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Abstract: The transfer of water from a swimming pool to the treatment location is key in determin-
ing the effectiveness of water treatment by filtration in removing turbidity and managing the risk 
from particulate material, including microbial pathogens, such as Cryptosporidium spp. A key rec-
ommendation for pool operators when dealing with an accidental faecal release (the likely main 
source of high Cryptosporidium oocyst concentrations in pools) is that the pool water should be fil-
tered for at least six turnover cycles prior to use. This paper briefly outlines the theoretical basis of 
what has become known as the Gage–Bidwell Law of Dilution, which provides a basis for this rec-
ommendation, and extends the idea to account for the impact of filter efficiency. The Gage–Bidwell 
Law reveals that for each pool turnover 63% of the water resident in the pool at the start of the 
turnover period will have been recirculated. Building on this, we demonstrate that both filter effi-
ciency and water-turnover time are important in determining filtration effectiveness and can be 
combined through a single parameter we term ‘particle-turnover’. We consider the implications of 
the Gage–Bidwell Law (as referred to in the original 1926 paper) for the dynamics of the ‘dirt’ con-
tent of pool water, whether in terms of a specific particle size range (e.g., Cryptosporidium oocysts) 
or turbidity. 
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1. Introduction 
Understanding the circulation of water in swimming pools is critical to managing the 

risk to bathers from microbial pathogens, such as Cryptosporidium spp. [1]. Cryptosporid-
ium oocysts are not susceptible, in the timescales required, to residual biocides such as 
free chlorine (the Ct value for a 3 log10 reduction in oocyst viability for free chlorine at pH 
7.5 and at 25 °C corresponds to a disinfection time of 10.6 days in pool water containing 1 
mg L−1 free chlorine) and can only be controlled adequately in a pool plant room (i.e., 
external to the pool itself) by filtration, possibly supplemented by non-residual treatments 
such as UV or ozone [2]. Of particular concern is the large number (potentially > 108) of 
Cryptosporidium oocysts likely to be introduced into the pool water as a result of an acci-
dental faecal release (AFR) by a bather [3,4]. There is a chance of infection from ingestion 
of just a single oocyst [5] and guidelines have been produced for managing this risk asso-
ciated with AFRs [6]. 

The transfer of water from the pool to the water treatment plant (e.g., filtration sys-
tem) via the re-circulation pipework is critical in determining the effectiveness of these 
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controls and hence managing the risk to bathers. One key recommendation [6] is that the 
water in a pool subject to an AFR should be filtered for six turnover cycles (for pools using 
sand filters with a filtration velocity less than 25 m h−1). In this context, a turnover cycle is 
the time taken for a volume of water equivalent to the entire pool volume to pass through 
the filtration and circulation system once [7]. As we shall demonstrate, this does not mean 
that all the water in a pool is subject to filtration in a single turnover cycle. 

The question arises, why six turnover cycles? A justification was outlined in a trade 
magazine article by Croll [8], but the origins go back to a seminal report published 78 
years previously in the American Journal of Public Health [9]. This reports the findings of a 
committee comprising members of the American Public Health Association and the Con-
ference of State Sanitary Engineers (chaired by Stephen DeM Gage), which proposed a set 
of standards for the design, construction, equipment and operation of swimming pools. 
Many of the recommendations would be recognised in today’s codes of practice, such as 
those issued by the UK Pool Water Treatment Advisory Group [10]. 

Section XVI of the report considers “Proportioning the water interchange for recircu-
lation and flowing through pools” and is concerned with the purification of water by di-
lution or filtration as water is recirculated through a pool. The report points out that this 
purification process proceeds according to the Gage and Bidwell “law of purification by 
consecutive dilution”, subsequently referred to as the Gage–Bidwell Law of Dilution. This 
law is presented in the form of an abstract of a paper in preparation at the time, which 
states that “at the end of the first turnover the purification [removal of the dirt present in 
the water of the pool when recirculation was started] will be about 63%”. In other words, 
for each pool turnover 63% of the water resident in the pool at the start of the turnover 
period will have been recirculated. It is this law, proposed by Gage and Bidwell in 1926 
in just 625 words, that has underpinned the recommendations in codes of practice for the 
clean-up of pool water following an AFR for almost a century (e.g., [6]). 

However, the brief 1926 abstract gives little indication of the origins of the Gage–
Bidwell Law of Dilution other than to state that it can be readily demonstrated by compu-
tation and experiment. To our knowledge, the paper associated with the Gage and Bidwell 
abstract has never been found, if indeed it was ever published. We attempt here to re-
create the lost Gage and Bidwell paper and explore some of the implications that were 
suggested, but not developed. We explain the origin of the Gage–Bidwell Law of Dilution 
using solute (total dissolved solids or salt) and particles (turbidity or Cryptosporidium oo-
cysts) as examples of contaminants, and we draw attention to some of the insights that 
were presented in the Gage and Bidwell abstract that have been largely overlooked but 
remain highly relevant today. 

In addition to the cleaning up of a pool following a faecal contamination event, the 
other aspect of the performance of a pool filtration system that is of interest to designers, 
operators and those responsible for producing industry guidelines is the maximum con-
centration of contaminants, in particular turbidity, that is likely to result from the particles 
derived from anthropogenic sources (including dirt) washed off bathers in a pool [11]. 
This is likely to be dependent on the number and type of the bathers and pre-swim hy-
giene arrangements used in normal operation [12]. This was touched on in the 1926 ab-
stract by reference to there being an equilibrium that exists between the input of dirt and 
the removal of dirt, according to the Gage–Bidwell Law of Dilution (though this theme 
was not developed further). 

In this paper, we will demonstrate how the principles laid down in 1926 can be ap-
plied today to develop informed recommendations for the operation of swimming pools. 
These include the recommended maximum bathing load based on the performance of the 
pool treatment plant, including water circulation and filtration. For this, we use published 
data on fluctuations in turbidity in a very busy outdoor paddling pool over a summer 
period with large variation in bathing load [13]. 
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In this paper, as a demonstration of the underlying principle, we will explore how 
the Gage–Bidwell Law of Dilution can be applied to two important aspects of pool oper-
ation: (i) management of an accidental release of particles into a pool as a result of an AFR; 
and (ii) management of bathing load and circulation rate to maintain the peak turbidity 
within an acceptable limit. We will conclude by considering the implications of these find-
ings for the health and safety of pool users. 

