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Abstract: The results of a numerical simulation of radiatively driven convection (RDC) in a small
ice-covered lake with a lateral pressure gradient are shown. RDC influences aquatic ecosystems as
convective flow transfers heat and dissolved and suspended matter through the water column. There
is a hypothesis that a continuum of convective cells with areas of ascending and descending water
flows exists in a convective mixed layer (CML). Until now, little has been known about how the
structure of the CML changes in lakes with lateral transport. In this work, the evolution of the CML in
the computational domain with a lateral pressure gradient over several days is reproduced using an
Implicit Large Eddy Simulation. We show that after a few days of lateral pressure gradient occurrence,
convective cells are replaced by rolls oriented along the lateral transport direction. The change in the
CML’s turbulence patterns under a lateral pressure gradient is confirmed by Anisotropic Invariant
Map analysis. The study revealed a heterogeneity of pulsations of the horizontal and vertical velocity
components over the entire depth of the CML and showed that when a horizontal gradient is present,
the velocity pulsations generally increase.

Keywords: lake; freeze-up period; radiative heating; water temperature; velocity components;
radiatively driven convection; lateral pressure gradient; turbulence; large eddy simulation

1. Introduction

Free convection in lakes is an interesting physical phenomenon that has attracted the
attention of limnologists due to its importance in the mixing of lakes, taking into account
the limited depth of wind mixing [1–3]. Free convection occurs in cases of gravitational
instability caused by the heterogeneous distribution of density throughout the water mass
of lakes. The peculiarities of the development of free convection in lakes are associated
with the nonlinear dependence of water density on temperature and depth (pressure) and
the existence of a temperature of maximum density (Tmd) [3–5]; at atmospheric pressure,
the density of fresh water is at a maximum at a temperature of ~3.98 ◦C and decreases both
with increases in temperature above the Tmd and with decreases in the range of 0–Tmd. In
addition, Tmd decreases as the depth (pressure) increases at a rate of −0.021 ◦C/bar [3,4].

The processes and mechanisms that initiate and support convection in fresh lakes
are varied and include surface cooling [1,3,6,7], radiative heating [8–11], thermobaric
instability [12–15], and some others such as bioturbation, shear convection, double diffusion,
and the spread of river water (see review in [3]).

In spring, when the water temperature rises in the range of 0–Tmd, radiatively driven
convection (RDC) develops; the driving force for this type of convection is solar radiation
fluxes that penetrate a certain depth and heat the surface layers of lakes in the temperature

Water 2023, 15, 3953. https://doi.org/10.3390/w15223953 https://www.mdpi.com/journal/water

https://doi.org/10.3390/w15223953
https://doi.org/10.3390/w15223953
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/water
https://www.mdpi.com
https://orcid.org/0000-0002-3972-9259
https://orcid.org/0000-0003-2726-0104
https://orcid.org/0000-0003-4150-2712
https://doi.org/10.3390/w15223953
https://www.mdpi.com/journal/water
https://www.mdpi.com/article/10.3390/w15223953?type=check_update&version=1


Water 2023, 15, 3953 2 of 16

range of 0–Tmd [8–11]. RDC slows down when the water temperature of the surface layer
of lakes rises above Tmd.

RDC in seasonally frozen lakes has a noticeable impact on the ecology and physics.
In particular, convective flows bring nutrients to the photic zone and transfer algae cells
through the water column, thereby promoting the development of the plankton community
and metabolism dynamics [8,16–21].

An overview of the RDC investigations (both theoretically and experimentally) is
given in [22–24]. Some theoretical and modeling insights on RDC were provided by
Mironov and Terzhevik [24], who analyzed stability regimes and stratification dynam-
ics. Mironov et al. [22,25] presented foundational LES showing overturning plumes and
entrainment under idealized conditions.

A review of convection regimes in lakes, including RDC in ice-covered lakes, was
given in [2,3]; the authors described different types of convection, Langmuir circulation,
and multiscale turbulence. The process of differential heating of shallow coastal waters
and deep waters, driving downslope flows and thereby accelerating mixing in ice-covered
lakes was shown in [26]. The role of the lake’s bathymetry and latitude in modifying the
warming rates of ice-covered lakes was considered in [27].

