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Abstract: A water purification method using a static electric field that may drift the dissolved ions
of heavy metals is proposed here. The electric field force drifts the positively charged metal ions of
continuously flowing contaminated water to one sidewall, where the negative electrode is placed,
leaving most of the area of the duct purified. The steady-state ion distributions, as well as the time
evolution in the linear regime, are studied analytically and ion concentration distributions for various
electric field magnitudes and widths of the duct are reported. The method performs well with a duct
width less than 10−3 m and an electrode potential of 0.26 V or more. Moreover, a significant reduction
of more than 90% in heavy metals concentration is accomplished in less than a second at a low cost.

Keywords: heavy metals; ion drift; electric field; Asopos river

1. Introduction

In general, heavy metals are defined as the elements of the periodic table with densities
higher than 5 gr/cm3; they are produced in high quantities in industries. They are often
disposed in the environment in the form of metallic ions, the most dangerous of which
are elements such as Cd, Cr, Cu, Ni, Pb and Zn that can dissolve easily in fresh water [1].
Thus, heavy metals can be absorbed through contaminated water by living organisms,
such as humans, animals and plants. Consequently, high concentrations measured in the
human body may cause serious illness [2–4]. The most dangerous elements are listed in
ref. [1] together with their maximum contaminant level (MCL), the concentration level
that is permitted in wastewater according to the UESPA [1,3] (for example for As(III) is
6.6× 10−4 mol/m3, for Cr(VI) is 9.6 × 10−4 mol/m3, for Cd(II) is 8.9 × 10−5 mol/m3, for
Hg(II) is 1.5 ×10−7 mol/m3, and for Zn(II) is 0.0122 mol/m3). Thus, wastewater treatment
is an important task for industries before they dispose waste in the ecosystem.

This paper aspires to provide a solution to the problem of the contamination of surface
waters, groundwaters, stormwaters and wastewater, which could transport heavy metals
(such as the river Asopos in the Attica region in Greece). It is therefore crucial that we
should be able to propose a method for the removal of heavy metals at a moderate cost.

Several methods have been proposed so far for the removal of heavy metals from
contaminated water [5,6], the most important of which are chemical precipitation [7,8],
the adsorption method [9–21], separation due to membranes [22–30], photocatalytic meth-
ods [31–34], electrodialysis [35–40], electrocoagulation [41,42] and electric-based separa-
tion [43], based on the electrostatic field effect in the contaminated solution. Specifically,
in electrochemical treatment [44–47], an oxidation process occurs to the anode, whereas
a reduction process occurs to the cathode, leading to water purification. Ion exchange
treatment [48,49] is a reversible chemical reaction in which a heavy metal ion is replaced
with another friendly to the environment.
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In the present work, an alternative and more cost-effective water purification method
is proposed using ion drift from an electric field, and without the need of membranes. The
cost and the affordability of the method, which is essential for its application, are probably
much lower and will be examined in a future paper.

The continuous contaminated water flow in a duct is considered in an area which is
under the effect of an external DC electric field (Figure 1) similar to the one detailed by
Bartzis and Sarris [50,51]. The proposed configuration is thus similar to that of a usual
capacitor, in which the positive heavy metal ions are attracted by the electric potential and
drift to the non-conductive sidewalls of the duct. Thus, the concentration of heavy metal
ions is decreased in the central area of the duct, as well as in the other sidewall area, which
is a region suitable to collect the purified fluid. The effectiveness of the method is influenced
by the width of the duct, the initial concentration of heavy metals, by the applied potential
and the valence of the ions. An analogous configuration in nanochannels [52–54] within a
molecular dynamics simulation showed that this method can drift salt ions successfully.
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2. Materials and Methods

Let us assume that contaminated water contains some Cr+3, Cr+6, Cd+2, Zn+2, Fe+3

and/or Hg+2 in significant concentrations. Our target is to reduce the heavy metal con-
centration in the outflow duct by their drift in the sidewalls of the duct. Figures 1 and 2
represent the reactor that is studied in this paper. It consists of:

(1) Two electrodes charged by a voltage V, producing between them an almost homoge-
neous and constant electric field with direction going from positive to negative;

(2) An insulated duct of width L that is placed between and along the electrodes at
minimal distance to ensure field uniformity. Thus, the contaminated water flows
perpendicular to the electric field (Figures 1–3).
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Figure 3. Configuration of heavy metal ion movement through the duct.

