breakthrough time for variable-flow-rate pollutant migration is reduced from 11 years to between 4 and 6 years as the influence coefficient is expanded for a constant time. Comparing the influence coefficient  a , the influence coefficient for Case 1-3 is twice that of Case 1-1, and according to Equation (5), the flow rate is correspondingly expanded by a factor of two, thus reducing the breakthrough time by 567.708 d. The influence coefficient  a  for Case 1-2 is 1.6 times that of Case 1-1, and the flow rate is correspondingly expanded by a factor of 1.4, thus reducing the breakthrough time by 323.19 d.



Figure 5 shows the concentration difference between the constant and variable flow rates for Group 1. The difference in concentration occurs because the outflow curve is convergent, the flow rate gradually increases from the initial value to the maximum value, and the difference in concentration first gradually increases and then begins to decrease after reaching the peak. In Group 1, the velocity increment in Case 1-1 is the smallest, the differential concentration curve is gentle, the peak time appears late, and the peak is small; the velocity increment in Case 1-3 is the largest, the differential concentration curve is the steepest, the peak time appears early, and the peak is large. The analysis in Figure 5 shows that the steeper the flow velocity curve is, the shorter the time required to reach the peak is, and the larger the peak concentration difference is, and the smoother the difference curve is for smaller flow velocities, the longer the time required to reach the peak and the smaller the corresponding peak concentration difference. This shows that the effects of the influence coefficient  a  on the transport of pollutants are very significant.



Figure 6 shows the concentration profiles of contaminant migration for Case 1 versus the constant flow rate. At 2365 d, Case 1 both reached the maximum velocity and both had a breakthrough; according to Figure 6, the difference in contaminant concentration between the cases increased with depth, and the influence of coefficient  a  on the contaminant concentration was significant, with a two-fold difference in the influence coefficient  a  between Case 1-1 and Case 1-3 and a two-fold difference in the contaminant concentrations, which differed by a factor of 4.




4.2. Analysis of Parameter Influence in Group 2


Figure 7 shows the velocity over time for the simulations in Group 2. In practice, this can be used to evaluate barriers with the same degree of deterioration and different deterioration development times, i.e., to evaluate the service performance of the same barrier with different sources of pollution and under different geological conditions. The breakthrough time when   C /  C 0  = 0.1   is evaluated for each case.



Figure 8 shows the outflow curve for Group 2 combined with    u 0  = 3 ×   10   − 8      m / s    and    v e  = 1.44 ×   10   − 7      m / s   . The breakthrough times corresponding to the migration at a constant flow velocity are 4059.308 d and 1217.779 d, respectively. Case 2-1 is the first to start breakthrough; here, the breakthrough time is    t  2 − 1   = 1531.214    d   . Secondly, a breakthrough begins at    t  2 − 2   = 1880.231    d    in Case 2-2. The last breakthrough starts in Case 2-3 at a breakthrough time of    t  2 − 3   = 2116.878    d   . Case 2-3 and the constant flow rate    v  e 3     result in a breakthrough time difference of    t 0  −  t  2 − 3   = 1942.43    d   . Case 1-2 and the constant flow rate    v  e 2     result in a breakthrough time difference of    t 0  −  t  2 − 2   = 2179.077    d   . Case 1-1 and the constant flow rate    v  e 1     result in a breakthrough time difference of    t 0  −  t  2 − 1   = 2528.094    d   . It can be seen that at a constant maximum velocity, the breakthrough time increases as the influence coefficient  a  decreases. In comparison with the constant-flow-rate case, the breakthrough time is reduced from 11 years to 4 to 6 years. Comparing the influence coefficient  a , that in Case 2-1 is three times larger than that in Case 2-3, with a corresponding three-fold expansion in velocity according to Equation (5) and an increase in breakthrough time of 585.664 d. That in Case 2-1 is two times larger than that in Case 2-2, with a corresponding two-fold expansion in velocity according to Equation (5) and an increase in breakthrough time of 349.017 d. Compared to Case 1, Case 2 gives the maximum velocity and changes the time. In this case, the breakthrough time is significantly earlier than that in Case 1.



