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Abstract: The aim of this study is to develop an efficient numerical scheme that is capable of simu-
lating landslide-generated waves. The numerical scheme is based on the one-layer non-hydrostatic
(NH-1L) model, a phase-solving model that can account for weakly dispersive waves. In this paper,
the model is extended to include a time-varying solid bed. This NH-1L scheme is very efficient
because, at each time step, only a tridiagonal Poisson pressure matrix needs to be solved. In this
study, the capability of the NH-1L scheme to simulate landslide-generated waves is demonstrated
by executing two types of landslide motion: constant speed and with acceleration and deceleration.
Validation was performed using analytical solutions of the linear weakly dispersive (LWD) model,
as well as experimental data. The NH-1L model was capable of describing the generation and
propagation of water waves by a submarine landslide from relatively intermediate water to shallow
water depths.
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1. Introduction

Landslide-induced tsunamis are natural disasters that can strike the coast without
warning because they may not be preceded by earthquakes. Therefore, it is important to
predict the magnitude and initial location of these tsunamis. Although landslide tsunamis
account for only 7% of all tsunamis [1], they are nearly as destructive as earthquake-
triggered tsunamis. This motivates a comprehensive study of landslide-generated waves
that is necessary for the development of disaster mitigation strategies. The application of
numerical models may provide solutions to these issues.

There have been several attempts to develop numerical models capable of simulating
landslide tsunamis. Non-linear shallow water equations are commonly used due to their
simplicity and efficiency in tsunami modeling [2-6]. However, these models are less
accurate when simulating the generation of tsunamis in areas of intermediate or deep
water depth, where the dispersion effects are fairly significant. Other models that integrate
non-linear and dispersion effects are Boussinesq-type wave equations [7-11] and potential
flow equations [12-14]. However, numerical approaches to Boussinesg-type models are
difficult to implement due to the presence of mixed high-order derivative variables, while
the application of potential flow models is restricted by the assumption of ideal fluids and
irrotational motion [15]. Moreover, the other widely used dispersive models for landslide-
generated tsunamis are based on the Navier—Stokes equations [16-20]. Unfortunately, due
to their computational complexity, these models are costly to calculate.

The non-hydrostatic model is a wave model derived from the Navier-Stokes equations
with hydrodynamic pressure along the flow depth [21-25]. The efficiency and accuracy of
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wave dispersion characteristics are the main focus in developing non-hydrostatic models.
In this case, the non-hydrostatic model trades off accuracy for efficiency; accuracy may be
improved by utilizing more vertical layers of the fluid flow, but efficiency is achieved by
employing fewer layers. Stelling and Zijlema [26] showed that a non-hydrostatic model
with two vertical layers might approximate the dispersion relation up to kdy ~ 9.7, with an
error of around 3%, where k and dj are the wave number and undisturbed water depth,
respectively. Several attempts have been made to enhance the efficiency of non-hydrostatic
models while preserving the necessary level of accuracy. Bai and Cheung [27] proposed that
the non-hydrostatic pressure at the half depth of the two-layer model should be described
in terms of the pressure of the bottom layer with an independent parameter. The efficiency
achieved by employing this approach is comparable to that of a one-layer non-hydrostatic
model. In addition, Cui et al. [28] suggested that the horizontal velocity in the bottom layer
could be expressed with a simple stencil, thus eliminating the need to calculate the vertical
velocity and pressure at the bottom. This approach has yielded a Poisson pressure equation
equivalent to that of the one-layer model, but with a degree of accuracy comparable to that
of the two-layer model. Tarwidi et al. [29] have recently extended the reduced two-layer
model of Cui et al. [28] to include a time-varying solid bottom, allowing it to correctly
simulate landslide-induced tsunamis. Several comparisons with experimental results on
submarine landslides have shown the validity of this model. However, the drawback of
the model is its dependence on two independent parameters that must be determined
before implementation.

