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Abstract: The settling velocity of sediment is one of the essential parameters in studying freshwater
reservoirs and transporting sediment in flowing water, mainly when the suspension is the dominant
process. Hence, their quantitative measurements are crucial. An error during the prediction of the
settling velocity may be increased by a factor of three or more in the estimation of the suspended load
transport in the flowing water. Despite its significance, obtaining its real value in situ is practically
impossible, and it is usually derived via laboratory tests or anticipated by empirical formulas.
Numerous equations are available to calculate the settling velocity of the particle. However, it is
exceedingly difficult to choose the best method when giving a specific solution for the same problem.
Hence, a review of the existing equations is required. In this study, extensive data on settling velocity
is collected from the literature, and previously proposed equations are analysed using graphical and
statistical analysis.

Keywords: terminal fall velocity; water quality; shape factor; sediment

1. Introduction

Terminal fall velocity of the particle is defined as a constant velocity achieved by a
particle freely falling through a low, dense fluid, and this is also called settling velocity.
It occurs when drag force (F;) on a sediment particle and the buoyancy is equal to the
downward force of gravity (F¢), and the particle stops accelerating and continues falling at
a constant velocity that is known as terminal velocity. The particle acceleration ceases by
the combined action of fluid drag and submerged weight of the particle. In other words,
the fall velocity of a particle is measured by equating the gravity and drag forces. To know
the insight of sediment transport processes in combined sewers and rivers, fall velocity is
an essential factor in accurate prediction. The sediment fall velocity depends on the fluid’s
density and viscosity and the particle’s density, size, and shape [1-8]. Researchers have
established many empirical and semi-empirical equations to answer problems such as the
fall velocity of particle and sediment transport processes, started by Stokes in 1851. Initially,
the settling velocity of sediment equations was developed by assuming the particles to be
spheres [1,9-12]. Practically, sediment particles” shapes depart from the sphere, which causes
a reduction in settling velocity compared with the sphere [13-16]. As a result of these practical
implications, many equations have been developed to compute the settling velocity of natural
sediments with an assumption of sphere with the nominal diameter (i.e., the diameter of
a sphere with the same volume as a particle of natural sediment) [2-8]. Previous studies
on concentrated suspensions of cohesive sediment flocs [5,16] and non-cohesive sediment
particles [5,8] revealed that the three unique mechanisms associated to the existence of the
cohesive floc/non-cohesive particle concentration cause the impeded settling characteristics,
viz.: (i) generating a return flow and forming a wake; (ii) an increase in the viscosity of the
mixture; and (iii) influence of buoyancy. In this regard, the settling properties of monodisperse
non-cohesive or flocculated suspensions have been widely studied and the approach proposed
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by Rijn [5], or some related variation, are used in the majority of impeded settling models in
cohesive streams. When it comes to cohesive sediments, precise estimation of the settling fall
velocity characteristics of cohesive flocs is a key factor and it is important to determine their
interactions, transport, and fate within the cohesive stream beds. Characterises of cohesive
flocs are critical for maintaining and managing navigation channels, ports, and harbours, as
well as determining the consequences of increased turbidity on water quality and aquatic
habitats in cohesive bed streams. The size and density of the flocs in cohesive sediments are
both affected by the flow field and each other. There are several processes that can influence
the settling velocity of individual particles in a concentrated suspension. In this paper, we
categorized the equations based on the particle size ranges with and without particle shape
factors. Most of the previous studies on settling velocity of natural sediment particles that
have been carried out explicitly did not take the particle shape factor and roundness into
account, which was assumed as 0.7 and 3.5, respectively [7,9-14]. More recently, Jimenez
and Madsen [8], Wu and Wang [15], and Camenen [16] developed some empirical equations,
which include the particle size, shape, and roundness directly. These equations may perform
differently because of the different methods and data sets employed in their calibration.

However, it is exceedingly difficult to choose the best method among them when
numerous existing methods give a distinct solution for the same problem. Hence, a
review of the existing equations is required. Predominantly, decades ago, many empirical
equations were developed based on a limited number of field and experimental data.
Several new or retrieved old datasets from different locations may be used to improve
the consistency and accuracy of these equations. With this aim, in the present study,
several existing equations for settling the velocity of particles were tested for reliability and
accuracy using data collected from the literature.

