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Abstract: New technologies for water pressurized systems try to implement the introduction of
strategies for the improvement of the sustainable indicators. One of these technologies is the imple-
mentation of pumps working as turbines. The use of these recovery machines was proposed some
years ago, and the interest in this technology has increased over the last years. The simulation of
these machines is necessary when analyzing pressurized water systems, or when optimization pro-
cedures are proposed for their management, great care must be taken. In these cases, the knowledge
of the operation curves is crucial to reach accurate results. This study proposes different regression
expressions to define three operational curves when the machines operate under variable rotational
speed. These curves are the best efficiency head, the best power-head and the best power flow. The
here proposed methods were compared with other five published methods. The comparison shows
the proposed method was the best when it is compared with the rest of the published procedures,
reducing the error values between 8 and 20%.

Keywords: variable rotational speed; affinity laws; PATs; water networks; energy recovery

1. Introduction

The use of micro-hydropower systems is key to improve the energy efficiency in wa-
ter pressurized systems. The accuracy of the energy analyses is also very important in the
complete analysis of these energy improvements [1]. Pump working as turbines (PATs)
are hydraulic machines, which are commonly recommended to be used as recovery ma-
chines in water pressurized systems [2]. These favorable aspects were defined by different
published researches in which the feasibility, simple operation, availability in the market
and great range of applications are some of the most important characteristics of these
systems, when they are compared with classical machines such as Francis or Pelton tur-
bine. However, the use of these recovery machines has the main disadvantage joined to
low efficiency compared to classical machines [3]. The knowledge of their characteristic
curves (i.e., head, efficiency and power) is difficult to know in advance if water managers
look in the manufacturer catalogue.

The lack of this information has been a challenge, in which researchers tried to fill
this shortage by proposing empirical expressions [4]. These functions are based on the
development of the experimental tests. These helped to understand better the operating
of these machines when these recovery systems operate as turbine [5]. The need to estab-
lish these equations are focused on two main aspects: (i) the knowledge of the best oper-
ation point of the machine (BEP) when it operates as turbine and the water manager only
knows the characteristic curves in pump mode; and (ii) the need to regulate the rotational
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speed of the machine to maximize the recovered energy of the system when variable op-
eration strategy is applied.

The first challenge was studied by different researchers. Ref. [6] established a com-
mon empirical equation to estimate the best efficiency point of the machine when it oper-
ates as a turbine from a pump. These expressions and the empirical equations proposed
by [7] are the most used last years. However, other published researches focused on their
effort to improve these expressions. Ref. [8] proposed computational fluid dynamics anal-
ysis to characterize and improve the accuracy of these methods, which tried to predict the
operational point. Different methods were reviewed by [9], who proposed empirical ex-
pressions using the greater database, particularly 181 different PATs. The proposed ex-
pressions estimated the BEP operation as a turbine with errors lower than the rest of the
methods reviewed by [3]. In this line, [10] defined regression expression to estimate the
curve of head and efficiency when the rotational speed changes by modification of the
affinity laws, improving the results obtained in others researches [11].

The use of these empirical equations focuses on improving the simulation of PAT
systems operating under variable rotational speed. Ref. [2] showed the need to know these
curves in the energy estimation strategies in the water systems. The analysis of the hydro-
power potential contributes to incorporate sustainable measurements in which the water-
energy nexus acquires relevance in the water management of the systems [12]. When mi-
cro-hydropower systems are analyzed, the effectiveness increases when the variable op-
eration strategy (VOS) is applied [13]. Therefore, the improvement in the estimation of the
operational curves makes sense to search for the best strategy to maximize the recovered
energy by the recovery system [14].

The knowledge of expressions, which allow water managers to use with software
and optimization procedure will improve the decision making in the water systems [15].
The future strategies should be focused on improving sustainability as well as the align-
ment of the operation indicators with the sustainable development goals [16]. The re-
search is focused on the development of regression expressions. These equations define
the generated power as a function of the flow under variable rotational speed. These
curves are: (i) the best efficiency head, proposed by [17] and (ii) the best power curve
proposed in this research, which is key in the maximization of energy. Besides, the re-
search compiles the great database used by researchers to analyze the PATs systems op-
erating under variable rotational speed. This research considers 15 different machines,
which were tested on 87 different rotational speeds. The proposed regression equations,
which are based on non-dimensional parameters is validated by the error analysis com-
pared to other published methods, obtaining better approaches.

