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Abstract: Turbulence models are critical for depth-averaged flow models in at least two ways: (i) as
closures for momentum equations and (ii) as indicators of the spatial variability in the turbulence
intensity field, which is crucial for sediment transport and bedform evolutions. This paper introduces
a novel moment-based depth-averaged k-ε turbulence (MDAKE) model that could be considered
as a revised version for the standard k-ε Rastogi–Rodi (SDAKE) model and can be used to estimate
the true values for the depth-averaged turbulence kinetic energy in more complex and varied flow
conditions with accelerating–decelerating flow fields. The study in hand shows that the SDAKE
model tends to overestimate the true depth-averaged turbulent kinetic energy (ku) by 50 to 130% in
the benchmark case of uniform flow over a flatbed. Further, the SDAKE model assumes that the bed
shear velocity is an appropriate scale for the generation terms of both turbulent kinetic energy and
dissipation. When bed topographic features vary, a shear flow zone is formed and the assumption
is invalid. Since most of the turbulence is generated by shear flow zones away from the bed, the
SDAKE model’s estimates for the depth-averaged turbulent kinetic energy field are out of phase with
measurements for the flow over a train of bedforms. Therefore, a newly developed depth-averaged
KE model based on the moment concept (MDAKE) is presented here. The model replaces bed shear
velocity with the integral moment velocity scale (u1). The calibrated MDAKE model is used to predict
turbulent kinetic energy over a train of bedforms. The results of the MDAKE model are in phase and
generally in reasonable agreement with the measurements.

Keywords: turbulence closure; depth-averaged and moment models; k-ε model; varying bed
topography; flow over bedforms

1. Introduction

Depth-averaged flow models are considered one of the basic simulation tools com-
monly used in many river engineering applications [1,2]. On the one hand, depth-averaged
models are characterized by their simplicity and their relatively limited input data and
computer resource requirements. On the other hand, the models overlook the vertical
velocity details due to the depth-averaging approximation and, thus, these models only
use one velocity scale, the depth-averaged velocity, in each flow direction. As a result,
depth-averaged models were not able to accurately map the spatial variation in the flow
and turbulence structure over a varying bed terrain, such as the case of shallow water
flowing over a train of bedforms and dunes [3,4].

To extend the capabilities of depth-averaged models, the moment-of-momentum con-
cept was introduced [5] and a new generation of depth-averaged models, called vertically
averaged and moment models (VAM), was developed. In these VAM models, the degrees
of freedom for the velocity profile are increased from a typically constant mean value (in
the conventional depth-averaged models) to a linear or parabolic distribution (in the VAM
models). In addition, the hydrostatic assumption could be released and the non-hydrostatic
effect could be considered [5].
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Both depth-averaged models and VAM flow models require the use of relevant tur-
bulence models, mainly to work as closure equations for the mathematical differential
terms resulting from the time averaging of the Navier Stocks equations and to capture
the dominating length and velocity scales in the turbulence/eddy structure of the flow
field [6–12]. The two-transport equations model (Rastogi and Rodi’s k-ε model) is the
standard turbulence closure model that was introduced early in 1978 for depth-averaged
models [13]. Over the last four decades, the standard k-ε model and its revised versions
(k-w and others) have been widely used with the depth-averaged models to investigate
a broad range of applications, including open stream flow, coastal engineering, thermal
diffusion and sediment transport [13–17].

In the past, it was believed that bed-load sediment transport depends mainly on bed
shear stress. Recent studies and experimental investigations pointed out that for non-
uniform boundary layer cases, the entrainment of sediment is not a unique function of
the local bed shear stress [18–20]. Flows with high turbulence intensities are capable of
moving more total sediment than those with low ones for the same given bed shear stress.
Mclean and his research group indirectly measured the local bed sediment transport rate
of an erodible sand form by measuring the bed levels of the bedform via two acoustic-
profiler runs [20]. They noticed that the measured transport just downstream from the
point of reattachment, where the shear stress is close to zero, is significantly greater than
the prediction using a bed shear-stress-based formula.

The turbulence models could be also used to describe the spatial variability in the
turbulence intensity field. This description might be essential for some applications where
the turbulence plays an important role, such as: the transport of sediment, the evolution of
bedforms and mixing of tracers and water quality investigations.

In the literature on sediment transport, bedload is the subject of various research
schools, with diverse approaches used to assess it. The bed shear-stress-based method is the
first and most famous approach that relies on the local bed shear stress as an independent
parameter for estimating the bedload transport rate. A second approach is the individual
soil particle-tracking-based or grain-level method. This method follows a Lagrangian
approach in examining the hydrodynamic forces acting on individual soil particles to
identify whether the driving forces are sufficient to overcome the other weight and resisting
forces, such that the particles move or rest. The work of Lee et al. [21] is a good example of
this approach. The third approach is the “turbulence-induced bedload” approach. In this
method, researchers are attempting to estimate bedload transport using either turbulent
kinetic energy (k) or other turbulence statistics. Examples of the research work for this last
method are mentioned below.

Turbulence plays an important role, not only for suspended load but also for bedload
transport as well. Bedload transport generally comprises a number of transportation
modes, which include: sliding, rolling and saltating modes [22]. The saltation of bed
particles is primarily controlled by hydrodynamic drag (FD) and lift (FL) forces. In the
case of turbulent flow, the lift forces are highly influenced by the near-bed turbulence field.
Consequently, turbulence could have a direct effect not only on suspended load transport
but also on bedload transport as well. In 2018, Barati et al. [23] studied the saltation mode
of the bedload sediment transport and they concluded that both of “the shear lift force and
turbulent flow fluctuations are important factors for the saltation of both sand and gravel
particles, and they cannot be ignored”. With the help of video analysis and LDV/UPV
instruments, Nelson et al. in 1995 [19] and, more recently, Radice et al. in 2013 [24] and
others studied the role of a near-bed turbulence structure, specifically in bedload transport
using quadrant analysis techniques. These studies have shown that the local bed shear
stress includes only the turbulence events that belong to quad 4 (“sweeps”) and quad 2
(“bursts or ejections”). This means that any turbulence events taking place in quads 1 and 3
(outward and inward interactions, respectively) are not presented by the local bed shear
stress. In 2010, Paiement et al. [25] carried out an in-situ experiment to measure the bedload
transport and turbulence statistics in one of the gravel-bed rivers in (Quebec, QC, Canada).
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The study documented the effect of the instantaneous fluid acceleration–deceleration and
the vertical normal stress component on the bedload transport rate.

