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Abstract: In this work, we derived a mathematical model for spontaneous imbibition in a Y-shaped
branching network model. The classic Lucas-Washburn equation was used for modeling the imbi-
bition process occurring in the Y-shape model. Then, a mathematical model for the Newtonian
fluid’s imbibition was derived to reveal the relationship between dimensionless imbibition time and
length ratio, radius ratio, and wetting strength. The dimensionless imbibition time in the model was
adopted to compare with that of the capillary bundle model. Different length and radius ratios were
considered in the adjacent two-stage channels, and different wettabilities were considered in the
different branches. The optimal radius ratio, length ratio, and wetting strength were calculated un-
der the condition of the shortest imbibition time. In addition, the shortest dimensionless imbibition
time of the three-stage Y-shaped branching network model was calculated when the wettability
changes randomly. The results indicate that the imbibition time changed mostly when the wettabil-
ity of the second branch changed, and the second branch was the most sensitive to wettability in
the model.

Keywords: porous media; capillary force; imbibition; fractal; L-W equation

1. Introduction

Research on percolation theory is of great significance in various disciplines, such as
soil physics [1], enhancing oil recovery [2-5], rock physics [6,7], fluid flows in porous me-
dia [8-10], and growth of branched structures [11]. Among this research in porous media,
much of the literature concerns drainage processes rather than imbibition processes.
However, imbibition processes take control of most fluid flows in tight porous media ra-
ther than drainage processes. The pressure difference opposed in the tight porous media
[12-14] is most likely to fail in mobilizing hydrocarbon due to low connectivity of pores.
The imbibition processes controlled by capillary force [15,16] gained from the extremely
small size of the pores would be the dominant force.

The wetting phase fluid enters the porous medium spontaneously and replaces the
nonwetting phase fluid originally existing in the porous medium under the action of ca-
pillary force. This process is often referred to as spontaneous imbibition [17,18]. The ex-
isting literature on spontaneous imbibition theory is extensive and focuses particularly on
the capillary bundle model. The existing theoretical models for the study of spontaneous
imbibition mainly include the Lucas—Washburn model [19,20], Terzaghi model [21],
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Handy model [22], and dimensionless time scale model [23-28]. Lucas [19] simplified po-
rous media into capillary bundles and proposed a capillary osmosis model. Based on Lu-
cas’s work, Washburn [20] improved the model to obtain the classical capillary imbibition
model, namely the Lucas-Washburn model (L-W model). The Lucas-Washburn model
based on the capillary bundle is the most basic model, from which more complicated mod-
els for a wide range of applications have been developed, incorporating the effect of tor-
tuosity [29], different pore geometry [30], and fractal characteristics [31-33]. A great deal
of previous research into imbibition processes has ignored the complex structure of po-
rous media.

The academic literature has revealed that tree-like networks widely exist in nature
and, to date, several studies have been devoted to tree-like networks [34-36]. Shou et al.
developed the L-W model based on the understanding of the fractal characteristics of the
imbibition model [37]. By using the L-W model, a correlation between the imbibition
length and the imbibition time in a tree-like network model was obtained, and the dy-
namics of capillary flow in tree-like networks were investigated. The wettability was as-
sumed to be constant in Shou et al.’s model; however, the wettability alteration of pore
space can be widely found in nature. One of the examples is the wettability alteration
taking place in the microfractures in tight sandstone. Due to the different mineral compo-
sitions in the unconventional reservoir [38], the fracture surface after hydraulic fracturing
has different wettabilities. Moreover, the adsorption of organic components on the rock
surface also affects the wettability of the fracture surface [39]. It is worth noting that the
imbibition process is affected by the spatially varying wettability of rock surfaces deter-
mined by the corresponding values of contact angles [40—42].