Figure 9 shows the concentration differences between Group 2 and the constant flow migration, where it is clear that the concentration differences first increase with the same trend and then reach the peak concentration differences. Unlike Group 1, Group 2 has the same maximum velocity, and only the time and influence coefficient  a  are changed. The peaks are more concentrated at this point, but the peak concentrations are both greater than those with Condition 1, and the curves are both steeper. It can be seen that the effect of this condition on the peak occurrence time of the variable-flow-rate pollutant migration is very small, and the effect on the peak is larger.




4.3. Analysis of Parameter Influence in Group 3


Figure 10 shows the velocity over time for the simulations in Group 3. In practice, it is possible to represent situations in which the same barrier experiences different times of deterioration. The breakthrough time when   C /  C 0  = 0.1   is evaluated for each case.



Figure 11 shows the outflow curve for Group 3 combined with    u 0  = 3 ×   10   − 8      m / s    and    v e  = 1.44 ×   10   − 7      m / s   . The breakthrough times corresponding to the migration at a constant flow velocity are 4059.308 d and 1217.779 d, respectively. The breakthrough starts earliest in Case 3-2 and Case 3-3, and the breakthrough time is    t  3 − 2 ,      3 − 3    = 2116   . 878   d   . A breakthrough occurs at    t  3 − 1    = 2274   . 864   d    in Case 3-1. The breakthrough starts latest in Case 2-3, and the breakthrough time is    t  3 − 3    = 2116   . 878   d   . As can be seen in Figure 11, because the influence coefficients  a  are equal, the outflow curves of Group 3 before 1365 d overlap, the image of Case 3-2 appears after 1365 d, and the image of Case 3-3 appears after 2365 d. This shows that the influence coefficient determines the magnitude of the change in the outflow curve images.



Figure 12 shows the concentration difference between the three cases in Group 3 and the constant-flow-rate migration. As in Group 1, the concentration difference first gradually increases, and after reaching the maximum concentration difference peak, the concentration difference starts to gradually decrease. The velocity increment in Group 3 is constant and the time changes, making it a combination of Group 1 and Group 2. The general rule is the same as that for Group 1, except that the difference in the maximum flow rate results in a different peak concentration. It can be seen that the peak concentrations occur for different cases, and the larger the value of  a  is, the larger the peak difference, the steeper the curve, and the earlier the peak concentration difference.



Figure 13 shows the concentration profile of the contaminant migration for Group 3 and the constant flow rate. At 2365 d, Case 3-2 just reaches the maximum velocity, and Case 3-3 also reaches the same velocity, so the curve of Case 3-2 coincides with the curve of Case 3-3. In addition, Group 3 can be considered a combination of Group 1 and Group 2. It is clear that the profile concentration with the variable flow velocity is significantly greater than the profile concentration with the initial velocity and less than the profile concentration with the maximum velocity; the images are between the initial and maximum velocity images.




4.4. Analysis of Pollutant Concentration Differences


The contaminant migration concentrations with a variable flow rate and constant flow rate in the above three cases are compared and analyzed, and the abscissa of Group 1 and Group 2 is the influence coefficient  a . The abscissa of Group 3 is the maximum flow rate. The ordinate of the image is the contaminant concentration difference and the time required to reach the peak concentration difference.



The migration concentrations of pollutants at variable flow rates are analyzed against the normal flow rate for each of the three conditions, with the influence coefficient  a  in the horizontal coordinates of Group 1 and Group 2 (Figure 14a) and the maximum flow rate in the horizontal coordinate of Group 3 (Figure 14b). The vertical coordinates of the images are the difference in pollutant concentration and the time taken to reach the peak concentration difference, respectively.