In 2018, Zgheib et al. [26] used a high-resolution direct numerical simulation (DNS)
method to study the effect of the bed vortical structures on the bed formations. They
mentioned that the role of the local bed vortical structures is essential during the early
stages of bed formations, starting from the formation of streaks to the creation of chevron
features and the formation of the incipient crestlines of ripples. Nevertheless, the effects
of these bed-vortical structures become of marginal importance in the later stages when
the bedforms become bigger in size and sufficiently matured. In this case, the macro-
roughness of the bedform governs the flow structure and the turbulence production be-
comes mainly generated by shear flow zones downstream the crest of the bedform. In 2021,
Guan et al. [27] used the DNS model to simulate the turbulence flow over a mobile bed.
Their model was able to capture the existence of the bed-penetrating Kelvin–Helmholtz
(KH) vortex packets and to study its effect on the discrepancies between the instantaneous
local bedload transport and the predicted values by the Wong and Parker formula. In 2018,
Yang, and Nepf [28] presented their first turbulence-based bedload transport model for
bare and vegetated beds. They used the turbulent kinetic energy (k) instead of the bed
shear stress as a predictor for the bedload sediment transport.

By considering the turbulence field in the sediment transport analysis, a better un-
derstanding of the actual bedload transport could be obtained, especially in cases of
non-uniform boundary conditions, such as flow over a bedform. This will help in obtaining
more accurate predictions for the temporal variation in bed-stream resistance in natural
rivers during the different stages of the flood events.

The purpose of this study is to present a revised version of the standard 1D depth-
averaged k-ε (SDAKE) model. The revised version (MDAKE) is based on the moment-of-
momentum approach and it can be used to predict the variations in the depth-averaged
turbulent kinetic energy field in cases of flowing water over a varying bed topography.

The study in hand has three primary objectives:

- Investigate the typical spatial variability in the depth-averaged turbulent kinetic
energy field over a train of bedforms based on experimental studies reported in
the literature;

- Assess the accuracy and limitations of the standard k-ε depth-averaged turbulence
SDAKE model in reproducing the measured values of turbulent kinetic energy in both
the benchmark uniform flow over a flatbed case as well as the case for flow over a
train of bedforms;

- Introduce a new k-ε turbulent (MDAKE) model that is based on the moment concept
and suitable for depth-averaged VAM models and can be used to reasonably predict
the true spatial variation in turbulence intensity over varied bed topography.

The paper is organized as follows: Section 2 introduces the moment concept and
describes the structure of turbulent flow and the spatial variation in turbulent kinetic
energy over bedforms. Section 3 is devoted to the k-ε model developments. It starts with
the traditional Rastogi and Rodi k-ε SDAKE model followed by a presentation of the new
k-ε MDAKE model. Section 4 explores the physical experiments used in model calibration
and discusses the factors affecting the calibration coefficient. Section 5 is a discussion of the
results of the MDAKE model and its limitations. Section 6 summarizes the conclusions.

2. Method Statement

Before discussing the turbulent kinetic energy downstream of the crest of bedforms, a
brief summary will first be provided for the moment concept followed by an introduction
to the turbulent kinetic energy in case of uniform flow over smooth and rough boundaries.

2.1. The Concept of the Moment of Momentum

In 1993, Steffler and Jin [5] introduced the Vertically Averaged and Moment (VAM)
concept in which the degrees of freedom for the velocity profile are increased from a
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constant mean value (typically assumed in depth-averaged models) to a linear or a parabolic
distribution (typically assumed in VAM models). In other words, in the moment approach,
the degrees of freedom of the model’s vertical distribution of the streamwise velocity are
increased. Each velocity profile is virtually converted to an equivalent linear velocity
profile having the same discharge intensity and the same moment of momentum around
the mid-point of the water depth, Figure 1.
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Based on this concept, a new integral-moment velocity scale, u1, is defined as given by
Equation (1).

u1 =
6
h2

∫ zb+h

zb

u(z)·(z− h/2)dz (1)

A special case of Equation (1) is Equation (2), which gives the value of u1 in the case of
uniform flow with a logarithmic velocity profile relation.

u1log = α·Uo, α ≈ 1.5
C∗·κ

(2)

where z is the coordinate normal to the flow, u(z) is the downstream velocity at level z
above the datum, zb is the local bed level and h is the local water depth at a given location x.

The value of u1 could be seen as a measure of the uniformity in the shape for the
velocity profile. When the flow is accelerating, the shape of the velocity becomes more
uniform and consequently, u1 becomes small compared to its corresponding value in the
case of decelerating flow, Figure 2. For more details, refer to [3].

As it will be discussed later on, the new integral-moment velocity scale u1 will have
an important role in the development of the new k-ε model.
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2.2. Turbulent Kinetic Energy (TKE) and Turbulence Intensity
2.2.1. TKE in Case of Uniform Flow

The time-averaged turbulent kinetic energy per unit mass (k) is defined as:

k =
1
2

(
u′2 + v′2 + w′2

)
(3)

where u′2, v′2, w′2 are the dimensional turbulence intensities in the longitudinal, lateral and
vertical directions, respectively.

The depth-averaged turbulence kinetic energy, k, could be defined using Equation (4) as:

k =
1
h

∫ h+zb

zb

k(z)dz (4)

For the case of uniform flow over a flat bed, Nakagawa and Nezu [29] proposed a
power-law function to be used as a universal distribution for the longitudinal turbulence
intensity u’/u∗.

Where u∗ is the bed shear velocity and it can be calculated using the following
Equation (5):

u2
∗ =

τb
ρ

=
U2

o
C2∗

(5)

where τb is the bed shear stress, Uo is the depth-averaged water velocity, ρ is the water
density and C∗ is the dimensionless Chezy coefficient, which could be estimated using the
Colebrook equation (Equation (6)) or the Manning equation (Equation (7)) as follows:

C∗ = 6.2 + 5.75 log(
h
ks
) (6)

C∗ =
h1/6

n·√g
(7)

where: h is the local water depth at a given location x, ks is the equivalent sand grain
roughness height, n is Manning’s roughness coefficient and g is the acceleration of gravity.

Later on, semi-theoretical exponential functions that describe the variations in the
turbulence intensities for the three directions as well as the turbulent kinetic energy were
introduced. In 1993, Nezu and Nakagawa proposed Equation (8), for the case of uniform
flow over a smooth bed [30].

k
u2∗

= 4.78Cre(−2 z
h ) (8)
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where Cr is a correction factor that will be described later on. It was noticed that the
exponential laws for the turbulent kinetic energy match better with the measurements,
especially within the region 0.1 < z/h < 0.6. However, it was concluded that the exponential
function could be used to predict the longitudinal turbulence intensity over the entire flow
depth in the case of uniform and smooth open-channel flow [30].