Some theoretical and experimental studies have examined RDC and its influence on
the ice-covered lake ecosystem at specific sites. Observations and a mixed layer model were
combined to study spring RDC and the evolution of the thermal structure in several small
lakes at high and middle latitudes [22]. Kirillin et al. [28] showed that seiche oscillations
enhance turbulent mixing using data from Finnish arctic-ice-covered Lake Kilpisjärvi. The
importance of convective up- and down-flows for phytoplankton development in lakes
of different sizes and trophic statuses was highlighted in many studies [16,18,20,29–31].
Comprehensive field studies of RDC under ice were carried out during the three spring
seasons of 2015–2017 in Petrozavodsk Bay of Lake Onega [19,20,32,33]. Short internal waves
were detected in the stratified layer below the CML [19], and it was suggested that the
possible reason for the appearance of these internal waves can be both non-uniform heating
of shallow coastal waters and deep parts of Petrozavodsk Bay as well as diurnal RDC
dynamics. Clear diurnal variability of the thin gradient layer between ice and CML was
detected [19], providing a balance between vertical diffusion and the buoyancy flux [23].
A full-fledged turbulence was identified in the mixed layer [33]. Data from three closely
located ADCPs confirmed the hypothesis of the existence of a community of convective
cells in CML; the largest cell size was estimated to be a few tens of meters [33].

RDC was studied for many years in the shallow ice-covered Lake Vendyurskoe based
on measurements of solar radiation fluxes, water temperature at different depths along the
water column, and components of velocities [22,23,34]. High-frequency measurements of
water temperature and flow velocity over a few days enabled tracing the diurnal evolution
of the radiatively induced buoyancy flux and turbulent kinetic energy dissipation rate, ε.

Lately, numerical studies have advanced the understanding of radiatively driven
turbulence, and mixing in seasonally frozen lakes, elucidating the influence of bathymetry,
latitude, and other factors. Combining field observations, theory, and numerical studies
has proven to be a powerful tool for quantifying heat and mass transport processes in
these dynamically complex systems. Numerical simulation is turning into an ever more
sophisticated tool for investigating RDC dynamics in ice-covered lakes across scales. The
Large Eddy Simulation (LES) method is widely used to calculate convective flow [35–39].
Among different LES models, one can single out Implicit LES (ILES), where the effect
of turbulent motion at sub-grid scales is modeled by the dissipative properties of the
corresponding numerical scheme. This approach has proven to work well for problems of
free convective flows, e.g., see [40,41].

The application of LES allows exploring the spatial structure of RDC, including a
confirmation of the existence of convective structures within the CML [25,40]. A nonlinear
dependence of the growth of CML thickness and temperature on external energy was
revealed [40]. A numerical study of the pulsation of three velocity components was
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carried out, and anisotropy of turbulence in the CML was revealed [41]. Based on the
results of calculations, parameters such as ε, background potential energy, and buoyancy
flux were estimated, and their change during the daily cycle of radiation exposure was
calculated [41]. The mixing efficiency of the water layer during the development of RDC in
the computational domain was also estimated [41]. The computational results obtained
in [40,41] are in good quantitative agreement with experimental data. In a recent paper [42],
the initial stage of RDC was considered using both linear analysis and direct numerical
simulation, and a good correspondence was shown between theory and simulation.

In the mentioned papers, numerical simulations of RDC have been performed only
for the variants without imposed horizontal convective flow, corresponding to lakes with-
out significant lateral currents. The cases when the horizontal mass transfer makes a
significant contribution to the dynamics and development of RDC are very widespread
in the real geophysics of lakes and reservoirs, including baroclinic flows, seiche oscilla-
tions, etc. In a recent paper [43], the fluid dynamics of stratified horizontal convection
were investigated experimentally, and the formation of quasi-2D circulation and a tran-
sition towards 3D coherent longitudinal roll structures similar to the ones observed in
Rayleigh–Bénard–Poiseuille flow were shown. As for now, the numerical investigations of
RDC including effects of the lateral transport are absent, and little is known about how the
CML structure changes in lakes with the presence of lateral transport.

Therefore, in this work, we consider the CML evolution over several days in the
presence of a lateral pressure gradient using ILES. The main issues are the influence of
lateral flow on large-scale coherent structures (convective cells), the turbulent characteristics
of the flow, and the cumulative integral parameters of the CML, such as the rate of increase
in temperature and depth of the CML.

2. Problem Definition and Computational Aspects

The problem definition is very similar to that used in our previous numerical investi-
gations [40,41]. Here, we briefly describe the main features of the problem definition. The
computational domain is a rectangular cuboid with dimensions L × L × H, see Figure 1. As
shown in the cited papers, a domain of size 9.6 m × 9.6 m × 6.4 m is suitable for obtaining
results with acceptable accuracy.
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Figure 1. Scheme of the computational domain and temperature boundary conditions.