2. Materials and Methods 
The underlying principles indicated by Gage and Bidwell [9] are demonstrated firstly 

using an empirical approach to consecutive dilution and then using a computational ap-
proach. This approach is then developed further to include filtration efficiency along with 
dilution in relation to removal of a specific particulate material following a single contam-
ination event.  

We then consider the ongoing removal of a continuous input of a contaminant, and 
the dynamic equilibrium that exists between the input and the removal of a contaminant 
(turbidity). We explore the maximum turbidity likely to be achieved if the design maxi-
mum bathing load for a pool is sustained (a) indefinitely or (b) for a finite period.  

The data set of Stauder and Rodelsperger [13] provides a valuable opportunity to 
examine how the principles of the Gage–Bidwell Law of Dilution can be applied to model 
the dynamics of turbidity in a pool because (a) the assumption of good mixing is reason-
able, and (b) the filter efficiencies are high enough (approximately 90% removal of turbid-
ity when the pool is open), leaving fluctuation in bathing load as the main determinant of 
the observed fluctuations in water clarity. As there were very large differences between 
days in terms of bathing loads, this provides an ideal data set to test our understanding 
of how fluctuations in bathing load affect the hour-to-hour and day-to-day variation in 
pool water turbidity. 

The key features of this pool were: 
• Disinfection using chlorine gas (0.45 mg L−1 free chlorine in the pool water). 
• pH adjustment (pH 7.0 in the pool water). 
• Flocculant dosing approx. 0.05 mg L−1 Al as poly-aluminium chloride (PAC).  
• Dual media filter (0.5 m sand depth, 0.7–1.2 mm grain size), (0.5 m anthracite depth, 

1.4–2.5 mm grain size). 
• Filtration velocity 35 m h−1. 

Removal efficiency for turbidity (NTU) was estimated as 0.9 during the period the 
pool is open, when using 0.06 mg L−1 Al coagulant as PAC, based on comparison of tur-
bidity measurements at the filter inlets and outlets. 

3. Results 
3.1. The Gage–Bidwell Law of Dilution: Empirical Approach 

The key to the origin of the Gage–Bidwell Law lies in the phrase ‘by consecutive di-
lution’ and is explained in the 1926 paper [9] as follows: “In a recirculation or flowing 
through pool in which the dirty or used water is continually being withdrawn and re-
placed by fresh or filtered water, purification of water proceeds by consecutive dilution. 
The first portion withdrawn from the pool will all be dirty water but, owing to the con-
stant admixture of entering clean water with dirty water remaining in the pool, each suc-
ceeding portion of water withdrawn will consist of a decreasing proportion of dirty water 
mixed with an increasing proportion of clean water.” 

In the first instance, we consider that this experiment is carried out using three con-
tainers (or portions, referred to subsequently as parcels), each removing 1/3 of a pool vol-
ume. After three consecutive dilutions, one pool volume of water will have been removed 
and treated (one turnover cycle will have been completed). Importantly, we will make a 
key assumption (as made by Gage and Bidwell in the 1926 abstract) that this is a perfectly 
mixed pool so that when a container of pure water is returned to the pool it will instantly 
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and completely mix with the water remaining in the pool. This will result in a uniform 
concentration of total dissolved solids (TDS) across the whole pool volume before the next 
container of water is removed. Table 1 shows the result of the three successive dilutions 
on pool water TDS (the same principle can be applied to particle concentration). In this 
case, each container removes 1/3 of the total pool water volume, and one pool volume has 
been removed after three container-equivalents of water have been replaced. 

Table 1. Effect on the average concentration of dissolved solids (or particles) by removing water 
from a pool one container-full at a time and replacing the water removed with the same quantity of 
pure water, thereby progressively diluting the water in the pool. 

State Cumulative Fraction of Pool 
Volume Removed 

Average Concentration (C) in 
Pool Water after Mixing 

Starting state 0 C = Co 
After first container 1/3 C = (1 − 1/3) Co 

After second container 2/3 C = (1 − 1/3) (1 − 1/3) Co  
After third container 1 C = (1 − 1/3) (1 − 1/3) (1 − 1/3) Co 

In this example, the average concentration remaining after one turnover (C) will be 
0.296 (or 29.6%) of the concentration at the start of the turnover period (Co), implying that 
30% of the water resident in the pool at the start of the turnover remains in the pool after 
one turnover. Reworking the example above with two consecutive parcels each containing 
half the pool volume would have resulted in a corresponding value of 25%; four consec-
utive parcels each containing a quarter of the pool volume would have resulted in a cor-
responding value of 32%. The pattern is that as the number of parcels increases (and their 
size decreases) the percentage of water remaining untreated after one turnover increases 
towards some maximum value. Furthermore, the only way to ensure none of the water 
resident in the pool at the start of the turnover remains in the pool after one turnover 
would be to remove and replace all the water in the pool as a single parcel. This could be 
achieved by following the ‘empty and fill’ practice used in the early days of municipal 
pool management [14]. 

3.2. The Gage–Bidwell Law of Dilution: Computational Approach 
The general pattern emerging from the empirical approach (Table 1) suggests that for 

the general case, where one pool volume is removed in N consecutive parcels, the average 
concentration of TDS in the pool after one pool volume of water has been treated (Cpv) is 
given by Equation (1): C୮୴C୭ = ൬1 − 1N൰୒

 (1)

The Gage–Bidwell Law is based on continuous (i.e., where N is a very large number) 
dilution of water taken from a perfectly mixed pool. As N is increased towards a very large 
number, the value of Cpv/Co in Equation (1) converges to 0.368 (to three significant figures). 
In other words, 63.2% of the water present in the pool at the start of the turnover cycle has 
been treated at the end of the single turnover cycle, with 36.8% remaining untreated. 