2. Existing Equations for Settling Velocity of Sediments

Numerous field and laboratory investigations have been conducted to calculate the
Settling velocity of sediment particles. To compute the variation of settling velocity for different
particle sizes and shapes, many previous researchers developed the formula for fall velocity
of the natural particle. In the present study, fourteen (eleven without shape factor, Sg and
three with shape factor, Sf) previously developed empirical equations [2,3,5-7,9,10,12,15,16] are
selected for verifying their accuracy and these equations are listed below. A shape factor is
defined as an irregularity in the shape of a particle from the sphere. Here, csf (Corey shape
factor) is used to measure irregularity, which is formulated as csf = ¢/ (ab)®>, where a, b, and ¢
are the lengths of the longest axis, the intermediate axis, and the shortest axis, respectively.

First, Stokes [17] derived an expression for terminal fall velocity (ws) by equating the
drag and submerged weight of the particle as:

wZ_iM d 1)

T 3G p

where p; = sediment density, p = water density, g = gravitational acceleration, C; = drag
coefficient, and d = nominal diameter (diameter of the sphere that has the same volume
as the particle). Stokes [17] found that C; for low particle Reynolds number (R, < 1) is
inversely proportional to R,. C; = % and R, = “’fgd. He modified Equation (1) as:

_ 1g(s-1a

Ws = 18 9 ()

where S is the relative density of sediment and ¢ = kinematic viscosity of water.
On the other hand, for a higher Reynold number (R, > 10°), the C, is found to be a
constant [17].
Ruby [2] was the first researcher who proposed an expression to cover all types of
settling regimes, written as:
ws = Fldg(s —1)]" ®)
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where F is the dimensionless constant that depends on particle diameter (d) and F ~ 0.8 for
particles > 1 mm. For particles < 1 mm, F is determined as:

2 3682 1%° 3602 1%
F=[3+gd3(5_1)} ‘[gdi*(s—l)} @

Zhang [9] proposed a simple equation with different diameter range, viz., clay-sand,
sand, and gravel up to 16 mm.

0\ 2 &
wWs = J l(13.95d) +1.09(5 — l)gd] - 13957 (5)

Zanke [3], Soulsby [12], and Julien [10] developed similar equations to compute the
settling velocity and gave the relation for the particle Reynolds number, which is rewritten
in the following notation:

0.5
ws = # (1 + B(s_ﬁlz)gd?’) - 1] (6)
Re=A [(16 + BD§,)O'5 - 4] @)

1

g(;l) 34,

The only differences among these equations are given by the coefficients (A and B);
the values of these coefficients are 2.5 and 0.16 for Zanke [3], 2.59 and 0.156 for Soulsby [12],
and 2.0 and 0.222 for Julien [10]. The main reason for different coefficient values is due to
the different data sets used while doing their empirical calibrations.

Rijn [5] proposed an equation with some complexity, i.e., an equation containing
trigonometric terms that depend on the non-dimensional number. He adopted the Stokes
equation for d < 0.01 cm:

where Dy, is the dimensionless particle size calculated as D¢, = {

1 g(s—1)d?
Ws =13 3 For d < 0.01cm (8)
ws =1.11/[(s — 1)gd] For d > 0.1cm )
ws = g [ (1+ 0.01d3)] For d=0.01-0.1 cm (10)

Zhu and Cheng [6] proposed a simple equation with the different diameter range:

0 {—24(cos w)® + (576(cos ) + (18(COS «)? +3.6(sin oc)z) DSY)O‘T

ws = (11)
d (9(cos x)® 4 1.8(sin uc)2>
where Dg; is a non-dimensional particle parameter calculated as:
(-1}
S j—
Dy = [g = } d (12)
For, Dgy <1;&a =0and D¢y < 1; 0 = i

[2+25(log Dr) ]
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Cheng [7] proposed a simple equation to predict the settling velocity of natural

sediment particles.
¢ 15
ws = E(,/25+1.2D§, —5) (13)

Cheng [7] did not directly consider the shape factor and roundness value in this
equation and assumed the standard shape factor for natural sediments as 0.7.

Wu and Wang [15] suggested a simple equation for calculating the settling velocity of
sediment particles. In this equation, the particle shape factor considers explicitly:

n
1
Mo AN N\ 1 1
“s = Nd \l(3M2D8r> ti 2 14)

where M, N, and »n are calibration coefficients calculated as M = 53.5¢0-55¢ , N =
5.65¢ %%/, and n = 0.7 + 0.9S¢. S¢is the safe factor.