It is assumed that the water with heavy metal ions flows inside the duct. Thus, it is
supposed that the solution is under the effect of the external electric field. It is considered
for simplicity’s sake that the solution contains only one species of heavy metal ions. The
basic idea is presented in Figure 3. Due to the electric field, the metallic ions drift towards
the negative electrode of the conductor, which in Figure 3 is placed at the bottom, leaving
almost ion-free water at the upper part of the duct.

Throughout the present study, water is considered as a continuous dielectric media [55–58],
with electric permittivity ε = εr ε0, where εr ≈ 80 is the relative permittivity of the water
and ε0 = 8.85× 10−12 F/m.

3. General Study of the Final State for the Stern Model
3.1. Boundary Conditions

For the present analysis we consider the Stern model, in which the ions have finite
sizes. So, the minimal distance that the ions can approach the duct’s walls is in the order
of the ionic radius (further increased by hydration), and a layer that is called the compact
layer is created (Stern layer), which is simulated by a Helmholtz capacitor with an effective
width that is considered a constant. We use the term ‘effective’ because in this layer, due
to extremely large fields, the water cannot considered a continuous medium, and if we
continue to use the permittivity εwe must change its thickness λs. As usual we consider
λs ≈ 5

.
A [59–61]. After the compact layer, we have the diffuse layer which is simulated by

a Gouy–Chapman type capacitor. These two layers form the double layer.
Before starting the study, we have to declare the boundary conditions. We consider

at y = L
2 (the center of the duct) the potential to be equal to zero, ϕ(y = L

2 ) = 0. In that
case ϕ(0) is the potential at y = 0 and −ϕ(0) at y = L. Moreover, by assuming that the
relation between the potential and the distance is linear inside the compact layer, we have
the following:

ϕ = ±ϕ(0)± λs
∂ϕ

∂y
for y = 0, L (1)

3.2. Accurate Solution for the Final State

Following the method of ref. [62] we can accurately calculate the intensity of the
electric field within the compact layer and surface charge density. So according to ref. [62]
we have the following:

σ = −
√

8εCMRTsinh[
zF

2RT
(

σλs

ε
+ ϕ(0))] (2)

Or, after substituting:

σ = −3.76× 10−3C1/2
M sinh[z(19.34ϕ(0) + 13.65σ)] (S.I.) (3)

where CM is the ion concentration at the middle of the duct after the electric potential
application, T is the absolute temperature which is considered T = 300 K throughout this
work, z is the number of overflow protons or electrons (considered positive throughout the
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article and equal for both positive and negative ions), R is the universal gas constant and F
= 96,485.34 C/mol is the Faraday constant.

Figure 4 presents the surface charge density in its exact calculation in Equation (2) for
bivalent ions as a function of CM and for various ϕ(0) (discrete points). It is found that
|σ| increases slightly with the increase in CM, especially for low ϕ(0), and many orders of
magnitude as ϕ(0) increases.
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Inside the compact layer, the intensity of the electric field is given by [62]:

EλS = −σ

ε
→EλS =

√
8CMRT

ε
sinh[

zF
2RT

(−λsEλS + ϕ(0))] (4)

or, EλS = 5.31× 106C
1
2
Msinh[z(19.34ϕ(0)− 9.67× 10−9 EλS)] (S.I) (5)

Outside the compact layer, the electric field and the potential distribution are of the form:

E = −∂ϕ

∂y
=

√
8CMRT

ε
sin h(

zF
2RT

ϕ) (6)

or E = −∂ϕ

∂y
= 5.31× 106C1/2

M sin h(19.34× zϕ) (7)

where ϕ =
4RT
zF

tan h−1{tan h(
zFϕs

4RT
)× e−κ(y−λs)} for λs ≤ y ≤ L/2 (8)

and ϕ =
4RT
zF

tan h−1{− tan h(
zFϕs

4RT
)× eκ(y−L+λs)} for L/2 ≤ y ≤ L− λs (9)

where λs ≈ 5
.