In this study, Equation (8) is assumed to be valid for predicting the turbulent kinetic
energy over the entire flow depth in case of smooth boundaries. Then, it is integrated
through the water depth to get the corresponding depth-averaged value for the case of
uniform flow over a plane bed (ku). A correction coefficient, Cr, is added to Equation (8) to
make it applicable for both smooth and rough boundaries.

For the case of uniform flow over rough boundaries, experimental data showed
that the bed roughness has no effect on the turbulence intensities within the outer flow
region [30], whereas close to the wall, y/h < 0.3, it was noticed that the value of u’/u∗
decreases gradually with increasing roughness. On the other hand, v’/u∗ was found to
increase with roughness but with a smaller rate [31]. Therefore, it is expected that Cr will
be very close to, but less than, unity.

In 1995, Lu proposed modifications to the exponential turbulent intensity formulas
to take into account the effect of bed roughness [32]. By using Liu’s equations, it is found
that Cr ranges from 0.97 to 1. Therefore, a value of unity will be used in this work. By
integrating Equation (8) using Equations (4), the following equation (Equation (9)) could
be obtained for the depth-averaged turbulent kinetic energy, in the case of uniform flow
over a flatbed:

k
u2∗

∣∣∣∣∣
uni f orm

=
ku

u2∗
= 2.067Cr (9)

In the case of uniform flow, there is a significant correlation between the near-bed
turbulence intensity and the bed shear velocity [19]. Equation (9) also indicates that the
depth-averaged turbulent kinetic energy can be related directly with the bed shear velocity
and ku (the corresponding depth-averaged turbulent kinetic energy in case of uniform flow
over a flatbed) is almost double the square of the bed shear velocity.

2.2.2. TKE in Case of a Train of Bedforms

The structure of turbulence over bedforms differs somewhat from the case of flow over
a flat bed. When the flow is moving over a train of bedforms (ripples/dunes), successive
decelerating–accelerating flow zones exist and the existence of flow separation downstream
of the crest poses many changes in the structure of the flow. In this case, the near-bed
turbulence does not scale with the local bed shear velocity and the uniform flow boundary
layer relations are not applicable. One of the first works to study the turbulence field over
a train of a bedform dates back to 1963 with Raudkivi’s work [33]. He used a hot-film
anemometer to measure the longitudinal and transversal components of the turbulence
intensities downstream of a negative step. His motivation was to discover an idea about the
turbulence field over bedforms, making use of the similarity between the two corresponding
flow fields. The measurements for a backward-negative step showed that the maximum
turbulence intensity Max(u’/U) is found just downstream of the step slightly above the
step height and the ratio of the vertical to the downstream turbulence components (v’/u’)
is about 2/3.

Laboratory experiments also showed that the turbulent flow becomes fully developed,
“in equilibrium”, after the fourth or the fifth wavelength of the train, [34,35]. This means
that further downstream, a periodic steady state condition could be assumed.

A typical variation in depth-averaged turbulent kinetic energy (based on physical
measurements from experiments discussed in the calibration section) is shown in Figure 3
for the case of equilibrium turbulent flow. As the flow moves downstream of the crest, sep-
aration will take place, forming a strong shear layer behind the crest, which is responsible
for the majority of the generated turbulence downstream of the crest. Consequently, it is
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noticed that k starts to increase downstream of the crest until it reaches a maximum value
at a location near the point of reattachment; then, it gradually decreases till it reaches the
next downstream crest and the cycle will be repeated. It is also found that the value of the
depth-averaged turbulent kinetic energy at the crest, kcrst, is greater than the corresponding
value in case of uniform flow over a flat bed, ku.
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2.3. Assumptions and Simplifications

The study in hand considers the following main assumptions:

• The flow is shallow, and the channel stream width is generally wide.
• The fluid is Newtonian.
• The flow is fully developed and turbulent over a train of uniformly spaced bedforms.

The bedforms belong to the low regime, such as dunes and ripples. Bars, antidunes,
pools and chutes are not included.

• Transversal variations in the bedform’s topography are not considered.
• In the case of having a uniform flow over a flat bed, the log-law could be used to

predict the velocity profile in the inner region.
• All experiments used for calibration are for fixed bed boundaries; therefore, the effect

of bedload and suspended load on turbulence is not considered in this study.
• The k values deduced from the turbulence measurements are based on the assumption

that the value of the lateral turbulent intensity component generally lies in the midway
between the corresponding values of the longitudinal and the vertical components
(Equation (24)).

3. TKE Model Development
3.1. General

Numerical analysis of the turbulence intensity and/or kinetic energy for water flow
over bedforms is usually conducted using vertical two-dimensional models or fully three-
dimensional models. The following paragraph highlights some of the research conducted
on this topic. In 1993, Johns et al. [36] developed a k-l one-equation model where turbulence
closure was achieved at the level of the turbulence energy equation, with the turbulence
length scale prescribed from an empirical correlation. Their comparison with the wall shear
stress data appears not to be in good agreement.

Some other studies used the most common two-equation k-ε model. Examples of
these studies are those of [37,38]. They followed the wall-function approach and were
able to obtain quite realistic predictions for the flow features, including separation and
reattachment. Further, Mendoza and Shen [39] employed the k-ε model but with an
algebraic-stress approach instead of the common eddy-viscosity concept. It has been shown
from the literature on 2D vertical models that the two-equation models appear to provide
better simulation than the one-equation models [40].

In 2019, Lefebvre developed a 3D numerical model using Delft3D to simulate the
turbulent flow structure above a natural bedform field from the Río Paraná (Argentina). It
was found that the existence and size of the flow separation zone and the wake are highly
dependent on the properties of the dune’s slip face [41].

From the perspective of the depth-averaged flow models and from the literature on
turbulent kinetic energy, it becomes obvious that the turbulence equations (in the form of
models, such as k-ε or k-ω) are not primarily used for predicting the spatial variations in
the turbulence field, but rather to aid in the closure of the main Saint Venant equations.

In the following subsection, the prediction of turbulent kinetic energy will be discussed
within the context of depth-averaged (horizontal) flow models.

3.2. Rastogi and Rodi’s Turbulence (SDAKE) Model

k-ε models describe turbulent velocity and length scales using two variables: the
turbulent kinetic energy and the rate of turbulent energy dissipation.

