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Abstract: A set of laboratory experiments were conducted to study the impact of vegetation on bed 

form resistance and bed load transport in a mobile bed channel. Vegetation stems were simulated 

by using arrays of emergent polyvinyl chloride (PVC) rods in several staggered configurations. The 

total flow resistance was divided into bed, sidewall, and vegetation resistances. Bed resistance was 

further separated into grain and bed form (i.e., ripples and dunes) resistances. By analyzing exper-

imental data using the downhill simplex method (DSM), we derived new empirical relations for 

predicting bed form resistance and the bed load transport rate in a vegetated channel. Bed form 

resistance increases with vegetation concentration, and the bed load transport rate reduces with 

vegetation concentration. However, these conclusions are obtained by using experimental data from 

this study as well as others available in the literature for a vegetated channel at low concentration.  

Keywords: bed form resistance; bed load transport; vegetated channel; bed form; vegetation con-

centration; downhill simplex method 

 

1. Introduction 

Flow in vegetated rivers is characterized by the interaction between flow, channel 

boundary, and vegetation canopy. Vegetation characteristics, such as vegetation type, dis-

tribution, density, flexibility, and degree of submergence, all affect flow depth, velocity, 

hydraulic radius, and energy slope. The drag force exerted by vegetation increases flow 

resistance [1,2]. Because of this drag, flow through vegetated reaches decelerates, and the 

velocity is smaller than that in non-vegetated reaches [3,4]. Vegetation also changes near-

bed turbulent characteristics and therefore affects sediment transport and scour formation 

around vegetation stems [5–8]. 

Resistance in a vegetated channel is composed of resistances from the boundary and 

the vegetation stems. Boundary resistance consists of sidewall resistance, and grain and 

bed form resistances on a mobile bed surface. Grain resistance is the friction due to bed 

surface roughness, and it is a function of bed roughness height, proportional to the size 

of bed sediment. While bed form resistance is a drag force due to flow separation at the 

lee side of bed form, it is also a function of bed form height. The summation of grain and 

bed form resistances is the total bed resistance. Zanke et al. [9] compared 14 relations for 

calculating bed form-related friction in non-vegetated channels, and found the method of 

Engelund [10] to be the most accurate. In vegetated channels, bed resistance could be sig-

nificantly smaller than that in a non-vegetated channel at the same flow discharge. Jor-

danova and James [11] and Kothyari et al. [12] calculated bed resistance by subtracting 

vegetation resistance from the total flow resistance when processing their laboratory ex-

perimental data. The vegetation resistance was determined by using the drag coefficient 

for a single cylindrical stem but taking into account the effect of other adjacent stems 

(Equation (5) in [11] and Equation (4) in [12]). A numerical modeling study conducted by 
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Lopez and Garcia [13] found bed resistance in vegetated channels reduced steadily with 

the increase in vegetation roughness density, defined as aH, where a is the vegetation 

frontal area per unit volume (m−1), and H is flow depth (m). For channels with submerged 

vegetation having H/hv = 3, where hv is vegetation height, bed resistance is reduced to just 

10% of the bare bed value [14,15].  

Yang et al. [5] and Yang and Nepf [6,7] found that the near-bed turbulence kinetic 

energy in the wake of vegetation elements is more important than bed resistance to quan-

tify the sediment transport in vegetated channels. Wang et al. [16,17] developed formulas 

to quantify the critical flow velocity for incipient sediment movement in the presence of 

emergent and submerged vegetation. They found that the vegetation drag has an inherent 

effect on the initiation of sediment motion in vegetated open channel flow because of its 

impact on turbulence and mean flow. These studies did not provide empirical relations 

for estimating bed form resistance for engineering applications. 

Jordanova and James [11] and Kothyari et al. [12] correlated the bed load transport 

rate in vegetated channels with bed resistance using laboratory data. However, the results 

of Jordanova and James [11] are not generic because only one sediment size, one stem 

diameter, and one vegetation density were used. Kothyari et al. [12] studied the effect of 

emergent vegetation on bed load transport. They also observed that the bed load transport 

rate in vegetated channels is smaller than that in non-vegetated ones. Kothyari et al. [12] 

modified the original bed load transport equation for a non-vegetated channel by Hash-

imoto and Hirano [18] to account for vegetation resistance. In the comparison, the bed 

load transport rate in a vegetated channel is a function of bed resistance and the critical 

shear stress of bed sediment. Another experimental study by Specht [19] investigated bed 

load transport in a bare bed channel with emergent vegetation on the banks. Since flow 

velocity on the vegetated banks is less than that in the channel, a secondary current is 

generated with the direction towards the channel center at the bottom, but outwards at 

the free surface, resulting in a scour hole at the bank toe. This secondary flow circulation 

considerably affects the direction of bed load transport. In this experiment, vegetation on 

the banks accelerated bed load transport in the main channel and consequently caused 

scour at the bank toe and then bank failure. Apparently, vegetation on the bed and banks 

have different effects on bed load transport in the main channel.  

Although the most recent studies observed enhanced deposition within a vegetated 

bed surface, the opposite trend has also been observed [20]. Follett and Nepf [21] observed 

the erosion and deposition patterns formed in an experimental sand bed around a circular 

patch of emergent vegetation imitated by rigid cylinders. All of their measurements 

showed some degrees of scouring within the patch. They attributed that to the higher level 

of turbulence within the vegetation patch. Sediment scoured from the sparse patch was 

mostly deposited within one patch diameter downstream of the same patch. Additional 

deposition occurred further downstream but at the sides of turbulence wake, creating an 

open bed formation (Figure 1a). For a dense patch, flow experienced greater resistance, 

and sediment scoured from this patch was carried further downstream before being de-

posited along the patch centerline. Consequently, a closed bed formation was created (Fig-

ure 1b). The density of vegetation is apparently a key factor that influences sediment 

transport and the erosion/deposition pattern in vegetated channels. At what density the 

presence of vegetation on the channel bed or banks will reduce bed load transport and 

induce deposition, or accelerate bed load transport and cause scour, remains unknown at 

present.  
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Figure 1. Schematic drawing for (a) open bed formation, (b) closed bed formation. 