We can now go beyond what was stated in the Gage and Bidwell abstract to express 
the outcome of Equation (1) in terms of a continuous function to describe how the concen-
tration C changes with the number of water turnovers (T). As N is increased to a very 
large number, each consecutive dilution is causing the concentration to change over an 
infinitesimal increase in turnover number: an amount which, in the notation of calculus, 
approximates to dC/dT.  

Consider the change in concentration after the ith parcel of water has been removed 
and replaced. The concentrations after the (i − 1)th and ith parcels are given by Equations 
(2) and (3), respectively: 
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C୧ିଵ = ൬1 − 1N൰୧ିଵ (2)

 C୧ = ൬1 − 1N൰୧  (3)

The change in concentration (∆C) caused by the removal of the ith parcel is the dif-
ference between these as given in Equation (4): ∆C = C୧ − C୧ିଵ  = ൬1 − 1N൰୧ − ൬1 − 1N൰୧ିଵ = ൬1 − 1N൰୧ିଵ ൬1 − 1N − 1൰= ൬1 − 1N൰୧ିଵ (− 1N) 

(4)

The corresponding fractional change in turnover (∆T) is given by Equation (5): ∆T = 1N (5)

The rate of change in concentration (∆C/∆T) tends to dC/dT when N is very large, 
and is given in Equation (6) (see also Equation (2)): dCdT = ቀ1 − 1Nቁ୧ିଵ (− 1N)1N = − ൬1 − 1N൰୧ିଵ = −C (6)

This reveals an interesting feature of the dilution process: when the circulation of 
water is expressed in units of turnover, then the amount removed in each dilution (dC/dT, 
when N is large) is numerically equal to the concentration at the time (both being (1 − 
1/N)i). Therefore, we can write Equation (7): dCdT = −C (7)

Separating and integrating Equation (7) from the initial condition C = Co when T = 0 
gives Equation (8): CC୭ = (1 eൗ )୘ = eି୘ (8)

where e is the Euler number (2.71828…), one of the most important fundamental and nat-
ural numbers in mathematics. This exponential decay equation indicates that each turno-
ver will reduce the concentration by 1/e which, to three significant figures, is the Gage and 
Bidwell value of 0.368. 

Equation (8) describes the removal of a contaminant from a continuous flow stirred-
tank reactor (CSTR), which is a well-established principle in chemical engineering (anal-
ogous to Equation (1) of Alansari et al. [15]). The usefulness in the context of swimming 
pools depends on the validity of the assumption that pools are perfectly mixed. Alansari 
et al. [15] provided a rare example of testing this assumption by analysing the residence 
time distribution of electrical conductivity following either a step-change or a slug-dose 
of a salt solution (KCl) passing through scale models of pools with different flow config-
urations. Alansari et al. [15] concluded that pools with widely differing configurations of 
inlets and outlets had residence time distributions (RTD) very similar to that expected for 
a CSTR, with the exception of there being short-lived spikes in the very early stages of the 
distribution depending on the small proportion of contaminant that was short-circuiting 
from the inlets to outlets. Modelling of a pool using computational fluid dynamics (CFD) 
by Cloteaux et al. [16] also led to the conclusion that the residence time distribution ob-
tained from the CFD model of a simple rectangular pool with inlets at the shallow end 
and outlets (sumps) in the deep end was very similar to that expected for a CSTR. This 
suggests that the underlying principles of the Gage and Bidwell analysis are a good first 
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approximation of pool behaviour with respect to the removal of particles over timescales 
of interest (several turnover cycles). 

3.3. The Role of Filter Efficiency in Contaminant Removal 
One application of the Gage–Bidwell Law of Dilution is to investigate the removal of 

Cryptosporidium oocysts from a well-mixed pool following an AFR. Though Cryptosporid-
ium was not a known hazard in pools at that time, in the 1926 “Standards for design, con-
struction, equipment and operation” the authors [9] did apply the Gage–Bidwell Law of 
Dilution to consider water purification in terms of the removal of dirt by filtration. The 
Gage and Bidwell abstract [9] stated that “It can readily be demonstrated by computation 
and by experiment that 7 turnovers are required to effect a removal of 99.9% of the dirt 
present in the water of the pool when recirculation was started. At the end of the first 
turnover the purification will be about 63%, after two turnovers about 86%, and after six 
turnovers 99.7%. To accomplish a purification of 99.99% 10 turnovers will be required.” 

There is a clear legacy of this conclusion in the current guideline that six turnovers 
are needed to reduce the amount of Cryptosporidium oocysts remaining in the pool to an 
acceptable level following an AFR [6]. In this context, we can use Equation (8) to deduce 
that 99.7% of water would be treated in six turnovers, which would amount to 1.5 m3 of 
untreated water remaining in the case of a 500 m3 pool. As an example of the practical 
implications, this untreated water might still contain 300,000 oocysts if the pool is well-
mixed and if there had been an input of 108 oocysts prior to the six turnovers [17]. 

However, the analysis above is based on two assumptions: (a) the pool is perfectly 
mixed; and (b) the filters are removing 100% of dirt from water passing through the filter 
media. The Gage and Bidwell abstract acknowledged the latter and considered the conse-
quence of filtration being less than 100% efficient. Following the imagined thinking of 
Gage and Bidwell, we can consider the effect of reduced filter efficiency by repeating the 
dilution experiment as shown in Table 1, but this time replacing only part of the water 
removed from the pool at each dilution with pure water (so that some fraction of the salts, 
or solids, in the water taken from the pool is returned to the pool).  