2. Material and Methods
2.1. Hydraulic Mathematical Development

The modification of the affinity laws is recommendable when the characteristic
curves must be estimated by water managers, n accordance with the aforementioned ref-

erences. The characteristics curves are head curve (HC), efficiency curve (EC) and power
curve (PC). These curves are defined by the following expression:

Hy=A+BQ,+CQ2 (1)
Mo = E4Q¢ + E3Q3 + E2Q% + E1Qo + E (2)
Py = P,Q¢ + P3Q3 + P,Q% + P1Qo + Ps (3)

where: H, is the recovered head in nominal rotational speed in m w.c. (water column);
Qo is the flow rate in m3/s; 1, is the efficiency of the machine; P, is the generated power
in kW. The rest of the coefficients (A, B, C, E,,E3,E,, E;, Ey, Pi, P3,P,, P, and Pg) are the
coefficients, which define the HC, EC and PC of the pump working as the turbine.
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The variation of the rotational speed is defined by affinity laws when classical con-
cepts are considered. The definition of the affinity laws is based on the analysis of the
congruence parabola (H¢p), which was defined and applied by [18]. This parabola is de-
fined by the following expression:

H
Hep = _gQZ = ky 4.Q° (4)
0

Considering an operation point (Qo, Hy), when the congruence parabola concept is
applied, the affinity laws are defined by the following expressions [18]:

=1 )

where n, is the new rotational speed in rpm, n, is the nominal rotational speed in rpm;
Q, is the circulating flow when the rotational speed is n;; H; is the recovered head when
the machine operates for a flow equal to @, in m w.c.; 1, is the new efficiency of the ma-
chine when it operates in Q;.

Different published researches established the need to modify these affinity laws to
better address the estimation of the characteristics curves of the machine. These affinity
laws can be defined using dimensionless numbers of the machines (g, h, ¢ and p) [19],
which enable the establishment of the operation function for determining any rotational
speed.

_Q

=00 )

h——H 10

_HO ( )

_n

T an
p=—-=qhe (12)

0

where q,h,e and p are operation functions for different rotational speed (@), Q is any
flow value of PAT in m3/s. This value is inside of the VOS; H is the recovered head for
this flow in m w.c. when the machine operates at the ratio of rotational speed equal to a;
7 is the efficiency for values of Q, H and a; P is the shaft power in this operation point
in kW; Qo, Hy, Py and 7, are referred to any point of the characteristic curve of the ma-
chine when it is operating at nominal rotational speed (i.e., a =1).

The curves for any rotational speed inside of the VOS were defined by [10], who es-
tablished the following expressions:

H:hm+B§+CGf) (13)

3 2

r=ee (@) +5(Y) +n(®) +n (@ (19
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Q\* A o (A L (Q
P=p®(2) +h(g) +P(3) +R(S)+P 15
p (P, q 3\ 2\ \q 5) (15)

This relationship between g and Q is linear and it is determined by the slope m. The
m value will adopt a constant value according to the curve analyzed (best efficiency head,
BEH; best power head, BPH or best power flow, BPF) [19,20]. Any value of Q, has an
associated line, which has a slope equal to m (Figure 1a).
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Figure 1. (a) m coefficient; (b) VOS zone.

The m value remains constant either in affinity laws or modified affinity laws, chang-
ing the g expression. When the VOS is defined by affinity laws, g is equal to a. If the mod-

ified affinity laws (MOAL) are used, q is a function both « and Q/ Qpgp [10]. The m value

is defined by the following expression:

m=-— (16)
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q =mQ (17)

The m parameter enables to simplify the development of expressions, which are used to
develop the expression when a machine operates under variable rotational speed.

The variation of the rotational speed inside of the VOS is defined by the previously
cited congruence parabola (CP). This CP enables to define the change the rotational speed.
Besides, when these CPs are used, they help to define the analytical curves of the charac-
teristic curves (head, efficiency and power) both the application of the affinity laws and
modified affinity laws (Figure 1b). These new curves were called the modified affinity
laws (MOAL) [20-22]. When coefficients of the congruence parabola (k;) are operated com-
paring between affinity laws (AL) and modified affinity laws, the following expressions
are obtained. The modification of these expressions is defined in Table 1.

Table 1. Definition of the curves as a function of k; parameter.

Curve Curve Type AL MOAL
H h
Head H = kyQ? K a, = Q_g = (Am? + Bm +C) ko, = 2z ki
0
Efficiency n=en, NaL = Mo Nvoar = € " Na

Using head and efficiency curves
kpar =981 kya-nar
Using power expression

e
kpmoaL = ?kP,AL

0
kpaL = Q_g p he

kpmoaL = EkP,AL = ?