The temperature at the top was fixed at 0 ◦C. The bottom had a constant heat flow
applied (0.4 ◦C/m). Boundary conditions at the lateral planes of the computation domain
were set to periodic conditions, imitating a continuous domain. The top surface was
defined as no-slip wall. At the lower boundary, the free-slip condition was specified.
The initial conditions reflected an equilibrium state with zero velocity and the linear
temperature profile ranging from 0 ◦C at the top to 2.56 ◦C at the bottom, matching the
boundary conditions.
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Turbulent motion and heat transfer were described by Navier-Stokes equations for
incompressible fluid in the Boussinesq approximation:

∇·
→
V = 0 (1)

∂
→
V

∂t
+

(→
V·∇

)→
V = −1

ρ
(∇p + gradP0) + β(T0 − T)

→
g + ν∇2

→
V (2)

∂T
∂t

+

(→
V·∇

)
T = α∇2T +

∂I
∂z

(3)

where
→
V =

(
Vx, Vy, Vz

)
is the velocity vector, t is the physical time, p is the pressure, T

is the water temperature, ρ is the water density,
→
g is the gravity vector, T0 = T0(z) is the

initial linear temperature profile under hydrostatic equilibrium, α is the thermal diffusivity
coefficient, ν is the kinematic viscosity coefficient, β is the thermal expansion coefficient,
∂I/∂z is the volumetric heat source, and gradP0 is the external pressure gradient oriented
along the x-axis.

The thermophysical parameters were taken for pure water at 2 ◦C. The coefficients a
and ν were constant. The thermal expansion coefficient was calculated as β = b1·(T – Tmd),
where b1 = 1.65·10−5 K−2, Tmd = 3.84 ◦C.

For radiative heating, a two-band approximation of the attenuation law was used:

I(z, t) = Is(t) [a1exp(−γ1z) + a2exp(−γ2z)] (4)

where I(z, t) is the kinematic flux of penetrating solar radiation, i.e., the heat flux divided
by the density and specific heat capacity of water. The volumetric heat source was added
to the energy equation (∂I/∂z). The radiation heat flux at the top boundary, Is, was the
prescribed periodic function, formulated according to the experimental data [22,40].

To estimate the effect of the lateral flow on the structure of the convection in the CML,
a series of calculations was carried out with a constant pressure gradient oriented along the
x-axis. The pressure gradient varied from 3.28·10−6 Pa/m to 3.28·10−4 Pa/m. The values
of the pressure gradient were calculated by the Darcy–Weisbach equation according to the
characteristic mean velocity of the horizontal flow in the fully established turbulent regime
of the flow in the 2D channel, whose size is equal to double the computational domain
height (for the Darcy friction factor we use approximation λ = (1.8logRe− 1.64)−2). Thus,
the value 3.28·10−6 Pa/m corresponds to about 1 mm/s, and the value 3.28·10−4 Pa/m
corresponds to several centimeters per second. The pressure gradient in all calculations
was set as starting from 6 a.m. of the 4th day when the CML is fully formed, as shown in
our previous study [40]. Thus, the calculations for the first 78 h were carried out with the
original settings (without external pressure gradient).

Numerical simulations were conducted using the in-house finite-volume CFD-code
SINF/Flag-S developed at the Higher School of Applied Mathematics and Computational
Physics, Peter the Great St. Petersburg Polytechnic University. The code operates with
an unstructured grid using the Finite Volume Method. The Implicit LES (ILES) approach
was employed. The SIMPLEC algorithm was used to advance in time. For spatial dis-
cretization of convective flows, we used the QUICK scheme, which was nominally of
third-order accuracy. The central-difference scheme of second-order accuracy was applied
for approximation of the diffusion terms.

The computational grid used here consisted of hexagonal elements. The number of
elements was 27 mln cells (300 × 300 × 300 cells). The grid was clustered to the top wall.
The time step was 2.5 s. The study of the grid influence on the velocity and temperature
fields, as well as changes in pulsations of velocity components, was presented earlier in
papers [40,41], and it was shown that the grid with 27 mln cells is enough for obtaining a
grid-independent solution both for the mean and RMS flow characteristics.
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3. Results and Discussion
3.1. Radiatively Driven Convection in the Variant of Zero Lateral Pressure Gradient

In this section, we present the results for the setup with a zero-pressure gradient.
These results were widely reported in previous articles [40,41]. We briefly describe the main
features of RDC in the absence of lateral flow. The simulation start time is 6 a.m. when the
solar radiation flux begins to increase. In the first few hours, the water layer near the top
boundary warms up, and convection arises. At this stage, the CML begins to develop.

