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Abstract: This paper presents the results of experimental studies on the transport of water-sandy
mixtures with the content of very fine non-cohesive fractions in steady flow. The flow and shear
velocity measurements as well as the measurements of sediment amount in the trap and control area
were conducted. A theoretical model of the vertical structure of both velocity and concentration of
sediment non-cohesive fractions as well as vertical mixing and sorting is presented here for transport
calculations. The interaction effects between fractions are included, especially the influence of fine
fractions in the mixture on transport of coarser fractions. The model provides an agreement between
measurements and calculations of transport rate and grain size distributions of poorly sorted mixtures
within plus/minus a coefficient of two. Further, the present model is used for calculating the limited
contribution of very fine fractions in sediment due to deficit of those fractions in the bed. Again,
the compliance of the calculations of sediment transport according to measurements is achieved.
The satisfactory agreement between the calculations of grain size distributions and measurements is
also found.

Keywords: steady flow; sediment transport; sediment mixture; grain size distribution; fine
non-cohesive fraction

1. Introduction

The dynamics of sediments containing fine and coarse non-cohesive particles is the
result of their transport, which is accompanied by mass and momentum exchange processes,
leading to the formation of high-concentration suspensions and their settling in the bed
substrate. There are numerous studies related to the dynamics of sediments transported
and sorted in coastal regions and rivers, starting from [1] to [2–5] and [6,7] up to [8–12],
which include both theoretical and experimental research. Works related to the transport
of sediments were conducted in several directions. The first one is the use of formulas of
Meyer-Peter and Müller (abbreviated to “MPM”) [13], because formulas of this type, due
to the speed of calculations are used in large software packages. The second direction of
research was the development of models of homogeneous sediment transport, taking into
account the interactions between sediment and water. Another direction of research is the
development of models for transport of granulometrically heterogeneous sediments [14–16],
taking into account the interactions between different fractions of sediment mixture. Many
of the works [17–19] represent a probabilistic approach to bedload transport, in which the
motion of particles is modeled on the basis of probability density functions for velocities
and grain accelerations. Recently, the Lagrangian modelling of sediment transport has
also been widely used e.g., [20]. Lagrangian modeling, although very precise and capable
of determining exact paths of separate particles, is less effective when large data sets are
considered. Hence, double averaging methodology (DAM, Double-Averaging Methodology)
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methods are employed e.g., [21–23]. However, an important issue is the use of suitable dense
suspensions, i.e., for collision-dominated and contact-dominated particle transport [22]. This
is particularly important because there is an upper limit for the saltation regime, above
which collision suspension takes place [24–26].

Thus, although significant progress has been made, many questions of fundamental
importance still await answers. In particular, the role of fine and very fine fractions in
transport of sediment mixture, and the influence of those fractions on transport of coarse
fractions is still an open question. Since the issue of sediment transport is strongly related to
the generation and migration of bottom forms such as ripples and bars, these phenomena
are part of the problem and should also be included in the calculations. The issues of
sediment transport above the seabed with and without bed forms were taken up by [27–29],
and recently by [30–32] for rivers and [33–36] for wave-current conditions. The extensive
studies on hydrodynamics [37] as well as on morphological characteristics due to sand
transport were conducted by [38–40] and recently by [41,42]. However, those works do
not explain the whole erosion process, resulting from the presence in the substrate of very
fine sandy fractions, especially the limited contributions of very fine non-cohesive fractions
in sediment transport due to deficit of those fractions in the bed. The transport of very
fine fractions increases exponentially as the diameter of the grains decreases. Therefore,
there may be a situation in which the availability of these fractions in the active layer of the
seabed will be limited. Meanwhile, in the modelling of sediment transport, is commonly
assumed that each fraction is available without limitations.

It should be expected that the presence of fine non-cohesive fractions in the sediment
causes decrease in the critical shear stress at incipient motion of sediments and, on the
other hand, an increase in the velocity of the sediments at the boundary between bedload
and contact layer. It results in an increase in the amount of the transported sediments. In
the saltation layer above the bottom, the distances between the grains of sand increase
and the release of grains of fine fractions occurs. Thus, through the velocity at the lower
limit of the contact layer, i.e., at top of the grain-collision sublayer, the influence of fine
and very fine fractions is revealed. As a result of the interactions, the fine fractions in the
bedload layer are slowed down by the coarser ones, while the latter are accelerated. In other
words, coarser sediments in the mixture are more exposed to the flow, whereas thinner
sediments are hiding among the coarser ones. The hiding and exposure effects can affect
the transport rates of sediment grain fractions. Ref. [43] measured a wide range for five
different sand/gravel mixtures in laboratory flume. They showed as sand content increased,
gravel transport rates increased by orders of magnitude, even though the proportion of
gravel in the bed decreased. In turn, as a result of vertical sorting, the smallest fractions
are raised high above the bottom significantly increasing both in the concentration and
transport of suspended sediments in this area. As recent works on sediment transport
in the wave motion have shown [44,45], the increased concentration of suspended fine
fractions causes a significant increase in the transport of coarse fractions. On the other
hand, it means a deficit of fine fractions in the bottom, resulting in limited availability of
these fractions. This deficit of the finest fractions in the active layer of the bottom may in
turn cause a reduction in the transport of these fractions.

