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Abstract: Based on the flow continuity formula, resistance formula, sediment transport capacity
formula and width-depth ratio relationship, the hydraulic geometry relationship and theory of
equilibrium water depth for a branching river are established and are suitable for arbitrary section
shape. The ratio of cross-sectional area of a distributary channel and the main stream is a power
function of its bifurcation ratio with an exponent of 6/7. This was applied to a 12.5 m deep-water
channel of the Yangtze River (the North Passage, Fujiangsha Waterway and Shiyezhou Waterway).
The reliability of the equilibrium water depth was verified and the construction effect of the channel
regulation project was predicted. The results show that the regulation project has achieved certain
results on the whole, but some waterways still cannot meet the requirement of 12.5 m navigation depth.
It is necessary to adjust the layout of the regulation project and focus on increasing the bifurcation
ratio and reducing the flow resistance so as to increase the maximum equilibrium water depth.

Keywords: hydraulic geometry; equilibrium water depth; branching river; Yangtze River; regulation
project

1. Introduction

The relationship of hydraulic geometry refers to a functional relationship between
channel morphology and the dynamic conditions of water and sediment under certain
inflow and sediment and boundary conditions, also known as the river facies relationship.
Since 1895, when Kennedy [1] proposed the first empirical formula for the river facies rela-
tionship without scouring and silting, many scholars have conducted long-term research on
the relationships of hydraulic geometry. The early river facies relationship is basically based
on empirical formulas. Researchers pursued empirical verification that these relationships
indeed exhibited strong goodness of fit for different physiographic sites and settings [2–9].
Based on the relationship between average flow velocity U and average water depth h,
which was proposed by Kennedy, Lacey [10] established equations of wetted perimeter χ,
hydraulic radius R, and hydraulic gradient J on flow Q and sediment coefficient f. Since
then, Blench [11] further introduced the river bank sediment coefficient f w to supplement
the formula. Leopold and Maddock [12] proposed a hydraulic geometry relationship as a
power function between width, depth, velocity and flow discharge. They used data from
119 measurement stations in nine different basins of America in their study and indicated
that the hydraulic geometry of the channel can be expressed as a function of flow discharge.

However, the dimensions of the early river facies relationship formulas are generally
not harmonious [13,14]. Since modern times, the study of the river facies relationship
has been greatly improved. Velicanov [15] used the bed-forming discharge Q, hydraulic
gradient J and the sediment particle size d50 to represent the three factors of meteorol-
ogy, topography and geological structure, respectively. Using the dimensional analysis
method, the expression of river width and water depth is obtained, which is widely used
as
√

Bd/H = ζ after simplification.
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Many scholars have also studied the hydraulic geometric relationship of branching
rivers. Taylor [16] studied the relationship between the bifurcation ratio and the water
depth ratio via flume experiments. Marra [17] conducted an experiment on the near bed
flow and surface flow diversion model in river bifurcation. Wang [18] obtained the bed
material flux upstream and downstream of the Mississippi Achafaraya River Diversion by
estimating the controlled large bifurcations. Ding [19] established a formula for calculating
the diversion ratio and sediment ratio of the branch channel and verified it based on the
measured water and sediment data of several branches in the middle and lower reaches of
the Yangtze River. Xie [20] discussed the relationship between the hydraulic elements of the
bifurcated channel and the hydraulic elements of the single section and summarized the
formation mechanism and evolution law of the bifurcated channel. Wang [21] and Bolla-
Pitaluga [22] studied the equilibrium morphology and stability of the channel through a
one-dimensional dynamic geomorphological model. According to the vertical distribution
of flow velocity and sediment concentration, Han [23] analyzed the relationship between
the diversion ratio and the sediment ratio by introducing the equivalent water depth
determined by the diversion ratio of the distributary channel. On this basis, Qin [24]
considered the transverse circulation effect, further improved the sediment diversion model
and obtained the relationship between the sediment diversion ratio and the topography. The
model was applied to the qualitative analysis and verification calculation of the Jingjiang
channel and the distributary channels in the middle reaches of the Yangtze River, and
the results are in good agreement. Lane [25] obtained the flow pattern of a multi-channel
river through a high-precision two-dimensional space model. Neary [26], Barkdoll [27]
and Dargahi [28] studied the characteristics of water and sediment movement in the
branching estuary using a three-dimensional model. Using the theory of minimum energy
consumption, Yan [29] analyzed the hydraulic geometry relationship of the branches of
alluvial rivers under the condition of free development or restriction and obtained the
calculation formulas of diversion angle and deflection angle. Meselhe‘s [30] analysis
focused on the dynamics between the flow and sediment delta interconnected channel
networks. Bertoldi [31] studied the equilibrium cross-section shape of the branching river
through experimental observation. Tong [32] derived two formulas for calculating the
diversion ratio of branching rivers by using the equal sediment concentration method
and the momentum balance method and considered the formula based on the momentum
balance method more accurate. Based on the theories of minimum energy dissipation
theory of fluid movement and river morphodynamics, Yang [33] analyzed the relationship
between river island shape coefficient and flow and sediment dynamics under stable
equilibrium conditions.