The mechanism of spontaneous imbibition under spatially varying wettability is still
somewhat poorly understood. Studying the dynamics of capillary flow in branch models
with different wettabilities will shed light on the subject of spontaneous imbibition in tight
porous media. Therefore, in this paper, wettability was taken into account in the model.
A branch model considering variable permeability, wettability, and other factors was es-
tablished. Based on the L-W model, the dimensionless imbibition time of liquid flow in
the branch model was derived by considering the number and wettability of the branches.
According to the mathematical model, the effects of length ratio and radius ratio under
different wettability conditions were analyzed. In addition, the influence of wettability
change on the imbibition process was investigated separately.

2. Assumptions and Models

In this section, a novel mathematical model of wetting phase imbibition into tree-like
networks is proposed and the mechanisms of wettability alteration is considered. The tree-
like network is shown in Figure 1. The wetting phase enters from the left side of the model
and the capillary force and the imbibition speed change as wettability alteration occurs at
different levels of the branched network. To compare with the Y-shaped branching model,
we defined a control model called the capillary bundle model (as shown in Figure 2) and
the following assumptions were made in regard to matching the models:

e  The total length of the capillary tube is the same as that of the Y-shaped branching
model;

e  The specific surface area of the capillary bundle model is equal to that of the Y-shaped
branching model, and the radius of the capillary bundle model is determined by this
feature;

e The porosity of the capillary bundle model is equal to that of the Y-shaped branching
model. According to the same porosity, the number of capillaries is determined;

e  The permeability of the capillary bundle model is equal to that of the Y-shaped
branching model. By keeping the specific surface area and porosity of the two models
equal, the permeability of the two models is approximately equal.
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Tree like network

Figure 1. Y-shaped branching model.

The dynamics of capillary flow in a straight tube driven by the negative capillary
pressure has been established and a correlation between the distance of liquid movement
z and the time t has been proposed by Washburn [20].

yrcosé . os
z=( 2 t) (1)

However, Washburn’s model is not based on describing the imbibition of complex
porous media.

As shown in Figure 1, a network model with fractal characteristics is assumed and
the wetting strength of each branch is different. It is called the Y-shaped branching model
because the branching resembles a multi-stage Y-shape. The different branch colors rep-
resent the different wetting strengths of each level. Y-shaped branching networks with
different wetting strengths are widely found in the development of tight sandstone reser-
Voirs.

In Figure 1, the branches are composed of straight hollow tubes. Each branch is di-
vided into m lower branches in the network system. By repeating this process, the network
can be generated from the first-level branch to the nth-level branches, where 1 is the total
number of branching levels.

The ratio of the radius between the (j + 1)th branch and jth branch is defined as Equa-
tion (2).

a=r.,/r, ()
and thus,
=o'l ©

where r; and I are the radii of the tubes at the jth and the first branching levels, respec-

tively. « is generally assumed to be smaller than 1 as in natural network systems.
Similarly, the ratio of the length of the tubes at the (j + 1)th branching level to that at
the jth branching level is defined as Equation (4).

B=liall @)
and therefore, it is easy to obtain Equation (5).
l, = A, (5)

where |, and |, are the lengths of the tubes at the jth and first branching levels, respec-
tively.



Water 2021, 13, 2370

4 of 19

Capillary bundle model

Figure 2. Capillary bundle model.

3. Derivation and Calculation
3.1. Model Features

In this work, we focused on investigating the capillary flow in the Y-shaped branch-
ing model whose tube length is greater than the radius. Y-shaped tree-like networks are
widely found as natural and hydraulic fractures in the reservoir. In the model, the effect
of the nodes between different branching levels on the flow is assumed negligible.

Based on Equation (4), the total length of the Y-shaped branching model is given by

Z‘I 1= ﬁ I, (6)

The specific surface area of the Caplllary bundle model is calculated as Equation (7).
Z 27kl _21—(ma/3)” 1-ma? B
Z kil 6 1-maf 1 (ma?p)
where n is the total number of branching levels; m is the number of lower branches from
an upper branch; k; is the number of branches at level ;.