Let the fraction of the water in each successive container that is replaced by pure 
water be termed E. This is analogous to the filter efficiency: a value of 1 represents a filter 
removal efficiency of 100%. So now we are not only removing the salts (or solids) present 
in volume 1/N at each dilution but are also returning (1 − E)/N back to the pool. Therefore, 
Equation (1), which describes the fraction remaining in the pool after one turnover, now 
becomes Equation (9): C୮୴ C଴൘ = (1 − 1 Nൗ + ൫1 − E Nൗ ൯୒ = (1 − E Nൗ )୒ (9)

Following the same process that led to the derivation of Equation (3), this further 
leads to Equation (10): C C଴ൗ = eି୉୘ (10)

Figure 1 shows examples of how the time required for cleanup of particles (such as 
turbidity or Cryptosporidium oocysts) is extended if the filter efficiency is less than 100%. 
The selected examples range from E = 0.9, which corresponds to the value assumed by 
PWTAG [10] as the case for a well-managed pool, to E = 0.2, which Gregory [4] suggested 
to be a typical value for a pool with ineffective coagulation. This covers the range of effi-
ciency reported by Lu and Amburgey [18] in a study of the impact of coagulants and fil-
tration velocity on the removal of 4.5 µm polystyrene microspheres using sand filtration. 
The curves shown in Figure 1 accord with the statement made in the Gage and Bidwell 
abstract that “If the filters have an efficiency of only 50%, the effect will be the same as 
though the recirculation system were only half the size.” However, there have been very 
few studies on the efficiency of swimming pool filters in removing dirt (particles) in op-
erational pools, so it is not widely appreciated that this is an aspect of the performance of 
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pool water treatment that can be as important as the water-turnover time with respect to 
particle removal.  

 
Figure 1. Effect of filter efficiency (E) on the removal of dirt particles from pool water (expressed as 
percentage of particles remaining) following successive water-turnover cycles, based on the Gage–
Bidwell Law of Dilution. 

Given the importance of the combination of water-turnover time and filter efficiency 
in determining the rate of removal of particles from a pool, it is useful to combine these 
two parameters into a single key performance indicator that provides an overall measure 
of the effectiveness of the filtration system. Therefore, we propose the term ‘particle-turn-
over time’, Tp, as distinct from the water-turnover time, Tw = V/Q, given by Equation (11): T୮ =  VQE =  T୵E  (11)

where V is the pool volume (m3), Q is the circulation rate (m3 h−1), and E is the fractional 
removal of either turbidity (NTU) or particles of a given size class from water in a single 
pass through the filter. 

Whereas the turnover time for water (Tw) is the time it takes 63.2% of the water in a 
well-mixed pool to be removed, the particle-turnover time (Tp) is the time it takes 63.2% 
of particles to be removed. An example of this is illustrated later by diurnal measurements 
of turbidity (Section 3.5). There is an approximately exponential decrease in turbidity once 
the pool is closed, where the exponent is the particle-turnover time. 

3.4. Application of the Gage–Bidwell Approach to Modelling the Peak Turbidity of Pool Water 
So far, we have limited the discussion of the applications of the principles of the Gage 

and Bidwell abstract to the removal of a specific particulate material following a single 
contamination event (such as an AFR). We now consider the implications for the ongoing 
removal of a continuous input of a contaminant, and the dynamic equilibrium that exists 
between the input and the removal of a contaminant. We will explore this using the input 
and removal of turbidity from pool water. In this context, a key performance indicator of 
interest to a pool operator is the peak turbidity likely to be achieved. This has practical 
significance in managing the risk of a swimmer drowning, as it determines whether a 
lifeguard will be able to see the whole of the pool floor from a single point at poolside [6]. 
The prediction of the peak turbidity is complex, because it depends on highly variable 
factors that determine the temporal pattern of input of contaminants to the pool, which 
will depend primarily on the amount and distribution of bathing load throughout the day, 
and the nature and hygiene of the bathers [2].  
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An important concept introduced by Gage and Bidwell in their 1926 abstract [9] was 
that there will be some dynamic equilibrium between the rate at which turbidity (dirt) is 
added and the rate at which it is removed. In their words, “If the pool is used regularly 
by bathers further increments of dirt will be introduced into the water daily, and the re-
moval of each successive daily increment will proceed according to the law. The result of 
the addition of such daily increments will be an increasing accumulation of dirt in the 
water up to a certain point, after which the dirt content of the pool water will remain 
practically constant. The amount of this accumulation depend[s] upon the rate of turnover 
of the pool and is also dependent upon the efficiency of the filters”. This simple concept 
of the ‘dirt content’ of pool water moving towards some equilibrium has rarely been ap-
plied to understanding the factors controlling the peak turbidity likely to be achieved in 
a pool at times of peak bathing load. Though it is beyond the scope of this paper to con-
sider modelling the detailed time course of turbidity in relation to bathing load (as done 
by Stauder and Rodelsperger [13] using a differential continuity equation), we will show 
how the principles outlined by Gage and Bidwell [9] can be applied quite simply to 
achieve two things: 
1. To establish the equilibrium turbidity likely to be achieved if a constant bathing load 

(in terms of numbers of bathers per hour) is maintained indefinitely. 
2. To establish the maximum turbidity likely to be achieved if a constant bathing load 

is sustained for a finite time that is too short for the equilibrium to be achieved. 
This provides a useful tool for assessing the performance of a pool in terms of the 

likely peak turbidity, and which could also be used to inform those responsible for devel-
oping guidelines for pool operation. 

3.4.1. Modelling the Maximum Turbidity Achievable If the Design Maximum Bathing 
Load for a Pool Is Sustained Indefinitely 

The principle stated by Gage and Bidwell in 1926 [9] using the term ‘dirt’, but applied 
here to turbidity, is that if a constant input of turbidity is maintained indefinitely, then the 
pool water turbidity will rise until the rate of removal of turbidity by filtration (which 
rises as the turbidity of water being delivered to the filter increases) matches the rate of 
input. 

Turbidity is measured by nephelometry [6], based on the measurement of scattered 
light by particles in a sample, and expressed in units of nephelometric turbidity unit 
(NTU). The intensity of the scattered radiation is related to the intensity of the incident 
radiation and the concentration of particles that are causing the scattering [19]. In this 
analysis, we shall consider the turbidity of water expressed in NTU as a concentration 
resulting from the quantity of turbidity-forming particles introduced by bathers. There-
fore, the rate at which turbidity is removed is equal to the product of the rate of delivery 
of turbidity-forming particles to the filter (i.e., the pool water NTU multiplied by the cir-
culation rate, Q, in m3 h−1) and the filter efficiency (expressed in terms of the fraction of 
turbidity that is removed in a single pass through the filter, E). 