Some researchers proposed two different forms of power law, hydropower station
hydraulic geometry (AHG) and downstream hydraulic geometry (DHG), and derived the
theoretical expressions of AHG and DHG [34–36]. Tran used a process-based morphody-
namic model to simulate the evolution of tidal inlets towards equilibrium when subjected
to a range of tide and wave conditions. Specific attention was given to the evolution
of the cross-sectional area of the inlet channel. [37]. D’Alpaos [38] verified that the P-A
relationship is not only applicable to the portal section, but also to any section of the tidal
inlet, which can be used to predict the long-term seabed terrain evolution of the tidal
inlet. Arkesteijn tried to develop analytical solutions for balanced channel profiles [39]. In
this study, the term “hydraulic geometry” refers to downstream hydraulic geometry, and
discharge values are denoted by bed-forming discharge.

For the river facies relationship with four unknowns B, H, V and J, a set of simultaneous
equations can also be used to solve the hydraulic geometric relationship. Usually, only
three equations can be introduced, i.e., the flow continuity formula, the resistance formula
and the sediment transport capacity formula. In order to make the equations closed, one
more equation is needed. In this paper, the aforementioned empirical relationship of the
width–depth ratio is introduced to establish a hydraulic geometry relationship suitable for
arbitrary section shape.
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2. Methods
2.1. Hydraulic Geometry

The relationship of hydraulic geometry refers to a functional relationship between
channel morphology and dynamic conditions of water and sediment under certain inflow
and sediment and boundary conditions. As for a branching river, considering that the
water depth varies along the river width y direction, while the vertical average velocity
varies along the river width direction with the water depth, the two-dimensional continuity
equation in the integral form is shown as follows:

Qi =
∫ Bi

0
hi(y)ui(y)dy (1)

where Qi is the bed-forming discharge, Bi is the river width, hi(y) is the water depth, ui(y)
is the vertical average velocity, and y represents the lateral direction, that is, the river
width direction. The subscript i = 0 represents the main stream, and i = 1, 2 represents a
distributary channel, as shown in Figure 1.
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Figure 1. Sketch of branching channel.

Similarly, according to the Chezy formula, the two-dimensional resistance equation in
integral form is:

ui(y) = Ci

√
ghi(y)Ji (2)

where Ji is the hydraulic gradient and Ci is the dimensionless Chezy coefficient, which
reflects the river resistance.

The sediment transport capacity can be calculated by the following formula [40]:

S∗vi = k0(
Ui

2

gHi
) (3)

where S∗vi is the sediment transport capacity by volume, that is, the (equilibrium) suspended
sediment concentration, Hi is the average water depth, Ui is the average velocity in section,
and k0 is a dimensionless constant.

The ratio of width–depth reflects the change in channel morphology, which can be
expressed by the following expression:

√
BiDm

Hi
= ξ (4)

where Dm is the average particle size, which reflects the influence of the composition of
non-uniform sediment on the cross-section morphology. It is usually assumed that the
average particle size Dm and morphological coefficient ξ remain unchanged before and
after branching.



Water 2023, 15, 430 4 of 19

Based on the Equations (1)–(4), the relationship of hydraulic geometry for arbitrary
section shape can be obtained.

Assume that the cross-section morphology of main stream and distributary channel
satisfy a same function:

h(y)/hmax = F(y) y ∈ [0, B] (5)

and F(0) = F(B) = 0; hmax is the maximum water depth in the section, as shown in
Figure 2.
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Then, the discharge of main stream and distributary channel is:

Qi =
∫ Bi

0 hi(y)ui(y)dy
= Cihimax

√
ghimax Ji

∫ Bi
0 F(y)3/2dy

(6)

Let t = y/Bi, and

k1 =
∫ 1

0
F′(t)3/2dt (7)

then
Qi = k1BiCihimax

√
ghimax Ji (8)

k1 is an integral related to the lateral distribution of relative water depth, which can be
obtained by numerical integration of terrain curves or calculated using actual terrain data.
It is applicable to arbitrary terrain curve, and its value varies with terrain.