In our previous study [40], we analyzed the structure of the flow, temporary changes
in velocity and temperature in CML, as well as changes in temperature along the depth
and the integral characteristics: the rate of deepening of the CML and the increase in its
temperature. In this study, firstly we illustrate the evolution of spatial structures within
the CML over several days with zero lateral pressure gradient, and then we investigate the
evolution of CML with different values of lateral pressure gradient. For a more detailed
investigation of spatio-temporal flow heterogeneity and turbulence archetypes, here we
also present the results of an invariant analysis (see below).

Our previous LES results [40] revealed that convective cells are an element of the
spatial structure of CML, which are formed inside the CML within 3–4 days from the start
of the kinematic heat flux at the upper boundary of the computational domain. For better
visualization of the spatial structure of CML and its evolution during several days, the
isosurfaces of the vertical velocity component corresponding to ascending and descending
flows are shown in Figure 2 from the fourth to the ninth day. The width of the computational
domain is 9.6 m, so it can be argued that the horizontal size of these cells can reach several
meters. As a result of the gradual accumulation of heat entering the system, the temperature
and thickness of the CML as well as the intensity of convective motion increase day by day.
This, in turn, leads to a growth in the characteristic size of convective cells. In particular,
the size of the cells on the ninth day is approximately twice that of the cell size on the
fourth day.
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Figure 2. Isosurfaces of the time-averaged vertical velocity component presented for six consecutive
days for variant of zero lateral pressure gradient (|<Vz>| = 0.6 mm/s, blue structures correspond to
descending currents, red structures correspond to ascending ones), the averaging was carried out
from 2 p.m. to 3 p.m. of each day.
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Figure 3 presents the fluctuations of the velocity components in different cross-sections
in the middle of the eighth day. We see that pulsations take place only in the CML; there is
no movement in the underlying stratified layer.
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Figure 3. The fields of pulsation of the velocity components in the central vertical sections: the top
and the bottom rows correspond to planes xz and yz respectively; the averaging was carried out
on the eighth day from 2 p.m. to 3 p.m. The points indicated by black rectangles represent the
corresponding states on AIM in Figure 4.
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line BC corresponds “2D” turbulence, AC—axisymmetric “rod-like”, AB—axisymmetric “disk-like”.

As the thickness of the CML and the size of large-scale structures increase, the fluc-
tuation characteristics also increase. Where lateral flow is absent, vertical fluctuations
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distinctly prevail over horizontal ones. Their distribution through the entire thickness of
the CML is almost homogeneous.

To illustrate the turbulence anisotropy inside the CML, we performed an Anisotropic
Invariant Map (AIM) analysis [44–47], which is based on calculation of the second II = aijaji/2
and third III = aijajlali/3 invariants of the anisotropy tensor aij = 〈Vi

′Vj
′〉/(2k) – δij/3 (Vi

′

is the pulsation of the i-th velocity component; angular brackets is time averaging; k
is the turbulence kinetic energy; summation on repeated indexes henceforward). Each
state of turbulence is represented by a point on the AIM, all physically acceptable states
form the so-called Lumley triangle, where the upper bound is described by the equation
II = 1/9 + 3III and corresponds to the 2D turbulence, the lateral bounds (described by the
equation II = 3(III/2)2/3) represent the axisymmetric turbulence: “rod-like” or “disk-like”
pulsations [48]. The point (0, 0) corresponds to the isotropic turbulence.

Figure 4 shows the AIM in the “II-III invariants” coordinates, obtained by averaging in
the horizontal planes of time-averaged invariants on the eighth day from 2 p.m. to 3 p.m.;
the red curve corresponds to the change in the invariants along the vertical coordinate,
the black symbols correspond to horizontal planes passing through the points shown in
Figure 3. Points 1 and 2 are located inside the boundary layer near the top boundary,
point 3 is located in the upper part of the CML, point 4 is located near the center of the CML,
and point 5 is selected near the lower part of CML. Comparing the corresponding AIM
obtained for the convection in the titled cylinder (see Figure 9 in [44]) and the internally
heated convection (see Figure 17 in [44]), one can see certain similarities in the behavior of
the anisotropy: the AIM lies near the left boundary of the Lumley triangle, so turbulence
near the top of the CML is nearly 2D axisymmetric with a predominance of pulsations of
the one (vertical) component. Inside the CML, turbulence remains axisymmetric “rod-like”
but with a tendency to be isotropic (see Figure 1 in [44]). The similarity of the AIMs for the
considered cases (RDC considered in this paper and two cases of Rayleigh–Bénard-type
convection, which were analyzed in [44]) corroborates the proximity of the large-scale
turbulent structures obtained in both cases; these large-scale structures (convective cells)
are typical for Rayleigh–Bénard-type convection.