We already know that there is a difference in concentration between the constant- and variable-flow-rate migration of pollutants and that this difference will peak at a certain point and at a certain depth. It is clear that the time taken to reach the peak concentration difference decreases as the influence coefficient and maximum flow rate increase for all three conditions, and it is clear that the time taken to reach the peak concentration difference increases as the influence coefficient  a  and maximum flow rate increase for all three conditions. This indicates that the level of pollutant concentration inside the barrier increases significantly when changes in flow velocity are taken into account, which seriously affects the performance of the barrier. In engineering practice, it is difficult to fully consider the effect of flow velocity variation. We can consider predicting the concentration of pollutants in the general normal-flow-rate migration of pollutants in a barrier system first, and then judge the pollutant concentration level inside the barrier system according to the difference in pollutant concentrations between the variable flow rate and the normal flow rate.



From the above analysis, it is clear that variable-flow-rate migration is important for pollutant migration control, and the influence coefficient  a  determines the variable-flow-rate migration of pollutants. Considering the variable-flow-rate situation, the concentration level of pollutants increases, and changing the influence coefficient  a  can reduce the rate of pollutant migration. Often, reducing  a  by a factor of 2 can reduce the concentration of pollutants by a factor of 4, which can significantly improve the antifouling performance of materials for porous media.



It is clear that the time required to reach the peak concentration difference gradually increases with the increase in the influence coefficient  a  and maximum flow velocity for all three operating cases. This shows that the level of contaminant concentration inside the barrier significantly increases when considering changes in flow velocity, which seriously affects the performance of the barrier in service.



From the above analysis, it can be seen that variable-velocity migration is very important for the prevention and control of contaminant migration, and the influence coefficient  a  determines the variable-velocity migration of pollutants. Considering a variable flow rate, when the contaminant concentration level increases, changing the influence coefficient  a  can reduce the contaminant migration rates. Often, reducing the influence coefficient  a  by two times can reduce the contaminant concentration by four times, thus significantly improving the antifouling performance of materials for porous media.





5. Example Analysis


5.1. Analysis of a Soil–Attapulgite Barrier


For this analysis, the parameter values were taken from [2,42,43,44,45,46,47], and the ion concentration of the heavy metal pollutant Co2+ was studied. With the confining pressure of 100 kpa, the analysis was carried out in three cases according to different mixing proportions of attapulgite (A) and sand (S). At a temperature of 30–60 °C, the permeability coefficient    k s    of the wall was basically in the range of   0 ~ 4 ×   10   − 9      m / s   , the liquid limit of attapulgite was    W 1  = 11.41 %  , the plastic limit was    W p  = 5.6 %  , the dry density was   ρ = 808      kg / m   3   , the porosity was   n = 0.2 ~ 0.64  , the distribution coefficient was    k d  = 43    mL / g   , the barrier thickness was   L = 1    m   , and   t = 280    d    for the temperature of the landfill to rise from 30 °C to 60 °C under the action of biodegradation, that is, it took 280 d to reach the maximum velocity. From   u ( t ) =  u 0  V ( a t )  , we obtained  a .



The percentages of attapulgite in the mix were set to 10%, 30%, and 60%. The values of the relevant parameters are shown in Table 3. The antifouling effect of the soil–attapulgite barrier was compared in the cases of variable flow velocity and constant flow velocity.



Figure 15 shows the partial enlargement of the contaminant concentration, which allowed curves corresponding to the defined 10% breakthrough concentration in cases 1, 2, and 3 to show the breakthrough time of the heavy metal ion Co2+ for the barrier.



As can be seen in Figure 15, the breakthrough times of the barrier were compared for the variable- and constant-flow-rate migration of contaminants in Cases 1, 2, and 3. The Pelect values obtained for the parameters that were used were all greater than the Pelect values in Section 3, indicating that the influence of molecular diffusion could be ignored.



Case 1, with 10% attapulgite, migrated at an initial pollutant flow velocity of    u 1  = 2.75 ×   10   − 8      m / s    and reached a maximum flow velocity of    u  e 1   = 5.52 ×   10   − 8      m / s    at 280 d, with a breakthrough of 21.003 y, compared to 23.28 y for the constant-flow-velocity case. Case 2, with 30% attapulgite, had an initial velocity of pollutant flow of    u 2  = 1.18 ×   10   − 8      m / s   , and it took 280 d to reach the maximum flow velocity    u  e 2   = 3.30 ×   10   − 8      m / s    for migration. A breakthrough time of 15.349 years was obtained for the variable flow rate and a value of 40.045 years was obtained for the constant flow rate. The initial flow rate for Case 3 was    u 3  = 2.22 ×   10   − 9      m / s   . The breakthrough time of the barrier under the influence of the variable flow rate was 60.904 years; at this point, the migration of contaminants at the constant flow rate did not occur as a breakthrough.