In 1978, Rastogi and Rodi [13] and also McGuirk and Rodi [42] developed a depth-
averaged version of the k-ε model by depth-integration of the 3D standard k-ε model,
previously presented by Launder and Spalding in 1974 [43]. Their primary concern was
to obtain a turbulence closure for the depth-averaged momentum equations, rather than
to predict the turbulence field. They commented that their model does not calculate the
“true” depth-averaged values of turbulent kinetic energy, k or the dissipation rate, ε but
it rather calculates “virtual” or approximate values of the corresponding parameters, k̃,
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ε̃. These virtual values eventually help in getting accurate depth-averaged values for the
turbulent stresses. The 1D spatial variations in k̃, ε̃ can be determined from the following
two transport equations, assuming a steady-state condition [44]:

Uo
∂k̃
∂x

=
∂

∂x

(
ν̃t

σk
· ∂k̃
∂x

)
+

C∗·u3
∗

h
+ 2·Cµ

(
∂Uo

∂x

)2
· k̃

2

ε̃
− ε̃ (10)

Uo
∂ε̃

∂x
=

∂

∂x

(
ν̃t

σε
· ∂ε̃

∂x

)
+

Cε·u4
∗

h2 + 2·C1ε·Cµ

(
∂Uo

∂x

)2
·k̃− C2ε

ε̃2

k̃
(11)

where: Cµ, C1ε, C2ε, σk and σε are constants and equal 0.09, 1.44, 1.92, 1.0 and 1.3, respec-
tively, and Cε can be determined by using Equation (12).

Cε = 3.6·C2ε·C3/2
∗

√
Cµ (12)

Both Equations (10) and (11) are similar in their mathematical structure. The left-hand-
side terms represent the convection of the corresponding variable that will be transported
via the mean flow. The first term (on the right-hand side) describes the momentum diffusion.
The equations consider also the turbulence production and the generation of dissipation
due to the existence of the wall boundary layer. This is represented by the second term.
The third term represents the production/generation due to the horizontal gradient of the
downstream velocity. The last term in Equation (10) represents the dissipation of turbulence,
whereas the last term in Equation (11) describes the decay in the dissipation rate.

It should be noticed that in Equation (10), the dominant term in the right-hand side of
the k-equation is the averaged turbulent production term (2nd term) that is due to the high
gradient in the longitudinal velocity, u(z).

Similarly, in Equation (11), the dominant term in the right-hand side of the e-equation
is the averaged generation of dissipation term (2nd term) that is also due to the high
gradient in the longitudinal velocity, u(z).

In the case of flow over a plane bed, the highest velocity gradient lies near the boundary
and, accordingly, it is expected that the majority of the turbulence production is concen-
trated near the bed. More specifically, studies showed that the turbulent production reaches
its maximal within the buffer zone, 5 < z+ < 30 [45]. This is what made Rastogi and Rodi [13]
express the dominant depth-averaged production term as a function of the bed shear stress
and the boundary roughness.

For the case of flow over bedforms, the dominant production takes place away from
the bed. Therefore, expressing the production term as a function of bed shear stress is not
justified and the model is expected not to capture the spatial variation in the turbulent
kinetic energy.

Figure 4 presents a comparison between the data and the calculated depth-averaged
turbulent kinetic energy using the SDAKE model. The model’s results clearly appear to
be out of phase with the measurements, as it predicts a maximum value near the crest
and a minimum value around the point of reattachment. The disagreement with the
measurements comes from the fact that the dominant production term in the model is
related to the bed shear velocity, an assumption that is valid only for the case of uniform
flow over a flat bed.

In the following subsection, a moment-based version of the k-ε model is presented to
obtain better results than the SDAKE model for the cases of flow over a varying bed terrain.
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3.3. A New Moment-Based Depth-Averaged k-ε (MDAKE) Model

Detailed measurements of turbulence over a train of fixed bedforms showed that
the main contribution of the turbulence production is due to the strong free shear layer
(generated downstream of the crest) and only a relatively small part comes from the internal
boundary layer [19].

This means that the shear velocity is not a relevant scale for simulating the turbulence
kinetic energy in this problem. Therefore, another velocity scale needs to be used to
represent the strength in the shear layer or the average gradient of the velocity in the shear
layer zone in the vertical plane. The idea presented here is based on a moment concept.

In the moment approach, the degrees of freedom in the model’s velocity profile are
increased as each velocity profile is virtually converted to an equivalent linear velocity
profile having the same moment of momentum around the mid-water depth. Following
this idea, a new integral-moment velocity scale, u1, could be defined and calculated using
Equation (1).

Figure 3a shows a typical spatial variation in u1 over one wavelength of a bedform. A
large value of u1 means that the average gradient in the velocity profile is large. Therefore,
the new integral-moment velocity scale, u1, could be used to express the strength of the
shear layer and, consequently, the production of turbulence in the free shear zone.

It is interesting to notice that the location of maximum k (Figure 3b) lies downstream of
the location of the maximum value of u1, Figure 3a. This reveals that turbulence is mainly
generated within the free shear layer and then transported downstream by the mean flow
and this confirms that a sort of transport mechanism or equation is needed for modeling
such a process.

As a first step of predicting k over bedforms, a one-equation model basically based
on a version of depth-averaged k-equation was attempted. The main problem in the
one-equation model is that the turbulent length scale should be assumed empirically [44].
Rifai and Smith [34] experimentally investigated the flow over a train of fixed triangular
elements and they suggested that the macro-scale of turbulence is in the order of the height
of the bed topography elements, not the flow water depth. Accordingly, the turbulent
length scale in the k-equation is simply assumed to be a constant and is proportional to the
bedform height. The resulted predictions showed that (figures are not presented here) the
model significantly underpredicts the peak of the depth-averaged turbulent kinetic energy.
This means that the turbulent length scale significantly changes over the bedform and it is
incorrect to consider it as a constant through the spatial domain. Therefore, it was decided
to move to the two-equation transport models, such as the k-ε equations.

In the proposed modification of the k-ε model, the depth-averaged production term
could be represented as:

P ≈ −ρu′·w′ ∂U
∂z

(13)
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By using the new integral-moment velocity, u1, as a velocity scale, one can write:

−u′·w′ ∼ u2
1 ≈ r′·ζk·u2

1 (14)

r’ = r/2 is a constant (Equation (24)) and ζk is a calibration coefficient. Moreover, the
velocity gradient could be approximated using a linear velocity assumption as:

∂U
∂z
≡ 2·u1

h
(15)

Therefore,

P ≈ r·ζk
u3

1
h

(16)

The value of the calibration coefficient (ζko) in the case of uniform flow over a flatbed
could be obtained from Equation (17) as follows:

ζko =
1

r·α2C2∗
(17)

Similarly, the generation of a dissipation term can be formulated by assuming that the
generation rate of ε is proportional to the production rate of k, which feeds the large-scale
end of the spectrum [46,47].