The starting point for modeling the influence of very fine non-cohesive fractions on
the transport of sandy sediments, is the transport model for uniform and heterogeneous
sediment transport proposed for wave motion by [46,47]. The initial assumption of this
model is the requirement that the mechanism causing sediments to be picked up from
the bottom and setting them in motion is shear stresses acting on the bottom. Thus, the
“reaction” of the bottom to hydrodynamic conditions occurs. In the hydrodynamic equilib-
rium [48,49], the stream of sediments taken out from the control area of the bottom is equal
to the stream of sediments falling onto the bottom in the adjacent control area. It means
that the entire sediment, transported both in the bedload and suspended layers, comes
exclusively from the bottom of the control area under consideration. It was postulated that
due to the different nature of physical processes occurring at different distances from the
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bottom, it is necessary to use different assumptions and equations to describe the vertical
structure of sediment transport. The proposed multilayer model for uniform sediment
transport in rivers [50] and for non-uniform sediment transport in the wave motion [51,52]
further developed in the works [44,45], presents three main layers with separate sublayers.

The scope of this work was the study of the intensity of transport of a mixture of sandy
sediments, containing a significant amount of fine and very fine non-cohesive fractions.
The study was dedicated to investigating the effect of those fractions on the transport of
the coarse fractions in the mixture and on the transport of the whole mixture.

The experimental results were compared with the results of a theoretical analysis based
on the proposed three-layer model of heterogonous sediment transport. The influence of
the finest fractions in the mixture on transport of the coarser fractions is included in the
modeling. In addition, the present model is used for calculating the limited contribution
of very fine fractions in sediment transport due to available deficit of those fractions in
the seabed.

2. Materials and Methods
2.1. Experiment Gdańsk, 2021

The experiments were conducted in a recirculating flow channel adapted to the
specifics of the sediment transport study. Research station located in the laboratory at the
Institute of Hydro- Engineering of the Polish Academy of Sciences (IBW PAN) in Gdańsk.
A diagram of the test bench is shown in Figure 1.
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Figure 1. Experimental setup for steady flow measurements Gdańsk 2021.

The main purpose of the measurements was to collect experimental data documenting
the magnitude of sediment transport and the magnitude of erosion inside the output cu-
vette. The velocity of sediment flow from the output cuvette to the control area, the amount
of sediment retained in the control area and in the trap were measured. Measurements
of bathymetric changes in the calculation area were made. In addition, analyses of gran-
ulometric compositions of sediment samples taken before experiments and of sediment
samples taken from the trap and control area after the completion of each measurement
series, were performed.

The Gdańsk 2021 experiments were conducted on a test stand, the main element of
which was an open channel with a length of 7.5 m and a cross-section of 0.4 × 0.5 m. The
channel, exit cuvette and sediment traps in the bottom of the channel, are made of the
waterproof plywood 0.02 m thick. The roughness of the channel bottom was achieved by
gluing sand with a diameter of 0.20 mm ≤ d ≤ 0.25 mm to the surface. The inclination of
the channel bed was constant and amounted to 0.002 (2‰). The channel can be divided
into several sections:

• a 0.73 m long outflow section, with a bottom inlet supplying the channel with water;
• starting section with a length with a length of 2.5 m;
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• a cuvette with the input sediment, i.e., a depression along the entire channel, 1 m long
an 0.08 m high;

• the test section 2.5 m long;
• sediment trap, in the form of another cuvette, i.e., a depression channel 0.73 m long

and 0.08 m high, with a bottom inlet and outlet.

The channel was integrated with a pump (Grundfos: 50 Hz, Q = 38 L/s) with a system
of hoses of 0.075 m in diameter working in a closed system, a set to control and measure
(Danfoss), and a set of two Siemens flowmeters with accuracy of 0.25%. The stand was
equipped with a Prandl tube and two hydraulic pins. The tests were conducted according
to the following procedure:

1. Filling the cuvette with the water-saturated sediment. Placing the wet sediment in the
cuvette prevented formation of air bubbles in the deposited mixture;

2. Taking a sample from the container filled with sediment prepared for testing;
3. Leveling the sediment to the edge of the cuvette and removing the remains of sediment

from the vicinity of the cuvette;
4. Filling the channel up to the water depth H = 0.05 m;
5. Performing a test for a given flow (Times for individual tests are given in Table 1;
6. Measurements of the velocity over the bottom using the Prandtl tube (0.1 m above

the lower edge of the cuvette, in the period between the flow stabilization and the
development of wrinkles);

7. Water removal from the channel after the test is completed;
8. Collection of sediment from the trap and control area;
9. Measurement of sediment volume captured in the sand trap;
10. Documentation of bathymetry in a cuvette by taking photos, performing a bathymetric

measurement;
11. Collecting sediment samples for sieve analysis;
12. Removal of sediment from cuvette and its cleaning.

The basic parameters of experiments in the flow channel of IBW PAN where Gdańsk
2021 experiment was conducted, the granulometric characteristics of the input sand and
the sediments taken from the trap and the control area are shown in Table 1. As can be seen
from the prepared grain size curve (Figure 2), the analyzed sediment is sand with a very
large number of fine fractions (di < 0.22 mm) and with median diameter of d50 = 0.22 mm.
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Table 1. Main parameters and transport results of the Gdańsk 2021 experiment.

TR Test
Flow
Rate
[L/s]

¯
u

-Depth Averaged
[m/s]

Friction
Rep. of

Tests
[-]

Test
Time

[s]

Sediment
Transport
Maximum

Mean
Minimum

[m3/ms]

Fractions
d90/d50/d10

[mm]

Re=
¯
u H
ν

[-]
uf*

[m/s]
θ*
[-]