In real-world tsunami simulations, large spatial domains with high resolution are fre-
quently employed. In this situation, the efficiency of the numerical models is the main issue.
To achieve the desired efficiency, tsunami dispersion effects are frequently approximated
using a non-hydrostatic model with a single layer, which is accurate up to kdy ~ 3 within
an error of 3% [30]. This study aims to show that the one-layer non-hydrostatic model can
accurately simulate landslide-generated waves where the ratio of the water depth to the
landslide length is relatively small; in other words, the generated waves have weakly dis-
persive effects. Here, we adopt the well-known staggered-grid finite-volume method due
to its accuracy and simplicity in solving the non-linear and dispersive model. To examine
the capabilities of the one-layer model for simulating landslide-generated tsunamis, we
perform a series of numerical simulations and validate the results using analytical and
laboratory experiment results. The present study is one of the first attempts to thoroughly
examine the one-layer model for simulating tsunamis generated by landslides and may lay
the groundwork for future research into more complex problems.

This paper is structured as follows: Section 2 gives a brief overview of the full gov-
erning equations of the one-layer non-hydrostatic model and its associated numerical
techniques. Section 3 discusses the validation of the numerical scheme for the landslide
motion with constant speed and acceleration using analytical solutions. The third section
also describes the validation of the numerical model with experimental results. Lastly,
Section 4 provides a summary of the main significant results of the study.

2. Governing Equations and the NH-1L Scheme

This section presents the one-layer non-hydrostatic model (also referred to simply
as NH-1L), which is used in this article to simulate the waves generated by landslides.
Next, we discuss the numerical implementation using the finite-volume approach on a
staggered grid.

The governing equations of the one-layer non-hydrostatic model are based on the Euler
equations. Let Q) be a fluid domain, bounded by the free surface z = 7(x, t) and the time-
varying bathymetry z = —d(x, t). The total fluid thickness is given by h(x,t) = n(x,t) +
d(x,t). Moreover, the horizontal velocity of the fluid is denoted by u(x, t). Meanwhile, the
vertical velocity on the free surface and the moving bottom is represented by wiqp (, ) and
Wpot (¥, t), respectively. On the free surface, the hydrodynamic pressure is zero, whereas,
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at the bottom, it is indicated by g(x,t). Figure 1 illustrates the variables used in the

NH-1L model.
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Figure 1. Variables in a one-layer non-hydrostatic model.

The one-layer non-hydrostatic model is given by the following equations:

o 3 _o, (1)
% (Blg;op n azg‘;“) _ % ’ ®3)
M + % =0, )
Wpot = —¥ o ”%’ ©

where g is the gravitational acceleration. Equation (1) is the conservation of mass. Equa-
tions (2) and (3) are the momentum balance in the horizontal and vertical directions,
respectively. Equation (4) is the depth-integrated continuity equation. More details on the
derivation of Equations (1)—(4) can be found in Pudjaprasetya et al. [31]. In this article, we
intend to simulate landslide-generated waves, i.e., involving a moving base, so here the
kinematic equation of the base is formulated as Equation (5), with d(x, t) representing the
time-varying bottom.

The NH-1L model has five equations and five unknowns, namely £, u, Wiop, Whot, and
g. After excluding all non-linear terms in Equations (1)—(5), the dispersion relation of the
linear system is given by

w\2 1
—_ = = dil 6
(k) ¢ °1+ L(kdp)? (©)

where c is the wave speed, and w and k are the frequency and wave number, respectively.
To verify that the dispersion relation is accurate, we compare it with the exact dispersion
relation, which is derived from Airy wave theory:

tanh (kd
Cgxact = gdo kC(lo 0) . (7)

Figure 2 depicts the wave speed of the NH-1L model as a function of kdy compared to
the exact solution. It can be seen that the NH-1L model produces an accurate dispersion
relation up to kdy =~ 3, with a relative error of 3%, whereas the dispersive curve of the
Boussinesq model of Nwogu [32] approximates the exact dispersion curve up to kdy = 4,
with a relative error of 3%. This demonstrates that our NH-1L model has a dispersion rela-
tion comparable to that of the Boussinesq model of Nwogu [32]. Moreover, the dispersion
curve of the two-layer non-hydrostatic model (NH-2L) model is also shown in Figure 2,
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which clearly shows that the curve accurately approximates the exact dispersion up to
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Figure 2. (a) Wave speed normalized by /gdg as a function of kdy. (b) Relative error of the
wave speed.