Therefore, the objective of this study was to conduct a series of laboratory experi-

ments to investigate bed form resistance and bed load transport in a vegetated mobile bed 

channel. Sediment sizes, flow conditions, and vegetation densities were varied in the ex-

periments. Vegetation, PVC pipes, was mounted on a perforated board (bed surface) cov-

ered with 10 cm of sediment. The focus was to find out how vegetation density affects bed 

load transport and bed form resistance. Empirical relations for calculating bed form re-

sistance and bed load transport rate, respectively, were proposed using this and other 

experimental data. Coefficients in these relations were optimized for the maximum Nash–

Sutcliffe coefficient (NSE) by using the DSM. 

2. Experimental Setup 

2.1. Flume Setup 

A set of 18 experimental runs were conducted in an open channel flume at the De-

partment of Civil and Architectural Engineering and Mechanics, University of Arizona. 

The flume was 0.6 m wide and 12.2 m long with a flat bed, and glass and stainless steel 

sidewalls. A large water tank was used to provide water to the flume. A valve installed at 

the pipe inlet controlled the flow rate. A sharp crested rectangular weir located at the end 

of the flume was used to measure flow rate (Q). The vegetation stems were simulated by 

emergent PVC rods of 16 mm outside diameter. The stems were inserted into holes drilled 

into a 1.5 cm thick and 4.8 m long coated wood board, as shown in Figure 2. Although the 

rigid cylinders do not have the same flexibility as the natural vegetation, they can replicate 

the impacts of vegetation stems on flow and sediment in laboratory experimental flumes. 

The PVC rods have many sizes and are easy to mount into bed surface, and have been 

commonly used in vegetated channel research [11,12,22,23]. Because of this, the results 

from this research are suitable to vegetation with sturdy stems and low flexibility. 

The stems were arranged in three different configurations of regular staggered grids 

(Figure 3). In this study, the vegetation concentration, ϕ, is defined as the fraction of bed 

area occupied by the vegetation stems = Nπd2/4, where N is the number of stems per unit 

bed area, and d is the outsider diameter of stem. The vegetation concentrations for these 

three configurations are 0.033, 0.014, and 0.005, respectively.  

sparse  

vegetation patch 
dense  

vegetation patch 
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Figure 2. Flume setup. 

 

Figure 3. Vegetation stems arrangement. 

Two groups of weakly non-uniformly-sized sediment with mean sizes d50 = 0.45 mm 

and 1.6 mm, were used. The standard deviations of sediment mixtures defined as
5.0

1684 )/( ddg = , were 1.47 and 1.35 for sediment sizes of 0.45 mm and 1.6 mm, respec-

tively. Sediment mixtures with the value of g  less than 1.6 are considered as weakly 

non-uniform [24]. The density of sediment, 
s , is equal to 2650 kg/m3. Before each experi-

mental run, sediment was saturated and placed evenly on bed surface at a depth of 10 cm 

(Figure 2).  

2.2. Water and Bed Slopes 

Flow depth was measured at an interval of 0.45 m along the vegetated reach using a 

fine-scaled ruler of 1 mm accuracy. When the measured flow depths were nearly constant 

along the measurement reach (~4.8 m), the flow was nearly quasi-steady and quasi-uni-

form. Each experimental run was typically about 5–6 h. After each experiment, bed eleva-

tions were measured by a laser level (accuracy 1 mm) at an interval of 0.45 m in the stream-

wise and 0.1 m in the transverse directions within the vegetated reach. Bed elevation at 

each cross-section was the average of all the measured elevations in the transverse direc-
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tion. The longitudinal bed slope was obtained by fitting bed elevations at each cross-sec-

tion with a straight line. The water surface elevations at each cross-section were calculated 

as the summation of water depth and bed elevation. Then, the friction (energy) slope was 

calculated by fitting water surface elevations with a straight line. It is noticed that the 

water surface slope changes at the entrance and exit of the vegetation section, but these 

measured points were not used for curve fitting of surface slope. For all the experimental 

runs, the correlations from the curve fitting of bed and friction slopes calculation were 

greater than or equal to 0.84. Results showed the friction slopes were nearly equal to the 

measured bed slopes for all the experiments. 

2.3. Bed Load Transport Rate 

During each experimental run, sediment was supplied at the flume entrance to sup-

plement the sediment being washed out of the flume, and in order to keep approximately 

steady state flow condition. Bed load transport rate, bq , was measured by a bed load sam-

pler at the end of vegetated reach. The sampler nozzle is 4.5 cm high and 25 cm wide, and 

mounted on a rod. The collection bag has a mesh size of 0.2 mm. The sampling time inter-

val ranged from 1.0 to 8.0 min. The bed load samples were dried and weighted. Bed load 

transport rate was first calculated as weight per unit time, and then converted to the vol-

ume per unit time per unit channel width (m2/s). All the measurements were taken after 

flow had reached steady state and are summarized in Table 1.  

Table 1. Experimental runs. 

Run 
d 

(mm) 

d50 

(mm) 

Stem Spacing  

(Ss) (mm) 
N   

S 

(%) 

H 

(cm) 

Q × 103 

(m3/s) 

qb × 106 

 (m2/s) 

1 16 0.45 78 164.366 0.033 0.805 11.4 11.34 0.95 

2 16 0.45 78 164.366 0.033 1.14 15.3 18.44 2.77 

3 16 0.45 78 164.366 0.033 1.705 17.3 25.18 7.68 

4 16 1.6 78 164.366 0.033 1.4 15.1 18.87 0.51 

5 16 1.6 78 164.366 0.033 1.55 15.9 21.95 3.02 

6 16 1.6 78 164.366 0.033 1.78 16.8 25.18 6.17 

7 16 0.45 120 69.4444 0.014 0.62 8.8 9.92 0.38 

8 16 0.45 120 69.4444 0.014 0.77 11.52 16.36 2.02 

9 16 0.45 120 69.4444 0.014 1.05 15.3 25.66 4.99 

10 16 1.6 120 69.4444 0.014 0.94 13.87 23.32 1.47 

11 16 1.6 120 69.4444 0.014 1.08 15.29 29.05 2.57 

12 16 1.6 120 69.4444 0.014 1.3 16.36 34.67 12.65 

13 16 0.45 200 25 0.005 0.51 11.4 21.50 3.53 

14 16 0.45 200 25 0.005 0.62 12.2 25.66 4.14 

15 16 0.45 200 25 0.005 0.74 13.8 31.57 8.19 

16 16 1.6 200 25 0.005 0.54 13.5 29.05 1.58 

17 16 1.6 200 25 0.005 0.65 14.5 34.67 3.82 

18 16 1.6 200 25 0.005 0.85 15.9 40.61 5.74 

2.4. Bed Surface Elevation 

Microsoft Kinect [25] was used to capture a depth image of bed surface for determin-

ing bed elevations in the scoured vegetated reach. Microsoft Kinect was initially designed 

for gaming, but it has many other applications [25–28]. It is composed of RGB-D (Red 

Green Blue + Depth) sensors. These sensors can produce an RGB visible light image and 

a depth-coded image from the structured infrared light. The bed elevations are captured 

by the depth sensor with an accuracy of 640 × 480 pixels. The basic principle of depth 

sensor is to emit an infrared light pattern and calculate depth from the light reflection at 

different positions [29]. This generates a depth-coded image that consists of dots with 
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known coordinates and depths. Kinect is supported in MATLAB (version 2013a), and its 

data can be acquired using the MATLAB Image Acquisition Toolbox.  