Jimenez and Madsen [8] developed an equation to predict the settling velocity. They
derived this equation from the previous development of Dietrich [18], and it calculates the
fall velocity of sediment particles for a given particle shape factor, roundness parameter,
and diameter:

S—1)gd
wy = V5 Dsd (15)
A+
where A, B, depend on the Corey shape factor (CSF) and particle roundness (P). For natural
sediment particles (CSF = 0.7, P=3.5), the proposed standard values of A, B, are 0.954 and
5.12, respectively. S, is the dimensionless sediment parameter calculated as:

d
5= 45y (5~ Dgd (16)

Camenen [16] developed an equation to predict the settling velocity. Explicitly, the
particle size, shape factor, and roundness effects have been included in this equation:

n
1
8| |1/A\" [(4Dy\" 1/A
ws =7 4<B> +<33> _2(13) 17

A, B, and n are the calibration coefficients, functions of shape factor (Sf), and round-
ness (P):

EIIN)
S=

A=ay +a [1—sin(gsf>r3 (18)
B=b +b {1 -~ sin(%Sf)} " (19)
n=m (sin§5f> " (20)

At particle roundness (P = 3.5): ay = 24, a, = 100, a3 = 2.31; by = 0.94, by = 20, b3 = 2.975,
and nq = 1.62; ny = 0.47.

3. Data Description

A large number of field and laboratory experimental datasets for settling the velocity
of natural sediments were collected from the literature. There were 226 field and laboratory
data taken from previous investigations. All the data sets are summarized in Table 1.
These data sets were categorized into two groups, viz.: (i) in the first category, the shape
factor has not been specified directly, and particle is represented as natural sediment grains
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(shape factor assumed as 0.7); and (ii) the second category data set contains the shape factor
directly.

The first group corresponds to the fall velocity of natural sediment particles with an
assumption of shape factor of 0.7 taken from Engelund and Hansen [19], Hallermeier [4],
and Cheng [7]. Engelund and Hansen [19] collected a settling velocity data set from Haller-
meier [4]. In this data, particle size was classified as sieve diameter (d;); it was converted
into nominal diameter (dy) by the thumb rule ;—; =0.9 [20]. Because the kinematic viscosity
¢ and specific gravity s were not given, they were assumed to correspond to fresh water
at the given temperature [21]. Previously, research has shown the importance of settling
velocity and suspended sediments on river health management [22-32].

Table 1. Data description and properties.

Parameters

Authors No. of Data d (mm) S CSF () 9 (o) ws (1)
Briggs [24] 110 0.09-0.5 3.97-5.07 0.049-0.881 0.01 0.9-9.5

Engelund and Hansen [19] 21 0.01-2.0 2.65 0.7 0.01-0.0131 0.5-17.0
Hallermeier [4] 21 0.09-1.3 2.65 0.7 0.0084-0.0114 0.54-14

Raudkivi [20] 36 0.2-2.0 2.65 0.5-0.9 0.009-0.0131 1.68-24.0

Cheng [7] 38 0.06-4.5 2.65 0.7 0.0114-0.0141 0.235-28.1

The second group data sets correspond to the fall velocity of sediment particles,
including the shape factor. Briggs [24] consists of experimental data on heavy minerals of
specific gravity of about 2.65, and the shape factor ranges from 0.2 to 0.9. The data sets of
settling velocities were noted by Raudkivi [20]. The data consisted of the fall velocity of
sediment particles represented by their shape factor and nominal diameter.

4. Results and Discussions
4.1. Performances of Existing Equations

In this present study, a total of fourteen (eleven without S;; three with S) equations
proposed by earlier investigators [2,3,5-10,12,15,16] were checked with 226 field and labo-
ratory experimental data sets [4,7,19,20,24]. The accuracy and reliability of these equations
were analysed both graphically and statistically. In Figures la—k and 2a—c, values on
X-axis and Y-axis represent the observed and predicted data sets of the settling velocity of
particles, respectively. The data set has been divided into two groups: one is without the
shape factor (assumed as a natural particle, Sy = 0.7); the second is with the shape factor
(shape factor considered explicitly). The first group consists of data sets of Engelund and
Hansen [19], Hallermeier [4], and Cheng [7]. The second group consists of the data sets of
Briggs [24] and Raudkivi [20].