We numerically solve the NH-1L model using the finite-volume method on a staggered
grid. Consider the computational domain of [; < x < Iy and 0 <t < T. The spatial domain
(1, 1] is divided into uniform sub-intervals, with a step size of Ax/2, and the time domain
[0, T], with a step size of At. The grid points along the spatial domain are as follows
x12 =h,x1, X372, X172 = (= 1/2)Bx, %, %10 = (j+ 1/2)B%, -+, XN, XN 172 =
I, with Ny = (I —1;)/Ax. The dependent variable u(x,t) is evaluated at half grid
points x; 1,2, while (x, t) (and hence 7(x, t)) is calculated at the full grid points x;. Their

notations at any time step t" = nAt are u? "1/ h;?, and 17]’?, respectively. Other variables are

approximated at the full grid points, as follows: q}’, h]f‘, w?op i’ and wy j (see Figure 3 for
an illustration.)
---- 7 v 7 ----- free surface
X X
bottom
44— ® : : - *—Pp
X2 X X1 Xi 172 X; Xiv1/2 Xi+1 XNx XNx+1/2

Xu ® g A h O Wiopr Whot

Figure 3. Staggered grid partition with locations of the unknown variables in the one-layer non-
hydrostatic model.
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Using the discretization of the staggered grid, the numerical scheme of the NH-1L
model is expressed as

R LT
h; hj n 1+ j-171-1 _0 ®
At Ax !
n+1 n n
—u n+l _ n+l n+l _ _n+1
ity ity 0u T~ 1 Y ©)
At ox| Ax 2Ax
Itz
2At
n+l _ 1 n+l _ _ n+1 n
Wiop,j = Wiop,j T s Whet,j + Whot,js (10)
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where *h;:_ 1 is obtained by the following upwind approximation:

2

h]', uH% > 0,
iy =4 B . U1 <0 (13)
max{7j, 741} +min{d;, d;i 1}, Uiy = 0.
In Equation (9), the advection term is approximated by
ou ! 1 (T_’j+1 *u]‘+1 — 7 *u]' Tiy1 — T’j> (14)
U= == —u,
, i*3 ’
ox i h]+l Ax 2 Ax
where
Fioy = s +h4), 7= 2
1= 5( i+ ]+1), rj= E(rﬁ% *rj,l),
o * u]*%’ fj >0, 15
Th = Ml T L, <o, 1)
jtat

Equations (8)—(12) contain the unknown variable q"*1. To obtain the solution of this
variable, substituting Equations (9) and (10) into Equation (11) yields the Poisson pressure
equation as follows:

b] C1 0 q}lﬂ-i fl
aa by o 0" f2
: = S (16)
an,-1 bny-1 eng-1 quil SN
0 an, by IRt N,
where
A A 2AXAE Ay
= Toa bi = Ehf S _ZAth ’ 17)
i
fom = (i =y ) = Ax (Wb, vl ) + 28w, (18)

Equation (16) is a system of linear equations with a tridiagonal matrix coefficient,
which is then solved using Thomas’s algorithm; hence, it is very efficient. Whereas the NH-
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2L model requires solving a pentadiagonal matrix at each time step, it is the trade-off from
the NH-2L model that performs better in terms of dispersion (Figure 2). More discussion
about the NH-2L model can be found in Pudjaprasetya et al. [31].

We calculate 1/ at each time step using the predictor—corrector approach. In the
predictor phase, u; 1/, is determined by solving Equation (9) with zero hydrodynamic
pressure. The predicted value obtained from the predictor step is denoted by ;,1,>.
Furthermore, in the corrector step, we apply a correction to the predicted value by
q?j_ll _ q;z—l—l

2Ax

n+1l _ »

u =10.,1— At
j+h

+1 (19)

The computational method for the NH-1L model is summarized as follows.

Calculate h"*! from Equation (8); then the free surface is "1 = p"+1 — gnt1,
Calculate 7 using Equation (9), where the non-hydrostatic pressure term is neglected.

Solve the linear system of Equation (16) to obtain g"*1.

Calculate ngtl using Equation (12).

Calculate the corrected values of u"*1 using Equation (19).

n+1
top

AN ol e

Calculate wy, " using Equation (10).