Therefore, the bifurcation ratio ηi can be expressed as follows:

ηi =
Qi
Q0

=
Bi
B0

(
himax

h0max
)

3/2 Ci
C0

(
Ji
J0
)

1/2
(9)

The cross-sectional area of the main stream and distributary channel is:

Ai =
∫ Bi

0 hi(y)dy = Bihimax
∫ 1

0 F′(t)dt
= k2Bihimax

(10)

where

k2 =
∫ 1

0
F′(t)dt (11)

k2 is the integral coefficient of the terrain curve, generally between 0.5 and 1. The average
velocity of the main stream and distributary channel is:

Ui = Qi/Ai =
BiCihimax

√
ghimax Ji

∫ 1
0 F′(t)3/2dt

Bihimax
∫ 1

0 F′(t)dt

= k1
k2

Ci
√

ghimax Ji

(12)
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The average depth of main stream and distributary channel is:

Hi = k2himax (13)

The branch river is in a balanced or quasi-balanced state after long-term dynamic
adjustment, and it is generally considered that the sediment transport capacity is the same
before and after branching. That is,

S∗v0 = S∗v1 = S∗v2 (14)

According to Equations (3)–(14):

k1

k
3
2
2

C0 J0
1
2 =

k1

k
3
2
2

Ci Ji
1
2 (15)

Therefore
Ci
C0

=

(
J0

Ji

) 1
2

(16)

Substituting Equation (16) into Equation (9) leads to:

ηi =
Bi
B0

(
himax

h0max
)

3/2
(17)

According to Equations (4) and (17), it can be derived:

Bi
B0

= (
Hi
H0

)
2
= (

himax

h0max
)

2
(18)

Hi
H0

=
himax

h0max
= ηi

2/7 (19)

Bi
B0

= ηi
4/7 (20)

Ai
A0

= ηi
6/7 (21)

Equations (19)–(21) are the hydraulic geometry relationship of a branching river, which
is suitable for different channel morphology. The ratio of water depth, river width and
cross-sectional area of a distributary channel to the main stream is a power function of its
bifurcation ratio with exponents of 2/7, 4/7 and 6/7, respectively.

2.2. Theory of Equilibrium Water Depth

For navigable channels, the distribution of equilibrium water depth h(y) along the
cross section can be calculated according to Equations (5)–(21):

h(y) =
A0

Bik2

(
Qi
Q0

)6/7
F(y) (22)

Equation (22) can be used to calculate the equilibrium water depth.
The equilibrium water depth provides a method to predict the evolution trend of the

branch river in addition to the mathematical model and the physical model. It pays more
attention to the exploration of the final result, different from the mathematical model, which
attaches importance to the process change. For balanced water depth, the mathematical
model and physical model have their own advantages and disadvantages.

The flow parameters used in the calculation of equilibrium water depth should be
multi-year averages to reflect the equilibrium state of the branching river. However, it
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is difficult to obtain the measured data of a long river for many years; this is generally
calculated using a mathematical model. The upstream boundary condition of the model
is the bed-forming discharge, which is calculated using the Makaviev method, and the
downstream boundary is the tidal level corresponding to the bed-forming discharge, so as
to calculate the flow parameters of the multi-year average value.

When the section shape function is a parabolic curve, that is,

F(y) = 1− (
2y
B
− 1)

2
(23)

and the integral coefficient of terrain curve k2 = 2/3, then

h(y) =
3A0

2Bi

(
Qi
Q0

)6/7
[1− (

2y
Bi
− 1)

2
] (24)

hmax =
3A0

2Bi

(
Qi
Q0

)6/7
(25)

When the channel width is L and the channel is located in the middle of the river
(shown in Figure 3), the navigable depth hL within the channel width is:

hL = h(
Bi − L

2
) =

3A0

2Bi

(
Qi
Q0

)6/7
[1− (

L
Bi
)

2
] (26)
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The difference from the designed navigable depth Hs is:

∆H = hL − Hs (27)