Figure 1i,k are the graphical representation of the observed and predicted data by the
equations of Jimenez and Madsen [8] and Camenen [16] without the shape factor. Results
show that the equations of both Jimenez and Madsen [8] and Camenen [16] performed
well and produced nearly the same results for fine sediments (lower settling velocity); in
the case of coarse sediments (higher settling velocity), these equations performed slightly
under prediction and over prediction, respectively. There is a limitation for Jimenez and
Madsen’s [8] equation, as it was developed for a certain diameter range (0.63 mm-1 mm).

The equation of Cheng [7] also showed good agreement with the observed data with-
out the shape factor (natural sediment particles, i.e., Sy assumed as 0.7), and a slight under
prediction is observed through scatter plot 1(g). Zhang’s [9] expression was over predicted
for lower settling velocity between 2-9 cm/s and further observed good agreement with
measured settling velocity data, shown in Figure 1d. The agreement between observed
and predicted data of Zanke [3], Soulsby [12], and Julien [10] expressions are shown in
Figure 1b,f,h, respectively. Due to similarities between equations, these three expressions
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show analogous trends in their scatter plots, and Julien’s [10] equation showed lower
accuracy graphically and statistically. Rijn [5] gave over prediction with moderate perfor-
mance as shown in Figure 1c. Rijn [5] divided datasets into three sediment diameter ranges
(d<0.01 cm, d > 0.1 cm, and d = 0.01-0.1 cm) and most of the collected datasets belonged
to d > 0.01 cm, which may be the reason for over prediction with moderate performance.
Figures 1j and 2b show the agreement between observed and predicted settling velocity by
the equation of Wu and Wang [15], with and without the shape factor, respectively. Wu and
Wang [15] included the importance of the shape factor and excluded the particle roundness
factor. This was done so that it could be used only for data that excludes the roundness
factor; if not, an error in the particle’s settling velocity calculations could occur.

Most of the data showed incredibly good agreement graphically and statistically
because of a simple equation that explicitly included the effect of the shape factor. Came-
nen’s [16] expression with the inclusion of the shape factor produced a low agreement
with the observed data, which can be seen in Figure 2c. It would have been shown to be
in good agreement when the shape factor is considered; however, the results showed low
agreement because of the complex equation and insufficient data of all parameters. The
expression of Jimenez and Madsen [8] with the shape factor showed poor agreement com-
pared with the above mentioned equations for these data sets. The equations of Ruby [2]
and Zhu and Cheng [6] showed extremely poor agreement with the observed data with
under and over prediction, respectively.

In computing the settling velocity of sediment particles, the authors observed that the
equation proposed by Wu and Wang [15] (with and without shape factor) illustrates better
agreement with the predicted and observed data than the others. However, the reason for
the poor performance of Jimenez and Madsen’s [8] and Camenen’s [16] equations with
shape factors may be due to the complexity of their equations and inadequate data sets.
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Figure 1. (a—j) Observed versus predicted settling velocity without shape factor using: (a) Ruby [2]; (b) Zanke [3]; (c) Rijn [5];
(d) Zhang [9]; (e) Zhu and Cheng [6]; (f) Julien [10]; (g) Cheng [7]; (h) Soulsby [12]; (i) Jimenez and Madsen [8]; (j) Wu and
Wang [15]; and (k) Camenen [16].

4.2. Statistical Performance Analysis of Equations

A statistical analysis was also done to check the accuracy of these equations. Five
statistical indices were taken to enhance the agreement between the predicted and ob-
served settling velocity of sediment particles with and without shape factor. If M is the
measured (or observed) value and P is the corresponding predicted (or computed) value,
the various performance indices are defined as shown in Equation (12). The co-efficient
of determination (R?) explains the fraction of total variance in observed data sets, and it
ranges from 0 to 1:

2 _ Yisy (M; — M)(P; — P)
VL (M~ 8)*/ T (- P

where, M; = Observed data, P; = Predicted data, M = mean of observed data, and P = mean
of predicted data.

R (1)
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Nash-Sutcliffe efficiency (NSE) is the most extensively used index. It represents the
absolute difference between measured and predicted data, which is then normalized with
the measured variance. The range exists between —co and 1, with 1 representing the

perfect fit.