A and the potential ϕs at the outer Helmholtz plane (OHP) is:

ϕs = ϕ(0)− λs

√
8CMRT

ε
sinh(

zF
2RT

ϕs) (10)

or ϕs = ϕ(0)− 2.65× 10−3C1/2
M sinh(19.34× zϕs) (S.I) (11)
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The total differential capacitance that is defined as ctot =
|dσ|

dϕ(0) is given by the relation:

ctot =

√
2CMεz2F2

RT cos h( zF
2RT ϕs)

1 + λs
ε

√
2CMεz2F2

RT cos h( zF
2RT ϕs)

(12)

By considering as usual that the boundary layer is constituted by two in-line capacitors,
one for the compact layer (Stern layer), cH , and one for the diffuse layer, cD, it is found that:

cH =
ε

λs
(13)

cD =

√
2CMεz2F2

RT
cos h(

zF
2RT

ϕs) (14)

Furthermore, by substitution it is found that cH = 1.4 F/m2, while cD depends on
the initial concentration and the applied electric field. cD can be expressed by cD =

ε
λD

cos h( zF
2RT ϕs), where λD = κ−1 =

√
εRT

2z2CM F2 is the diffuse layer width in the linear
approximation of thickness, between 50 and 150 nm for the concentrations of ions studied
here. By expressing cD as cD = ε

λ , where λ represents the thickness of the effective capacitor
of the diffuse layer, the ration λ

λD
is then found as:

λ

λD
=

[
cos h(

zF
2RT

ϕs)

]−1
(15)

The variation of λ
λD

is shown in Figure 5 as a function of ϕ(0) for two different CM. As

it is observed, λ
λD

is a fraction of the diffuse layer thickness in the linear regime. Thus, ions
are drifted mainly in an area of thickness of the order of nm (or even smaller) for electric
potentials ϕ(0) of interest, i.e., 0.26 V and more, leaving most of the duct free of heavy metals.
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Moreover, the ion concentration distribution along the duct is considered to follow the
Boltzmann distribution, which gives for the case of the negative ions (which are exactly
symmetrical at the opposite pole of the positive ions) the distribution outside of the diffuse
layers λs at the two sidewalls of the duct:

C− = CMe+
zF
RT ϕ (16)
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where ϕ is given by the relations (8) and (9).
Considering that CM is the ion concentration at the middle of the duct after the electric

potential application, the uniform initial concentration can be estimated as:

Cbe f =
CM

∫ L−λs
λs

e+
zF
RT ϕdy

L
(17)

Figure 6 gives an initial idea of the regimes in which this method works efficiently.
In general, Cbe f should be higher than the ion concentration in middle of the duct after
the electric potential application CM. As it is observed, for bivalent ions and for ducts of
widths L = 0.0001 m and smaller, the method is applied (i.e., we have a decrease in the
concentration of the main volume of the solution) when we want to achieve concentrations
CM below 0.01 mol/m3 and for the two potentials ϕ(0) = 0.26 V and ϕ(0) = 2.6 V (green
and black lines, respectively).
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Figure 6. Initial concentration, Cbe f as a function of the concentration in the middle of the conductor,
CM(mol

m3 ) after applying the field for various duct widths (m) and potentials ϕ(0) (V).

For duct widths of L = 0.001 m, the method is applied in the case of the potential
ϕ(0) = 0.26 V (blue line) when we want to achieve concentrations CM below 0.001 mol/m3.
The case in which ϕ(0) = 2.6 V, L = 0.001 m, corresponding to the red line, is discontinuous
and we consider that it is reliable only in the part where it coincides with the blue line. We
must emphasize here that as the potential grows above ϕ(0) = 0.26 V, the steric effects
become more and more important, as we will explore later, and the above model diverges
more and more. Nevertheless, the results have their qualitative significance.