Input
sand 0.23/0.22/0.14

TR_0_7 7.0 0.5000 0.0097 0.2587 2 3600

8.00·10−9

0.23/0.14/0.03 13,4625.50·10−9

3.00·10−9

TR_0_8 8.0 0.5715 0.0158 0.0690 4 3600

1.90·10−8

0.23/0.21/0.11 15,3856.60·10−7

3.43·10−6

TR_0_9 9.0 0.6429 0.0177 0.0862 3 3600

7.59·10−7

0.24/0.21/0.12 17,3086.84·10−7

5.61·10−7

TR_0_10 10.0 0.7143 0.0185 0.0949 3 3600

7.95·10−7

0.24/0.21/0.11 19,2317.38·10−7

6.80·10−7

TR_0_11 11.0 0.7857 0.0194 0.1035 3 3600

1.16·10−6

0.24/0.22/0.12 21,1541.08·10−6

1.00·10−6

TR_0_12 12.0 0.8571 0.0201 0.1121 3 3600

1.52·10−6

0.26/0.24/0.13 23,0771.29·10−6

1.06·10−6

TR_0_13 13.0 0.9285 0.0244 0.1638 3 1800

6.77·10−6

0.24/0.22/0.12 25,0004.86·10−6

2.94·10−6

TR_0_14 14.0 1.0000 0.0273 0.2070 3 900

1.33·10−5

0.26/0.24/0.14 26,9239.60·10−6

5.91·10−6

TR_0_15 15.0 1.0714 0.0306 0.2587 3 900
1.80·10−5

0.25/0.22/0.11 28,8461.44·10−5

1.07·10−5

It is worth noting that the median diameter d50 of sediments retained in the trap and
control area differs from the values measured for the input sand. In the regime of more
intensive transport, this value is larger than in the input. The above result is not intuitive,
because very fine fractions are more mobile than coarse grains. Therefore, their greater
contribution to the transport should be expected. The reason for this should be sought in
the limited volume of these fractions in the layer of sediments filling the cuvette.

For water level measurements and bathymetry tests, a set of hydrometric pins were
used, enabling readings with an accuracy of 0.1 mm. Laboratory tests were conducted in
the wide range of flow rates, from 2 to 15 L/s. The measured vertical velocity distribution
was approximated by a logarithmic profile from which the friction velocity was determined.

In the Figure 3 both the results of all measurements of sediment transport rate obtained
during Gdańsk 2021 experiments as well as the mean values of the measurement series
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within ‘TR tests’ (see Table 1) are presented in terms dimensionless transport functions of
Φ defined as:

Φ =
q

(s− 1)gd3
r

, (1)

where q[m2/s] is the sediment transport rate; d = dr is the representative diameter for
sediment mixture in the dense layer, assumed as dr = d50; s = ρs/ρ is the relative density;
ρs is the density of sediments; g is the acceleration due to gravity and ρ is water density,
while non-dimensional shear stress θ′∗ is defined as:

θ′∗ =
u′f ∗

2

(s− 1)gdr
, (2)

where u′f ∗ is the shear velocity.Water 2023, 15, x FOR PEER REVIEW 7 of 28 
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values of measurement tests by curve with a coefficient of determination R2 = 0.8878.

The collected samples were subject to granulometric analysis in the geotechnical
laboratory of the Koszalin University of Technology. For this purpose, a Micro LAB sieve
shaker (model: LPzE-2e) was used. Measurements were made using the “dry” method for
all sediment samples. The samples were dried at 100 ± 0 ◦C for 24 h before granulometric
analysis. Examples of measured grain size distributions for flows of 8 L/s and 14 L/s are
shown in Figure 4.

The sample results shown in the Figure 4 confirm the observations on the limited
availability of very fine fractions in the bottom. In particular, in the range of more intense
flows (Figure 4b) with increasing transport rates the share of coarse fractions in the retained
sediment increases, while the contribution of finer fractions decreases as a result of their
deficit in the bottom.

It is assumed in the model that velocity u profile reaches a logarithmic profile at certain
distance from the bottom with the origin z = kS

30 at the bottom:

u =
u′f ∗
κ ln

z
ks
30

, (3)
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were ks is the skin roughness assumed as ks = 2.5d50 and κ is von Karman constant, which
is assumed as 0.40. The vertical axis z is directed upward.

In order to determine the friction velocity u′f ∗ from the experiments it is proposed to
find the friction velocity value from Equation (3) for each measured velocity u(z) at the
level z. Then the findings the friction velocity are averaged over the depth. Finally, the
depth average value u′f ∗ was assumed as friction velocity taken the measurements.
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Figure 5a shows exemplary results of the measured vertical velocity profile u(z) in
comparison with logarithmic profile characterized by the depth average shear velocity u′f ∗.
Figure 5b shows the shear velocities u′f ∗ taken from u(z) measurements in comparison with

the depth average value u′f ∗.
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As it is seen from Figure 5b the values of friction velocities taken from u(z) measure-
ments are in the range 0.9u′f ∗ ÷ 1.1u′f ∗.

2.2. Experiment by Elhakeem and Imran (2012) [53]

Elhakeem and Imran in 2012 [53] presented experiments conducted in the laboratory
of the University of South Carolina. These tests were conducted in a tilting channel with a
length of 10 m, width of 0.20 m and a depth of 0.4 m. The test stand was equipped with a
closed water supply system. In addition, it was equipped with a flap, mobile trolleys, a
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feeder and sediment collector, a sediment sampler and instruments for measuring discharge,
water depth, substrate geometry and speed in the loading layer (Figure 6).
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The laboratory tests presented in [53] were conducted in similar hydrodynamic condi-
tions as the Gdańsk 2021 experiments. The tests [53] were conducted for natural sands and
gravels with a specific gravity of 2.65 g/cm3. The experiments were conducted for flows
ranging from 9 to 15 L/s at the average velocities from 0.429 to 9.676 m/s. The duration
of the tests ranged from 1800 to 3600 s. The inclination of channel was from 0.0037 to
0.0062, and the water depths were from 0.096 to 0.134 m. A total of 32 runs were conducted
under the equilibrium condition within the lower regime, primarily dunes. During the run,
coarse material (di > 2.87 mm) was trapped at the downstream end of the flume (Figure 6),
collected manually from the coarse sediment trap, and fed into the sediment feeder at the
upstream section of the flume.