The hourly input of turbidity will be the product of the number of bathers entering 
the pool per hour (B) and the quantity of turbidity-forming particles added on average by 
each bather (Kp). If at equilibrium the rates of addition and removal of turbidity are equal, 
the equilibrium turbidity (Ce) is given as in Equation (12): Cୣ =  B K୮Q E  (12)

In the analysis presented here, the values of B and Q are unequivocal, and the as-
sumption is that they are kept constant. However, the values of Kp and E are more ambig-
uous and require further discussion. 

The value of E depends on a number of factors, including the particle size [7], and 
would be expected to have a lower value if being used in the context of Cryptosporidium 
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oocyst removal than for the removal of turbidity [7]. The value of E may also change with 
time, due to fluctuations during the course of a day (as the dirtiness of the water changes), 
and possible changes in performance of the filter media over periods of several days dur-
ing the backwash cycle [20]. However, in the context of establishing the equilibrium tur-
bidity during a period of constant bathing load the value of E for a filter would be expected 
to be relatively stable during the period that the equilibrium is being approached, assum-
ing that other factors that affect the efficiency (e.g., coagulant dosing rate and the filtration 
velocity) remain constant.  

In the context of turbidity, filtration efficiencies of 0.9 have been reported [13] for a 
pool with dual media anthracite/sand filters and coagulant (PAC) dosing optimised to 
minimise the measured filtrate turbidity. Where coagulation is poor or absent, filtration 
efficiencies of 0.2 (or less) are likely [4,18]. We shall examine the predicted equilibrium 
turbidity in scenarios used in Figure 1, where the filter efficiencies for turbidity removal 
during periods of protracted heavy bathing load will be E = 0.9, 0.5 or 0.2. This covers the 
range that most swimming pools are likely to be operating in. 

There is little information on the likely values for the average amount of turbidity-
forming material introduced per bather into pool water. Two approaches have been used 
to obtain this information. The first is to measure the rise in turbidity in a small body of 
water (e.g., a spa) following entry of by a known number of bathers, where the input per 
bather is calculated by dividing the rise in NTU by the number of contributing bathers per 
m3 of water. This method was used by Amburgey (personal communication, 2020) who 
reported an average Kp value of 0.65 NTU (bather m−3)−1. A variation to this approach 
might be to collect shower water and measure the recovery of particles from individuals, 
as done by Keuten at al [21], although the range of values for the sloughing of turbidity-
forming material was not reported. An alternative method was used by Stauder and 
Rodelsperger [13], who used the continuity form of Equation (10) to model the diurnal 
fluctuations in turbidity from the differences between the rates of input and removal of 
turbidity, based on the assumption of a well-mixed pool. The parameters affecting the 
modelled time course of turbidity were the circulation rate (Q), the filter efficiency (E), the 
known fluctuation in bathing load and the average Kp. As all parameters except Kp were 
known, values of Kp for each day were obtained by finding the values that gave the best 
fit between the modelled and measured time course of NTU. This resulted in values rang-
ing from 0.25 to 0.5 NTU (bather m−3)−1. However, it should be noted that Stauder and 
Rodelsperger [13] reported the daily visitor number, and it may be that not all the visitors 
entered the pool; therefore, these values will underestimate Kp. It should also be noted 
that as this was a paddling pool, not all bathers would be fully immersed, which is likely 
to reduce the inferred value for Kp. In the scenarios we consider below, we will use values 
of 0.25 or 0.65 NTU (bather m−3)−1 to represent the range from ‘clean’ to ‘dirty’ bathers. 

The application of Equation (12) as a guide for pool operators is illustrated by Figure 
2, which shows values for the equilibrium (i.e., the maximum possible) turbidity for sev-
eral pool scenarios. To facilitate a comparison between very different pools, the x-axis 
shows the ratio of the number of bathers entering the pool to the volume (m3) of water 
being treated (i.e., B/Q from Equation (12)). For example, a pool with 100 bathers h−1 en-
tering the pool with a water circulation rate of 200 m3 h−1 would return a value of 0.5 bath-
ers m−3 circulation, which is the same value as for a spa with 10 bathers h−1 entering the 
spa with a water circulation rate of 20 m3 h−1. To put the range of x-axis values into context, 
a leisure pool with an average depth of 1.5 m operating at maximum bathing load (allow-
ing 4 m2 water area per bather) and a 3 h water-turnover time would have a value of 0.5 
bathers m−3 circulation. 
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Figure 2. Effect of the number of bathers entering the pool per unit volume of water flow through the filtration system on 
pool water equilibrium turbidity (NTU), assuming different dirt loadings per bather (solid line Kp = 0.25 NTU (bather 
m−3)−1; dashed line Kp = 0.65 NTU (bather m−3)−1) and different filtration efficiencies (E). The x-axis is the ratio of the number 
of bathers entering the pool to the volume (m3) of water flow through the filtration system (i.e., B/Q from Equation (12)) 
and value of 0.58 is equivalent to 1.7 m3 water flow through the filtration system per bather. 

The possible scenarios in Figure 2 also cover a range of filtration efficiency (E = 0.9, 
0.5 or 0.2) [7]. These are shown in combination with relatively dirty or relatively clean 
bathers using Kp = 0.65 or 0.25 NTU (bather m−3)−1 over the range of values on the x-axis 
likely to encompass most pools. With relatively good filtration (E = 0.9), the equilibrium 
turbidity value (achieved after a very long time of bathers entering the pool at a steady 
rate) will only just reach 0.5 NTU at a value of 1.0 bathers m−3 circulation with dirty bath-
ers. However, pools with less effective filtration (E = 0.5) are at risk of the turbidity ex-
ceeding 0.5 NTU at a value of 0.5 bathers m−3 circulation when the bathers are dirty. Pools 
with relatively poor filtration (E = 0.2) are predicted to have excessive turbidity after pro-
longed periods of maximum bathing load at a value of 0.4 bathers m−3 circulation even 
with the cleanest bathers. 