3. Data Processing 

3.1. Grain Resistance 

Nepf [20] summarized five methods to calculate bed resistance in vegetated channel 

by using: (i) the spatial averaged viscous stress on bed surface determined by the velocity 

gradient within the laminar sublayer; (ii) the near-bed turbulent kinetic energy; (iii) the 

near-bed Reynolds stress; (iv) the difference between total flow and vegetation resistances; 

and (v) an alternative approach based on the ratio of mean velocity in vegetated layer and 

the stem diameter. The first method can be used to calculate the grain resistance, and it 

needs the measurement of velocity profile within the laminar sublayer. This type of meas-

urement has uncertainties due to the turbulence generated from the interaction between 

flow, vegetation, and bed sediment. The second and third methods are not appropriate 

for calculating the grain resistance because they include turbulence generated from bed 

forms and vegetation stems. The fourth method is feasible for calculating the total bed and 

grain resistances on mobile and fixed beds, respectively. The fifth method is used for cal-

culating the grain resistance, and its applicable range is aH ≥ 0.3. Unfortunately, this 

method cannot be used in this study because some of our data and the data obtained in 

the literature are not within this range. This study employed the fourth method to calcu-

late the total bed resistance. 

Recently, Le Bouteiller and Venditti [30] evaluated several methods to calculate the 

grain resistance in vegetated channel. Among these methods, the inversion of bed load 

transport formula and the method by Einstein and Banks [31] appeared to yield the most 

accurate values of grain resistance. Based on the logarithmic velocity distribution, Einstein 

and Banks [31] and Le Bouteiller and Venditti [30] found the grain resistance can be cal-

culated as: 

 𝐻𝑠 =   
𝑈2

𝑔𝑆
 [

1

𝜅
∙ ln (

11 𝐻𝑠

𝑘𝑠g
)]

−2

 (1) 

𝜏g = 𝜌g 𝐻𝑠 𝑆 (2) 

where 
g  is grain resistance (N/m2),   is water density (kg/m3), Hs is the equilibrium flow 

depth (m), S is bed slope,   is von Karman constant (= 0.41), 
sgk  is grain roughness 

height (= 2.5d50), and U  is mean flow velocity (m/s) [= Q/(BH)], where B is channel width 

(m). According to the above two equations, Equation (1) is used to calculate the equilib-

rium flow depth, and Equation (2) is used to calculate the grain resistance, 
g . 

3.2. Sidewall Resistance 

The sidewall resistances on the glass, 1w , and stainless steel, 2w , were calculated 

using 2

1 or w2 1 or 2( ) / 8w v w wV f = , where Vv is mean pore velocity though the vegetation [Vv = 

Q/(BH(1-ϕ))] [12,22]; 
1wf  and 

2wf  are the Darcy–Weisbach friction coefficient for the glass 

and stainless steel sidewalls, respectively. These coefficients can be obtained by using the 

Colebrook equation: 

1 2

1 2 1 2

1 2.5142 log[ ]
3.7 R

sw or sw

w or w e w or w

k

r

f f
= −  +


 (3) 

where 
1swk  and 

2swk  are the roughness heights for glass and stainless steel, respectively. 

For glass, it is nearly zero, and for stainless steel, 4.5 × 10−5 m. Re is flow Reynolds number 

defined as R 4 /e vr V =  , where r is the total hydraulic radius (m) (see Equation (10)), and 

  is the kinematic viscosity of water (m2/s). 
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3.3. Bed Form Resistance 

According to the fourth method specified in Nepf [20], in steady uniform flow with 

vegetation, the downslope gravity force components are equal to the total flow resistance 

including total bed, sidewalls, and vegetation resistances. The mathematical equation for 

the force balance is: 

2211)( wwwwDbedbfg AAFAS  ++++=  (4) 

where   is the specific weight of water (N/m3),   is the volume of water (m3) [ bedA H= 

] in which 
bedA  is bed surface area (m2), 

bf  is bed form resistance (N/m2), Aw1 and Aw2 are 

the areas of the glass and the stainless steel sidewall surface, respectively (m2), and FD is 

the vegetation drag force (N). For a reach of unit length and width, B, the bed surface area 

is )1( −= BAbed
 and the glass and stainless steel sidewall surface areas are Aw1 = Aw2 = H. 

The drag force acting on vegetation stems in Equation (4), FD, can be calculated as: 

2

2

1
vDD VHdBNCF =  (5) 

where 
DC  is the vegetation drag coefficient. From Equations (4) and (5), by knowing H, S,

g , 1w , 2w , B, d,  , and Q, the coefficient of vegetation drag must also be known in 

order to find bed form resistance (
bf ). Cheng [23] developed an approach to calculate the 

vegetation drag coefficient for a cylinder located in arrays of emergent cylinders using the 

pseudo-fluid model. An analogy was made between the cylinder-induced drag in an open 

channel flow with that induced by the cylinder settling in a stationary fluid. The drag 

coefficient can be calculated as follows: 

'
1

1
DD C

S
C

−

+
=  (6) 

where 'DC  is the drag coefficient for the pseudo-fluid model, and defined by: 

















−+













−+=





















−














−

−

7.0

4500

'

'

1000

75.0 12.119.0'11'

e

e

R

R

eD eeRC  for 1 ≤ 𝑅𝑒
′ ≤ 105  (7) 

where 'eR  is Reynolds number for the pseudo-fluid model, and can be calculated by: 

v

vmv
e

r

rdVS
R

801

1
'