Four mixtures of M1–M4 from almost homogeneous sands to poorly sorted mixtures
of sand and gravel were used for testing. The initial samples of sediments used in the
experiments as well as the samples of the sediments collected in traps were subjected to
granulometric analysis. In Figure 7 the initial grain size distributions for different mixtures
from M1 to M4 in tests 1 to 8 by Elhakeem and Imran [53] are shown. The tests 1 were
conducted for the smallest Shields stress θ′∗ of the geometric mean size of the sediment
mixture (with dr in Equation (2) equal to geometric mean size), while the tests 8 were
conducted for the biggest Shields stress (see Figure 7). It can be observed (Table 2) that as
the measured rate of transport q [g/m/s] increases the measured content of coarse fractions
and median d50 also increases. In this case, the reason for this should be expected in the
interactions of fine and coarse fractions, causing an increase in the share of the latter in
transport of the whole mixture. This effect appears to be similar to that of the experiments
performed by Wilcock et al. [43]. They showed as sand content increased, gravel transport
rates increased by orders of magnitude, even though the proportion of gravel in the bed
decreased. As a result of the interaction between the sediment fractions, the fine fractions
in the mixture are slowed down by the coarse fractions, while the latter are accelerated.
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Table 2. Main parameters and transport results by Elhakeem and Imran (2012) [53].

1M1 2M1 3M1 4M1 5M1 6M1 7M1 8M1

θ′∗ [-] 0.058 0.066 0.069 0.078 0.085 0.091 0.100 0.114

q [g/m/s] 4.24 14.37 18.98 27.05 47.89 57.81 103.63 123.23

d50 [mm] 2.03 1.95 1.98 2.04 2.26 2.49 2.66 2.50

1M2 2M2 3M2 4M2 5M2 6M2 7M2 8M2

θ′∗ [-] 0.058 0.072 0.092 0.101 0.113 0.121 0.131 0.144

q [g/m/s] 3.15 13.76 47.04 51.75 72.92 133.87 123.73 179.11

d50 [mm] 1.67 1.70 1.65 1.65 1.53 1.92 1.89 2.13

1M3 2M3 3M3 4M3 5M3 6M3 7M3 8M3

θ′∗ [-] 0.073 0.082 0.087 0.098 0.106 0.116 0.126 0.141

q [g/m/s] 8.52 22.48 26.52 34.82 60.46 69.63 137.55 151.90

d50 [mm] 1.36 1.18 1.36 4.27 4.45 4.94 5.04 5.45

1M4 2M4 3M4 4M4 5M4 6M4 7M4 8M4

θ′∗ [-] 0.060 0.076 0.077 0.084 0.095 0.110 0.131 0.156

q [g/m/s] 5.93 24.42 20.20 27.36 54.77 67.70 108.36 214.55

d50 [mm] 1.40 1.58 1.45 1.52 1.36 1.47 1.54 1.42

3. Theoretical Investigations
3.1. Transport Model for Non-Uniform Sediment

Following the work [50] for uniform sediments in steady flow and [51,52] for non-
uniform sediments in the wave motion the multi-phase approach is used here because the
different physical processes are responsible for sediment transport at various distances
above an immobile bed. The specification of layers up to water surface elevation is proposed
as follows (Figure 8): a dense layer (with immobile Coulomb friction sublayer and upper
dense mobile sublayer dominated by grain collisions), a contact layer (where particle
collisions and turbulent lift cooperate in momentum exchange) as well as a suspended
sediment zone (which is divided into inner and outer flow regions). The inner flow region
is characterized by a logarithmic velocity profile.

Under intensive hydrodynamic conditions with high grain mobility, the transport of
sediment is characterized by very high concentration. It takes place at the entire layer of the
dense mixture, in the form of a grain flow with a specific velocity ug(z′) and concentration
cg(z′) profile. Under non-intensive conditions of low grain mobility, the dense layer is
reduced to the upper sublayer, consisting of single grains being rolled and dragged over the
bed surface, as in a typical bedload regime. Since both water and grains move in the mobile
dense layer as well as in the layer of suspended sediment, there must be a transitional zone
between these two regions, in which both velocity ui(z) and concentration ci(z) profiles of
each fraction of the sediment mixture (Figure 8a) and the shear stress profile (Figure 8b)
represent continuous shape. This transition zone is called the contact layer [47–50].

The presented model assumes that in the moving layer of densely concentrated sedi-
ments, all sediment fractions move at the velocity equal to the velocity of the mixture (at
specified elevation). Hence, the interactions between the sediment fractions are assumed
so strong, the finer fractions are slowed down by the thicker ones; all the fractions are
characterized by the same velocity ug(z′) and concentration cg(z′) in vertical profiles. The
model also takes into account, that the most intensive sorting of sediment occurs in the
grain scattering process, in the contact layer and in turbulent flow region, which brings the
sediment into suspension. In the contact layer, the vertical profiles of velocities ui(z) and
concentrations ci(z) vary for individual fractions, due to turbulent fluid pulsations and
chaotic collisions of grains.
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The following mechanism of transmission of shear stress from the fluid to the immobile
bed is proposed. The declining part of particle stresses, due to collisions of grains, in the
upper dense sublayer is transferred directly to the moving grains. The increasing residual
part, as the rate-independent component, is transferred further to the fixed bed. The concept
of shear stress variation has been proposed originally by [50] for uniform sediments. Shear
stress increases from the skin stress value τ′b above the bed (Figure 8b) to the maximum
value τ0 at the bed, and then, the viscous part of this stress decays in the bed. The skin
shear stress τ′∗ above the bed, at the top of the contact layer, is identified as an input data
with the value obtained from experiments. The skin shear stress τ′∗ is the sum of bed skin
friction τ′b and drag friction τ