3. Model Validation

In this section, the NH-1L model is validated using analytical solutions and experi-
mental results. Two different landslide motions are considered: with constant speed in
Section 3.1, and with acceleration and deceleration in Section 3.2. In doing this, we first
define the dimensionless variables as follows:

AR S - S
f=1 F=t L 1= (20)
and the dimensionless parameters:
ao u do
A=—, Fr= , = —. (21)
8 v/ &do T

Here, A denotes the dimensionless landslide acceleration, Fr is the Froude number, and
represents the ratio between the water depth and the landslide length—it is often referred
to as the dispersion parameter.

3.1. Waves Generated by Landslide with Constant Speed

Consider a Gaussian-shaped landslide moving horizontally with constant speed u; at

a constant water depth dy. The bottom motion is given by
d(x,t) = do — Hee 20—t 22)

where the length and the maximum thickness of the landslide are Ly = 4 m and Hs; =1
m, respectively. In the beginning, the water surface and the landslide were both at rest.
Simulations were carried out using the NH-1L numerical scheme in which the advection
term is ignored; here, we use Ax = 0.05 m and At = 0.05 s for the computations.

Our numerical model is compared with two analytical solutions from Lo and Liu [33],
i.e., the linear and weakly dispersive (LWD) and the linear and fully dispersive (LFD) mod-
els. These analytical solutions are structured as the sum of three different waves: 14, 17—,
and #7f,. The first two waves 171 and 17— have the same wave speed but travel in opposite
directions; in addition, their shapes may change over time due to frequency dispersion.
Meanwhile, the last wave component #r, moves with the speed of the landslide and main-
tains its shape. For this assessment, we perform simulations with five different dispersion
parameters y € [0.1,0.5], whereas the Froude number is kept constant Fr = 0.375.
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Figure 4 shows the contour plots of the water surface obtained from three different
models: the numerical model NH-1L and two analytical wave models LWD and LFD, for
u = 0.1,0.2. The wave contours are plotted on the normalized spatial and temporal axes;
the color bar represents the normalized wave amplitudes. As seen in Figure 4, in response
to the landslide motion at the bottom, three distinct waves emerge from x/Ls = 0 and
then separate over time; one positive hump and one negative trough propagate with the
same speed to the right and left, respectively. At the same time, one trough propagates
with landslide speed u; to the right. Figure 4 shows that the surface waves generated by
the NH-1L model confirm the three-wave structure of the analytical solutions of LWD
and LFD. In this case, the leading wave travels at approximately the shallow water wave
celerity /gdp, represented by the dashed lines in the figure. In addition, Figure 5 shows the
wave profiles at a certain time t/g/Ls = 12. For a relatively small dispersion parameter
u = 0.1, the results of NH-1L, LFD, and LFD are nearly identical to the solution of the
linear shallow water equation (LSWE). Furthermore, for the somewhat larger dispersion

parameter y = 0.2, the NH-1L model can still give results comparable to the dispersive
solutions of the LWD and LFD models.
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Figure 4. Comparison of the wave-field contours obtained from three different wave models:
(a,d) NH-1L model, (b,e) LWD model, (c,f) LFD model, for (a-c) p = 0.1, (d—f) p = 0.2. The

dashed line represents the characteristic curves with wave celerity +/gdo.

0.3 (@) u=0.1 0.3 (b)u=0.2 ‘
0.1 0.14
T A
=
-0.1 ) —-0.14
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Figure 5. The free surface profiles at time t,/g/Ls = 12 resulting from the NH-1L simulation
are compared with the LSWE, LWD, and LFD models for two dispersion parameters (a) u = 0.1.
(b) u =0.2.
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The wave-field contours for higher dispersion parameters (¢ = 0.3,0.4) are depicted in
Figure 6, while the free surface profiles for time t/g/Ls = 12 are presented in Figure 7. It
can be seen that each of the three wave groups has a leading wave followed by tailing waves
as a result of the dispersive effects. For i = 0.3, the NH-1L model accurately simulates the
landslide-generated waves; the numerical results agree well with those obtained by LWD
and LFD models. Moreover, for u = 0.4, the NH-1L model is still quite close to the LWD
and LFD models, but starts to produce higher oscillating tails behind the leading wave.