+

+
= ;  /)1)(4/( drv −=  (8) 

where vr  is the vegetation-related hydraulic radius for vegetated flows without sidewall 

and bed effect (m); vmr  is the modified vegetation-related hydraulic radius (m), and calcu-

lated by taking the effect of bed and sidewall resistances into consideration [22]. The term 

( /vm vr r ) was included to account for the corrections to bed and sidewall resistances due 

to the presence of vegetation [23]. The calculation of vmr  was proposed by Cheng and Ngu-

yen [22] as: 


















−

+
+−=

f

r

B

ff

H

f
rr wwb
vvm

)1(
1 21


 (9) 

where f, 1wf , and 
2wf  are the total Darcy–Weisbach friction coefficient, and that for the 

glass and stainless steel sidewalls, respectively; 
bf

 is the bed friction coefficient, and equal 

to the summation of grain and bed form friction coefficients (
bfgb fff += ). The r value 

was calculated as follows: 

1

)1(5.0

111
−












−
++=

BrH
r

v

 (10) 
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In order to calculate 
bf  from measured flow properties (e.g., H, S) and vegetation 

parameters ( , d), and channel geometry (B) using Equation (4), the trial and error 

method is adopted because vegetation drag coefficient 
DC  is a function of vmr , which de-

pends on bed form resistance itself. The detailed calculation procedure is as follows: 

Step #1: Calculate the grain resistance using Equations (1) and (2), and convert it into the 

Darcy–Weisbach grain friction coefficient using ))/(8( 2

vgg Vf = . 

Step #2: Calculate the vegetation-related hydraulic radius, vr , using  /)1)(4/( drv −= , the 

total hydraulic radius, r, using Equation (10), and f value using )/8( 2

vVSrgf = . 

Step #3: Calculate the glass and stainless steel Darcy–Weisbach friction coefficients using 

the Colebrook equation, Equation (3), and then calculate sidewall resistances using

8/)( 21

2

21 worwvworw fV =  . 

Step #4: Assume the Darcy–Weisbach bed friction coefficient, bf . For the first trial, this 

guess must be greater than 
gf . Then, perform the following steps to recalculate bed 

friction coefficient: 

1. Calculate the modified vegetation-related hydraulic radius, vmr , using Equation (9). 

2. Calculate Reynolds number for the pseudo-fluid model, '

eR , using Equation (8). 

3. Calculate the drag coefficient for the pseudo-fluid model, 'DC , using Equation (7). 

4. Calculate the vegetation drag coefficient, 
DC , using Equation (6). 

5. Calculate the vegetation drag force, 
DF , using Equation (5). 

6. Calculate the bed form resistance, 
bf , using Equation (4). 

7. Calculate the Darcy–Weisbach bed form friction coefficient using 28 / ( )bf bf vf V = . 

8. Recalculate the Darcy–Weisbach bed friction coefficient using 
bfgb fff += . 

9. Repeat step #4 until the difference between the calculated and the assumed values of 

bf  is within a desired tolerance. 

The calculated g , w1 , w2 , Vv, 
DC , and 

bf  values for all the experiments are shown 

in Table 2. All the experimental flows are subcritical with Froude number (Fr) ranging 

from 0.162 to 0.343. This approach of separating the total bed resistance into grain and bed 

form resistances was also applied for estimating bed load transport rate in one-dimen-

sional hydrodynamic model [32]. 

Table 2. Experimental runs processing data. 

Run g  

(N/m2) 

1w  

(N/m2) 

2w  

(N/m2) 

Vv 

(cm/s) 
CD 

bf  

(N/m2) 

ΔZ 

(mm) 
Fr 

1 0.334 0.079 0.081 17.15 1.18 3.264 5.5 0.162 

2 0.484 0.107 0.110 20.78 1.15 6.279 5.4 0.170 

3 0.712 0.148 0.153 25.09 1.12 11.513 5.6 0.193 

4 0.884 0.114 0.118 21.54 1.16 8.708 6.1 0.177 

5 1.037 0.136 0.140 23.80 1.13 9.204 5.2 0.191 

6 1.209 0.156 0.162 25.84 1.12 11.029 6.5 0.201 

7 0.360 0.096 0.099 19.06 1.12 2.944 7.7 0.205 

8 0.528 0.139 0.143 24.00 1.04 4.220 7.3 0.226 

9 0.731 0.180 0.186 28.35 1.01 7.905 7.8 0.231 

10 1.089 0.183 0.190 28.42 1.00 5.324 6.3 0.244 

11 1.339 0.225 0.234 32.12 0.97 6.138 5.7 0.262 

12 1.646 0.271 0.283 35.82 0.96 7.770 7.0 0.283 

13 0.691 0.224 0.233 31.60 0.95 2.759 9.2 0.299 

14 0.853 0.270 0.282 35.23 0.94 3.607 13.0 0.322 
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15 1.012 0.308 0.323 38.32 0.93 5.069 15.0 0.329 

16 1.245 0.277 0.289 36.05 0.92 2.527 5.4 0.313 

17 1.524 0.332 0.347 40.05 0.92 3.260 10.3 0.336 

18 1.818 0.369 0.387 42.78 0.92 5.844 21.7 0.343 

3.4. Bed Form Height 

After each experimental run, water was slowly drained out of the flume. When bed 

surface was still wet, vegetation stems were removed carefully to make this region clear 

for taking images. Microsoft Kinect together with the MATLAB Image Acquisition 

Toolbox was used to capture a depth image of bed surface at the region indicated above. 

Using the MATLAB program, we converted the depth-coded image, and stored it as point 

clouds. Each point in the cloud has X, Y, and Z values representing its position in space 

(X and Y) as well as its distance or depth (Z) from the Kinect depth sensor. 

Because bed surface has a longitudinal and a transverse slope, these slopes affect the 

distance (Z-value) from each point on bed surface to the Kinect depth sensor (Figure 4a). 

In order to remove these effects, hereafter, called bias, another MATLAB program was 

used for leveling the bed surface (Figure 4b). 

 

(a)  (b)  

Figure 4. Kinect Z-values, (a) with bed surface slope, (b) leveling bed surface. 

The height of bed elevation, ΔZ, shown in Table 2, is defined as the average bed form 

height, calculated by 
( )

n

ZZ i −
2

, where iZ  is the bed elevation at point i; Z  is the 

mean bed elevation (m), which is a constant for a horizontal plane; n is the total number 

of measurement points. Typical bed surface elevation contours, such as run #7 and #18, 

are shown in Figure 5a,b, respectively. 
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Figure 5. Bed surface elevation contours (a) run #7 {ϕ =0.014}, (b) run #18 {ϕ =0.005}. 