∆H means the dredging depth required to meet navigation requirements.
When other cross-section shape functions are used, the navigable depth hL can still be

calculated according to the channel position by Equation (22).
In addition, in waterway regulation and the flood control revetment project, in order

to achieve the effect of scouring the riverbed and increasing the water depth of the channel,
spur dikes and other regulation buildings are often used to narrow the river channel and
flow. The root of the spur dike is generally connected to the river bank or the guide
embankment, and the dam head extends to the river center. The line connecting the head
of the spur dike group is the regulation line, and the section between the regulation lines
is the main channel. Under the action of the spur dike, the flow structures of the main
channel and the dam field are quite different. The discharge Q′i in main channel is the main
factor determining the riverbed topography, and the flow in the dam field has little effect
on the riverbed topography.

The average water depth and cross section area of the main channel, which have great
influence on navigation, are exactly what we are concerned about. Therefore, the hydraulic
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geometry of the branching river proposed above should be modified. When there are spur
dikes, dikes and other regulation buildings in the branch channel, the hydraulic geometry
of the branching river can be changed into the following form:

A′i
A0

= (
Q′i
Q0

)

6
7

(28)

The cross-section area here only considers the main channel range. The channel section
with the spur dike is generalized as shown in Figure 4, and the lower part of the main
channel is set to be parabolic.
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When Br is the distance between the regulation lines, Bj is the total width, hu is the
water depth of the upper rectangular, determined according to the average water depth on
the regulation line, and hd is the maximum water depth of lower parabolic, then the main
channel section area is:

A′i = Br(hu +
2
3

hd) (29)

The equilibrium water depth of the main channel is expressed as:

h(y) = hu + hdF(y) = hu +
3
2

A0

Br
(

Q′i
Q0

)

6
7

− hu

[1− (
2y
Br
− 1)

2
] (30)

The maximum equilibrium depth of the main channel hmax is expressed as:

hmax = hu + hd =
3A0

2Br
(

Q′i
Q0

)

6
7

− 1
2

hu (31)

When the channel width is L and the channel is located in the middle of the river, the
navigable depth hL within the channel width is:

hL = h(
Br − L

2
) = hu +

3
2

A0

Br
(

Q′i
Q0

)

6
7

− hu

[1− (
L
Br

)
2
] (32)

When the channel is not in the middle, the navigable depth should be calculated by
Equation (30) according to the channel position.

3. Results

The regulation of the Yangtze River deep-water channel project strives to gradually
realize the navigation depths of 8.5, 10 and 12.5 m in three phases. In this paper, the equi-
librium water depth of the Yangtze River deep-water channel (North Passage, Fujiangsha
Waterway and Shiyezhou Waterway) before and after the multi-branch channel project was
calculated. The reliability of the equilibrium water depth is verified and the construction
effect of the channel regulation project is predicted.
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3.1. Equilibrium Water Depth of North Passage
3.1.1. Before the Project

The South Branch of Yangtze Estuary is divided into the South Channel and the North
Channel by Changxing Island and Hengsha Island, and the South Channel is divided
into the South Passage and North Passage by Jiuduansha. The section a-a’ of the South
Channel and the section b-b’ of the North Passage were selected to calculate the maximum
equilibrium water depth hmax before the project. The positions of the sections are shown in
Figure 5. The shape function of the sections was set as a parabola.
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The equilibrium water depth was calculated after obtaining relevant flow parameters
from the numerical model. The result is shown in Table 1. The maximum water depth hmax
is 6.9 m, which is basically consistent with the actual situation, wherethe water depth at
the top of the bar sand section of the Yangtze Estuary channel was maintained at 6–7 m for
a long time before the project. This shows that the hydraulic geometry proposed in this
paper is suitable for estimating the equilibrium water depth of a branching river.

Table 1. Equilibrium water depth of the North Passage before the project.

Section A0 (m2) Bi (m) Qi/Q0 Ai (m2) hmax (m)

b-b’ 69,539 8303 0.793 57,002 6.9

3.1.2. After the Project

The construction of the North Passage regulation project began in January 1998, and
the third phase of the project was completed in March 2010. The north and south guide
dikes and spur dikes were built along the shoals on the south and north sides of the North
Passage, which significantly changed the hydrodynamics, sediment transport, riverbed
topography and cross-section morphology of the North Passage. The target navigation
depth is 12.5 m. However, after the third phase of the project, the annual siltation of the
channel is still large, and the annual maintenance and dredging volume of the channel is up
to 80 million m3. Considering the influence of spur dikes, we used the modified hydraulic
geometry relationship to calculate the navigable water depth in the channel. The layout of
the regulating structure is shown in Figure 6.
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The positions of calculated sections ( 1©~ 8©), which are located between spur dikes,
are shown in Figure 7.
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Figure 7. Positions of the sections in North Passage after the project.