The concept of the number of bathers per m3 of water treated by filtration (x-axis 
Figure 2) is already established in pool operation guidelines. For example, the guidelines 
for pool operation in the UK [10] recommend that where the circulation rate is limited by 
the design of the pool, the maximum bathing load for the pool should be calculated from 
Equation (13): 

Maximum bathing load (bathers per hour) = Q (m3 h−1)/1.7 (13)

This value of 1.7 m3 circulation/bather is equivalent to an x-axis value in Figure 2 of 
0.58 bathers m−3, shown by the vertical dashed line. Provided the filtration is relatively 
good (E = 0.9 in this case), this upper limit guideline maintains equilibrium turbidity of 
the pool water within an acceptable range (no more than 0.3 NTU even with very dirty 
bathers) in the case where the maximum bathing load is sustained indefinitely. 

Note also that the model predicts that an upper limit guideline of 0.58 bathers m−3 
(equivalent to 1.7 m3 water flow through the filtration system per bather) will result in 
only slight exceedance of the upper acceptable limit of 0.5 NTU, even with dirty bathers, 
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i.e., Kp = 0.65 NTU (bather m−3)−1, and relatively poor filtration (E = 0.5). In this respect, this 
guideline [10] is necessarily cautious in that it will maintain acceptable water quality even 
in pools with relatively dirty bathers and relatively poor filtration performance. Recom-
mendations for water-turnover times for pools may also need some contingency for pools 
where the water volume behaves as a number of separate compartments and where the 
ratio of water circulation to bather number within a compartment could be rather less than 
the overall average for the pool. 

3.4.2. Modelling the Maximum Turbidity Achievable If the Design Maximum Bathing 
Load for a Pool Is Sustained for a Finite Period 

The preceding analysis considered the turbidity reached in swimming pool water 
when in a state of equilibrium achieved in the case where bathers continue to enter the 
pool indefinitely at a constant rate. This leads to the question whether bathing loads are 
ever sustained for long enough for the equilibrium turbidity to be achieved. For example, 
the measured diurnal courses of turbidity for the heavily used 690 m3 paddling pool stud-
ied by Stauder and Rodelsperger [13] showed large fluctuations in turbidity during the 
day, with the peak values generally appearing as sharp mid-afternoon spikes rather than 
approaching a plateau. This suggests that equilibrium turbidity values were a long way 
from being approached in this particular case.  

Modelling using the Gage–Bidwell principles described above involves essentially 
the same problem as modelling the removal of Cryptosporidium oocysts following an AFR 
using Equation (10). The latter describes the transition from some initial concentration (Co) 
to the special case of the final equilibrium concentration being zero. However, as we are 
now concerned with the accumulation of turbidity-causing particles from some initial 
starting condition (Co) to a final non-zero equilibrium turbidity (Ce), Equation (10) can be 
written in the following more general form: CCୣ − C୭ − C୭ = 1 − eି୉୘ = 1 − eି୲/୘౦ (14)

where the left side of Equation (14) represents the concentration of particles (or the NTU) 
expressed as a fraction of the step change from the original concentration (Co) to the final 
equilibrium concentration Ce. Just as with the removal of Cryptosporidium oocysts, we see 
that after one particle-turnover time we have reached 63.2% of the final result of the step 
change and reached 99.7% of the change after six particle-turnovers.  

Hence, the progress towards the equilibrium turbidity under conditions of constant 
bathing load is related to the number of particle-turnovers, irrespective of pool size. The 
implications are illustrated in Figure 3, which shows, for three filtration efficiencies, how 
rapidly the turbidity changes towards a new equilibrium value following a change in 
bathing load. For example, with relatively good filtration (E = 0.9), 90% of the change to-
wards the new equilibrium turbidity occurs after 2.6 water-turnovers. Hence, for a spa 
with a 10 min water-turnover time, 90% of the transition towards the equilibrium NTU is 
predicted to be achieved in 26 min. This suggests that a spa is quite likely to approach the 
equilibrium NTU predicted for the maximum allowable bathing load. However, for a lei-
sure pool with 1.5 m average-depth and 3 h water-turnover time, it would take 7.8 h of 
continuous maximum bathing load for the turbidity to reach 90% of the change from Co 
to Ce. This explains why time courses of turbidity for leisure pools typically show short-
term ‘spikes’ at times of peak bathing load, rather than approaching a plateau, because 
the fluctuations in bathing load are too rapid for equilibrium states to be approached. 
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Figure 3. Effect of filtration efficiency (E) on the rate at which turbidity approaches equilibrium 
following a change in bathing load as the number of water-turnovers increases. 

If the filters were only removing 50% of the turbidity from water passing through the 
filters, the equilibrium turbidity would be higher, but the time taken to reach 90% of the 
change from Co to Ce would increase to 47 min for the spa and 14 h of continuous bathing 
load for the pool. The implication is that in practice it is only in pools with very short 
water-turnover times (such as spas and paddling pools) that the turbidity is ever likely to 
approach the equilibrium value for the maximum instantaneous bathing load. Pools with 
water-turnover times longer than 2 h would not be expected to approach the equilibrium 
turbidity for the maximum bathing load that was used as the basis of the nomogram 
shown in Figure 2. 

It should be noted that Figure 3 can also be applied to predict of the rate of reduction 
in turbidity during a recovery period when bathers are absent from the pool, and where 
the turbidity of the pool water will fall from its value at the start of the recovery period 
towards near zero. For example, using Equation (14), a heavily used water park pool with 
a 2 h particle-turnover would expect a 40% reduction in turbidity after just 1 h of recovery 
time, increasing to 63% and 78% removal of turbidity after 2 and 3 h, respectively. The 
implication is that for a pool with good filtration there is little benefit in terms of particle 
removal of recovery periods longer than a couple of turnovers. 