3.2. Effect of a Lateral Pressure Gradient

The pressure gradient was set in all variants at 6 a.m. on the fourth day, that is, after
72 h of the calculation. A fully developed CML, due to the radiation pumping according
to equation (4), had managed to form by this time. Firstly, the calculations were carried
out with the relatively high value of gradP0 equal to 3.28·10−4 Pa/m, corresponding to
the lateral flow velocity of several centimeters per second in an established regime. In
the middle of the day (9 h after the start of the gradP0 setting, at 3 p.m.), a decrease in
the expression of large-scale convective cells was observed (Figure 5, Day 1). Here and
below, the counting of days begins from the moment the pressure gradient is specified.
Thus, 3 p.m. on the first day (see Figure 5) in total corresponds to 81 h of calculations
(three days with the initial settings and 9 h with the gradP0 settings). In the following
days, further restructuring of the flow is observed with the formation of elongated “two-
dimensional” rolls oriented along the superimposed horizontal flow (Figure 5, Day 2).
Further development of convection in the layer, accompanied by an increase in longitudinal
velocity, led to the disintegration of large-scale structures and a prevalence of small-scale
turbulence (Figure 5, Day 3). The evolution of the flow obtained in the calculations with
and without the pressure gradient in similar hours of 4–6 days of calculation can be traced
by comparing the results shown in Figures 2 and 5.
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Figure 5. Isosurfaces of the time-averaged vertical velocity component presented for three consecutive
days (|<Vz>| = 0.4 mm/s, blue structures correspond to descending currents, yellow structures
correspond to ascending ones); gradP0 = 3.28·10−4 Pa/m. Here and in Figures 6–8 the averaging was
carried out from 2 p.m. to 3 p.m. of each day.

Calculations with lower values of the pressure gradient generally illustrate a simi-
lar, although longer, transformation of the spatial structure inside the CML. Obviously,
the lower the gradP0, the lower the lateral flow velocity, which leads to a later tran-
sition from large-scale cells to elongated “two-dimensional” rolls. For example, with
gradP0 equal to 3.28·10−5 Pa/m, the transition to elongated structures occurred on the
second day, while large-scale structures were still observed on the first day (Figure 6). For
even lower values of gradP0 equal to 6.56·10−6 Pa/m and 3.28·10−6 Pa/m, illustrated in
Figures 7 and 8, the transition to “two-dimensional” rolls happened on the fifth and ninth
days, respectively. In the previous days, due to the relatively low lateral flow velocities,
the flow structure in the CML was almost the same as in the case without an external
lateral pressure gradient. The structure of the formed elongated rolls is similar to the
well-known Langmuir circulation [2]. At this time, we cannot give a specific cause for the
transition from the convective cells to the elongated 2D rolls. There are some considerations
concerning the numerical formulation of the problem, where the ideal periodic conditions
are specified on the lateral bounds: the posed non-uniformity (pressure gradient) leads
to the appearance of a preferred direction. Thus, in the formulation under consideration,
we expect a transition from cells to two-dimensional rolls even with a very small applied
lateral pressure gradient. In real conditions, there should be a critical value of the lateral
pressure gradient, below which the transition is not observed. Note that in variants with
lower values of the pressure gradient, we did not observe the disintegration of the rolls
and transition to small-scale turbulence as in the case with the highest pressure gradient.
Perhaps the reason is that the model time was insufficient for variants with smaller pressure
gradients, and if the calculation duration was longer, we would see the disintegration of
the rolls at some point in time.
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Figure 8. Isosurfaces of the time-averaged vertical velocity component presented for three consecutive
days (|<Vz>| = 0.6 mm/s); gradP0 = 3.28·10−6 Pa/m.

Figure 9a,b illustrates the distribution of time-averaged velocity components along
the central vertical line at gradP0 = 3.28·10−5 Pa/m (fifth day from the setting of the
external pressure gradient). We see that the horizontal flow velocity is maximal in the
bottom stratified layer, reaching about 12 mm/s. In the CML, convective cells interact
with superimposed lateral motion, which leads to a significant decrease in the horizontal
velocity component. The vertical flow velocity reaches its maximum inside the CML; in the
stratified layer, the vertical component is close to zero.
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Figure 9. Time-averaged horizontal velocity (a) and vertical velocity (b) profiles along the central
vertical line (averaging was carried out on the fifth day from 2 p.m. to 3 p.m.); (c) instantaneous
horizontally averaged temperature profile on the fifth day at 3 p.m.; the black curves correspond to
gradP0 = 3.28·10−5 Pa/m, the red curve corresponds to gradP0 = 3.28·10−4 Pa/m.