The generation rate is:

ε ∼ P
ts

=
ε

k
P (18)

where ts represents the timescale of energy transported through the spectrum.
By using the new integral-moment velocity, u1, as a velocity scale, one can write:

k ∼ u1
2 (19)

Realizing that dissipation may be scaled by large eddy parameters in the case of a
high Reynolds number (i.e., existence of the inertial subrange spectrum), one can write
dissipation as [46,47].

ε ~ u1
3/` (20)

where ` represents the average size of the most energetic eddies (`/h ≈ ∆/h ≈ 0.1–0.3).
Finally, the generation rate of ε can be reduced to:

Generation rate of

ε ≈
Φ·Cε·u4

1
h2 (21)

Uo
∂k
∂x

=
r·ζk·u3

1
h

+ 2·Cµ

(
∂Uo

∂x

)2 k
2

ε
− ε (22)

Uo
∂ε

∂x
=

Φ·Cε·u4
1

h2 + 2·C1ε·Cµ

(
∂Uo

∂x

)2
k− C2ε

ε2

k
(23)

where:
R, F and a are dimensionless coefficients (in the following subsection, a discussion will

be given in the next subsection to present how to determine their values).
κ is the von Karman constant (κ = 0.41).
The new moment-based k-ε model, Equations (22) and (23), are similar to the SDAKE

model, except for the production of turbulence, the first term in the right-hand side of
Equation (22), and the generation of dissipation, the first term in the right-hand side of
Equation (23). Close inspection of Equation (22) shows that it represents a balance between
the energy convection, energy production and viscous dissipation. It should be mentioned
that the energy production due to the spatial gradient of the downstream velocity, the
second term in the RHS of Equations (22), is significantly small compared to the dominant



Water 2022, 14, 2196 12 of 25

production due to the free shear layer, the first term in the RHS of Equation (22). Therefore,
the second term in the RHS of Equation (22) and its corresponding term in Equation (23) are
neglected in this study. Further, the diffusion contribution is neglected. This assumption
is based on Nakagawa and Nezu’s findings [29] while studying the balance of turbulent
energy for the case of turbulent water flow past a negative step, a problem that is quite
similar to the current study.

3.4. Model Descritization
3.4.1. Preface

The 1D k-ε model (whether SDAKE or MDAKE) forms a typical steady-state set of
transport equations. The convective terms for the equations are discretized using the
first-order backward upwinding scheme.

Using a first-order upwinding scheme has, on the one hand, the advantage of simplicity
to implement, and the scheme is stable and not oscillating. On the other hand, the scheme
is first-order accurate and it is dissipative.

Using a suitable fine discretization value for ∆x can minimize the expected numerical
diffusion and reduce the corresponding truncation error. In this study, for instance, a typical
value of ∆x = 0.002 m is used for T5 and T6 experiments (refer to the calibration section),
which corresponds to a discretization intensity index of (λ/∆x) = 800.

3.4.2. GCI

In order to examine whether the used ∆x is quite small or not, the Grid Conversion
Index (GCI) is applied for the assessment of the quality of mesh discretization. The grid
convergence index (GCI) is a relatively new discretization error estimation technique. The
GCI is calculated to answer whether the adopted mesh in the simulation is refined enough
or not [48]. A minimum of two mesh solutions is required, but three is recommended to
calculate the GCI.

In this study, three mesh sizes are used to calculate the GCI. The sizes range from
coarse to medium (the size adopted in the study) and then to fine. The sizes are (for
experiments T5 and T6): 0.004 m, 0.002 m and 0.001 m, corresponding to λ/∆x values
of 400, 800 and 1600, respectively. The assessment will track three variables: maximum,
average and minimum depth-averaged turbulent kinetic energy throughout the whole
train of bedforms. The following figure shows a snap shot of the GCI analysis.

Based on the GCI results shown in Figure 5, it is found that decreasing the mesh size
from medium to fine will result in a change in the maximum k of only 0.05%. This means
that adopting the medium-size mesh is quite sufficient.
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4. Calibration of MDAKE Model
4.1. Introduction

The MDAKE model introduces a new velocity scale, u1, that is important for the
evaluation of the production and generation of turbulent kinetic energy and dissipation
rate, respectively. The model equations (Equations (22) and (23)) contain a number of
dimensionless coefficients r, Φ and ξk. Some of these coefficients can be determined
analytically, whereas others require the use of measurements for calibration.

The role of the coefficients r and Φ is to force the MDAKE model to correctly predict
the true depth-averaged turbulent kinetic energy if the model is applied for the benchmark
case of uniform flow over a flat bed. Therefore, r and Φ can be determined by forcing
Equations (22) and (23) to reduce to Equation (8) for the uniform flow case.

It should be emphasized that the expressions of both r and Φ coefficients are chosen to
be interconnected with each other in a way that fulfills the following two objectives if the
flow is turned out to be uniform over a flatbed:

- The depth-averaged value of k automatically reduces to the true value of k for the
benchmark case of uniform flow over a flatbed;

- The solution of k becomes independent on the value of the coefficient ζk.

The following equations (Equations (24) and (25)) provide an estimation for the di-
mensionless coefficients r and Φ, respectively.

r =

√
2.067Cr

Cε

C2ε
(24)

Φ = (C∗αξk)
2 (25)

The coefficient α in Equation (25) provides the ratio between the integral velocity, u1,
and the mean velocity, Uo, in the case of uniform flow over a flat bed [3]. It is known that
the log-law could be used to predict the velocity profile in the inner region in the case of
uniform flow. Therefore, α can be obtained using the following equation.

α = Cα
1.5
C∗κ

(26)

If the log-law is applied over the whole water depth, the coefficient Cα is found to
be very close to 1. A more accurate way to get the coefficient Cα is to assume a log-wake
relation, which gives a value of Cα = (1 + 8 Π/π2), where Π is the wake parameter and has
a range from 0 to 0.2. Nezu and Rodi found that Π remains nearly constant and equals 0.2
when the Reynolds number is larger than 105 [49]. However, it should be mentioned that
there is no specific and accurate relation to calculate the wake parameter, Π. For the upper
value of Π = 0.2, the corresponding upper value of Cα is ≈1.16.