Comparing the breakthrough times of the soil–attapulgite barrier, it was clear that the greater the attapulgite admixture, the better the soil–attapulgite barrier was at keeping out contaminants. Comparing the effects of the permeability coefficient, it was difficult for a breakthrough to occur in the barrier at a constant flow rate (constant landfill temperature), but as the landfill temperature increased, the permeability coefficient gradually increased, with a breakthrough time of 21.003 y in Case 1, which was a reduction of 9.8% compared to the constant flow rate. Case 2 had a breakthrough time of 15.349 y, which was a reduction of 62.01% compared to the constant flow rate. Case 3 had no concentration at the constant flow rate for 80 years, but the breakthrough time under the influence of the variable flow rate occurred at 60.904 years. This showed that the increase in the permeability coefficient of the barrier caused by the increase in landfill temperature could significantly reduce the soil–attapulgite fouling performance.



Figure 16 shows the contaminant concentration distribution of the attapulgite barrier with different contents in Cases 1, 2, and 3 at   t = 30    y   . In the case of a constant flow rate, the concentration of Co2+ ions in the lower layer gradually decreased with the increase in the doping amount. By comparing the variable flow rate with the constant flow rate, it can be seen that the increase in the permeability coefficient of the barrier caused by the increase in the landfill temperature weakened the barrier capacity.



The ion concentration of Co2+ in the lower layer of the barrier became smaller; the concentration at the bottom in the 10% case was the highest, and was 0.27 different from that in the 60% case. This showed that with the increase in attapulgite content, the adsorption capacity of the lower layer of the partition barrier became larger, but the main factor affecting the decrease in its concentration was not the change in the retardation factor because the retardation factor R and permeability coefficient became smaller with the increase in attapulgite content;   R = 81   at 10%,   R = 61   at 30%, and   R = 49   at 60%. At the same time, the flow rate was also gradually reduced, so it can be seen that in this case of contaminant migration, the concentration change was dominated by the flow rate, so it was not necessary for the adsorption capacity to be strong when the retardation factor was large, and more attention should be paid to the permeability of the barrier. In engineering practice, measures such as increasing the content of attapulgite and controlling the temperatures of landfills can enhance barriers’ effects.




5.2. Analysis of a Sand–Bentonite Mixture (SBM) Barrier


Fan Ridong [48] successively tested the permeability coefficients of SBM specimens under the continuous action of three concentrations of lead nitrate–zinc nitrate solutions and found that the permeability coefficient increased with the increase in pore volume at each concentration, and the greater the concentration, the greater the value of the final stable permeability coefficient. Pb(NO3)2-Zn(NO3)2 with initial metal concentrations    C 0    of 50, 100, and 500 mmol/L, a retardation factor of   R = 10  , and   z = 1    m    were selected, and the measured permeability coefficients were   4.1 ×   10   − 10      m / s   ,   3.5 ×   10   − 9      m / s   , and   5 ×   10   − 9      m / s   , which increased to   3.8 ×   10   − 9      m / s   ,   5.5 ×   10   − 9      m / s   , and   7.4 ×   10   − 9      m / s    after one year, with influence coefficients of    a 1   = 2   . 67  ×   10   − 7    ,    a 2  = 1  . 81  ×   10   − 8    , and    a 3   = 1   . 52  ×   10   − 8    , respectively. The breakthrough criterion was a contaminant concentration at the lower boundary of 10% of that of the upper boundary.