According to the above, we are led to the conclusion that if we want to achieve
concentrations below CM = 0.001 mol/m3, as is the limit based on the international
literature [1] for hexavalent chromium, we can achieve it by using ducts with a width of
L < 0.001 m (in fact smaller than 4 × 10−4 m, as we will see below). In Figures 7 and 8 we
represent the fraction

CM
Cbe f

=
L∫ L−λs

λs
e+

zF
RT ϕdy

(18)

as a function of the width of the duct L for the bivalent and trivalent ions, respectively, and
for the desired concentration, CM = 0.001 mol/m3.That is, keeping constant the numerator
of the fraction which represents the desired concentration, CM = 0.001 mol/m3, we find
the ratio of this with the concentration before the application of the field, Cbe f . Therefore,
the smaller the ratio, the better results we have
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We observe that for potentials ϕ(0) greater than or equal to 0.26 V and for widths up
to 1 mm there is an extremely large decrease in the concentration of the bulk of the solution.
Of course, as expected, with the reduction in the width, the ratio CM

Cbe f
becomes smaller. The

critical amplitude at which there is no significant decrease in the concentration of the bulk
of the solution after application of the field is between L = 0.0001 m and L = 0.001 m. For
z = 2 it is approximately in L = 4× 10−4 m and for z = 3 in L = 2× 10−4 m. Even for
small magnitudes of the applied potentials of the order ϕ(0) = 0.26 V, we have a reduction
in concentration by 90% with a width L = 0.0001 m. For an order of magnitude higher
potential, it reaches 99%. However, as we will see below when potential ϕ(0) is greater than
0.26 V, we can only draw qualitative conclusions because steric effects are then involved.
Nevertheless, we see an extremely large reduction in the concentration of heavy metals in
the main volume of the solution.

3.3. Validity of the Model

There are a few limitations posed by the fact that ions have finite dimensions. Let us
consider that the diameter of the ion is of the order a0 = 1

.
A. If we include the solvation

shell, its diameter becomes a = 3
.

A. However, if we also take into account the ion, ion
correlations will effectively increase to a = 7

.
A, equal to the Bjerrum length. Lastly, we
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should mention the solvent effect. It is generally believed that in the Stern layer, the water
dipoles are so highly aligned that the effective permittivity drops from 80ε0 to 5ε0. In
applied large voltages, this probably extends to the diffuse layer by changing the Bjerrum
length perhaps up to 10 nm. By taking into account a middle value, we then consider that
a = 10

.
A. The maximum concentration is reached where the Stern layer (compact layer)

ends and the diffuse layer begins. This cannot be greater than [63]:

Cmax =
1

NAa3 = 1660 mol/m3

The relationship that connects it with the ϕs that prevails at this point is:

Cmax = CMe+
zF
RT ϕs

Thus:
ϕs =

RT
zF

ln (
Cmax

CM
) | (19)

where the corresponding ϕ(0) is calculated from Equation (10). Replacing the values of
the parameters, we find that for z = 2 and CM = 0.001 mol/m3 is ϕ(0) = 0.24 V, while
for z = 3 and for the same CM, it is ϕ(0) = 0.17 V. We cannot claim that the above
values are more than indicative because of the approximations with which they were
extracted. However, again, the closer we approach them, the more the density increases
in OHP and the less the dilute solution approximation is valid, which is necessary for the
Boltzmann distribution to apply. So, referring to the previous analysis, for potentials above
approximately 0.26 V, the results can only be considered qualitatively. However, given
the extremely large reduction we achieve in the concentration of heavy metals even with
potentials ϕ(0) of the order of 0.26 V as already mentioned, the further increase in the
potential can only bring about an increase in performance.

4. PNP Equations for the Stern Model

Following the methodology of ref. [62], the Poisson–Nernst–Plank equations (PNP)
for the ionic flux and the charge density read as:

∂C±
∂t

= − ∂

∂y
(J±) = −

∂

∂y
(∓C±zeµ

∂ϕ

∂y
− D

∂C±
∂y

) (20)

∂2 ϕ

∂y2 = −ρ

ε
→ ∂2 ϕ

∂y2 = − zF(C+ − C−)
ε

(21)

where C± and J± are the concentration and ionic flux of the positive and negative ions,
respectively, D = µkT is the diffusion coefficient of the ions, µ is their mobility (we con-
sidered in Equation (20) that both positive and negative ions have the same mobility
µ+ = µ− = µ, and thus the same diffusion coefficient D+ = D− = D). Additionally,
k ≡ R