The instantaneous horizontally averaged temperature profiles are presented in
Figure 9c for two variants corresponding to the pressure gradients 3.28·10−5 Pa/m and
3.28·10−4 Pa/m. In the case of gradP0 = 3.28·10−5 Pa/m and less, the temperature profile
has a characteristic form of RDC with distinct CML boundaries. The large pressure gradient
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leads to significant changes in profile: shear stress between horizontal flow in a stable
stratified layer and CML leads to strong turbulent mixing in the lower part of the CML.
These changes in flow make it difficult to determine such characteristics of the CML as
its depth and temperature. Thus, our simulation shows that at a relatively large pressure
gradient, the structure of the flow and CML can significantly transform over time, and such
effects need to be studied in detail in the future.

In Figure 10, one can see the “imprints” of elongated structures on the fields of
fluctuations of the velocity components in vertical planes. The results are given for the
case corresponding to gradP0 = 3.28·10−5 Pa/m in the middle of the fifth day after setting
the pressure gradient. We see that in the plane oriented along the x-axis (upper row in
Figure 10), “two-dimensional” rolls are observed very clearly. The illustrations in the
perpendicular plane (bottom row of Figure 10) are more inhomogeneous and show the
distribution of elongated rolls (along the x-axis) in the direction of the y-axis.

Water 2023, 15, x FOR PEER REVIEW 10 of 16 
 

 

perpendicular plane (bottom row of Figure 10) are more inhomogeneous and show the 
distribution of elongated rolls (along the x-axis) in the direction of the y-axis. 

Since the distribution of fluctuations in the case of setting the pressure gradient is 
clearly heterogeneous across the CML, it makes sense to compare the evolution of fluctu-
ations for the two variants (initial zero-gradient and taking into account lateral flow) at 
different depths. Figures 11 and 12 show such comparison at depths of 1.5 and 3.5 m, 
corresponding to the middle of the CML and its lower boundary. When considering the 
case with lateral flow, the value of the pressure gradient was taken equal to 3.28·10−5 Pa/m. 
It can be seen that the imposition of a pressure gradient leads to an increase in the velocity 
fluctuations inside the CML for both depths under consideration. However, due to the 
inhomogeneity of their distributions, the ratio between the horizontal and vertical pulsa-
tions can vary significantly across depths. In particular, in the middle of the CML (depth 
1.5 m, Figure 11), vertical pulsations prevail over horizontal ones both for the zero-gradi-
ent case and with a lateral gradient present. In Figure 12, which shows the distribution of 
pulsations near the CML lower boundary, we see the opposite correlation and a preva-
lence of horizontal pulsations for both variants of calculations. 

 
Figure 10. The fields of the pulsations of the velocity components in the central vertical sections: the 
top and the bottom rows correspond to planes xz and yz respectively; gradP0 = 3.28·10−5 Pa/m, aver-
aging was carried out on the fifth day from 2 p.m. to 3 p.m. The points indicated by black rectangles 
represent the corresponding states on AIM in Figure 13. 

Figure 10. The fields of the pulsations of the velocity components in the central vertical sections:
the top and the bottom rows correspond to planes xz and yz respectively; gradP0 = 3.28·10−5 Pa/m,
averaging was carried out on the fifth day from 2 p.m. to 3 p.m. The points indicated by black
rectangles represent the corresponding states on AIM in Figure 13.

Since the distribution of fluctuations in the case of setting the pressure gradient is
clearly heterogeneous across the CML, it makes sense to compare the evolution of fluc-
tuations for the two variants (initial zero-gradient and taking into account lateral flow)
at different depths. Figures 11 and 12 show such comparison at depths of 1.5 and 3.5 m,
corresponding to the middle of the CML and its lower boundary. When considering the
case with lateral flow, the value of the pressure gradient was taken equal to 3.28·10−5 Pa/m.
It can be seen that the imposition of a pressure gradient leads to an increase in the velocity
fluctuations inside the CML for both depths under consideration. However, due to the
inhomogeneity of their distributions, the ratio between the horizontal and vertical pulsa-
tions can vary significantly across depths. In particular, in the middle of the CML (depth
1.5 m, Figure 11), vertical pulsations prevail over horizontal ones both for the zero-gradient
case and with a lateral gradient present. In Figure 12, which shows the distribution of
pulsations near the CML lower boundary, we see the opposite correlation and a prevalence
of horizontal pulsations for both variants of calculations.
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Figure 11. Evolution of horizontal and vertical turbulent pulsations at a depth of 1.5 m; the averaging
was carried out over time within 1 h and over space in horizontal directions. The color tab corresponds
to the fields of the pulsations shown in Figures 3 and 10 (the averaging was carried out from 176 to
177 h).
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Figure 12. Evolution of horizontal and vertical turbulent pulsations at a depth of 3.5 m; the averaging
was carried out over time within 1 h and over space in horizontal directions. The color tab corresponds
to the fields of the pulsations shown in Figures 3 and 10 (the averaging was carried out from 176 to
177 h).