@)

The specific surface area of the capillary bundle model is given by
k,2zRL, 2
=2 n=c (8)
kzRL, R
where R is the branching radius of the capillary bundle model. According to Equations
(7) and (8), it can be obtained that R is

= 1-mgp 1-(ma’s)

11_(maﬂ)n 1—ma2ﬂ

The total volume of the Y-shaped branching model is calculated as Equation (10).

n 1—(ma2ﬂ)n
=2k =

where kK; is the number of tubes at the jth level, which is expressed as k; = mit

©)

(10)

The capillary bundle model has the same volume as the Y-shaped branching model,
and the volume of the capillary bundle model is given by

V, =7kR'L, (11)
where k is the branch number of the model. Through Equations (9)—(11), it can be ob-
tained that Kk is



Water 2021, 13, 2370

5 of 19

(12)

2 n\2
ZJ 1kJrJ l; - (1—ma2ﬂ) 1-4 [ 1-(map)
LR’ 1-(ma?p) 1-4"( 1-map
To make it easier to derive the formula, we defined that the wetting strength varies
proportionally in the branching model. We defined the wettability coefficient S as the
ratio of the c0sé@ between the (j + 1 )th branch and the jth branch,
s=c0sd,,,/cosd, (13)
and thus,
cosd, =s'* cosg; (14)

3.2. Derivation of Flow Process

The capillary flow in each branch is driven by capillary pressure in the Y-shaped
model. When the interface is in the kth branch, the capillary pressure is

2y cosé,
Apc,k = _u (15)
I
The flow rate of the branch in the model is
art op
=xriu=-"— 16
Q B o (16)

Based on Equations (1), (15) and (16) (summarized in Equation (17)), we performed
a series of derivations to obtain Equation (18) (the detailed derivation process is shown in
Appendix A).

7r cosd

( )05

AD., :_27cosak (17)
, r
) 7r* op
Q=rru=——
The time t; required for the liquid to fill the tubes of the jth level with the length |,
is obtained as Equation (18).

|2 I o W
- 2 1, 4 2 ik (18)
ycosé, r,  ycos, = [}

The total time T, required for the liquid to move distance L, is shownin Equation (19).
\ nS I¥ 477 lol;
T J j+l k J 19
,Z_l:‘ /4 JZ_l“cosﬁ Ny ,Z;‘cose e, (19
Then, when the liquid flows to the jth stage of the Y-shaped branching model and
the total flow distance is |, the corresponding time t, ; is

o (-4 4 [L]T @)
:

" ycosd T, ycos, = n

By substituting Equations (3)-(5) into Equation (19), the relationship between T,
and «a,f is obtained as Equation (21).

__ 2 El_(ailﬂzs-l) i 4n E K 1)
yeosd r, 1-a'Bst  ycos@ i l-a'm'p

053m,6'3'1 —(asmﬂS"l)n ) a—lﬂzs-l _(a—lﬂzs-l)”

where K= 1-a’mpst 1-a'pst
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Based on Equation (1), the total time for the liquid to fill the branches can be calcu-
lated in the capillary bundle model, as shown in Equation (22).

1-pY
__2n Lﬁ _ 27 |12 1-p
To= cosé R rcosé, r, 2 )" (22)
I 1 e 11 1-map 1—(ma ﬂ)
1-(map) 1-ma’p

The dimensionless time of a capillary flow is defined as the ratio of Equations (21)
and (22) in the Y-shaped branching model:

1-map 1-(meB) |J1-(e?pY) 2
T [1-(mep) 1-maB || 1-aft l-a'mp

d _T_o 1— ﬂn 2
1-p
a*mBst —(a®mpBs? n a Bt —(atB%st n
In the formula, K = & 3( 1ﬂ ) - p 7(1 5 '61) ) indicates that the
1-a’mps 1-a fs

(23)

imbibition rate of the Y-shaped branching model is faster than that of the capillary bundle
model, while T, isless than 1.