For ϕ = 0.033 and 0.014, scour holes were observed around each vegetation stem with 

a depositional bed form in between (Figure 5a). These bed forms were formed by the high 

level of turbulence from overlapping wakes and horseshoe vortices generated by each 

stem. Regardless of flow properties and sediment sizes, the ΔZ-values for ϕ = 0.033 were 

nearly the same (Table 2), and the same trend was noticed for ϕ = 0.014. This means that 

bed form height is highly correlated with vegetation concentration but not flow and sed-

iment properties. The mean values of bed form height, ΔZavg, for ϕ = 0.014 and 0.033 are 

equal to 7.0 and 5.7 mm, respectively. This shows that bed form height was slightly de-

creased with the increasing of vegetation concentration. 

For   = 0.005, because of the formation of sand dunes, the ΔZavg value is equal to 12 

mm larger than that for other   values. For d50 = 0.45 mm, as shown in Table 2, the ΔZ 

value is slightly increased because smaller sized sand dunes were observed. When d50 =1.6 

mm, as shown in Figure 5b and Table 2, the ΔZ values are increased as flow velocity is 

increased due to the increasing of sand dunes’ sizes. This implies that sand dunes were 

developed through the sparse vegetation as flow velocity increases. 

The variation of ΔZavg versus   (Figure 6) indicated that the ΔZavg is decreased rap-

idly as the   value increased from 0.005 to 0.014, and then decreased gradually as the 

value increased from 0.014 to 0.033. This trend is consistent with the evolution of bed form 

from sand dunes at low vegetation concentration to fully developed scour holes around 

each vegetation stem at high concentration. 
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Figure 6. Variation of ΔZavg versus  . 

4. Empirical Relations and Methods 

4.1. Bed Form Resistance Relation 

Bed form resistance is a function of flow, sediment, and vegetation properties, which 

can be calculated as [30]: 

* 2

502 ( )

bf

bf bf

s

C
U

gd




  


=

−
 (11) 

in which Cbf is bed form drag coefficient for bed form, Δ is the height of bed form, λ is the 

length of bed form, and Ubf is the mean velocity within the height of bed form for bed 

surface free of vegetation, which is proportional to the vegetation concentration and mean 

pore velocity as: 

𝑈𝑏𝑓 = 𝛼1𝜙𝛽1𝑉𝑣  (12) 

The non-dimensional bed form resistance can be written as: 

* 2

502 ( )

bf

bf bf

s

C
U

gd




  


=

−
 (13) 

Based on Sturm [33], the height and length of dunes in non-vegetated channels can 

be calculated by: 

0.3 0.5500.11( ) (1 )(25 )  for  25
 

0 for   25

Td
e T T

H
H

T

−
− −  

= 
 

 (14) 

 

𝜆 = {
7.3𝐻, for 𝑇 < 25 

 
0 for 𝑇 ≥ 25 

 (15) 

in which T is bed mobility factor defined as T= τg/τc-1. Bed form is at low energy regime 

(i.e., ripple, dune) when T < 25, and high energy regime (i.e., dynamic flat bed) when T ≥ 

25. For ripples and dunes at T < 25, the ratio of bed form height and length is: 

0.3 0.5500.11
( ) (1 )(25 )  

7.3

Td
e T

H

−
= − −  (16) 

For vegetated channel, the ratio of bed form height and length is proportional to the 

ones observed in non-vegetated channel as: 

2 0.3 0.550

2

0.11
( ) (1 )(25 )

7.3

Td
e T

H

 


−
= − −  (17) 

where 𝛼2 and 𝛽2 are coefficients for taking account of the vegetation impacts. Substitut-

ing Equations (12) and (17) for Equation (13), the relation for non-dimensional bed form 

resistance is written as: 

0

2

4

6

8

10

12

14

0 1 2 3 4

Δ
Z

a
vg

(m
m

)
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1 2

2

2* 2 0.3 0.550

1 2

50

0.11
( ) (1 )(25 )

2 7.3 ( 1)

bf Tv

bf

s

C V d
e T

G gd H

     + −= − −
−

 (18) 

where 𝜏𝑏𝑓
∗  is the non-dimensional bed form resistance, defined as 𝜏𝑏𝑓

∗ =
𝜏𝑏𝑓

[(𝜌𝑠−𝜌)g𝑑50]
. This 

definition of non-dimensional bed form shear stress is recommended in Zanke and Ro-

land [34]. In Equation (18), set C1 =  
𝐶𝑏𝑓

2
𝛼1

2𝛼2
0.11

7.3

1

(𝐺𝑠−1)
, 

2 1 2C 2 = + , and 𝐹𝑟 =
𝑉𝑣

√g𝐻
, the 

simplified expression of Equation (18) is: 

2* 2 0.7 0.5

1

50

( ) (1 )(25 )
C T

bf

H
C Fr e T

d
  −= − −  (19) 

Equation (19) is derived based on semi-empirical relations of bed form properties in 

non-vegetated channels, and cannot be considered as an accurate description of bed form 

resistance in vegetated channels. Nevertheless, Equation (19) outlines the non-dimen-

sional variables for bed form resistance calculation, which are Froude number, the ratio 

of flow depth and sediment diameter, vegetation concentration, and mobility parameter. 

4.2. Bed Load Transport Relation 

Similarly, bed load transport rate is the product of bed load particle velocity and the 

thickness of bed load layer [34–37]. The thickness of bed load layer is defined as the equiv-

alent bed thickness assuming the bed load layer consists of only bed load particles. The 

real thickness of mobile bed load layer is greater than this value due to the porosity of bed 

material. Shim and Duan [37] conducted a series of laboratory experiments using high-

speed camera to measure bed load particle velocity, and found the spatial and temporal 

averaged bed load particle velocity in non-vegetated channel can be expressed as: 
*

*50

1 2*

( 1)
( )

gs

b g

s M c

G gd
u

G C


  



−
= +

+
 (20) 

where ub is bed load particle velocity in non-vegetated channel, τg* is non-dimensional 

value of grain resistance [
*

50/{( ) }g g s g d   = − ], Gs is the specific gravity of the sediment 

and equals 2.65, CM is the added mass coefficient for sediment particles in water, which 

has a theoretical value of 0.5 for spherical particles [38], 1  and 2  are coefficients that 

correlate bed load saltation length to non-dimensional bed shear stress originated in Equa-

tions (12) and (13) in Shim and Duan [37]. Bed load velocity in vegetated channels is as-

sumed to be proportional to the one in non-vegetated channels as: 