′′′
∗ due to motion of sediment particles, while τ

′′
∗ is the friction

due to bed forms, when they are present.
Profiles of the velocity ug(z′) and concentration cg(z′) in the dense layer are calculated

using the Equations (4) and (5) in a system of coordinates with the vertical axis z′ directed
downwards (Figure 8a):

α0
(

cg − c0

cm − cg

)
sin ϕ sin 2ψ + µ1

(
dug

dz′

)2

= τ0, (4)

α0
(

cg − c0

cm − cg

)
(1− sin ϕ cos 2ψ) + µ2

(
dug

dz′

)2

=

(
µ2

µ1

)∣∣∣∣
cg=c0

τ0 + (ρs − ρ) g
∫ z′

0
cgdz′ , (5)

where τ0(t) = ρu2
f 0(t); u f 0 is the friction velocity at the top of the dense layer;

αo = constant = ρsgdr; cm = 0.53 is the maximum concentration of the bed sediment;
cD = 0.32 is the concentration of sediment at the upper limit of the dense layer; ϕ = 24.4◦

is the quasi-static angle of internal friction; ψ = angle between the major principal stress
and the horizontal axis:

ψ =
π

4
− ϕ

2
, (6)
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µ1, µ2 = functions of concentration, described [54] as

µ1 =
0.03

(cm − cg)
1.5 ρsd2

r and µ2 =
0.02

(cm − cg)
1.75 ρsd2

r . (7)

The first component on the left-hand side of Equation (4) describes the shear stress
relation for plastic stresses, while the second component represents “viscous” stresses.
Similarly, the first element on the left-hand side of Equation (5) describes the normal
stress relation for plastic stresses, while the second element describes normal “viscous”
stresses. The combination of these stresses enables modelling both the declining part of
grain collision stresses in the dense sublayer as well as the increasing residual part as the
rate-independent component.

Assuming that settling of sediment balances the vertical exchange and the momentum
exchange balances the shear stress, following [47,55], a set of two differential equations is
proposed to determine the concentration and velocity profiles of the i-th sediment fraction
in the contact layer:[

3
2

(
αs

di
ws

dui
dz

3
2

s + cM
cD

+ βi

)2
d2

i c2
i (s + cM) + l2

](
dui
dz

)2
= u′2f ∗, (8)

[
3
(

αs
di

wsi

dui
dz

2
3

s + cM
cD

+ βi

)2
d2

i
dui
dz

ci + l2 dui
dz

]
dci
dz

= −wsici, (9)

where vertical axis z is directed upward with the origin z = kS
30 at the top of the dense

layer; ks is the skin roughness assumed as ks = 2.5di; u′ f ∗ is the skin shear velocity equal to

u′ f ∗ =
√

τ′∗
ρ ; di is the diameter of the i-th fraction; wsi = settling velocity of the i-th fraction;

cM = added hydrodynamic mass coefficient; cD = 1.0 is a drag coefficient; l = mixing
length equal to κz; (s + cm) is assumed to be around value of 3.0. Coefficients αi = βi are
calculated by the procedure which assumes the equality of the calculated sediment velocity
ui(z) and the logarithmic flow velocity at the water surface elevation. The set of Equations
(4) and (5) as well as Equations (8) and (9) are solved using numerical integration. The
boundary conditions for a set of Equations (8) and (9) come from calculations in the dense
layer with Equations (4) and (5) i.e., the velocity of sediment ug(z′ = 0) = u0 corresponds
to the concentration c0 = 0.32.

Following the idea by [50] for uniform sediments, the mobile-bed effect parameter γ0
is introduced:

γ0 =

√
τ0

τ′∗
=

u f 0

u′f ∗
, (10)

In order to find the parameter γ0, it is assumed that bed sediment transport, calculated
for both the dense and the contact layers (Figure 8), can be compared with a semi-empirical
formula by MPM [13]. MPM formula is restricted to cases when the contribution of
turbulent suspension load is negligible. Here, the MPM formula creates only a part of
sediment transport, i.e., in the dense and contact layers. Hence, the formula described
by Equation (11) seems to be a good option. Some other modifications of MPM formula,
however, are possible when the data used for testing the model require the use of the
MPM modifications.

According to the flow description shown in Figure 8, the following relationship can
be postulated:

qg

(
ργ2

0u′2f ∗
)
+ qc

(
ρu′2f ∗

)
= ΦMPM

√
(s− 1)gd3

r . (11)
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where sediment transport rate qg in the grain collision sublayer (calculated by Equations (4)
and (5) is a shear stress function of ργ2

0u′2f ∗ while sediment transport rate qc in the contact

layer is a function of shear stress of ρu′2f ∗, and:

ΦMPM = 8
(
θ′∗ − θc

)1.5. (12)

The parameter θ′∗ defined in Equation (2) is called the Shields parameter, while the
critical Shields parameter θc is a constant of the order of 0.05 for sand placed smoothly on a
horizontal bed.

3.2. Model Results for Uniform Sediment

Figure 9 shows the results of calculations by presented model for uniform sedi-
ment of concentration in the contact layer (Figure 9a), and in grain collision sublayer
(Figure 9b), as well as velocity in the contact layer (Figure 9c) and in grain collision sub-
layer (Figure 9d). Calculation results (solution of Equations (4) and (5) in grain collision
sublayer and Equations (8) and (9) in contact layer) were obtained for the friction velocity
u′ f ∗ = 0.042 m/s and for homogeneous sediment diameter (dr = di = d) characterized by
different grain diameters from 0.10 mm ≤ d ≤ 2.97 mm. The calculations were performed
for the sediment grain diameters from the measurements by Elhakeem and Imran [53].
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Figure 9. Calculated concentrations: (a) in the contact layer, (b) in grain collision sublayer and calcu-
lated velocities: (c) in the contact layer; (d) in grain collision sublayer for homogeneous sediments
(dr = di) and u′ f ∗ = 0.042 m/s.