Lateral flows of various nature are often revealed in ice-covered lakes [33,34,49,50],
which certainly increases the fluctuations of the horizontal velocity components. As RDC
develops, an increase in vertical velocity pulsations can be expected. The problem, however,
is that there are very few field measurements of velocity components during RDC that cover
the entire mixed layer. Velocity measurements covered the entire thickness of the CML in
Petrozavodsk Bay of Lake Onega in mid-March 2016. According to these measurements, the
maximum values of horizontal components correspond to the upper and lower boundaries
of the CML, while in the middle of this layer horizontal velocity components decrease [33].
The vertical component was smaller than the horizontal ones and showed a pronounced
increase in the daytime in correlation with the radiation flux.

On the contrary, in small lakes or ponds without the lateral pressure gradient, the
main driving force of mixing during RDC is gravitational instability, and a predominance of
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vertical velocity pulsations can be expected. In such small lakes and ponds, convective cells
remain in a stable horizontal position, which can be indirectly confirmed by the star-shaped
structures on the ice surface [22]. A predominance of vertical pulsation is also typical for
the Rayleigh-Bénard type convection (e.g., see [44]).

Admittedly, field measurements that would make it possible to understand exactly
how the pulsations of horizontal and vertical velocities change across the thickness of the
CML are still extremely limited.

The transition from convective cells to 2D rolls can be illustrated by AIM analysis:
for the case with external pressure gradient gradP0 = 3.28·10−4 Pa/m, we also evaluate
horizontally averaged AIMs. In Figure 13, AIMs for different days are presented. One
can see that on the first day after involving the pressure gradient, the AIM becomes
different from the one shown in Figure 4 for the zero-gradient case, but this difference
is minor: in most of the CML, the turbulence anisotropy is similar for both cases. In the
next days, however, the AIM differs significantly; the red line corresponds to anisotropy
with a prevalence of one (horizontal) pulsation in the middle of the CML and a tendency
towards 2D turbulence near the top and bottom of the CML (Figure 13a). A similar
pattern of 2D-3D transformation is observed for other values of the pressure gradient
(Figure 13b,c). Previously, we discovered changes in the turbulence regime in the CML
of Lake Vendyurskoe, when multiple 2D-3D transitions recurred every day [34]. These
previous studies, however, did not detect changes in the structure of turbulence in the CML
with irreversible transition from cells to rolls. As it was mentioned earlier, such a transition,
even in the case of a relatively small pressure gradient, can be associated with an “ideal”
numerical problem formulation with the imposition of periodic boundary conditions.
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shaped structures on the ice surface [22]. A predominance of vertical pulsation is also typ-
ical for the Rayleigh-Bénard type convection (e.g., see [44]). 

Admittedly, field measurements that would make it possible to understand exactly 
how the pulsations of horizontal and vertical velocities change across the thickness of the 
CML are still extremely limited. 

The transition from convective cells to 2D rolls can be illustrated by AIM analysis: for 
the case with external pressure gradient gradP0 = 3.28·10−4 Pa/m, we also evaluate horizon-
tally averaged AIMs. In Figure 13, AIMs for different days are presented. One can see that 
on the first day after involving the pressure gradient, the AIM becomes different from the 
one shown in Figure 4 for the zero-gradient case, but this difference is minor: in most of 
the CML, the turbulence anisotropy is similar for both cases. In the next days, however, 
the AIM differs significantly; the red line corresponds to anisotropy with a prevalence of 
one (horizontal) pulsation in the middle of the CML and a tendency towards 2D turbu-
lence near the top and bottom of the CML (Figure 13a). A similar pattern of 2D-3D trans-
formation is observed for other values of the pressure gradient (Figure 13b,c). Previously, 
we discovered changes in the turbulence regime in the CML of Lake Vendyurskoe, when 
multiple 2D-3D transitions recurred every day [34]. These previous studies, however, did 
not detect changes in the structure of turbulence in the CML with irreversible transition 
from cells to rolls. As it was mentioned earlier, such a transition, even in the case of a 
relatively small pressure gradient, can be associated with an “ideal” numerical problem 
formulation with the imposition of periodic boundary conditions. 