3

b veg bu u
− =  (21) 

where b vegu −  is bed load particle velocity in vegetated channel. Equation (21) applies the 

exponential of vegetation concentration to scale the bed load velocity obtained for non-

vegetated channel. Then, bed load transport rate in vegetated channel can be written as: 

3

*

*50
1 2*

( 1)
( )

gs
b b veg b veg b veg g

s M c

G gd
q u

G C




     


− − −

−
= = +

+
 (22) 

where b veg −  is bed load layer thickness in vegetated channel. The bed load layer thick-

ness in non-vegetated channel can be estimated as [34]: 
* *

50 tan

g cb

dd

 

 

−
=  (23) 
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where η reflects the bed slope angle in the flow direction, which equals 1.0 for mild sloped 

channels, ϕd is the dynamic friction angle. For mild sloped channel bed similar to the ex-

perimental conditions cited in this paper, η=1.0 is used in Equation (23). In additions the 

non-dimensional grain shear replaced the non-dimensional bed shear stress in the original 

equation [34]. However, Equation (23) is applicable to non-vegetated channel, incorporat-

ing the effect of vegetation roots in bed load layer, we assume the thickness of bed load in 

mild sloped vegetated channel is analogous to Equation (23) as: 
1

4

* *

50

( )

tan

D

b veg g c

dd


  




− −
=  (24) 

where 𝛼4and D1 are coefficients that differentiate the calculation of bed load thickness in 

vegetated and non-vegetated channel. Then, Equation (22) can be written as: 

1

3 4

* * *

*50
50 1 2*

( ) ( 1)
( )

tan

D

g c gs
b g

d s M c

G gd
q d

G C

 
  

   
 

+
− −

= +
+

 (25) 

In Equation (25), set D2 = 𝛼3 + 𝛼4. The non-dimensional bed load transport rate is 

calculated as: 

1

2

* * *

* *

1 2*3

50

( )1
( )

tan( 1)

D

g c gDb

b g

M d c

q
q

Gs CGs gd

  
   

 

−
= = +

+−
 (26) 

where 𝑞𝑏
∗  𝑖𝑠 the non-dimensional bed load transport (𝑞𝑏

∗) [= 𝑞𝑏/√(𝐺𝑠 − 1)𝑔𝑑50
3  ]. In Equa-

tion (26), CM = 0.5 for spherical particles. The dynamic friction angle is assumed to be 35  

for medium size sand. Shim and Duna [37] found 
1 226.3 and 34.6 = =  from experi-

mental data. In this study, the non-dimensional critical shear stress is 0.034. Unfortu-

nately, there is no measurements of saltation particle length in vegetated channel. There-

fore, we assumed these constants are valid for vegetated channels. Then, Equation (26) 

can be further simplified as: 

1 2

*

* * * *

*
0.8( ) (26.3 34.6)

gD D

b g c g

c

q


   


= − +  (27) 

where D1 and D2 are empirical coefficients that need to be determined by observed data. 

5. Downhill Simplex Method to Determine the Coefficients 

In order to find the coefficients in Equations (19) and (27), data from this study as 

well as data from Jordanova and James [11] and Kothyari et al. [12] (Table 3) were used 

for optimization. In Table 3, the total bed resistance, b , is the sum of grain (
g ) and bed 

form (
bf ) resistances, which were calculated in Jordanova and James [11] and Kothyari 

et al. [12]. By knowing the grain resistance (
g ) (Equation (2)) and the total bed resistance 

( b ), bed form resistance (
bf ) is calculated as the difference between b  and 

g . The 

non-dimensional bed form resistance, 𝜏𝑏𝑓
∗ , can be calculated based on the experimental 

measurements. Similarly, the non-dimensional bed load transport rate, 𝑞𝑏
∗ , can also be de-

termined from experimental data. The non-dimensional variables based on experimental 

measurements were used to optimize the coefficients in Equations (19) and (27). 

Table 3. Ranges of literature test data considered. 

Investigator d (mm) d50 (mm)   S (%) H (cm) Vv (cm/s) b  (N/m2) Fr 
qb × 106 

(m2/s) 
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Kothyari et al. [12] 2.0 to 5.0 0.55 to 5.9 
0.002 to 

0.012 
1.7 to 20.8 2.78 to 6.08 33.8 to 94.9 1.70 to 59.43 

0.44 to 

1.78 
0.5 to 8121 

Jordanova & James 

[11] 
5.0 0.45 0.0314 

1.18 to 

1.84 

2.05 to 

11.1 

15.5  

to 

18.5 

0.51  

to 

1.32 

0.16  

to 

0.37 

1.89 

 to 

6.94 

The downhill simplex method (DSM) [39] was applied to all the data mentioned 

above. The DSM is a commonly applied optimization technique for determining the min-

imum or maximum value of an objective function in a multidirectional space [40–43]. It is 

especially effective in non-linear problems when the derivatives are unknown. In this 

study, the Nash–Sutcliffe efficiency (NSE) coefficient was maximized and the correspond-

ing coefficient of determination (R2) was calculated to find the best match between the 

predictions from Equations (19) and (27) and the experimental data measured (observed). 

The NSE and R2 values were calculated using the following two equations: 

2

2

(P O)
NSE =1 NSE < 1

(O O)

−
−

−
 (28) 

2
2

2 2 2 2

(m P O P O)
R  =

[m P ( P) ] [m O ( O) ] 

 −   

−  −   
 (29) 

where P and O are predicted from Equation (19) or (27) and observed values in Tables 1–

3; m is the total number of data. The DSM was employed to find optimal coefficient com-

binations that correspond to functional minimums (or maximums). The optimization 

starts with an initial simplex, which represents a randomly generated coefficient set. The 

functional minimum (or maximum) in the coefficient space can be found by transforming 

the simplex according to the functional values at the vertexes and moving the simplex in 

the downhill direction until the functional value converges to its minimum (or maximum) 

value [39]. 