Figure 17 shows the outflow curves for three concentrations of Pb-Zn nitrate solutions. The Pelect values obtained for the parameters that were used were all greater than the Pelect values in Section 3, indicating that the influence of molecular diffusion could be ignored. Compared to the results of the uncontaminated test, the permeability coefficients increased by factors of 9.3, 1.6, and 1.48 for the different concentrations of lead nitrate and zinc nitrate solutions. The breakthrough time of the SBM barrier was reduced by 2.608 years, 1.699 years, and 1.29 years, respectively, with 28.7% and 22.7% reductions in the breakthrough time for the 100 mmol/L and 500 mmol/L Pb-Zn contaminant concentrations, respectively. The concentration of the 50 mmol/L Pb-Zn solution at 14 years under constant-flow-rate migration was very low, and no breakthrough occurred.



The above results indicate that the permeability coefficient of the sand–bentonite barrier increased linearly with the increase in the metal concentration in the presence of the heavy metal Pb-Zn composite solution, resulting in an increase in the flow rate of contaminant migration and a reduction in the breakthrough time of the heavy metal contaminants. This suggests that in areas where Pb-Zn is the dominant heavy metal contaminant, a change in the permeability coefficient has a greater impact on the service performance of a sand–bentonite barrier.





6. Conclusions


In this study, a one-dimensional model was proposed to simulate the transport of relatively complex pollutants through a barrier by considering the changes in pollutant velocity over time. On the basis of this model, analytical solutions were obtained. Based on this solution, the following conclusions are drawn.



The solution of the variable-flow-rate analysis in this study can be downgraded to the solution of a constant-flow-rate analysis. The degraded analytical solution for the constant flow rate was compared with the existing analytical solution, and the results were in complete agreement, indicating that the model was correctly solved. A comparison with the case of considering molecular diffusion showed that the effect of considering molecular diffusion on the solution in this study was very small, which showed the reasonableness of this model.



One-dimensional contaminant migrations with three variable-velocity groups were discussed. Different degrees of deterioration in the barrier occurred at the same time in Group 1. In this group, compared with the normal flow rate, the breakthrough time of the barrier was shortened by about two times if the flow rate was increased by two times. Group 2 represented the same barrier with a different source of pollution and under different geological conditions. Unlike Group 1, Group 2 had the same maximum velocity, changing only the time and the influence coefficient  a . The level of contaminant concentration inside the barrier was increased by a factor of 4 when compared with the level with the constant flow rate. Group 3 represented a case in which the same barrier experiences a different time of deterioration. As the influence coefficient  a  remained constant, the outflow curves occurred sequentially over time, and the longer the barrier had to deteriorate, the greater the flow rate    v e    was after equilibrium was reached, and the worse the performance was. All three groups showed that the effect of a variable flow velocity on the migration of pollutants within a barrier was very significant. Increasing  v  by a factor of 2 resulted in a significant increase in the level of pollutant concentration within the barrier, with the concentration of pollutants within the barrier increasing by a factor of around 4, thus seriously affecting the performance of the barrier. The analysis also showed that there is a concentration difference between the variable- and constant-flow-rate migration of pollutants and that this concentration difference would have a peak concentration difference at a certain time, which was related to  t  and  a . The time  t  determined when the peak concentration occurred, and the coefficient  a  determined the size of the maximum concentration difference.



Based on the analytical solution obtained in this study, the migration heavy metal Co2+ ions in a soil–attapulgite barrier was analyzed as the temperature of a landfill increased from 30 °C to 60 °C. With the increase in the temperature, the permeability coefficient of the barrier increased. The permeability coefficient and retardation factor decreased with the increase in the content of attapulgite, and the flow rate decreased, so the barrier’s effect on the pollutants improved. A breakthrough concentration of 10% was defined. In the case of increasing permeability coefficients with time, the breakthrough time was correspondingly advanced by 9.8% and 62.01%. In engineering practice, measures such as increasing the content of attapulgite and controlling the temperature of a landfill can enhance a barrier’s effect.