4. Results and Discussions
4.1. Effect of Proportional Variation in Wetting Strength on the Flow

In this section, we mainly studied the Y-shaped branching models with spatially var-
ying wettability and the number of branches m = 2. From Figure 3 (n = 2), Figure 4 (n=3) to
Figure 5 (n = 4), the variation in the dimensionless time curves of the capillary flow (ob-
tained from Equation (23)) with respect to the radius ratio ¢, the length ratio f, and the

wettability coefficient S is clearly observed.
Figure 3a shows the curve of dimensionless time T; changing with the length ratio

of o under different S values in the two-level model. In Figure 3a, with the increase in
o, the dimensionless time curve first decreases sharply, reaches the lowest point when
a approaches 0.5, and then increases sharply at all four different values of s (i.e.,, s =0.7,
0.8, 0.9, and 1.0). Therefore, it can be seen from the curve that the optimal « is close to
0.4 for the minimum time required for the liquid to reach the end of the second branch in
Figure 3a. It is also indicated that the decrease in s value leads to the increase in dimen-
sionless time at the same radius ratio « . However, the change in wettability coefficient s
only causes the curve to shift up and down and has no influence on the trend of the curve
with the radius ratio o .
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—=—B=08, 0=04
—e—B=0.8, a=0.6
B=1.2, a=0.6§

T

Dimensionless time,

(©)

Figure 3. Dimensionless time curves of capillary flow at n = 2. (a) The effect of radius ratio & at
different s values, (b) the effect of length ratio f at different s values, and (c) the effect of radius s

values at different radius ratios @ and length ratios [ .

Figure 3b also shows that the constant decrease in the wettability coefficient s leads
to the increase in dimensionless time when other parameters remain fixed. However,
when [ approaches 0, the length of the secondary branch is close to 0, and the whole
model becomes a uniform straight tube with the same wetting strength. Thus, for four
different wettability coefficients s (i.e., s=0.7, 0.8, 0.9, and 1.0), Ty converges to the same
value. When the length ratio 8 grows larger, due to the increasing length of the second-
ary branch, the influence of different wetting strengths on capillary imbibition occurs
gradually, and the difference between the curves gradually increases. Although the four
curves with different s values vary in different ranges, the trend of the curves is almost
the same.

In Figure 3c, it is found that the dimensionless time decreases gradually as the wet-
tability coefficient s (s < 1) increases for an unchanged radius ratio and length ratio. The
reason is that the improvement of wetting strength leads to the increase in capillary force
and a faster imbibition rate. The change in the above curve is consistent with the change
in dimensionless time when the s value increases in Figure 3a,b. It can be seen that as the
s value increases, the amplitude of the dimensionless time change is smaller. The variation
range of dimensionless time at s > 0.9 is much less than that at s < 0.4, so we considered
that dimensionless time is approximately unchanged at s > 0.9. In addition, with the in-
crease in wetting strength coefficient s, the law of dimensionless time variation does not
change for different radius ratios & and length ratios /.

The «, f, and s values at the minimum dimensionless time T, can be obtained
from Figure 3. In addition, the minimum dimensionless time T; =0.6362 can be calcu-
lated precisely under the conditionsof s=1, a =0.4603,and £ =0.6203. Under the same
conditions of length, volume, and specific surface, the spontaneous imbibition time T, of
the two-stage branching model is 36.38% lower than that of the capillary bundle model.
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7 I I T
—=—(-03, =04
. —e—p=0.8, a=0.6 ]
B=1.2, a=0.6

Dimensionless time, 7,

(©)

Figure 4. Dimensionless time curves of capillary flow at n = 3. (a) The curve of change with radius
ratio o at different s values, (b) curve of change with length ratio £ at different s values, (c)

curve of change with radius s values at different radius ratios & and length ratios .

Similar to the two-stage branching model with different wetting strengths, the effects
of the variations in «, , and s on dimensionless time T, are shown, respectively, in

Figure 4a—c when the total number of branching levels 7 is 3. Although the capillary flow
variation corresponding to & and f in the three-stage branch network has the same

trend as that in the two-stage network, the optimal solutions for «, £, and s are differ-
ent from those for the two-stage network. The minimum dimensionless time T;=0.5154
is calculated precisely under the conditions of s=1, & =0.5143, and B =0.6557. Under

the same conditions of length, volume, and specific surface, the spontaneous imbibition
time T, of the three-stage branching model is 48.46% lower than that of the capillary

bundle model.
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Figure 5. Dimensionless time curves of capillary flow at n = 4. (a) The curve of change with radius
ratio o at different s values, (b) curve of change with length ratio £ at different s values, (c)

curve of change with radius s values at different radius ratios & and length ratios .