The navigable water depth calculated according to the hydraulic geometry is shown
in Table 2. The navigable water depths in the 1©~ 3© sections of the upper section of the
North Passage are 11.46 m, 11.43 m and 11.40 m, respectively, and the difference from the
designed water depth is about 1.1 m. The navigable water depths of the 4©~ 6© sections
of the middle section of the North Passage are 9.66 m, 9.52 m and 9.78 m, respectively,
and the difference from the designed water depth is about 2.8 m. The navigable water
depths of the 7©~ 8© sections of the lower section of the North Passage are 10.36 m and
10.39 m, respectively, and the difference from the designed water depth is about 2.1 m. In
general, after the third phase of the project, the navigable water depth of the upper section
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of the North Passage is greater than that of the lower section, and the middle section is the
smallest, which is consistent with the actual situation.

Table 2. Equilibrium water depth of the North Passage after the project.

Section A0 (m2) Br (m) Qi/Q0 Ai (m2) hL (m) ∆H (m)

1©

73,012

3030 0.439 36,053 11.46 −1.04
2© 3044 0.455 37,176 11.43 −1.07
3© 3068 0.473 38,433 11.40 −1.10
4© 2942 0.376 31,586 9.66 −2.84
5© 3023 0.404 33,585 9.52 −2.98
6© 3211 0.442 36,215 9.78 −2.72
7© 3724 0.501 40,344 10.36 −2.14
8© 4118 0.564 44,693 10.39 −2.11

The double dikes and spur dikes in the regulation project narrowed the channel. On
the one hand, it is beneficial to increase the unit width flow; to a certain extent, it has
the effect of beaming water to attack sand and scour the deep channel, which makes
the theoretical navigation depth of the North Passage increase obviously, reaching about
10.51 m on average. However, on the other hand, the engineering buildings increase the
resistance of the riverbed shape, which reduces the flow. The change of the maximum
navigable depth depends on the combined effect of the above two factors. Finally, there is
still a gap of about 2 m between the theoretical navigable depth and the designed depth of
12.5 m. This shows that according to the current regulation projects, the navigable depth of
12.5 m cannot be naturally maintained. If the navigable depth of 12.5 m is to be maintained,
other regulation projects or a certain amount of dredging is required every year.

3.2. Equilibrium Water Depth of Fujiangsha Waterway

The second phase of the 12.5 m deep-water channel below Nanjing of the Yangtze River
mainly extends from Nantong (Tianshenggang) to Nanjing (Xinshengwei) by implementing
the regulation project of the key parts of the inner beach of the Yangtze River from Nantong
to Nanjing and combining with dredging measures.

3.2.1. Before the Project

Located between Jiangyin and Jiulonggang, shown in Figure 8, the Fujiangsha Water-
way is about 40 km. It is in a pattern of “two-level branching and three-branch coexistence”
on the plane. This is the difficulty of the 12.5 m channel regulation below Nanjing and the
key control section of the deep-water channel.

Section 1© in the main stream, sections 2©~ 5© in the Fujiangsha branch and sections 6©~ 8©
in the Shuangjiansha branch were chosen to calculate the navigable depth hL before the
project. The shape function of the sections was set as a parabola. The positions of the
sections are shown in Figure 9.
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The navigable water depth was calculated after obtaining relevant flow parameters
from the numerical model. The results are shown in Table 3.

Table 3. Equilibrium water depth of Fujiangsha Waterway.

Section A0 (m2) Qi/Q0 Ai (m2) Bi (m) hL (m) ∆H (m)

2©

40,389

0.802 33,429

3409 12.10 −0.40
3© 3385 12.20 −0.30
4© 3396 12.14 −0.36
5© 3405 12.11 −0.39

6©
0.376 17,463

1859 7.59 −4.91
7© 1836 7.77 −4.73
8© 1844 7.71 −4.79

According to Table 3, the navigable water depth of the Fujiangsha branch is 12.1 m,
and the difference from the designed navigable water depth of 12.5 m is about 0.4 m. After
proper treatment, it can meet the navigation requirement. The navigable water depth of
the Shuangjiansha branch is 7.59 m, and the difference from the designed navigable water
depth is 4.91 m. There is a big gap, and it is necessary to carry out large-scale engineering
measures to adjust the main stream into the Shuangjiansha branch, so as to realize the
design’s navigable water depth of 12.5 m.