The performance of the sand–bentonite barrier with Pb-Zn solutions was predicted by using the analytical scheme obtained in this study. The analytical results showed that the chemical compatibility of heavy metal contaminants significantly increased the permeability of the barrier material, leading to a decrease in the performance of the sand–bentonite barrier, with the breakthrough times being advanced by 28.7% and 22.7% with constant permeability coefficients. In practice, the chemical compatibility of a barrier material can be improved by using bentonite modification techniques to improve its performance.
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Figure 1. Comparison of the outflow curves between the present solution and the analytical solution. 
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Figure 2. Comparison with numerical solutions. 
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Figure 3. Velocity–time relationships in Group 1. 
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Figure 4. Outflow curves for Group 1. 
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Figure 5. Difference in concentration between the constant and variable flow rates in Group 1. 
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Figure 6. Concentration profiles of Group 1. 
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Figure 7. Velocity–time relationships in Group 2. 
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Figure 8. Outflow curves of Group 2. 
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Figure 9. Difference in concentration between the constant and variable flow rates in Group 2. 
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Figure 10. Velocity–time relationships in Group 3. 
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Figure 11. Outflow curves of Group 3. 
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Figure 12. Difference in concentration between the constant and variable flow rates in Group 3. 
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Figure 13. Contaminant migration profile in Group 3. 
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Figure 14. Peak concentration relationships. (a) Relationship between peak concentration and influence coefficient. (b) Relationship between peak concentration and maximum flow velocity. 
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Figure 15. Outflow curve of the soil–attapulgite barrier. 
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Figure 16. Concentration profile of the soil–attapulgite barrier. 
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Figure 17. The outflow curves for the 10% concentration. 
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Table 1. Calculation and analysis scheme and parameter values.






Table 1. Calculation and analysis scheme and parameter values.





	
Group

	
Case

	
   a   

    (  s  − 1   )    

	
     v e     

    ( m / s )    

	
     t e     

   ( d )   






	
1

	
1-1

	
   1  . 46  ×   10   − 8     

	
   6  . 78  ×   10   − 8     

	
1365




	
1-2

	
   2  . 01  ×   10   − 8     

	
   1  . 06  ×   10   − 7     

	
1365




	
1-3

	
   3  . 23  ×   10   − 8     

	
   1  . 44  ×   10   − 7     

	
1365




	
2

	
2-1

	
   4  . 39  ×   10   − 8     

	
   1  . 44  ×   10   − 7     

	
1365




	
2-2

	
   2  . 19  ×   10   − 8     

	
   1  . 44  ×   10   − 7     

	
2365




	
2-3

	
   1  . 46  ×   10   − 8     

	
   1  . 44  ×   10   − 7     

	
3365




	
3

	
3-1

	
   1  . 46  ×   10   − 8     

	
   6  . 78  ×   10   − 8     

	
1365




	
3-2

	
   1  . 46  ×   10   − 8     

	
   1  . 06  ×   10   − 7     

	
2365




	
3-3

	
   1  . 46  ×   10   − 8     

	
   1  . 44  ×   10   − 7     

	
3365
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Table 2. Calculation parameters of the conventional model.
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Parameter Value






	
   Partition   coefficient    k p    

	
7.5 mL/g




	
   Height   L   

	
1 m




	
   Hydraulic   gradient   i   

	
5




	
   Dispersion   α   

	
0.1 m




	
   Porosity   n   

	
0.5




	
   Permeability   coefficient    k s    

	
   3 ×   10   − 9      m / s    




	
    t 0    

	
365/d




	
    u 0    

	
   3 ×   10   − 8      m / s    




	
    D h    

	
   3 ×   10   − 9        m   2   / s    




	
  R  

	
20
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Table 3. Analysis cases and parameter values.






Table 3. Analysis cases and parameter values.





	
Case

	
Ratio

%

	
Porosity

	
Permeability Coefficient m/s

	
   a   

	
   R   




	
30 °C

	
60 °C






	
1

	
A10S90

	
0.286

	
   1.66 ×   10   − 9     

	
   3.32 ×   10   − 9     

	
0.0036

	
81




	
2

	
A30S70

	
0.405

	
   1.02 ×   10   − 9     

	
   2.64 ×   10   − 9     

	
0.0056

	
61




	
3

	
A60S40

	
0.5

	
   2.22 ×   10   − 10     

	
   6.54 ×   10   − 10     

	
0.0068

	
49
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