In the Figure 9a,b it is seen that velocity and concentration vertical profiles reach the
highest values in the contact layer for the smallest grain diameter (di = 0.10 mm), and
gradually decrease with increasing diameter of the grains. All concentration profiles start
with c0 = 0.32 at the upper limit of dense layer. The velocity profiles, according to Figure 8,
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start from the calculated value u0 for coordinate z0 = ks/30 = 2.5di/30 which is set at this
boundary. The z0 ordinate increases with the grain diameter increase. It is worth noting
that the velocity profile in the contact layer is connected to the logarithmic velocity profile
at the upper boundary of this layer. The calculated logarithmic velocity distributions for
the coarse fractions are stopped in Figure 8 at the levels where concentrations of these
fractions reach negligibly small values.

Figure 9c shows that concentration in vertical profiles of coarse fractions reach their
highest values at the distances from the upper limit of the grain collision sublayer greater
than the distances for finer fractions. In other words, the larger the diameter of the grains,
the greater the thickness of the collision sublayer (Figure 9c). Further, the velocities of finer
fractions (d < 0.25 mm) increase with the increase in diameter and the thickness of the
moving layer also increases, while velocities of coarser fractions (d > 0.25 mm) decrease
with increasing diameter due to increasing resistance to motion.

3.3. Model Results for Non-Uniform Sediments

Coarser sediments in the mixture are more exposed to the flow, whereas finer sedi-
ments are hidden among the coarser ones. The hiding and exposure effects can affect the
transport rates of sediment grain fractions. It is assumed in the model that all sediment
fractions in the dense layer move at a velocity equal to the velocity of the mixture. Therefore,
this assumption allows to take into account this effect in sediment transport calculations.
In the dense layer all the fractions are characterized by the same vertical profile of velocity
and concentration. Hence, more mobile fine fractions are slowed down by the thicker ones.
It means that an increased amount of fine fractions in the bed results in consequent increase
both in modeled velocity of the mixture and transport in the dense layer. In addition,
the increased modeled velocity at the top of the dense layer results in increased modeled
transport in the contact layer. Hence, the increase in coarse fractions in transport can occur
even though their percentage contribution in the bed is reduced.

The above-mentioned effects are illustrated in Figure 10. Figure 10 shows the results of
the model calculations of concentration (Figure 10a) and velocity (Figure 10c) in the contact
layer, and concentration (Figure 10b) and velocity (Figure 10d) in grain—collision sublayer
for heterogeneous sediments with a representative diameter dr in the dense layer. It is clear
that in the case of grains with the diameter di greater than dr, the interaction between the
fractions results in the increase in velocity at the upper limit of the dense layer, and leads to
an increase in both the concentration value and the velocity of these fractions in the contact
layer (Figure 10a,c) in relation to the relevant magnitudes for homogeneous sediments with
di = dr. In turn, in the case of grains with the diameter di smaller than the representative
diameter dr, the interaction between the fractions results in the reduction of velocity at the
upper limit of the dense layer and leads to a decrease in both concentration and velocity
in relation to the relevant magnitudes for homogeneous sediments. In grain—collision
sublayer the movement of the mixture is determined by the representative diameter of dr.
Calculated profiles of velocity and concentration (Figure 10b,d) are the same as profiles for
homogeneous sediments with diameters di = dr = 0.15 mm, 1.9 mm and 2.87 mm.

Figure 11 presents the results of transport calculations of homogeneous sediments with
different diameters of di = dr in the contact and grain—collision sublayers in comparison
with transport calculations of sediment mixtures with different fractions di characterized by
the representative diameters of dr = 0.2 mm and 1.9 mm, respectively. It is obvious that the
smaller the representative diameter dr of the mixture, the greater the calculated transport
values of all fractions. It is worth emphasizing that the calculated values of transport for
diameters di > dr show an upward trend, with a significant increase in the case of mixtures
with dr = 0.2 mm. This increase is obviously due to the interaction between the fractions
and the increase in velocities at the upper limit of the dense layer. In turn, transport
calculations for the diameters di < dr show a decreasing trend with a significant decrease
in the case of mixtures dr = 1.9 mm. Finally, it is worth mentioning that the calculated
transport for homogeneous sediments decreases to zero when the critical values θc = 0.05.
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This situation does not occur in mixtures when the values θc are not achieved under the
given conditions (u′ f ∗ = 0.042 m/s) for both diameters dr = 0.2 mm and 1.9 mm.
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4. Discussion
4.1. Non-Uniform Sediment Transport with Limited Availability of Very Fine Fractions

For the laboratory conditions bed level changes in the control volume i.e., the erosion
rate in the box filled-up by sand is described by the continuity equation for sediment:

∂h
∂t

=
−∂q

(1− p)∂x−
, (13)

where: h is the bed depth and sediment transport rate q =
N
∑

i=1
niqi is calculated by presented

model with the use of Equations (4) and (5) with the representative diameter of dr = d50
and Equations (8) and (9) with diameter di for the i-th sediment fraction, and Equations
(11) and (12), while p is the sediment porosity, assumed as 0.4. The amount ∂q

∂x− means
the directional derivative in the x− direction. In the further part of this paper the term
(1 − p) will be omitted. Although it should be remembered that in order to obtain the
actual thickness value, the calculated values of these quantities should be divided by the
(1 − p) term.