Figure 13. AIM: distribution at vertical coordinates averaged over the horizontal sections:
(a) gradP0 = 3.28·10−4 Pa/m (day 1–3), (b) gradP0 = 3.28·10−5 Pa/m (fifth day; black points cor-
respond to the different cross-sections in Figure 10), (c) gradP0 = 6.56·10−6 Pa/m (fifth day); the
averaging was carried out from 2 p.m. to 3 p.m. on the corresponding day. The meaning of the black
lines is the same as in Figure 4.
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To compare the results of the numerical simulation with field observations, we, as
before in [40], calculate the integral parameters of the CML. Cumulative integral heating
(Q), temperature (TCML), and depth (HCML) increments are calculated as:

Q = I0ρCp

∫ t

o
sin
(

2π
t

T∗

)
dt (5)

TCML = <T> − <TCML,0> (6)

HCML = h − hCML,0 (7)

where hCML,0 and <TCML,0> are the average depth and temperature of the CML at the time
of its formation.

The dependencies of TCML and HCML on cumulative heating Q are illustrated in
Figure 14 for variants with zero-pressure gradient and with relatively small pressure
gradients. As shown previously in [40], the numerical simulation for the initial case
with a zero-pressure gradient demonstrates a good correlation with the observed CML
dynamic in Lake Vendyurskoe in different years. For lateral pressure gradients less or
equal to 3.28·10−5 Pa/m, we did not observe significant changes in the evolution of the
depth of the lower boundary of the CML and its temperature. As mentioned above, at
gradP0 = 3.28·10−4 Pa/m there is a noticeable change in the temperature profile, so the
CML is not expressed so clearly; therefore, these data are not shown in Figure 14.
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Thus, numerical simulation showed that the lateral gradient has a virtually small effect
on the deepening of the CML. This result is ambiguous and requires further study. Doubts
arise from the fact that the rate of vertical mixing in lakes may be noticeably reduced when
lateral currents develop. In some lakes, significant late-winter meltwater influx generates
lateral transport that may limit the penetration of convective mixing. This effect was
described by Cortés and MacIntyre [49] for the small Arctic Lake Toolik. Also, the influence
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of lateral transport on the development of RDC was considered for Lake Pääjärvi (Finland)
by Salonen et al. [50]: based on nine years of field observations, the authors showed that
the contribution of horizontal and vertical mixing varied among years, and in one of the
investigated spring seasons, horizontal convection dominated.

4. Conclusions

The results of the numerical simulation of RDC in a small ice-covered lake with and
without lateral pressure gradient are presented. Our calculations showed that with a
zero-pressure gradient, there is a number of convective cells with zones of ascending and
descending flow inside the CML formed 3–4 days after the start of kinematic heat flux at
the upper boundary of the computational domain.

Numerical simulations performed with various pressure gradient values show that
the presence of even a relatively small lateral pressure gradient leads to a transition from
large-scale convective cells to elongated “two-dimensional” rolls. The change in the CML’s
turbulence patterns under a lateral pressure gradient is confirmed by the AIM analysis.

These results prove the importance of lateral transport in the formation of the CML
structure. However, the simulated patterns of a one-way transition from convective cells
to rolls have not yet been verified by field measurements in lakes. To date, we are not
aware of any cases of irreversible cell-to-roll transitions observed in the CML of seasonally
frozen lakes. Also, the next stage—the break-up of the rolls and the transition to small-scale
turbulence—has not yet been registered in field measurements. Such changes in CML
structure can be expected in ice-covered lakes with significant lateral transport, for example,
in lakes that are part of lake–river systems. In the future, measurements in high-flow lakes
will be carried out in order to identify such a transformation of the CML structure.

The dependence of the temperature and depth increments of the CML on cumulative
heating in the calculations with a zero-pressure gradient correlated well with the field
observations. The results of the numerical simulation with a pressure gradient setting
barely differed from the initial, zero-gradient variant for a gradP0 value less than or equal
to 3.28·10−5 Pa/m. As the pressure gradient increases and, as a consequence, the horizontal
velocity increases, large-scale rolls are suppressed, and the CML changes, which leads to
difficulties in detecting its lower boundary.

Important future research directions include further integration of field observations
and numerical simulation for evaluating CML parameters and structure evolution under
changing external and internal factors.
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