When the total number of branching levels 7 is 3 to 4, the minimum dimensionless
time T, and the corresponding «, B, and s are all changed, where T,=0.4518, s =1,

a =0.5567, and B =0.6896. Under the same conditions of length, volume, and specific
surface, the spontaneous imbibition time T, of the four-stage branching model is 54.82%

lower than that of the capillary bundle model. According to the above curve, a conclusion
can be drawn: under the condition that s = 1 (with same wetting strength), the shortest
time T, can be obtained, and the fluid imbibition speed in the multi-stage branching

model will be faster.

In order to make a comparison between a capillary bundle model, which is restricted
by the same length, porosity, and permeability as the tree-like network model (s = 1), the
dimensionless imbibition time was calculated for different dimensionless distances .. The
dimensionless distance lu is the total length of the Y-shaped branching model divided by
the length of the first branch, which is normalized to avoid the value of the model length
and to facilitate the comparison under different conditions. The relationship between di-
mensionless time Ts¢ and dimensionless length li is shown in Figure 6. The result confirms
that the imbibition process in the capillary bundle model obeys the rule described by the
Washburn equation. However, the imbibition in the tree-like network model did not obey
the Washburn equation. With the same i, a shorter imbibition time was observed in the
tree-like network model. The minimum dimensionless time Tas = 0.5154 was calculated
precisely under the conditions of s =1, « = 0.5143, and f = 0.6557. Hence, the imbibition
process can be accelerated in the tree-like network models.
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Figure 6. Comparison of Tu from capillary bundle model and tree-like network model with changing la.

4.2. Effect of Random Variation in Wetting Strength on Flow

In the previous section, the variation trend of spontaneous imbibition time with ra-
dius ratio «, length ratio S, and wettability coefficient s in the multi-stage branching

model was discussed. However, wettability hardly varies proportionately, and more ran-
dom variation is observed in the pore space of the real tight sandstone reservoir. Therefore,
in this section, a three-stage Y-shaped branching model is used to study the fluid imbibi-
tion qualitatively when the wetting strength changes randomly in the pore space of tight
sandstone.

We assumed six random realizations of wettability variations and divided them into
two groups for analysis (as shown in Table 1). The two groups of experiments investigated
the change in spontaneous imbibition time with distance when the wettability of a certain
branch suddenly becomes stronger or weaker.

Table 1. Cases of random variation in wetting strength.

Case No. cos61 c0s0: c0s0s
#1 0.8 0.2 0.2
First Group #2 0.2 0.8 0.2
#3 0.2 0.2 0.8
#4 0.2 0.8 0.8
Second Group #5 0.8 0.2 0.8
#6 0.8 0.8 0.2

In the first group, it is assumed that the wettability of the first-, second-, or third-
stage branch is strong when other branches” wettability is generally weak in the model. In
assumption 1, the wettability in the first-, second-, and third-stage branches is strong,
weak, and weak, respectively. This means that the wetting strength of the first stage in the
model is relatively large, which differs from those of the other branches. In assumption 2,
the wettability in the first, second, and third stages is weak, strong, and weak, respectively.
This shows that the wetting strength of the second stage’s branch is larger than those of
the other branches. In assumption 3, similarly, the wetting strength of the third stage is
larger than those of the other stages and the order of the wettability is weak, weak, and
strong. By comparing the three assumptions, the effect of the wettability of a certain
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branch becomes stronger on the overall imbibition time and the sensitivity of each branch
to the wettability change can be obtained.

According to Equation (18), the relationship between flow time and flow distance of
the first group is shown in Figure 7 when the length ratio and radius ratio are the optimal
solutions in the three-level branching model. It is easily observed that, compared with the
branch tubes with weak wetting strength, the branch tubes with strong wetting strength
have a strong capillary force and a faster flow of fluid, which causes a significantly shorter
time of fluid imbibition.