Power P =kpQ®

kP,AL

B 2 3
kpa, = (Z-'_PS + P,m + Pm* + Psm )

Each congruence parabola has one m parameter, which is associated to an a value.
The m parameter enables the estimation of the curves H-Q, n-Q and P-Q, directly. This m
is the unknown value, and it should be solved for the different operational curves inside
of the VOS zone. Once, m or Q, are known, the estimation of the characteristic curves is
possible and therefore, the definition of the following curves is feasible.

Best efficiency head (BEH), defined by [18], this curve is the line, which establishes the
a value in which the efficiency is maximum for a defined flow. The analysis of this equa-
tion is defined in the following;:

dn
=0 (18)
Considering Equations (2), (5) and (9):
4 3 2
an 4@ (Q) +5(Q) +B(g) +A(F)+E) 0 (19)
da da B

As the relationship between a and Q is @ = m Q, considering Equations (16) and
(17), the expression enables to calculate the m parameter is:

Eym® + 2E,m? + 3Esm + 4E, =0 (20)

Best power head (BPH), this curve is the line, which establishes the a value in which
the power is maximum for a defined flow [20,21]. The analysis of this equation is defined
in the following

dp 0
da

Considering Equations (1), (2), (5) and (9):

21
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4 3 2
dp _ d(9.81Qa?(A + B%+ c (%)2)(154 (%) +E; (%) +E, (%) + El(%) +E)) . 22
da da
As the relationship between a and Q is @ = m Q, considering Equations (16) and
(17), the expression enables to calculate the m parameter is:

(2EqAYm® + (EgB + E;AYm® + (—E;C — EoB — E3AYm® + (—2E,C — 2E3B — 2E,A)m? + (=3E;C — 3E,B)Ym + (—4E,C) =0 (23)

Best power flow (BPF), this curve is the line, which establishes the @ value in which
the power is maximum for a defined a. The analysis of this equation is defined in the
following

dpP
dQ
Considering Equations (1), (2), (5) and (9):

0 (24)

4 3 2
dp _d(O810a3(A + BL+c @@ (9) +E(Y) +5 () +EG+E) .,
dQ dQ
As the relationship between a and Q is @ = m Q, considering Equations (16) and
(17), the expression enables to calculate the m parameter is:

(25)

(EqA)m® + 2(EoB + E;A)m5 + 3(EoC + E1B + E,A)m* + 4(E,C + E,B + E3A)m® + 5(E,C + E3B + E,A)m + 6(E5C + E,B)m

26
+7E,C =0 (26)

Once, the three curves (BEH, BPH and BPF) are known, the knowledge of the m pa-
rameter is demonstrated it can be solved by a polynomial equation, which has the next
typology:

Yem® +ysm® +y,m* +ysm® +y,m? +yym+y, =0 (27)

Table 2 summarizes the value of the different coefficients for BEH, BPH and BPF as a
function of the characteristic curve when they operate in nominal conditions. The intro-
duction of the ‘m’ parameter simplifies the analysis of the mathematical expressions that
allow to study of the behaviour of the machines along the VOS zone, facilitating the anal-
ysis in situations different from the nominal regime.

Table 2. Coefficients for the knowledge of the m parameters.

Curve BEH BPH BPF
. dn dP dP
Restriction i 0 9= 0 0 =0
Ye 0 2E,A E,A
¥s 0 E,B + E; A 2(E,B + E, A)
Ya 0 0 3(E,C + E;B+E,A)
Y3 E, —E,C —E,B—E;A 4(E,C + E;B + E;A)
¥ 2E, —2E,C — 2E3B — 2E,A 5(E,C + E3B + E,A)
Y1 3E; —3E;C — 3E,B 6(E;C + E,B)
Yo 4E, —4E,C 7E,C
Solution MpEy Mppy Mgpp

2.2. Methodology

The proposed methodology is based on ten different steps (Figure 2). This figure con-
tains two different phases. The first phase analyses the experimental database from Steps
A to D. The second phase considers the analytical procedure to define the best equation
to establish the operation curves of the machine from Steps E to .
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Figure 2. The methodology proposed to reach the expressions.

Step A. Using the different experimental database, the characteristic curves are ob-
tained for each machine as well as considering different rotational speeds.

Step B. When the curves are known, the procedure determines the flow for the dif-
ferent curves when the machine operates on nominal rotational speed. The flow values
are: (i) best efficiency head (Qggy), (ii) best power head (Qppy), and (iii) best power flow

(QBPF)'
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Step C. Defined the three flow values in step B, the procedure defines these flow val-
ues for the different values of the rotational speed («;), which were tested experimentally.
Therefore, QBEH,a]., QBPH,aj and Qgp Fa; are determined.