In the section to follow, the modified model will be calibrated in order to estimate the
dimensionless coefficient, ξk.

4.2. Lab Experiments for Model Calibration

The new k-ε model to be presented in the next subsections requires flow measure-
ments for calibration. Table 1 lists the flow parameters and bed geometry of the selected
experiments of water flow over a train of fixed bedforms that are available in the literature
and to be used in this study. Most of these laboratory experiments are for transitional
roughness surfaces where the dimensionless sand grain roughness lies between 5 and 70.
The dimensionless Chezy coefficient (C∗) ranges from 15 to 20. The steepness ratio (∆/λ)
ranges from 1/10 to 1/20, and the crest-height-to-water-depth ratios (∆/h) range from 0.07
to 0.3, with the Froude number (Fn) varying from 0.12 to 0.71 and a channel width (b) that
varies from 0.08 to 1.5 m.
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Table 1. Summary of the geometrical and flow parameters of selected fixed-bedform experiments
reported in the literature.

T5 (1) T6 (1) Run2 (2) Run3 (2) Run4 (2) Run5 (2) Run6 (2) Lyn2 (3) Lyn3 (3) Bennett (4)

λ (m) 1.60 1.60 0.80 0.80 0.40 0.40 0.40 0.15 0.15 0.63

∆ (m) 0.080 0.080 0.040 0.040 0.040 0.040 0.040 0.012 0.012 0.040

hav (m) 0.252 0.334 0.158 0.546 0.159 0.159 0.300 0.061 0.061 0.120

∆/h 0.317 0.240 0.253 0.073 0.252 0.252 0.133 0.197 0.197 0.333

∆/λ 0.050 0.050 0.050 0.050 0.100 0.100 0.100 0.080 0.080 0.063

Fn 0.25 0.28 0.30 0.12 0.30 0.16 0.31 0.35 0.71 0.44

ku
(m2/s2) 0.00281 0.00371 0.00226 0.00071 0.00305 0.00100 0.00430 0.00159 0.00571 0.00320

ζk 0.004 0.009 0.014 0.020 0.008 0.009 0.025 - - 0.019
(1) Van Mierlo and de Ruiter [50]; (2) Mclean et al. [51], (3) Lyn [52]; (4) Bennett, and Best [53].

4.3. Calculation of k from Experimental Data

In order to compute the turbulent kinetic energy field from the turbulence measure-
ments (for experiments listed in Table 1), all the components of the turbulent velocity in the
three coordinates should be known, as shown in Equation (3). Unfortunately, the available
laboratory experiments for flow over bedforms generally provide turbulence data for only
the streamwise and the vertical components. The lateral, the spanwise, component is un-
known. One way to predict the lateral turbulent component is to claim isotropic conditions,

which means that
√

v′2 =
√

u′2. However, this might be regarded as a crude assumption.
Another approach is to assume that the spanwise turbulence values approximately equal

the vertical turbulence values, i.e.,
√

v′2 =
√

w′2. Mendoza and Shen [28] proposed this
assumption while comparing their 2D–k-ε numerical model with Raudivi’s experiment of
flow over a train of ripples.

In the case of uniform flow over a flat bed, it is observed that
√

u′2 >
√

v′2 >
√

w′2 [50].
Based on this observation, a third approach is to assume that the spanwise turbulence values
lie midway between the streamwise and the vertical turbulence values. Song and Chiew [54]
carried out 3D turbulent measurements using a 3D acoustic Doppler velocimeter in cases of
nonuniform (accelerating/decelerating) open-channel flow. Their also data showed that the
dimensional spanwise turbulent intensity lies in the midway between the corresponding
values in the other two directions and the spanwise component equals to the average of the
other two components, Equation (27). This approach was followed before by Van Mierlo
and de Ruiter [50], who used Equation (27) to calculate k over a train of fixed bedforms.
In 1985, Driver and Seegmiller [55] applied Equation (28) to obtain the distribution of the
turbulent kinetic energy for airflow over a rearward-facing step. Nakagawa and Nezu [29]
also used the same assumption to quantify the turbulent energy diffusion term in the
turbulent energy balance equation while studying the structure of turbulent flow over a
negative step. Siddiqui and Loewen [56] suggested to use Equation (28) to get the turbulent
kinetic energy field for the microscale breaking waves that were generated by the influence
of wind waves. √

v′2 =

(
1
2
[

√
u′2 +

√
w′2]

)
(27)

v′2 =

(
1
2

[
u′2 + w′2

])
(28)

One possible way to assess the validity of the assumptions given by Equations (27) or (28)
(within the depth-averaging framework) is to look at the recent highly accurate direct
numerical simulation (DNS) results that are available for similar applications. In 2009,
Bhaganagar and Hsu [57] conducted a DNS study for flow over a set of 2D and 3D wave
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ripples. Based on their available data, it is possible to calculate two values for the depth-
averaged turbulent kinetic energy. The first value is directly obtained from the measure-
ments and this will possibly provide the true value of k (from the DNS perspective) and
the second value is obtained partly from the DNS measurement and by applying the
approximation given by Equation (27).

Table 2, below, shows the summary of the results of two different NDS runs for flow
over 2D ripples, where Reτ is the Reynolds number based on the bed shear velocity. The
table shows that adopting the assumption (given by Equation (27)) tends to overpredict
the actual depth-averaged value by 7 to 11%. Despite the crudeness of the assumption
but because of the depth-averaging process, it tends to reduce its effect on the calculated
averaged value.

Table 2. Comparison of depth-averaged turbulent kinetic energy calculation.

Simulation Run k k * % of Variance

2D ripples (Ret = 180) 5.04 5.58 11%

2D ripples (Ret = 400) 6.58 7.05 7%
* Approximate value calculated using Equation (27).

In this study, Van Mierlo’s proposal [50] will be applied and Equation (27) will
be adopted.

It is also expected that assuming the lateral turbulence component will not significantly
affect the trend of the spatial distribution of k but it might affect the amplitude and that
could change the values in the calibration coefficient, ξk.

In order to account for the above-mentioned variance that is introduced by adopting
Equation (27), a minus error bar (equivalent to the maximum variance shown in Table 2) is
added to the measurements, as shown in Figure 6.

4.4. Model Calibration

Before calibrating the new model (Equations (22) and (23)), the spatial variables, h, Uo
and u1, should be determined. Despite the fact these variables could be calculated using
VAM models (similar to [58–62]), in this work, they were derived from the measurements
and were best fitted using spline curves. Via the spline curves, the spatial variations in h,
Uo and u1 were determined over the bedform wavelength.