From the finite difference scheme, one obtains the thickness of the layer ∆h which is
eroded in time ∆t with transport rate q along the distance ∆x:

∆h =
∆t
∆x

q. (14)

Similarly, the thickness of the eroded layer can be determined for each i-th fraction:

ni∆hi =
∆t
∆x

niqi, (15)

because

∆h =
N

∑
i=1

ni∆hi, (16)

and bearing in mind that each value ∆hi is related to the contribution of each fraction ni
(with ∑ ni = 1), the following formula for the new contribution of each fraction mi at the
considered location of erosion is proposed:

mi =
nihm − ni∆hi

hm − ∆h
=

nihm − ∆t
∆x niqi

hm −∑N
i=1 ni∆hi

, (17)

which satisfies the condition ∑ mi = 1. In Equation (17) hm denotes the thickness of the
“mixing” or,“active”, layer, i.e., the thickness of the sediment layer in which the contribution
of the grain size fraction changes from ni to mi in time ∆t. This change takes place due to
sand transport rate q at the distance ∆x. The first term on the right-hand side of Equation
(17) is related with the availability of the i-th fraction, while the second term is related with
the erosion rate at the considered location.

An important question concerns the value of the “mixing” layer thickness hm. Follow-
ing [45] it can be proposed:

hm = 2
∆t
∆x

N

∑
i=1

niqi, (18)

The above implies that about half of the sand is conducted from the analyzed location,
while the other half is subject to mixing and remains at this location. The above statement
is confirmed in experimental studies shown by [47]. It can be noted from the form of
Equations (15), (17) and (18) that the ratio ∆t/∆x is present in all terms of the numerator
and denominator of Equation (17) and therefore disappears. Hence, the new grain size
distribution inside the mixing layer, calculated from Equation (17), does not depend on
time and space discretization. However, based on, Equation (18) the layer with the new
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grain size distribution increases in time, up to an ultimate value hm after time ∆t. The
mixing layer thickness hm is an important physical quantity and should be known.

Hence, for known value of the mixing layer thickness hm one can assess the time ∆tk
necessary for formation of the sediment layer sometimes called “carpet layer”, sorted over
the thickness a∗. From Equation (18) it is obtained:

∆tk =
hm∆x

2 ∑N
i=1 niqi

, (19)

The condition of the availability of each fraction of the sediment should fulfill the
form:

hm ≥
∆tk
∆x

qi , (20)

If the availability of the i-th fraction of sediment is limited (condition Equation (21)
is not complied), then the sediment transport rate of the i-th fraction is reduced from the
value qi to the value:

qn
i =

hm∆x
∆tk

, (21)

where
∆hn

i =
∆t
∆x

qn
i . (22)

The changes of grain sizes inside the carpet layer after time ∆t can determined as
follows:

mi =
nihm − ni∆hi

hm −∑N
i=1 ∆hi

=
nihm − ∆t

∆x niqn
i

hm −∑N
i=1

∆t
∆x niqn

i
. (23)

In case the condition (20) is not complied for the i-th fraction then its contribution to
grain size distribution inside the carpet a∗ after time ∆tk is mi = 0. The grain size distribu-
tion inside the mixing layer of the thickness hm after time ∆tk will thus be determined by
Equation (23), as well as by smaller contribution of the source (input) sediment nsi in the
form:

nn
i =

ami + (hm − a∗)nsi
hm

, (24)

where:

a∗ = hm −
N

∑
i=1

∆tk
∆x

qi , (25)

is calculated for qi or qn
i if it is required.

The calculation procedure is repeated using Equations (19)–(25) with ni = nn
i in each

time step k. Finally, the reduced transport rate after time ∆t = ∑K
k=1 ∆tk of the i-th very fine

fraction is calculated as follows:

qn
i =

∑K
k=1
(
qn

i
)

k·∆tk

∆t
. (26)

where: K is the number of steps, ∆tk is time interval in each step, calculated according to
the Equation (19) for nn

i and qi or qn
i , if required.

Finally, it is worth mentioning that a constant value of the representative diameter
dr = d50 in the dense layer is assumed, despite the changes in grain size during that time.
As the recent studies on the sediment fluxes during the crest of the wave [36,37] have shown
such changes lead to an increase in the roughness of the bottom and may have an impact
on reducing sediment transport. It seems, however, that in the laboratory Gdańsk 2021
conditions for steady flow, the major reduction of sediment transport is due to a possible
deficit of fine fractions in the bed.

Figure 12 presents the results of calculations of the thickness of the bottom erosion
caused by the transport of qi of the i-th sediment fraction with diameter di. Calculations
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of ∆hi were conducted for a case without taking into account the limited availability of
individual fractions in the bed. Calculations for the thickness of ∆hn

i were obtained for
a case when the reduction of transport to the values qn

i due to deficit of a given fraction
was taken into account. From Figure 12 it can be seen that the availability of at least two
fractions was limited and there was a significant reduction of both the transport of these
fractions from qi to qn

i as well as the thickness of erosion caused by this transport from ∆hi
to ∆hn

i . It is worth noting that the quantities qn
i were averaged according to the Equation

(26), while the quantities ∆hn
i according to the formula:

∆hn
i =

∑K
k=1
(
∆hn

i
)

k·∆tk

∆t
. (27)
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Figure 12. Model results of the erosion thickness ∆hi of the i-th sediment fraction caused by transport
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i caused by qn
i due to limited availability of very fine fractions.

4.2. Comparison Calculations with Measuremends
4.2.1. Experiment Gdańsk 2021

In Figure 13 the results of transport calculations compared to the results of experiment
Gdańsk 2021 are presented. The calculations were made using the presented model [48]
with the proposed modification taking into account the deficit of very fine fractions in
the mixing layer in the bottom. The calculations were conducted, both for transport of all
fractions and for transport of fine fractions, defined as:

(
q f

)
calc

=

N f

∑
i=1

(qn
i )calc, (28)

where i = N f means fraction with a diameter of di = 0.2 mm. Transport of coarse fractions
is defined as:

(qc)calc =
N

∑
i=N f

(qi)calc , (29)
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di = 0.125 mm and dr = di = 0.35 mm).