NA
is the Boltzmann constant and the mobility is related with the dynamic viscosity

ν and with the effective radius of the ions r by the relation µ ≡ 1
6πνr . Moreover, ϕ is the

potential of the fluid’s bulk, NA is the Avogadro constant, and the absolute temperature is
considered T = 300 K throughout this work as we have already mentioned. In the above
Equation (20), the electric field intensity has been substituted by E = − ∂ϕ

∂y . Additionally z
is the number of overflow protons or electrons (considered positive throughout the article
and equal for both positive and negative ions) and e = 1.6× 10−19Cb. So the charge density
has the form:

ρ = C+zF−C−zF = zF(C+ −C−) (22)

where F = 96,485.34 C/mol is the Faraday constant.
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Since no charge is transferred between the electrodes, a non-Faradaic procedure [61] is
performed, and the ionic fluxes and the current density are given by:

J± = ∓C±zeµ
∂ϕ

∂y
− D

∂C±
∂y

= 0 for y = 0, L (23)

i = zeNA(J+ − J−) = 0 for y = 0, L (24)

Moreover, uniform ion distribution Cbe f
+ = Cbe f

− = Cbe f is initially assumed and the
zero potential is at t < 0.

4.1. Linearized Solution of the PNP Equations

The linear approximation in the solution of PNP Equations (20) and (21) is discussed in
ref. [62], in which their validity in the fluid’s bulk was proven because of the weak ion drift
towards the duct and the small concentration shift in the y-axis. The linear approximation
can also cover the diffuse layer in the case of [62]:∣∣∣∣z F

RT
ϕ

∣∣∣∣ < 1 or zϕ(0) ≤ 0.026 V (25)

So we have
1
D

∂ρ

∂t
=

∂2ρ

∂y2 − κ
2ρ (26)

where, κ =

√
2z2CMF2

εRT
(27)

The solution of the above Equation of Equations gives [62]:

ρ = αsinh
(
κ

(
y− L

2

))
(1− e−

t
τ ) (28)

∂ϕ

∂y
= − α

εκ
cosh

(
κ

(
y− L

2

))(
1− e−

t
τ

)
− α

1
τ

e−
t
τ

cosh
(
κL

2

)
εDκ3 (29)

ϕ = −α
sinh

[
κ
(

y− L
2

)]
εκ2

(
1− e−

t
τ

)
− α 1

τ
e−

t
τ

(
y− L

2

)
εDκ3 cosh

(
κ

L
2

)
(30)

where, α =
ϕ(0)εκ2

cosh
(
κL

2

)(
λsκ+ tanh

(
κL

2

)) (31)

τ =
L
(

1 + 2λs
L

)
2Dκ

(
λsκ+ tanh

(
κL

2

)) (32)

By using the definition of charge density, the ion concentration distributions can be
estimated as:

C+ = CM +
αsinh

(
κ
(

y− L
2

))
2zF

(1− e−
t
τ ) (33)

C− = CM −
αsinh

(
κ
(

y− L
2

))
2zF

(1− e−
t
τ ) (34)

If the duct has width L ≥ 10−5 m, and since λs ∼ 1− 10
.

A, it is found that the rate
λs
L ≤ 10−4, and thus may be considered negligible. Moreover, for such duct width and since
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κ ∼ 106m−1, it can also be considered that tanh(κL
2 ) ≈ 1. Introducing these simplifications,

we have the following:

τ =
L

2Dκ(λsκ+ 1)
(35)

α =
ϕ(0)εκ2

cosh (κL
2 )(λsκ+ 1)

(36)

4.2. Long Time Behavior of the Linearized Approximation

In this paragraph we will study the above magnitudes of Equations (28)–(30), (33) and
(34) in the final equilibrium state as the time increases to infinity, and then (1− e−

t
τ )→ 1

and e−
t
τ → 0 . So the above magnitudes have equilibrium equations as follows:

ρ = αsinh
(
κ

(
y− L

2

))
(37)

∂ϕ

∂y
= − α

εκ
cosh

(
κ

(
y− L

2

))
(38)

ϕ = −α
sinh

[
κ
(

y− L
2

)]
εκ2 (39)