T T T T T
6 -

——— assumption 1
iy assumption 2
——— assumption 3

Dimensionless time, 74

I
0.0 0.5 1.0 1.5 2.0

Dimensionless length, /s

Figure 7. Dimensionless time varies with the distance of liquid flow in the first group of assumptions.

The shortest imbibition time is obtained in realization 2. The fluid flows through the
first-stage branch for a longer time in realization 2. However, the flow time of realization
2 is still shortest as the fluid flows faster and more time is shortened in the second-stage
branch. In addition, the longest flow time occurs in realization 1. We compared the three
curves and found that the flow time is most sensitive to the wettability of the second
branch in the three-level branch model.

In the second group, the assumption is opposite to the first group. It was assumed
that the wettability of the model is generally strong but the wettability of the first, second,
or third stage branches change suddenly and become weak. Realization 4 is that the wet-
tability of the first-stage branches becomes weak. Similarly, realization 5 is that the wetta-
bility of the second-stage branches becomes weak. In addition, the order of the wettability
is strong, strong, and weak in realization 6.

According to Equation (18), the relationship between flow time and flow distance of
the second group is shown in Figure 8 when the length ratio and radius ratio are the op-
timal solutions. It can be seen that the flow time of the fluid in the branch tube with weak
wetting strength is significantly longer and the flow velocity of the fluid is lower.
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—¥——vy—v—assumption 5
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Dimensionless time, 7«

] 1 I L L
0.0 0.5 1.0 1.5 2.0
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Figure 8. Dimensionless time varies with the distance of fluid flow in the second group of realizations.

Comparing the ordinates of the three curves, it is obvious that realization 5 has the
longest time, and the shortest time occurs in realization 4. This phenomenon means that
the flow time is most sensitive to the wettability of the second branch, which is consistent
with the findings of the first group.

The first group assumes that the wetting strength is randomly weakened, and the
second group assumes that the wetting strength is randomly strengthened. By comparing
the two groups and considering the above curve analysis, the following conclusions can
be drawn: (1) The strong wettability branch can accelerate the capillary fluid imbibition,
while the weak wettability branch can slow down the capillary fluid imbibition. (2) In the
three-stage branching model, the dimensionless time is most sensitive to the wettability
of the second branch for liquid spontaneous imbibition when the length ratio and radius
ratio are the optimal solutions. (3) In the approximate three-level branching model, we
should first consider the second-level branch, which will cause great changes in the results
if wetting strength is to be changed.

5. Conclusions

In this paper, a new physical model considering wettability and permeability for the
Y-shaped branch model was established. The capillary bundle model was designed as the
control model, and the mathematical formulas of dimensionless time and other flow char-
acteristics of the branch model in the branch model were derived. In the case that the ratio
ofradius « andratiooflength S are defined, the variation trend of dimensionless time

T: and the time of fluid flow to the end of the model with different wettabilities were
studied, and the sensitivity of dimensionless time to wettability changes was investigated.
A three-stage branching model was selected to investigate the dynamics of capillary flow
with random wettability changes. This paper shows the law of spontaneous imbibition of
Newtonian fluids in Y-shape branching models with different wettabilities, which is of
significance for the study of fluid flow in the pore space of tight sandstone reservoirs.
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Appendix A

This section gives detailed information on the derivation of Equation (18).
In the first branch of the tree network model, according to Equation (1), the capillary
flow time can be expressed by the liquid dialysis distance [, :

__ 2 Al

g T (A1)
2 12

L=t (A2)
ycos6, 1

On the second-level branch of the tree network model, the traffic in one branch is
zry op oz
Q, =xru, = _8_7;& ,and U, = 3 (A3)

Therefore, the total pressure drop of the first and second branches of the tree network
model is as follows:

Ap=—81 QJ quj 7 and k,Q, =Q .k, =m (A4)