(a)

(b)

(c)

16 16 16
12 12 12
<
S 8 8 8 0.2
-~
4 4 4
0.1
RT 1o 0 o %o 0 10 oo T
16 16 (e) 16 (0 =
-0.1
12 12 12
=
Ei 8 8 8 —0.2
4 4 4
1o 0 0 %o 0 0 %" 0 10
X/Ls X/Ls X/Ls

Figure 6. Comparison of wave-field contours obtained from three different wave models: (a,d) NH-1L
model. (b,e) LWD model. (c,f) LFD model. (a—c) # = 0.3. (d—-f) # = 0.4. The dashed lines represent
the characteristic curves with wave celerity +./gdg.

(a)u=0.3 (b)u=0.4

0.3

0.3

0.14

n/Hs

_0‘1,

—037 1, -5 0 5 10 —037 5, -5 0 5 10
X/Ls X/Ls

—— NH-IL === LWD - LFD

Figure 7. The free surface profiles at time t,/g/Ls = 12 resulting from the NH-1L simulation are
compared with the LWD and LFD models for two dispersion parameters (a) = 0.3. (b) u = 0.4.

The calculation result of the NH-1L model for j = 0.5 is presented in Figure 8, where
the water level is plotted together with the results of the LWD and LFD models. Figure 9
depicts the wave-field contours that resulted from the three models NH-1L, LWD, and LFD.
It can be seen from both figures that, for the dispersion parameter y = 0.5, the simulation
with the NH-1L scheme produces a lot of wiggles behind the main wave. It indicates that,
for u = 0.5, the NH-1L scheme is no longer valid. These results suggest that the NH-1L
model is suitable for landslide simulations within the range of dispersion parameters of
0 < p < 0.4, which is in the range of intermediate to shallow water. Moreover, in the
next subsection, we show that the NH-1L model is still accurate compared to the existing
experimental data, a case that corresponds to u = 0.35.
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Figure 8. Free surface profiles at time t,/g/Ls = 12 resulting from the NH-1L simulation are
compared with the LWD and LFD models for the dispersion parameter p = 0.5.
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Figure 9. Comparison of wave-field contours obtained by different models with the u = 0.5: (a) NH-
1L model. (b) LWD model. (c) LFD model.

3.2. Waves Generated by Landslide with Acceleration

In this section, we validate the NH-1L scheme using some experimental results from
Whittaker et al. [34]. Their experiments used a moving semi-elliptical block as a submarine
landslide on a flat bottom. As presented in Jing et al. [35], the time-varying topography can
be expressed as

ﬂnﬂ:dolﬂb<ﬂxzﬂm>1,€;+ﬂ0<x<§+SU) (23)

where H; = 0.026 m and Ls; = 0.5 m are the maximum thickness and the length of the
landslide, respectively. Here, the landslide motion S(t) is given by

%aot i 0<t<h
T 42
saogty + ue(t —t1), t<t<t
S(t)y=4¢%"1 24
®) saot? +up(ty — 1) +ue(t —ta) — Jap(t — 1)?,  ta<t <t @4
%aot% +u(ty —t1) +ue(ts — ) — %Clo(fg, — tz)z, t>t3
where y
h=—, h=h+2 fHi=h+th, (25)
0

ag and u; are the initial acceleration of the landslide and the maximum velocity of the
landslide, respectively.

From a number of experiments conducted by Whittaker et al. [34], we select the
experimental results of run 21, run 23, and run 12 to validate our NH-1L model, namely
Equations (8)—(12). The dimensionless parameters used in this experiment are summarized
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in Table 1. Here, we also compare the results of the NH-1L model with the analytical
solutions of Jing et al. [35].

Table 1. Dimensionless parameters used in the landslide experiment of Whittaker et al. [34].