3.5. Modelling Observed Time Courses of NTU 
Stauder and Rodelsperger [13] presented data showing the time course of turbidity 

over a 20-day period for a very busy outdoor paddling pool with large day-to-day varia-
tion in bather number. Stauder and Rodelsperger [13] also provided information on daily 
bather numbers (taken from their Figure 1), and so in order to model diurnal fluctuation 
in NTU we had to generate a bather frequency during the course of each day. To do this, 
we assumed that every day had the same time course of relative bathing load during the 
day, and that the relative bathing loads assigned to each hour period increased seven-fold 
from the first hour the pool opened to the period leading up to the time of peak turbidity. 
The temporal pattern of relative bathing loads was then scaled by the daily bather number 
to generate values for the numbers of bathers entering the pool during each hour.  

The dashed line in Figure 4 shows the measured values of turbidity (NTU) during a 
week where there was a wide range of daily bather numbers. The data indicate that at 
night the turbidity values fall to <0.05 NTU, and then rise more or less steeply once the 
pool opens (depending on the bather numbers). The data indicate that generally a sharp 
peak occurs before the turbidity decreases once the bathing load falls, with turbidity de-
creasing particularly rapidly when the pool is closed. 
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Figure 4. Comparison of the measured time course of turbidity (NTU) (dashed line) over 7 days with the prediction (solid 
line) made using Equations (12) and (14) and with values of Kp = 0.35 NTU (bather m−3)−1, Tw = 1.06 h, and E = 0.9. The 
number of bathers entering the pool each hour was derived from the recorded daily bather numbers, and an assumed 
frequency distribution during the opening hours. Based on data of Stauder and Rodelsperger [13]. 

The progress of turbidity (NTU) was modelled on an hourly basis using Equation 
(14) to predict the transitions in turbidity each hour. Co was the turbidity value (NTU) at 
the end of the preceding hour, and Ce was calculated using Equation (12), based on the 
number of bathers entering the pool that hour and an assumed value for the turbidity 
input per bather. With a water-turnover time of 1.06 h and a filter efficiency of 0.9, Equa-
tion (14) predicts that in 1 h there will be 57% of the transition from C0 to Ce. In this way 
the diurnal course of turbidity (NTU) was predicted, as shown by the solid line in Figure 
4.  

One key assumption made in this modelling exercise was that the temporal pattern 
of relative bather frequency was the same on all days. The second assumption was that 
the average turbidity (NTU) input per bather was the same at all times. This value was 
adjusted to optimise the fit of the modelled values to the measured values with the result-
ing ‘best fit’ value being 0.35 NTU (bather m−3)−1. Despite these critical assumptions, the 
modelled time courses showed good agreement with the measured values and predicted 
the peak daily turbidity values to within 10%. 

One of the purposes of carrying out these simulations was to predict the peak daily 
turbidity values for a pool and to compare them with the maximum observed values each 
day, to see whether this key performance indicator was predictable. Figure 5, based on 
the 21 consecutive days of data presented in Figure 1 of Stauder and Rodelsperger [13], 
shows the empirical relationship between daily bathing load and the measured peak tur-
bidity values over a wide range of daily bather numbers. The observed peak turbidity 
(NTU) value was approximately proportional to bathing load. This would be expected if 
the days were similar in terms of the values of Kp, E, Tw and the temporal pattern of bather 
frequency, but differed only in the daily bather number, which would act to ‘scale’ the 
peak turbidity value. 
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Figure 5. Empirical relationship between daily bathing load and the measured peak turbidity (NTU) 
over a wide range of daily bather numbers, based on the 21 consecutive days of data presented in 
Figure 1 of Stauder and Rodelsperger [13]. The solid line shows the comparison with the peak tur-
bidity if the turbidity was at equilibrium with the peak bathing load (Equation (12)). 

The solid line in Figure 5 shows the equilibrium turbidity values that were predicted 
using Equation (12), corresponding to the peak mid-afternoon bathing loads. It is seen that 
the observed peak turbidity fell short of the equilibrium turbidity values, which is also 
indicated by the absence of any evident plateauing of turbidity (NTU) values during the 
busiest periods (Figure 4). However, because in this example the water-turnover time was 
relatively short (1.06 h) there were sufficient turnover times during the busiest periods for 
the peak turbidity (NTU) values to rise to >50% of the equilibrium turbidity values.  

3.6. Public Health Implications 
This paper has demonstrated a number of potential applications of a simple model 

of particle removal from swimming pools based on the underlying principles and as-
sumptions in the Gage and Bidwell model of “water purification by consecutive dilution” 
(Gage–Bidwell Law of Dilution). These principles were originally presented as an early 
attempt to provide scientific underpinning to the design and operation of swimming 
pools [9]. Our paper has shown that such a relatively simple model can be used to identify 
the key performance indicators for assessing the effectiveness of pool filtration, and also 
to assist in the development of well-informed guidelines for pool designers and pool op-
erators. Examples include: 
• Prediction of the time it takes to achieve satisfactory removal of a contaminant (e.g., 

Cryptosporidium oocysts) following a single contamination event. 
• Prediction of the maximum equilibrium concentration of a contaminant under con-

ditions of a steady input of the contaminant (we considered the maximum turbidity 
achieved under conditions of a prolonged constant bathing load). 

• Prediction of the amount of water that should be circulated per bather to ensure that 
water clarity remains excellent, even when there is a very prolonged period when 
bathers are entering the pool. 
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• Prediction of the peak turbidity likely to be achieved in practice from knowledge of 
the distribution of bathing load during the day. 
All of these predictions depend critically on the water-turnover time (which is widely 

used as a key performance indicator for pools). However, also of importance is the filtra-
tion removal efficiency, a parameter which is rarely measured, and can vary widely in 
swimming pool filtration systems (e.g., [18]). Our analyses indicate very clearly that it is 
the combination of the water-turnover time (Tw) and the filtration efficiency (E) that pro-
vides the best overall key performance indicator of the effectiveness of filtration in swim-
ming pools. We propose a formalisation of this concept in a new combined term, particle-
turnover time (Tp = Tw/E), which could provide the basis for assessing the health and safety 
risks associated with particulate material in pool water. However, this requires the devel-
opment of a practical methodology for assessing the effectiveness of filtration in opera-
tional pools, which is not generally available at present, but which might be based on the 
use of turbidity measurements or particle counting [7]. 