3.2.2. After the Project

According to the project design, the layout of spur dikes in Fujiangsha and Shuangjian-
sha branch is shown in Figure 10.

Section 1© in the main stream, sections 2©~ 5© in the Fujiangsha branch and sections 6©~ 8©
in the Shuangjiansha branch were chosen to calculate the navigable depth hL after the
project. Compared with the design navigable depth of 12.5 m, the effect of channel regula-
tion can be predicted and analyzed, which will provide follow-up ideas and scientific basis
for channel regulation. The positions of the calculated sections, which are located between
spur dikes, are shown in Figure 11.



Water 2023, 15, 430 13 of 19
Water 2023, 15, x FOR PEER REVIEW 13 of 19 
 

 

 

Figure 10. Layout of regulating structure in Fujiangsha Waterway. 

Section ① in the main stream, sections ②~⑤ in the Fujiangsha branch and sections 

⑥~⑧ in the Shuangjiansha branch were chosen to calculate the navigable depth hL after 

the project. Compared with the design navigable depth of 12.5 m, the effect of channel 

regulation can be predicted and analyzed, which will provide follow-up ideas and scien-

tific basis for channel regulation. The positions of the calculated sections, which are lo-

cated between spur dikes, are shown in Figure 11. 

 

Figure 11. Positions of the sections in Fujiangsha Waterway after the project. 

The navigable water depth calculated according to the hydraulic geometry is shown 

in Table 4. 

Table 4. Equilibrium water depth of the Fujiangsha Waterway after the project. 

Section A0 (m2) Qi/Q0 Ai (m2) B (m) hL (m) H  (m) 

② 

43,089 

0.749 33,634 2625 13.21 +0.71 

③ 0.746 33,519 2531 13.22 +0.72 

④ 0.748 33,596 2590 13.05 +0.55 

⑤ 0.754 33,826 2795 13.06 +0.56 

⑥ 0.282 12,161 1344 10.71 −1.79 

⑦ 0.301 13,003 1159 10.63 −1.87 

⑧ 0.312 13,454 1271 10.66 −1.84 

Figure 10. Layout of regulating structure in Fujiangsha Waterway.

Water 2023, 15, x FOR PEER REVIEW 13 of 19 
 

 

 

Figure 10. Layout of regulating structure in Fujiangsha Waterway. 

Section ① in the main stream, sections ②~⑤ in the Fujiangsha branch and sections 

⑥~⑧ in the Shuangjiansha branch were chosen to calculate the navigable depth hL after 

the project. Compared with the design navigable depth of 12.5 m, the effect of channel 

regulation can be predicted and analyzed, which will provide follow-up ideas and scien-

tific basis for channel regulation. The positions of the calculated sections, which are lo-

cated between spur dikes, are shown in Figure 11. 

 

Figure 11. Positions of the sections in Fujiangsha Waterway after the project. 

The navigable water depth calculated according to the hydraulic geometry is shown 

in Table 4. 

Table 4. Equilibrium water depth of the Fujiangsha Waterway after the project. 

Section A0 (m2) Qi/Q0 Ai (m2) B (m) hL (m) H  (m) 

② 

43,089 

0.749 33,634 2625 13.21 +0.71 

③ 0.746 33,519 2531 13.22 +0.72 

④ 0.748 33,596 2590 13.05 +0.55 

⑤ 0.754 33,826 2795 13.06 +0.56 

⑥ 0.282 12,161 1344 10.71 −1.79 

⑦ 0.301 13,003 1159 10.63 −1.87 

⑧ 0.312 13,454 1271 10.66 −1.84 

Figure 11. Positions of the sections in Fujiangsha Waterway after the project.

The navigable water depth calculated according to the hydraulic geometry is shown
in Table 4.

Table 4. Equilibrium water depth of the Fujiangsha Waterway after the project.