Then k and ε were calculated numerically using a simple first-order finite difference
scheme. The spatial discretization, dx, was chosen to be quite small, dx = 0.0005 m, to
decrease the effect of the artificial diffusion. A calculation domain consisting of a train
of five bedforms is considered assuming the turbulent flow to be fully developed over
each bedform. Accordingly, the flow variables will be repeated in a cyclic pattern through
the domain. Then, Equations (22) and (23) were used to predict the corresponding depth-
averaged turbulent kinetic energy and dissipation rate. The calibration coefficient, ξk, is
adjusted in order to get the best match with the experimental data. The value of ξk for each
experiment is given in Table 1.
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Figure 6. Spatial variation in the depth-averaged turbulent kinetic energy over a train of 5 bedforms for
fully developed turbulent flow for: (a) experiment (T5), (b) experiment (Run2), (c) experiment (Run5).

5. Results and Discussion
5.1. Uniform Flow over Flatbed BenchMark Case

As the SDAKE model does not give the true depth-averaged values for the turbulent
kinetic energy, it is of interest to know how the virtual values, k̃, differ from the true ones, k.
A simple way to do that is to use the SDAKE model (Equations (10) and (11)) to predict the
turbulent kinetic energy for the case of uniform flow over a flat bed. In the case of uniform
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flow over a flat bed, all the spatial derivatives in Equations (10) and (11) can be dropped
and, consequently, the two equations can be reduced to:

k̃
u2∗

∣∣∣∣∣
Uni f ormFlow

=
C2ε·C2

∗
Cε

(29)

This can be further reduced using Equation (12) to:

k̃
u2∗

∣∣∣∣∣
Uni f ormFlow

=
1

3.6

√
C∗
Cµ

(30)

By comparing Equations (9) and (30), one can find that k̃ ≈ (1.5− 2.3)k for the case of
uniform flow over a flat bed. This means that the virtual values for k̃ estimated by SDAKE
models tend to be higher than the true depth-averaged values k, and SDAKE models tend
to overestimate the true values in the depth-averaged turbulent kinetic energy k by 50% to
130% for the uniform flow over a flatbed benchmark case. For the idealized smooth bed
case (C∗ = 10), the overestimation will be in the order of 50%, whereas for the very rough
surfaces (C∗ = 20), the overestimation will be in the order of 130%.

5.2. Nonuniform Flow over a Train of Bedforms Case

Figure 6a presents the spatial distribution of k over a train of five bedforms for experi-
ment T5. It is noticed that the new model after calibration predicts the location of k max
reasonably well and the predictions of the model are generally in good agreement with
the measurements.

Figure 6b shows a comparison between the measured and the predicted values of
k for the experiment (Run2). The prediction of the k max position seems to be slightly
shifted downstream.

The results for experiment (Run5) are given in Figure 6c. Very good agreement is
found between the measurements and the predictions after calibration.

Figure 7 presents the spatial variation in the eddy viscosity coefficient, Fνt, (Equation (29))
over one wavelength of a bedform. It is interesting to notice that Fνt is somewhat larger
than the values reported in the case of uniform flow over a flat bed (Fνt = 0.06–0.07). The
large values of Fνt (shown on Figure 7) generally refer to the large values for the flow eddy
viscosity for the case of flow over bedforms (that is characterized by the existence of flow
separation and high shear flow zones downstream of the crest) compared to the case of
uniform flow over a flat bed.

Fνt could be determined using the following equations:

νt = Cµ·
k2

ε
(31)

Fνt =
νt

h·Uo/C∗
(32)

where νt is the depth-averaged eddy viscosity, Cµ is a constant and equals 0.09.
The data shown in Figure 7 were produced from the T5 experiment [50], whereas

the predictions (shown as solid black line) were obtained via Equations (31) and (32) of
the MDAKE model. Good agreement was found between the measurements and the
predictions of the new k-ε model.

Figure 8a shows the effect of the bedform height and steepness on the depth-averaged
turbulent kinetic energy over the crest at equilibrium conditions. The curve intersects the
vertical axis at a value of unity, which is the case for a flatbed. As the steepness or the height
of the bedform increases, the ratio kcrst/ku increases over unity and it reaches an average
value of almost 2.5 for ∆/λ = 0.05, Figure 8a. This increase can be justified as follow: for a
given water depth, as the bedform height increases, the resulting shear layer zone becomes
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larger and stronger. Consequently, more turbulence will be generated and transported
downstream with the mean flow, causing kcrst/ku to increase.
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Many researchers found that the bed roughness height tends to decrease the
x-turbulence intensity [30]. The previous statement does not contradict Figure 8a. While
bedforms can be considered as mega-roughness elements, their effects on the structure of
the flow are different from the natural bed roughness particles (skin roughness) because of
the existence of flow separation and the strong shear layer downstream of the crest.

As a result of flow separation downstream of the crest, strong shear layer flow exists
and produces turbulence. Figure 8b describes the net increase in the depth-averaged
turbulent kinetic energy, δk, over the bedform as a function of the ratio ∆/h; refer to
Figure 3b for definition.

5.3. Limitations of the MDAKE Model

One of the drawbacks of the new MDAKE model is its dependence on the wake
coefficient Cα. As was discussed before in Section 4.1, this coefficient depends on the wake
parameter, Π; unfortunately, there is no specific universal and accurate relation to describe
this parameter. However, it is noticed that Cα might range from a minimum value of
1 and a maximum value not larger than 1.2. The laboratory experiments used in this study
suggest a value for Cα closer to 1.15. It was noticed that most of the experimental runs
produce a good match with the data for Cα = 1.15 and one run (run2) provides a good
match at Cα = 1.0. Nevertheless, more laboratory experiments are required to investigate
the factors that affect Cα.

Figure 9 describes the outcome of the calibration in the MDAKE model with the
laboratory experiments. The calibration coefficient, ξk, varies from about 0.004 to 0.025 and
it can be related with the depth to wavelength ratio, h/λ, via a parabolic relation, as shown
on Figure 8. It should be mentioned that the proposed relation also satisfies the uniform
flow case over a flatbed (the intersection point with the vertical axis).
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In Figure 9, three values of ξk are presented for each experiment: the medium value,
which gives a good match with the data, the upper limit value of each bar, which gives, at
most, 25% over-prediction of kmax and finally, the lower limit value, which gives, at most,
20% under-prediction of kmax.