5.1. Optimal Coefficient Set in Bed Form Resistance Relation 

To find the optimum coefficient set for 𝜏𝑏𝑓
∗  relation (Equation (19)), the DSM optimi-

zation was run in MATLAB platform (R2018a, MathWorks, Inc., Natick, MA, USA), by 

maximizing the NSE values (or minimizing 1.0−NSE values). Since Equation (19) is only 

for the ripple- and dune-type bed form, we removed the 11 pieces of data in Kothyari et 

al. [12] because T ≥ 25. Seven hundred iterations were run to find the optimum values of 

the coefficients C1 = 205.156 and C2 = 2.484. Unfortunately, the maximum NSE value was 

only 0.034 and R2 was 0.117. This indicates Equation (19) is not an appropriate function 

for bed form resistance. In order to improve the NSE value, we modified the constants in 

Equation (19) and added calibration coefficients while maintaining the original variables. 

The modified equation can be written as: 

3 52 4* 0.5

1

50

( ) (1 )(25 )
C CC C T

bf

H
C Fr e T

d
  −= − −  (30) 

We used five coefficients (Equation (30)) instead of two (Equation (19)) to rerun the 

DSM analysis, and conducted 700 iterations until the coefficients converged to constants 

(Figure 7). This figure shows the influence of the coefficient values’ variation on (1.0−NSE) 

values throughout the DSM iterations. The optimum coefficient values yielded the mini-

mum 1.0−NSE value of 0.109, corresponding to the maximum NSE value of 0.891. The 

coefficients were C1 = 0.238, C2 = 0.519, C3 = 1.533, C4 = 0.638, and C5 =−1.034. The corre-

sponding R2 value for this optimum coefficient set was 0.890 as shown in the scatter plot 

(Figure 8). These values of the NSE and R2 show that the predicted Equation (30) and the 

observed non-dimensional bed form resistances are correlated well for all the datasets. 

https://en.wikipedia.org/wiki/Numerical_method
https://en.wikipedia.org/wiki/Objective_function
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The positive exponential for vegetation concentration indicates bed form resistance in-

creases with vegetation concentration. 

 

Figure 7. DSM optimization results for Equation (30) by minimizing 1.0−NSE (or maximizing NSE). 

 

Figure 8. Scatter plot for predicted values of 𝜏𝑏𝑓
∗  (Equation (30)) and observed ones based on opti-

mum parameter set. 
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5.2. Optimal Coefficient Set for Bed Load Transport Relation 

To find the optimum coefficient set for 𝑞𝑏
∗  relation (Equation (27)), the DSM optimi-

zation ran 200 iterations by maximizing the NSE values (or minimizing 1.0−NSE values). 

The influence of these coefficients (D1 and D2) on 1.0−NSE values throughout the DSM 

iterations is shown in Figure 9. Apparently, both coefficients converge to constants at the 

maximum NSE value. The optimum coefficient values for the minimum 1.0−NSE value of 

0.019 (or the maximum NSE value of 0.981) are D1 = 1.919 and D2 = −0.168. The correspond-

ing R2 value for the above optimum coefficient set is 0.981 as shown in the scatter plot 

(Figure 10). The resultant equation of the bed load transport rate with the optimal coeffi-

cients is as below: 
*

* * * 1.919 0.168 *

*
0.80467( ) (26.3 34.6)

g

b g c g

c

q


   


−= − +  (31) 

 

Figure 9. DSM optimization results for Equation (27) by minimizing 1.0−NSE (or maximizing 

NSE). 
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Figure 10. Scatter plot for predicted and observed values of 𝑞𝑏

∗  based on optimum parameter set. 

The coefficient D2 = −0.168 in Equation (31) is negative, meaning the bed load 

transport rate is reducing with vegetation concentration. If the total bed resistance remains 

as a constant, the increase in vegetation concentration will increase bed form resistance 

(Equation (30)) so that grain resistance will be reduced. Consequently, the bed load 

transport rate reduces with vegetation concentration as seen in Equation (31). However, 

D2 = −0.168, which is close to zero. Therefore, to quantify the influence of the vegetation 

concentration on the prediction of the bed load transport rate, Equation (31) is reevaluated 

using DSM optimization without the ϕ parameter. The values of NSE and R2 are 0.653 and 

0.985, respectively. Although the maximum values of R2 with and without the incorpora-

tion of the vegetation concentration are approximately the same, the maximum NSE value 

with the incorporation of the vegetation concentration (NSE = 0.981) is greater than the 

one without the vegetation parameter (NSE = 0.653). This means that the vegetation con-

centration has a moderate effect on the prediction of bed load transport (Equation (31). 

6. Discussion 

Vegetation drag force is dependent on the drag coefficient, CD, which varies with flow 

Reynold number, and approaches a constant for a single cylinder in fully turbulent flow. 

In this study, CD is required in each experiment for quantifying the drag force induced by 

vegetation stems. In order to determine the resistance on vegetation stems (Equation (5)), 

the grain resistance and the sidewall resistance were calculated first by Equations (2) and 

(3), respectively. Second, the total bed shear stress, consisting of grain resistance and bed 

form resistance, were assumed in Step #4. By knowing the grain and sidewall resistances, 

the vegetation drag coefficient CD was calculated in Step #4.1–4.4. Third, the vegetation 

resistance and bed form resistance were calculated in Step #4.5 and Step #4.6, respectively. 

Fourth, we converted bed form resistance to the Darcy–Weisbach resistance coefficient 

(Step #4.7). In Step #4.8-4.9, we recalculated the bed resistance. This bed resistance must 

be equal to the assumed bed resistance; otherwise, the assumed bed resistance was ad-

justed until it converged. This procedure calculates the bed form resistance after knowing 

R² = 0.983
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the grain resistance and vegetation drag resistance. The CD value is dependent on the veg-

etation stem Reynolds number ( Re /d vV d = ) (Figure 11), flow Reynolds number (

Re /H UH = ) (Figure 12), and vegetation concentration (ϕ) (Figure 13). 

 

Figure 11. CD versus vegetation stem Reynolds number. 

 

Figure 12. CD versus flow Reynolds number. 
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Figure 13. CD versus vegetation concentration. 

These figures showed that CD ranges from 0.75 to 1.18 for vegetation concentration 

from 0.002 to 0.033, vegetation stem Reynolds number (780 < Red < 6844), and flow Reyn-

olds number (3444 < ReH < 67675). The stem Reynolds number indicates the turbulence 

strength near the stems, while the flow Reynolds number measures the turbulence in the 

main flow. As we have seen, flow is fully turbulent, with the minimum Reynolds number 

of 3444. Therefore, the CD coefficient varies within a narrow range from 0.75 to 1.18 based 

on the trial–error calculation. Figures 11 and 12 show that CD reduces as the Reynolds 

number increases, which is consistent with other studies [20,23]. Figure 13 shows that CD 

increases with vegetation concentration due to the impact of overlapped vorticity struc-

tures. 