Section A0 (m2) Qi/Q0 Ai (m2) B (m) hL (m) ∆H (m)

2©

43,089

0.749 33,634 2625 13.21 +0.71
3© 0.746 33,519 2531 13.22 +0.72
4© 0.748 33,596 2590 13.05 +0.55
5© 0.754 33,826 2795 13.06 +0.56

6© 0.282 12,161 1344 10.71 −1.79
7© 0.301 13,003 1159 10.63 −1.87
8© 0.312 13,454 1271 10.66 −1.84
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The results show that the navigable water depth of the Fujiangsha branch increased
from 12.1 m to 13.05 m, which can meet the requirements of the design navigable water
depth. However, for the Shuangjiansha branch, although the navigable water depth
increased to 10.63 m, it still cannot meet the requirements of the design navigable water
depth, which means that there is a certain limit to increasing the equilibrium water depth.
The spur dike plays the role of narrowing the river channel, and also leads to increase in the
branch resistance and decrease in the bifurcation ratio, which makes the regulation effect fail
to achieve the expected goal. Therefore, we should focus on increasing the bifurcation ratio
of the channel and reducing the flow resistance to increase the maintainable equilibrium
water depth.

3.3. Equilibrium Water Depth of Shiyezhou Waterway
3.3.1. Before the Project

The total length of the Shiyezhou Waterway is about 31 km, shown in Figure 8.
Section 1© in the main stream and sections 2©~ 5© in the Shiyezhou branch were chosen to
calculate the navigable depth hL before the project. The shape function of the sections was
also set as a parabola. The positions of the sections are shown in Figure 12.
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The navigable depth was calculated after obtaining relevant flow parameters from the
numerical model. The results are shown in Table 5.

Table 5. Equilibrium water depth of Shiyezhou Waterway.

Section A0 (m2) Qi/Q0 Ai (m2) B (m) hL (m) ∆H (m)

2©

38,900 0.609 25,429

1772 10.79 −1.71
3© 1802 11.12 −1.38
4© 1848 11.56 −0.94
5© 1869 11.90 −0.60

According to the Table 5, the navigable water depth of the Shiyezhou branch is 10.79 m,
and the difference from the designed navigable water depth of 12.5 m is about 1.71 m. There
is a certain gap, and necessary engineering remediation measures are needed. This shows
that according to the current regulation projects, the navigable depth of 12.5 m cannot be
naturally maintained. If the navigable depth of 12.5 m is to be maintained, other regulation
projects or a certain amount of dredging is required every year.

3.3.2. After the Project

According to the project design, the layout of spur dikes in Shiyezhou Waterway is
shown in Figure 13.
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Figure 13. Layout of regulating structure in Shiyezhou Waterway.

Section 1© in the main stream and sections 2©~ 5© in the Shiyezhou branch were chosen
to calculate the navigable depth hL after the project. The positions of the sections are shown
in Figure 14. The navigable depth calculated according to the hydraulic geometry is shown
in Table 6.
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Table 6. Equilibrium water depth of the Shiyezhou Waterway after the project.

Section A0 (m2) Qi/Q0 Ai (m2) B (m) hL (m) ∆H (m)

2©

38,900

0.491 21,143 1252 12.95 +0.45
3© 0.509 21,805 1226 13.30 +0.80
4© 0.493 21,217 1216 13.36 +0.86
5© 0.512 21,916 1234 14.15 +1.65

The calculation shows that the navigable water depth of the Shiyezhou branch in-
creased from 10.79 m to 12.95 m, which can meet the requirements of the design navigable
water depth. It can be seen that the engineering scheme has a certain regulation effect on
the Shiyezhou branch. This shows that according to the current regulation projects, the
navigable depth of 12.5 m can be naturally maintained.
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4. Discussion

Sediment transport causes riverbed erosion and siltation, which determines the trend
of riverbed evolution. When the sediment transport capacity exceeds the sediment con-
centration, the river channel will be scoured; on the contrary, siltation will occur, which
will cause siltation of the channel. Erosion and siltation always exist in natural rivers. If we
need to accurately calculate the erosion and siltation of a certain river at a certain time, we
can use a mathematical model to calculate it through the difference between the sediment
transport capacity and the sediment concentration. However, it is difficult to calculate
the water depth of the final form of a river in the future through numerical simulation,
because the boundary conditions are always changing. However, this ideal state of balance
is also a very interesting and meaningful state. This state is the balance form formed by
the long-term dynamic adjustment of the river and the final result of sediment transport.
The water depth in this state is the maximum water depth that the channel or river can
maintain or reach under certain conditions. Its determination is of great significance for the
determination of the design water depth of the channel or the design and implementation
of engineering regulation measures.