It is of interest to investigate how much discrepancy will be produced upon using
a global constant value of ξk for all the experiments. Figure 9 suggests a global value
of about ξk = 0.013, as shown by the dashed line. Figure 10a–f presents the predictions
of the MDAKE model using this global constant value for the calibration coefficient for
all the experiments (ζk = 0.013). In general, good agreement is still obtained, except for
experiment T5, where the model appears to over-predict kmax by about 50%. Despite this,
it is interesting to notice that the model generally provides good predictions for k over
the crest.
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It should also be mentioned that the ratio of h/λ for fully developed bedforms is
expected to be less than 0.4. This might suggest using a calibration coefficient that best fit
only the experiments within this range. According to Figure 9, a value of (ζk = 0.075) might
be more suitable.
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Figure 10. Depth-averaged predictions of MDAKE model using ζk = 0.013 (solid line). Solid circles
represent data of: (a) experiment T5, (b) experiment T6, (c) Run2, (d) Run4, (e) Run5, (f) experiment
by Bennett and Best.
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6. Conclusions and Challenges

A 1-D depth-averaged k-ε model (based on the moment concept, MDAKE) was in-
troduced to predict the depth-averaged turbulent kinetic energy for a fully developed
turbulent flow over train bedforms. The MDAKE model makes use of the integral-moment
velocity scale (u1) to provide better estimates for the production of turbulent kinetic energy
and also for the generation of energy dissipation. Due to the use of irrelevant velocity
scales, the current study showed that the standard depth-averaged k-ε (SDSKE) model
could overestimate the depth-averaged turbulent kinetic energy for the benchmark uniform
flow case over a flatbed by 130% and the SDAKE model predictions also produce out-phase
results of k for the varying bed topography cases. That said, the skin friction bed shear
velocity cannot be used to describe the turbulent production in the vertical plane in the case
of flow over bedforms as the majority of the turbulent production is due to the free shear
layer zone that comes out of separation. Accordingly, the moment approach was proposed
to provide the model with a relevant velocity scale, u1, which can be used to describe the
dominant production term in the problem. The model was calibrated using a number
of laboratory experiments chosen from the literature. It was found that the calibration
coefficient appears to increase as h/λ increases. It is noticed that a global constant value of
0.013 generally seems to give reasonable results for almost all the tested experiments within
a range of (0 < h/λ ≤ 0.72). A lower value of 0.0075 might also be used for equilibrium
bedforms, where (h/λ ≤ 0.4).

The new 1D MDAKE model could be extended to a 2D depth-averaged version. In this
case, the lateral integral moment velocity scale (v1) might be used in conjunction with the
downstream integral moment velocity scale (u1) to describe the generation terms in each
direction. More effort needs to be made to determine the factors affecting the calibration
parameters (ξk) in such a case.

It should be clearly mentioned that the proposed k-ε MDAKE model was not examined
for the cases of developing flow and non-equilibrium turbulent conditions. Further studies
are needed to assess the model in such conditions.

This study is considered an important step towards extending the validity of the
depth-averaged flow models to be used in more complicated applications and it will help
in obtaining better predictions (using the depth-averaged models) for different applica-
tions, including sediment transport, bedform evolution and water quality and mixing of
contaminants in rivers.
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Abbreviations

b Channel width
Cr Correction factor in the turbulent kinetic energy profile in case of uniform flow

over a flat bed (Equation (5))
C* Dimensionless Chezy coefficient
Cα The wake coefficient ≈ 1.15, however it varies from 1 to 1.2



Water 2022, 14, 2196 23 of 25

Cµ, C1ε, C2ε Are universal constants in the Rastogi and Rodi’s k-ε Model
DNS Direct numerical simulation CFD model
Fνt Eddy viscosity coefficient ∼= 0.07 for uniform flow over flat bed
g Acceleration due to gravity
h Depth of flow measured vertically
k The time averaged turbulent kinetic energy per unit mass
k̃ The virtual value of turbulent kinetic energy as given by Rastogi

and Rodi’s k-ε Model
k The depth-averaged turbulent kinetic energy per unit mass
kcrst The depth-averaged turbulent kinetic energy at the crest
ku The depth-averaged turbulent kinetic energy in case of uniform flow over a flat bed
ks Effective sand roughness height
ks+ The dimensionless sand grain roughness (ks+ = u∗ks/ν)
` Turbulence length scale (or the length scale of the most energetic eddy)
MDAKE Moment-based depth-averaged k-ε model (Equations (22) and (23))
P.R. The point of reattachment
q Longitudinal discharge per unit width of the channel (q = uo·h)
q1 =u1·h
SDAKE Standard depth-averaged k-ε model (Rastogi and Rodi model,

Equations (10) and (11))
TKE Turbulence kinetic energy
u(z) Longitudinal velocity at elevation z
u1 Velocity at the surface in excess of the mean uo
u1log The equivalent u1 velocity in case of logarithmic velocity profile
u1o u1 velocity over the crest of a train of bedforms
u* The skin friction shear velocity
Uo, uo Depth-averaged longitudinal velocity√

u′2 r.m.s. of turbulence in the downstream direction
v1 Lateral velocity at the surface in excess of the mean value Vo
v Turbulence velocity scale√

v′2 The r.m.s. of turbulence in the lateral direction
VAM Vertically averaged and moment set of equations
Vo Depth-averaged lateral/transverse velocity√

w′2 The r.m.s. of turbulence in the vertical direction
Wo Depth-averaged vertical velocity
x Horizontal coordinate
z Vertical coordinate
z =zb + h/2
zb Bed elevation from an arbitrary horizontal plane
zo Roughness parameter (zo = ks/30 + 0.11νt/u*)
z+ The vertical distance normalized by the viscous scale ν/u*
α The ratio between u1 and the mean velocity, uo in case of uniform flow over a flat bed
δk The net increase in the depth-averaged turbulent kinetic energy over bedforms
δΦ Changes in the nodal values of Φ

∆ The height of bedform
∆t Time discretization
∆x Distance discretization
ε Dissipation of turbulent kinetic energy by viscous effects
ε̃ The approximate (virtual) value of turbulent dissipation as given by SDAKE Model
κ von Karman constant ∼= 0.41
λ Bedform wavelength
ν Kinematic viscosity of fluid
νt The eddy viscosity
Π The wake parameter and it ranges from 0 to 0.2 for uniform flow
ρ Mass density of water (ρ = 1000 kg/m3)
σk, σε Constants related to k-ε models
ζk Calibration coefficient for the modified k-ε model
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