C+ = CM +
αsinh

(
κ
(

y− L
2

))
2zF

(40)

C− = CM −
αsinh

(
κ
(

y− L
2

))
2zF

(41)

The above results (which were obtained on the basis of the linear approach) should
be compatible with those found in Section 3.2. To verify this, we will calculate the surface
charge density (in C/m2). Following the methodology of ref. [62] we have for the surface
charge density the following:

|σl | = ϕ(0)
ε

(λS + κ−1)
(42)

Figure 4 shows the variation in the graph of |σl | as a function of the concentration CM
for bivalent ions but also for different externally applied potentials ϕ(0) (solid lines). In
the same plot with the discrete points, the surface charge density is represented for the
same potentials using the exact calculations of Equation (2) or (3). We observe the full
identification of the results for potentials ϕ(0) up to 0.026 V (as should be the case for the
linear approach to apply) and their gradual deviation for larger potentials. Specifically,
the predictions of the exact calculation method give higher surface charge density values
for potentials ϕ(0) from 0.26 V (two orders of magnitude difference) and above, with the
difference increasing as the potential increases, as expected.

4.3. Time Prediction with the Linear Approach

The linear solution above is equivalent to a RC circuit with time constant τ, ref. [62].
Thus, according to the electric circuit theory, the equilibrium will be reached at 5τ. In
Figures 9 and 10, we plot 5τ versus concentration for characteristic ions with z = 2 and z = 3
with the following diffusion coefficients.

DCd+2 = 0.72× 10−9 m2/s
DZn+2 = 0.70× 10−9 m2/s
DHg+2 = 0.85× 10−9 m2/s
DCr+6 = 0.60× 10−9 m2/s
DFe+3 = 0.60× 10−9 m2/s



Water 2022, 14, 2372 11 of 15

while in the calculations it is assumed that λs ≈ 5
.

A.
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In Figure 9, keeping the thickness of the tube constant L = 0.0001 m, we examine
the time of completion of the phenomenon as a function of the ion concentration and for
five different ions. We observe that the higher valence ions complete their movement in
less time. We notice that increasing the concentration reduces the time of completion. The
completion time is also reduced when the thickness of the conductor decreases (Figure 10).

Of course, the above analysis for the time of completion of the phenomenon applies,
assuming the aforementioned linear approach applies when

∣∣∣z F
RTϕ

∣∣∣ < 1 or zϕ(0) ≤ 0.026 V.
Applying larger external voltages, we have every reason to believe that the phenomenon
will be completed in even shorter times, i.e., below sec for widths of the order of mm while
below a tenth of the sec for widths of about a tenth of mm.
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5. Conclusions

In our opinion, the present results are very encouraging for the application of the
above method for the decontamination of heavy metals from water solutions. For small
pipeline widths below 1 mm and even for small applied potentials ϕ(0) of the order
of 0.26 V, we have a 90% reduction in the concentration of heavy metals in the main
volume of the solution and for target concentrations of 0.001 mol/m3. That is, we can
have acceptable concentration values of heavy metals with potentially ten times more
contaminated solutions, which makes the method promising for practical applications.

Generally speaking, the above method can be applicable for all ions with proper
potentials and duct widths.
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Nomenclature

C± Concentration mole/m3

D Diffusion coefficient m2/s
J Ionic flux mol/(m2 × s)
i Current density A/m2

T Absolute temperature K
z Number of overflow protons or electrons
E Electric field intensity V/m
y y axis coordinate m
L Width of the duct m
c Capacity F
t Time s
Greek symbols
ε electric permittivity F/m
ϕ Electric potential V
ρ Charge density C/m3

ν Dymanic viscocity Pa s
σ Surface charge density C/m2

µ Mobility s/Kg
τ Time constant s
λs Width of Stern layer m
λ Width of the diffuse layer m
α Ion size m
Subscripts
y Along y axis
bef Before
after After
M Middle
Constants
NA = 6.023× 1023 mol−1

F = 96, 485.34 C/mol
R = 8.314 J

mol×K
ε0 = 8.85× 10−12 F/m
εr ≈ 80
e = 1.6× 10−19 Cb
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