Step D. The non-dimensional parameters, (h/q*)gy, and (he/q*)gyy, are defined
using the experimental database for different values of the rotational speed.

Step E. It is the first step of the second phase, where the best regression expression
will be defined. In this step, different functions are proposed and analysed using the da-
tabase. Table 3 shows the regression expression, which is used in the procedure.

Table 3. Proposed functions to be analysed.

Polynomial function (From Fjto F):

_ Q Q Q
Function Model NP = B1(@g—) + Balg )+ Ba (g —) + Bac® + ra + s
(FM) Potential function (From F, to Fq):
NP = ( Q )BSaﬂS . expﬁé
BEP
F]_ NP = ﬁ40£2 +B5a
F, NP = B,a? + fsa +
F; NP = By( )2 + Baa® + Bsa
QBEP
F, NP:ﬁz(Q )2 + Baa® + fsa + B
0 BEPQ 0
— v 2 _* 2
Fy NP = p, (“QQBEP) + B, ZQBEP) +Bs gom) +Bua? + fa
— v 2 _< 2
Fo NP =i (ag—) + BalG ) + B () + Baa® + s+ B
F, NP = aFs
Fg NP = aﬁs . expﬂé
Fy NP:( Q )53(135
BEP
Fio NP = ( YB3 aPs - exphe
BEP

NP is the non-dimensional parameter. It can be q—hz or %.

Step F. Once the proposed regression expression is defined in the previous step, the
values of (h/q*)rorm and (he/q*)rorm are estimated for each F;, defining the error in-
dexes, which enable to choose of the best regression expression to define the proposed
functions (BEH, BPH and BPF).

h h
Step G. Definition of the regression expression for o and q—j.
Step H. The error indexes were estimated for each function when the dimensionless
h h
parameters (— and —j) were applied to BEH, BPH and BPF. The error indexes are defined
q q

in Table 4.

Step I. The function, which minimizes the errors is defined to establish the BEH, BPH
and BPF.

Step J. The chosen function is compared with other published methods, comparing
the error indexes, which were defined in Step H to show the accuracy between this study,
other published methods and experimental tests when BEH, BPH and BPQ are defined
both analytical and experimental.
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Table 4. Error indexes used in the analysis.
Error Index Equation Variable Accuracy
0; the estimated values; .
Root Mean Square Error S i=1[0; = PiJ? P, thel eir;eririliitlg ; ;uo:saalrlfiss the Perfect fit when
RMSE = — i v .
RMSE RMSE
( ) s number of observations 1S zero
s 0; the estimated values; .
Mean Absolute Deviation MAD = Z 1 10, — Pi| p thel eir;eririgi’;:lliaiuevsaaiedss the Perfect fit when
MAD T s i MAD i
( ) 1 number of observations 19 z€ro
s 0; the estimated values;
Mean Relative Deviation |0; — P;|/P; i arethe estimated vatues
= _ : i A%
(MRD) MRD Z . P; the experimental values and s the
1 number of observations
s 10— p 0; are the estimated values;
BIAS BIAS = i=10; — Pi] P; the experimental values and s the Perfect fit is zero
s

number of observations

2.3. Materials

The analytical development described here was applied to different machines, which
were tested in different published experimental tests. In this case, the used machines were
fifteen PATs, which have a specific speed between 5.67 and 50.71 rpm (m, kW). The nom-
inal rotational speed was between 800 and 3000 rpm. The non-dimensional curves of the
machines are shown in Figure 3. The number of experimental curves (RS) was 87. These
curves were tested for different rotational speed. The use of the experimental data enabled
to interpolation of more than 10,000 parabolas. All curves were used to define the regres-
sion expressions except ID11, which was used to compare the empirical equations with
the experimental data.
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Figure 3. Experimental database. Experimental database. ID1 [23]; ID2-ID4 [24]; ID5-ID7 [21]; ID8
[25]; ID9 [26]; ID10-ID12 [27]; ID13 [28]; ID14 [2]; ID15 [3].
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3. Results
3.1. Definition of the Regression Expression to Define F;
The regression expressions propose for qlz and :—i are shown in Table 5. It shows the

different values of the f3; for each function F;. These ten functions are used to estimate
the BEH, BPH and BPF curves using the qiz and % the dimensionless coefficient for each

machine. The estimation considered all experimental rotational speed of the PATs, con-
sidering their characteristic curves.

Table 5. Proposed expression for the dimensionless numbers.