Kling-Gupta efficiency (KGE)

ED is calculated as,

ED—\/(r—l)z—i—(

2

poq_ LiiMi—F)

n -\ 2

i1 (M; — M)
E=1-ED

(22)

(23)

(24)
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where; ED = Euclidian distance from the ideal point, = linear correlation coefficient be-
tween predicted and observed data, ¢, 0, = standard deviation of predicted and observed
data, respectively, and pip, piy = mean of predicted and observed data, respectively.

Percent bias (PBIAS) represents the average deviation in percentage of the predicted
data from the observed data.

n M: — P
PBIAS = # x 100 (25)
i—1 Mi

Mean Absolute Error (MAE):
1 n
MAE = Y |(M; = P)| (26)
i=1

In Equations (21)—(26), n is the number of data sets, i.e., 226. Values of R?, NSE, KGE,
PBIAS, and MAE for different equations are listed in Table 2. The R2, NSE, and KGE of
Equation (14), i.e., proposed by Wu and Wang [15], are highest, and PBIAS and MAE are
lowest among all other equations. Statistical performances indicate that the expression of
Wu and Wang [15] predicts the better settling velocity of sediment particles than all other
equations. This was observed graphically and statistically. The expressions proposed by
Camenen [16] and Jimenez and Madsen [8] without the shape factor provided the second
highest agreements between observed and predicted data, as can be seen in Table 2 and
Figure 1.

Table 2. Statistical values.

Researchers NSE KGE PBIAS MAE R?
Wu and Wang [15] with S¢ 0.9937 0.976 —1.06 0.2691 0.9942
Wu and Wang [15] without Sy 0.9931 0.9616 —1.463 0.4107 0.9948
Camenen [16] without S¢ 0.9936 0.9733 —2.3895 0.4376 0.9944
Jimenez and Madsen [8] without Sf 0.9929 0.9512 2.6308 0.4164 0.9952
Cheng [7] without S¢ 0.9924 0.96 3.8275 0.4342 0.9941
Zhang [9] without S¢ 0.9925 0.964 —1.7206 0.4835 0.9937
Zanke [3] without S¢ 0.9847 0.9143 —2.4174 0.7276 0.9914
Soulsby [12] without Sf 0.9861 0.9241 —4.5574 0.7057 0.9915
Rijn [5] without S¢ 0.9824 0.8998 —9.1874 0.7705 0.9933
Camenen [16] with S¢ 0.9581 0.8958 3.4168 0.5018 0.9661
Julien [10] without S¢ 0.9714 0.8582 1.0309 0.9229 0.9901
Jimenez and Madsen [8] with Sf 0.9234 0.8648 —6.1132 0.8406 0.9354
Ruby [2] without S¢ 0.9069 0.7104 12.4768 1.3657 0.989
Zhu and Cheng [6] without S¢ 0.8707 0.7057 —28.4017 2.1954 0.9599

5. Conclusions

The present study describes the settling velocity phenomenon and deals with the meth-
ods for its estimation. A total of fourteen equations (eleven without S, three with Sy) were
used for verifying the accuracy and performance of particle settling velocity. The authors
graphically observed that the relationship proposed by Wu and Wang [15], with and without
the shape factor, provides superior agreements, as is shown in Figures 1j and 2b. Statistically,
the relationships proposed by Wu and Wang [15], with and without the shape factor, and
Camenen [16], Jimenez and Madsen [8], and Cheng [7], without the shape factor, provide
approximately similar values among all. However, Wu and Wang [15] show slightly higher
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values than the other equations, as shown in Table 2. Graphically and statistically, it was
observed that the expressions of Zanke [3], Soulsby [12], and Julien [10] show the same
pattern with medium performance. The low performance of Jimenez and Madsen’s [8] and
Camenen’s [16] equations may be strictly due to particular datasets. There may be a scope
for checking the accuracy of the above equations with broad datasets, including particle
shape factor and roundness factor.

Finally, it was determined by the authors after graphical and statistical investigations
that the expression proposed by Wu and Wang [15] predicts the settling velocity of sediment
particles both with and without the shape factor cases, showing the least errors among all
equations. Hence, the present study highlights that Wu and Wang’s [15] equation predicts
the accurate value of settling velocity of a particle.
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