According to Equation (A4), the first- and secondary-branch total hydrostatic pres-
sure drops, and the second-level branch of capillary pressure A p.: is equal to:
2y cos o
Apcyz — _u ( A5)
rZ
and thus,
¥C0S 6,
/== sz sz (A6)
2
By integrating Equation (A6), the time formula of Caplllary flow in the second branch
of the tree network model is obtained:

" *

According to Equation (A7), given the liquid dialysis distance 1, the time of liquid
aspiration in the second branch of the corresponding tree network model can be obtained:

4 rl, 1(1-1,)?
g PRI e (EH (A8)
“ ycosé, I 2 r,
According to Equation (A8), the time can be calculated when the liquid is filled with
the [, branch of the second level:

3 2
t2:L m¢+lli (A9)
yCosé, o2
Thus, the total time T, of the liquid imbibition distance [; + I, is the sum of t; and t,,
2 3 2
T=tet,=—2 b A el 1l (A10)
ycos@ I, ycosé, o2,

The time t; required for the liquid to fill the jth branch [; is derived:
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_ 2 IJ’2 4n - 1k r13|k—1| j
17y cos 6. r+ycos¢9. — m rt (ALL)
i j K= k-1

Appendix B

This section compares results calculated by the model proposed in our research and
the model developed by Shou et al. A comparison of the results with Shou et al.’s model
confirms the correctness of our model.

Assuming that the pore spaces have the same volume and length, Shou et al. calcu-
lated Tu from Equation (A12).

- l—(mazﬂ)n N 1—(0:’1 z)n 2 a3m,3—(a3m,6’)n a’lﬂz—(a’l z)n
M T _ma?p o' "1ea*m'g| 1-a'mpg 1

o (A12)

1_ ﬂn 15
)
Figure A1 gives the relation between Tsand ¢« . The results were obtained by solving
Equation (23) (our model) and Equation (A12) when S =1.6 and n =4. The results of our

model match those observed in the earlier study, in which Ts decreases in the early stages
and increases in the later stages as « increases. All the Tu values calculated in our model
are larger than those predicted in Shou et al.’s model. This is mainly because the specific
surface area and permeability were considered in our model, which added more re-
sistance to the fluid flow; thus, a longer imbibition time was predicted in our model. In
addition, according the results reported in Shou et al.’s research, the shortest T was ob-
tained atan a of around 0.5. However, as discussed in the previous section, the shortest
Tiwas predicted atan a of around 0.6 in our model. The difference made the red curves
shown in Figure A move to the right compared to the curve predicted by Shou et al. The
movement of the red curve made the difference in the predicted results on the left of Fig-
ure Al larger than that on right.

-
o

—&—QOur model
- —=—Shou et al. model .

N w > (5] @ ~N ™ ©
T

Dimensionless time, 7,

0.2 0.4 0.6 0.8 1.0 1.2
Radius ratio, «

Figure A1l. Lines were interpolated by beta spline interpolation.

Our aim was to compare models with the same dimensionless length when the two
models have the shortest imbibition time. Under the condition of using the shortest di-
mensionless time of both models, the dimensionless imbibition time of the model with the
same dimensionless length was compared, to reflect the characteristics of our model. Fig-
ure A2 gives the relation between Ts and ls. Compared to Shou et al.’s model, the dimen-
sionless time expected in our model was greater when the imbibition reached the end of
the capillary tube, because the specific surface and permeability factors were considered
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in our model. Due to the shorter first stage of our model, a shorter imbibition time at the
first stage of our model was predicted; hence, the imbibition process would enter the sec-
ond stage earlier in our model. In addition, the radius ratio between different stages of
Shou et al.’s model was larger than ours, causing the radius variation between different
stages of their model to be more significant than ours, making the imbibition in their
model faster and the dimensionless time smaller than ours in the late imbibition stages.
The time difference between early and late imbibition stages resulted in the intersection
of the two curves.

T T T T T T T T T
14 H -
—— Qur model

12 H —=—Shou et al. model |

1.0

0.8

0.6

04

Dimensionless time, 7d

0.2

0.0

00 02 04 06 08 10 12 14 16 18

Dimensionless length, /.

Figure A2. Lines were interpolated by beta spline interpolation.
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