The values calculated with the Equations (28) and (29) were compared with the
measured values qmeas., which are the mean values of measurement ‘TR tests’:

(
q f

)
meas

=
N

∑
i=N f

qmeas.

(
n f i

)
meas

, (30)

(qc)meas =
N

∑
i=N f

qmeas(nci)meas , (31)

where: n f imeas.—contribution of the i-th fine and very fine fraction (di < 0.2 mm) in the mix-
ture collected from the trap, ncimeas.—contribution of the i-th coarse fraction
(di ≥ 0.2 mm) in the mixture collected from the trap.

Figure 13 shows the agreement of the results of calculations taking into account the
deficit of very fine fractions with the measurements is within plus/minus a factor of 2.
Figure 13 also shows the results of calculations without modification due to the deficit of
very fine fractions. In addition, the results of calculations by presented model for uniform
sediment with dr = di = 0.125 mm and dr = di = 0.35 mm are shown in Figure 13. As
expected, in these cases a worse compatibility of the results was obtained, especially of the
results for non-uniform sediment without modification due to very fine fraction deficit. This
confirms the lack of full availability of very fine fractions in the bottom is the main reason
for a significant reduction in transport of those fractions. Note that the over-predictions
of the model for uniform sediment with dr = di = 0.125 mm is much smaller than for
non-uniform sediment without modification due to very fine fraction deficit.

In turn, a very good compliance of the transport calculations when this deficit is taking
into account allows expecting very good compliance of the calculation results of the share
of fine and very fine fractions with the measured grain size distribution. A comparison of
the calculation results of the grain size distribution of sediments caught in the trap with the
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measurements is presented in the Figure 14. Figure 14 shows a consistency of the results
was obtained within plus/minus a factor of two of the measurements.
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Finally, it is worth noting the results of transport calculations (Figure 15) approximated
by linear curve y = ax with a coefficient of determination R2. As it is seen, a high value of
fit is obtained and the deviation of the correlation curve from y = x is negligibly small.
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4.2.2. Experiment by Elhakeem and Imran [53]

In the Figure 16 the results of transport calculations are compared to the results of
experimental studies by [53]. The calculations were made using presented model for four
initial distributions of the M1–M4 grain size. Again, the agreement of sediment transport
calculations with measurements have been achieved within plus/minus a factor of two
of the measurements. This confirms that the mechanism of interactions between fractions,
and in particular the influence of finer grains in the mixture on the increase in the transport
of coarse fractions, is well described by presented model.
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The results of transport calculations were approximated by a straight linear y = ax
with a coefficient of determination R2 (Figure 16). Again, a high value of fit is obtained
and the deviation of the correlation line y = x is very small. However, some small over-
predictions in the lower transport regime are evident. This effect is in accordance with
the estimations made by Wong and Parker [56] in lower regime of bedload transport rates
which were less than or equal to half the values that would be obtained with the original
MPM formula. At this moment, there are too small amount of experimental data and thus
it is very difficult to decide whether use MPM modifications or not.

In addition, a comparison of the calculations of the grain size distributions of sedi-
ments from the trap with the measurements for all initial grain size distributions (M1–M4)
presented in Figure 17 shows that the results are consistent with measurements within
plus/minus a factor of two.
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Figure 17. Comparison of grain size distribution calculations with measurements by [53] for: initial
grain size distribution: (a) M1, (b) M2, (c) M3 and (d) M4.

5. Conclusions

Theoretical and experimental studies conducted on transport of sediment mixtures in
steady flow allowed us to draw the following conclusions:

1. Transport calculations conducted by the presented model separately for all sediment
fractions in mixture including the mutual interactions between them have shown:

• due to assumed strong interactions between the sediment fractions in the moving
layer of densely concentrated sediments all the fractions are characterized by the
same velocity and concentration vertical profiles;

• in the contact layer vertical profiles of velocities and concentrations vary for
individual fractions due to turbulent water pulsations and chaotic collisions of
grains;

• the agreement between the calculated transport and measurements was achieved
within plus/minus a factor of two of the measurements;

• calculations of the granulometric distributions of sediment from the trap con-
ducted using presented model have shown good agreement with the measure-
ments (plus/minus a factor of two of the measurements);

• results confirm that the mechanism of interactions between fractions, and in
particular the influence of finer grains in the mixture on the increase in transport
of coarser fractions, is well described by the model.

2. The experimental investigations on transport of sediment mixture with large amount
of very fine non-cohesive fractions resulted in proposed modification by inclusion
of possible deficit of very small fractions in the active layer of the bottom. The
compatibility of the transport calculation results for all fractions with measurements
Gdańsk 2021 is within plus/minus a factor of two of the measurements. This confirms
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the lack of full availability of very fine fractions in the bottom and be the reason for a
significant reduction in transport of those fractions.

3. Comparison of the calculations by presented modified model of grain size distri-
butions with measurements Gdańsk 2021 shows consistency with the experimental
results within plus/minus a factor of two of the measurements.

4. The presented study provides verified three-layer model which enables the proper
description of sediment transport and grain size distributions of transported fractions
in steady flow for any bed sediment mixtures, including poorly and well sorted grains
with large amount of very fine non-cohesive fractions.

5. The present study provides a useful engineering tool for prediction of transport in
steady flow of sediment mixtures with various non-cohesive fractions including very
fine and fine. Calculations are possible with just a few measurable properties of
particles and water. Parameters do not need tuning against experiments.

6. The next step of model development will be the extension to transport modeling in
steady flow of sand mixtures with cohesive admixtures. The authors look forward to
work also on model extension to predict sediment transport under highly transient
(e.g., dam-break) flows.
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