In the process of establishing our theory and method, we made some assumptions
and simplifications, mainly from non-tidal rivers, and assumed a future equilibrium state,
in which water depth may approach equilibrium depth. Based on the relevant control
equations, the exact relationship between the sections before and after branching under the
ideal balance state were obtained. In fact, this is also applicable to tidal rivers and estuaries,
just as many relationships applicable to tidal rivers and estuaries were originally derived
from flume experiments or non-tidal rivers.

From the results above, we found that the maximum water depth calculated in the
North Passage before the project was 6.9 m, which is basically consistent with the actual
situation that the water depth at the top of the bar sand section of the Yangtze Estuary
channel was maintained at 6–7 m for a long time. Obviously, the results successfully verify
the reliability of the proposed method.

The basic reason why this method can be applicable to tidal rivers and estuaries lies
in the following two points: Firstly, one of the biggest differences between tidal rivers
and estuaries and non-tidal rivers is the change of flow direction, but when we choose a
certain time point, this is basically the same as that of non-tidal rivers, that is, it can also
conform to our four control equations (Equations (1)–(4)). This is the main reason why this
relationship can be also applicable to tidal rivers and estuaries. Secondly, it is obvious that
the most critical element in Equation (26) for calculating the equilibrium water depth is the
bifurcation ratio before and after branching. In fact, the most important factor here is the
ratio of representative discharge before and after branching, rather than a single discharge.
Therefore, as long as the corresponding fluctuation flow is selected, the results will be
feasible. In this paper, the runoff calculated was used as the representative discharge for
non-tidal rivers, the ebb flow calculated was used as the representative discharge for tidal
rivers and estuaries, and good results were obtained. This is another important reason
why this relationship can be applicable to tidal rivers and estuaries. The calculation of the
equilibrium water depth pays more attention to the exploration of the final results, which
is different from the characteristics of the mathematical model that pays more attention
to the process changes. The impact of scouring and silting changes or sediment transport
imbalance in a short period of time on the final results is small and can be ignored to some
extent. This provides a method to predict the trend of riverbed evolution in addition to
mathematical and physical models that is on a longer time scale. In general, our theoretical
derivation method and calculation method of equilibrium water depth are new and unique
and are of great convenience and significance in the engineering field.

5. Conclusions

Based on the flow continuity formula, resistance formula, sediment transport capacity
formula and width–depth ratio relationship, the hydraulic geometry relationship of a
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branching river was established that is suitable for arbitrary section shape. The ratio of
cross-sectional area of a distributary channel and the main stream is a power function of
its bifurcation ratio with an exponent of 6/7. On this basis, the theory of the equilibrium
water depth and its calculation method were constructed.

The theory of equilibrium depth provides a method to predict the trend of riverbed
evolution in addition to mathematical models and physical models. It pays more atten-
tion to the exploration of the final results, which is different from the characteristics of
mathematical models that attach importance to process changes. Each has advantages and
disadvantages and complements the other.

The theory and calculation method of equilibrium water depth based on hydraulic
geometry was applied to the North Passage, Fujiangsha Waterway and Shiyezhou Wa-
terway of Yangtze River. The reliability of equilibrium water depth was verified and the
construction effect of the channel regulation project was predicted.

On the one hand, the regulation project is conducive to increasing the unit width flow
to a certain extent; it has the effect of water and sand attacking and scouring the deep
channel, which increases the equilibrium water depth. On the other hand, the regulation
project increases the resistance of the channel, which is not conducive to the maintenance
of channel water depth. The variation in the maximum equilibrium depth of the section
depends on the combined effect of the above two factors. For the river sections that cannot
reach the navigable depth of 12.5 m, it is necessary to focus on increasing the bifurcation
ratio and reducing the flow resistance.

In this paper, we use the theory of equilibrium water depth to verify the equilibrium
water depth of branching rivers and estimate the equilibrium water depth after the project.
In fact, the calculation of equilibrium water depth can also be used to guide the design of
regulation projects of branching rivers. Before the design of the engineering solutions, the
equilibrium water depth first provides a basis for us to select which bifurcated channel
to use as the regulation channel. Furthermore, as discussed before, the change in the
equilibrium water depth of the branch depends on the combined effect of the above two
factors. A reasonable width of the regulation line must be selected, which can also be
calculated using the target equilibrium water depth in reverse.
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