Run A Fr i
21 0.153 0.125 0.35
23 0.153 0.375 0.35
12 0.102 0.500 0.70

We begin with a numerical simulation using the parameters of run 21. The landslide
experienced a constant acceleration of @y = 1.5 m/s? during the first 0.109 s, followed
by a constant speed of 1y = 0.164 m/s until a time of t = 2.109 s. The landslide started
to decelerate and finally came to rest at t = 2.218 s. Snapshots of free surface waves
generated from this landslide motion are shown in Figure 10, in which we compare the
results of the NH-1L model, the LWD model [35], and laboratory experiments [34] at
subsequent times. In the simulation of run 21 using parameters A = 0.153, u = 0.35, and
Fr = 0.125, the calculation of the NH-1L scheme shows good agreement with the LWD
results and the experimental data. However, when the landslide motion has stopped at
t\/g/Ls = 13.79, the resulting wave calculated by the NH-1L model is slightly higher than
the experimental results.

(a) tyg/lLs = 2.72 (b) tyg/lLs = 7.47

-0.05
-0.10 -0.10
-5 0 5 0 -5 0 5 10
0.10 (c) tygiL; = 9.05 0.10 (d) t/glLs = 13.79
0.05 0.05

-0.05 -0.05

-0.10 -0.10
-5 0 5 10 =5 0 5 10

X/Ls X/Ls

—— NH-1L ——- LWD o Experiment

Figure 10. Wave profiles at subsequent times from run 21; results of the NH-1L model are compared
with the LWD and experimental data.

Figure 11 shows the results of the subsequent calculations using the run 23 parameters.
Although it has the same acceleration, the speed of the landslide in run 23 is three times
faster than in run 21. The parameter values for this simulation are A = 0.153, u = 0.35,
and Fr = 0.375. As shown in Figure 11, the NH-1L results match the measurement
data, while the LWD model generates slightly lower waves. In this case, to account for
increased landslide velocities, a non-linear numerical model is required, as described by
Jing et al. [35]. Figures 10 and 11 confirm that the NH-1L model can still provide results
that are comparable to the experimental data for the case of the dispersion parameter
u=0.35.
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Furthermore, we perform the calculation using parameters of run 12, which correspond
to u = 0.7; as shown in Figure 12, the NH-1L model failed to simulate this highly dispersive
case, and the LWD model also failed. Both weakly dispersive models, the NH-1L and
the LWD, overpredict the amplitude and shape of the generated waves. For this case, we
require a better non-hydrostatic model with a broader dispersion range, such as the two-
layer non-hydrostatic model (NH-2L). Figure 12 also depicts the results of the calculations
performed with the NH-2L model. We can see that the NH-2L model can clearly simulate
the run 12 case better than the weakly dispersive NH-1L model.

(a) t/glls =272

04 04 (b) ty/glLs = 7.47

s 0 5 10 s 0 5 10
0.4 (c) tyg/Ls = 9.05 0.4 (d) tyg/Ls =13.79
0.2
0.0 RS
_02,
-0.4 : : -0.4 : ‘
0 -5 0 5 10 0 -5 0 5 10
X/Ls x/Ls
—— NH-1L ——- LWD o Experiment

Figure 11. Comparisons of observed and predicted wave heights at several times in run 23.

(a) tyglLs = 2.72

(b) ty/glLs = 7.47

0.6 0.6
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<
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—— NH-1L ——- LWD === NH-2L o Experiment

Figure 12. Comparisons of observed and predicted wave heights at several times in run 12.
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4. Conclusions

We have developed an efficient numerical scheme that is capable of simulating waves
generated by landslides, which is called the one-layer non-hydrostatic model (NH-1L).
We used the scheme to simulate the appearance of free-surface deformation caused by
landslide motions: landslides moving at constant speed on a flat bottom and landslides
moving with acceleration. Our numerical NH-1L results show good agreement with the
results of the linear weakly dispersive model (LWD), as well as the experimental results of
Whittaker et al. [34] and, therefore, provide good validation for the NH-1L scheme. The
proposed numerical scheme has several positive properties, including the following: the
scheme is relatively simple and adopts the bottom movement directly, and the scheme is
efficient because each time step only needs to solve the equation with a tridiagonal Poisson
matrix. Further evaluation shows that the NH-1L model is a feasible alternative to tsunami
modeling due to its ability to simulate weakly dispersive landslide-generated waves from
relatively intermediate to shallow water depths.
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