Another application of this modelling is to assess the extent to which recovery peri-
ods with no bathers contribute to the removal of the recently added ‘dirt’ from bathers. 
Analysis of the data in Figure 5 showed that by the time the pool was closed, 88% of the 
turbidity introduced by bathers had already been removed by filtration. This value in-
creased to 93% and >97% at 1 and 3 h, respectively, after the pool had closed. This suggests 
that overnight recovery plays only a relatively small role in the removal of recently added 
dirt from bathers. 

The shallow paddling pool studied by Stauder and Rodelsperger [13] was an extreme 
case of a pool with a very high bathing load relative to the pool volume. This provided an 
ideal data set for testing the Gage–Bidwell Law of Dilution in practice. Both the measure-
ments and the modelling showed that even though the filters were very efficient, the 1.06 
h water-turnover time was not sufficient to maintain the peak turbidity below the 0.5 NTU 
acceptable limit during days when there were more than 6000 bathers in the 690 m3 of 
water (Figure 5).  

Consider now the case where the ratio of daily bather number to pool volume is more 
typical of a 25 m leisure pool, where the pool has the following attributes: 
• Depth ranging from 1–2 m (average depth 1.5 m). 
• 4 m2 pool area allowed per bather at maximum bathing load following the UK guide-

lines [10], i.e., each bather occupies 6 m3 of water on average. 
• 3 h water-turnover time. 
• Average bathing time of 0.75 h. 

If such a pool was operating continuously at maximum bathing load, then there 
would be 1.5 m3 of water treated per bather. This corresponds to a value of 0.67 bather m−3 
for the x-axis of Figure 2, which would imply that with relatively good filtration of E = 0.9 
[10] the maximum possible turbidity would be maintained below 0.4 NTU, even with rel-
atively dirty bathers (0.65 NTU (bather m−3)−1. With poorer filter efficiency (E = 0.5), the 
turbidity after very prolonged maximum bathing load would just exceed 0.6 NTU (i.e., 
slightly above the recommended upper limit) with relatively dirty bathers. With any re-
duction in the period of the maximum bathing load during each day (e.g., only two swim 
sessions, each of 3 h duration) the resulting maximum turbidity would be expected to be 
no more than 0.4 NTU. 

3.7. Conclusions 
We can conclude that, with the exception of pools with extensive shallow areas and 

long periods of near maximum bathing loads (based on UK guidelines), it would not be 
expected for leisure pools operating at near maximum bathing loads for prolonged peri-
ods to have water clarity issues due to any deficiency in the circulation/filtration system 
provided that (a) the filtration system is at least 90% efficient (E = 0.9) and (b) the water-
turnover time was around the maximum recommended by industry guidelines [10]. With 
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these conditions fulfilled, the above example shows that the maximum turbidity expected 
after 6 h of continuous maximum bathing load would be around no more than 0.4 NTU. 
There are indications [18] that filtration efficiencies in swimming pool filters can fall below 
the 90% values assumed in some of the treatment and quality standards [10]). However, 
there is a dearth of information on performance of filtration systems in operational pools. 
If, in practice, filtration efficiencies in swimming pools are much lower than this (which 
could be, for example, due to inadequate backwashing of filters or inadequate coagula-
tion, insufficient filter depth, or excessively high filter loading rates), then this would be 
expected to cause water clarity to fall outside the acceptable range (as indicated in Figure 
2). Though such a deficiency could perhaps be compensated for by increased turnover of 
water, it would be more appropriate to address any issues resulting in poor filtration, such 
as the effectiveness of the coagulation/filter aids, filter upgrades or the adequacy of back-
washing procedures [7]. It should also be noted that establishing that the filtration is ef-
fective with respect to turbidity control does not necessary imply effective removal of 
Cryptosporidium, as the removal of particles the size of Cryptosporidium oocysts can be less 
effective than the sub-micron particles causing turbidity [7]. Furthermore, our model as-
sumes irreversible removal by filtration and there is the possibility that previously-
trapped oocysts may be released back into the pool (e.g., following backwashing) [2,7]. 

However, the principles discussed in this paper can be applied to the removal of 
Cryptosporidium, provided appropriate values for the filter removal efficiency are used. 
For example, we can assess whether the widely used recommendation [6,10] to close the 
pool to enable six turnover cycles following an AFR is reasonable (assuming an input of 
108 oocysts). If a filter efficiency for Cryptosporidium oocysts of 0.9 is assumed, as for ex-
ample by PWTAG [10]), then Equation (10) predicts that after six water turnovers the con-
centration remaining would amount to 9000 m−3 in a 50 m3 pool, and 900 m−3 in a 500 m3 
pool. Assuming that the average ingestion of pool water is 37 mL [7], the average ingestion 
of oocysts from pool water after 6 h of filtration would therefore be 0.3 and 0.03 oocysts 
in a 50 and 500 m3 pool, respectively. This is below the reported infective dose for Cryp-
tosporidium [2,7]. However, if the filter efficiency is 0.5 or 0.2 (e.g., a sand filter with inad-
equate coagulation [4,18]), then a similar arithmetic leads to the conclusion that the num-
bers of oocysts ingested on average following six water turnovers increases in the case of 
the 50 m3 pool to 3.7 (E = 0.5) and 22.3 (E = 0.2) oocysts. This is within the range of the 
reported infective dose for Cryptosporidium [2,7] and suggests that in these cases six turn-
over cycles might be insufficient. This also raises the question of how filtration efficiency 
can be evaluated in pools [7]. 

The above is a simplistic exercise, and there is urgent need for more refined Quanti-
tative Microbial Risk Assessment (QMRA) for Cryptosporidium. For example, the filtration 
modelling provides a sufficiently simple approach that can be used to incorporate filtra-
tion removal into the QMRA modelling, as recently developed by Falk et al. [22], but this 
is beyond the scope of this paper. 
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