In addition, traditional bed load formulas are used for the estimation of the bed load 

transport rate in non-vegetated channels [44], such as the formulas of Einstein [45], Meyer-

Peter and Muller [46], and Bagnold [47] for uniform bed material, and Parker [48], Duan 

and Scott [49], and Wilcock and Crowe [50] for mixed-sized bed material. These bed load 

transport formulas cannot be applied directly to predict the bed load transport rate in a 

vegetated channel for two major reasons: (1) grain resistance for bed load transport is 

much smaller in a vegetated channel than in a non-vegetated channel due to the vegeta-

tion drag force; (2) the higher the vegetation concentration, the lower the bed load 

transport rate. If directly using the formulas for a non-vegetated channel, the bed load 

transport rate will be artificially over-predicted, and, consequently, computational models 

will predict erosion in vegetated channels, contradictory to the reality. As vegetation 

grows in channels, grain resistance will reduce and the bed load transport rate will reduce. 

As a result, deposition will be likely to occur in vegetated channels. Therefore, Equation 

(31) is a novel contribution for estimating bed load transport in vegetated channels. 

7. Conclusions 

A series of laboratory experiments were conducted in an open channel flume to study 

bed form resistance and bed load transport in a vegetated mobile bed channel. The loga-

rithmic velocity distribution was used in this study to calculate the grain resistance [30,31]. 

In a vegetated mobile bed, bed form is a series of scour holes around vegetation stems 
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overtopped on ripples or dunes. The height of bed form depends on vegetation concen-

tration, which determines whether the ripple/dune or scour holes dominate on the bed 

surface. A new iterative method was derived to calculate bed form resistance. For sparsely 

vegetated flows, bed form height decreases rapidly as the vegetation concentration is in-

creased, and then decreases gradually upon high vegetation concentration. In our experi-

ments, sand dunes started to appear when the vegetation was sparse, and their sizes in-

creased with flow velocity. Empirical relations were derived to predict bed form resistance 

and the bed load transport rate. The DSM optimization was applied to find the coefficient 

sets for each relation by maximizing the NSE values and finding the corresponding R2 

values. The results showed that vegetation concentration has moderate impacts on bed 

form resistance and bed load transport. As vegetation concentration increases, bed form 

resistance will increase, while the bed load transport rate will reduce. This explains that a 

high-density vegetated channel blocks bed load transport to downstream reaches. Never-

theless, these conclusions were drawn from the limited laboratory experimental data, and 

require additional data of sediment transport in a densely vegetated channel and field to 

verify their applicability. 
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Notation 

The following symbols are used in this paper: 

a vegetation frontal area per unit volume (m−1); 

aH  vegetation roughness density (-); 

bedA  bed surface area (m2); 

B channel width (m); 

DC  drag coefficient for a cylindrical emergent stem; 
'

DC  drag coefficient for the pseudo-fluid model; 

Cbf bed form drag coefficient (-); 

d vegetation stem diameter (mm); 

d16, d84 
sizes for which 16% and 84% of the sediment are finer than d16 and 

d84, respectively (mm); 

d50 median sediment size (mm); 

FD vegetation drag force (N); 

Fr Froude number (-); 

g gravity acceleration (m/s2); 

Gs specific gravity of the sediment (-); 

H flow depth (m); 

Hs equilibrium flow depth (m); 

m total number of data; 

N number of stems per unit bead area (m−2); 
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NSE Nash–Sutcliffe efficiency coefficient (-); 

n total number of bed elevation points; 

O 
observed value of non-dimensional bed form resistance or non-di-

mensional bed load transport rate; 

P 
predicted value of non-dimensional bed form resistance or non-di-

mensional bed load transport rate; 

Q flow rate (m3/s); 

bq  bed load transport rate (m2/s); 
*

bq  non-dimensional bed load transport; 

R2 coefficient of determination (-); 
'Re  Reynolds number for the pseudo-fluid model (-); 

ReH
 flow Reynolds number (-); 

Red
 vegetation stem Reynolds number (-); 

r total hydraulic radius (m); 

vr  and 
vmr  

vegetation-related, and modified vegetation-related hydraulic radii 

respectively (m); 

S bed slope (-); 

Ss vegetation stem spacing (mm); 

T bed mobility factor (-); 

U  mean flow velocity (m/s); 

Ubf  mean velocity within the height of bed form (m/s); 

ub bed load particle velocity in non-vegetated channel (m/s); 

ub-veg bed load particle velocity in vegetated channel (m/s); 

Vv mean pore velocity (m/s); 

X, Y, and Z 
position of the bed points (points clouds) in space and distance 

(depth) (m); 

iZ  bed elevation at any point i (m); 

Z  mean bed elevation of original bed surface (m); 

Δ height of bed form; 

ΔZ bed form height (mm); 

ΔZavg  average of the bed form height for each ϕ value (mm); 

ζb bed load layer thickness in non-vegetated channel; 

ζb-veg bed load layer thickness in vegetated channel; 
f  total Darcy–Weisbach friction coefficient (-); 

bf  bed Darcy–Weisbach friction coefficient=
g bff f+   (-); 

,g bff f  grain and bed form Darcy–Weisbach friction coefficients, respec-

tively (-); 

ϕ vegetation concentration (-); 

ϕd dynamic friction angle; 
  specific weight of water (N/m3); 

λ length of bed form; 
  water dynamic viscosity (N  s/m2); 

  kinematic viscosity of water (m2/s); 

1 2, ,sg sw swk k k  grain, glass, and stainless steel roughness heights (m) 

  von Karman constant = 0.41 (-); 
, s   water and sediment density, respectively (kg//m3); 

g  standard deviation of sediment mixture; 

b  total bed resistance (N/m2) = 
g bf + ; 

,g bf   grain and bed form resistances, respectively (N/m2); 

1w , 
2w  glass and stainless steel sidewall resistances, respectively (N/m2); 
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*

bf , *

g , *

c  
non-dimensional bed form, grain, and critical resistances, respec-

tively; 

  volume of water (m3); 

β1, β2, α1, α2, α3, α4, 

C1, C2, C3, C4, C5, η, 

D1, D2, ω1, ω2 

coefficients. 
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