Function Model

(FM) Expressions
h
— = —0.512a” + 1.63a (R* = 0.978)
B hqe
— = —0.826a* + 1.843a (R* = 0.979)
% = 1.048a2 — 1.487a + 1.469 (R? = 0.738)
F.
z g = —0.1706a2 + 0.5336a + 0.617 (R? = 0.151)
h _ Q \? 2 2 _
L= 0235 (—) —0.5196a? + 1.789a (R? = 0.981)
F3 q QB
% 0. 024( ) —0.826a2 + 1.858a (R? = 0.979)
h
—=-0 1139( Y + 0.965a2 — 1.254a + 1.395 (R? = 0.764)
F q BEP
4 he 0 2
— =0.032 ( ) —0.148a? + 0.469a + 0.637 (R? = 0.154)
q BEP )
h Q Q Q 2 2 _
=—-1508(a —-0.471 +1.93 + 0.714a* + 0.342a(R* = 0.986)
F Qgep Qpep Qpep
5 he Q Q Q
— = < ) 0. 828( ) + 0.757( ) —0.757a? + 1.287a(R? = 0.98)
q Qse Qpep BEP
——069( )+0122( ) +0.313< < >+1222a —1.267a + 1.294 (R? = 0.778)
Qgep Qpep BEP
Fe
e Q
— =0.993 (a ) - 0.494( ) - 0. 156< ) —0.471a? + 0.38a + 0.73 (R? = 0.191)
q Qpep QBEPh Qpep
— = a®?™*(R?* = 0.207)
k7 Ze
o = q%2%5(R? = 0.175)
q_hz — aO.SOS . exp0'077(R2 — 0402)
Fy he
? = 0202, exp—0.036(R2 — 0.116)
h
— = ( Q )_0'23(10'451(R2 — 0.506)
F, q Qpep
° h_e — ( Q )0'110!0'132(R2 — 0_22)
q° Qpep
h Q
 — ( ) 0166a0 422 - ex p0.032(R2 = 0478)
Fio q? Qpep
E — ( )0 0830(0 143 exp_°'°13(R2 — 0129)
q* Qpgp
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When these curves are defined, the error indexes were calculated comparing them
with each experimental value and calculating the mean value (Tables 6 and 7). Table 6
shows the average error indexes when the non-dimensional parameter, q%, was calculated
for the different 10 proposed functions. When the BEH curve is analysed, the function
which showed the minimum average error was F,. RMSE, MAD and MRD were 0.1035,
0.0735 and 0.0628, respectively. However, the second function was F,s, which the error
difference was 2.4% and 4.7% for RMSE and MAD respectively, while the MRD was better
for F,, reducing a —0.94% compared to F,.

Table 6. Average error indexes for qiz applied.

BEH BPH BPF

FM RMSE MAD MRD BIAS FM RMSE MAD MRD BIAS FM RMSE MAD MRD BIAS

E 0.1515 0.1144 0.1023 -0.04 F 0.1863 0.1354 0.1136 -0.0356 F 0.1393 0.1059 0.0964 -0.0238
) ©) 1) © e 10 109 O ! ) ) ®

F 0.1035 0.0735 0.0628 -0.0172 F 0.1537 0.1107 0.0917 -0.0128 F 0.0959 0.0708 0.0629 —0.001
S € € N 4 T € T € ) R €D B € I ¢

F 0.1636 0.1154 0.0999 -0.0966 F 0.1882 0.1321 0.1055 -0.0585 F 0.2115 0.1709 0.1515 -0.1634
o0 (10 © a 0o ©) ©®  © ’ ©) ©) ©® O

F 0.1134 0.0819 0.0695 -0.0441 F 0.1531 0.1106 0.0898 -0.0249 F 0.119  0.0957 0.0838 -0.0635
) ©) ) ©) o ) © @ ! 4) (6) ©

F 0.1398 0.0974 0.0778 -0.0755 F 0.1924 0.1275 0.0954 -0.0754 F 0.3517  0.257 0.2114 -0.2302
! ) @) ?) ° o (10) (8) ® 0 (1) (10) (10 (10)

F 0.1077 0.0755 0.0622 -0.0408 F 0.1479 0.1043 0.0819 -0.0313 F 0.1056  0.079 0.0664 -0.0432
) 2) @ @ ° o 1) @ @ © @ @ @ ¢

F 0.1341 0.0927 0.074 -0.0865 F 0.1641 0.1116 0.0813 -0.082 F 0.1213 0.0844 0.0676 -0.0703
NG (6) (6) (8) NG (4) 1 (10) ’ ©) 4) @  ©

F 0.1194 0.0865 0.0727 -0.0308 F 0.1596 0.1127 0.0887 -0.0263 F 0.1146 0.0828 0.0712 -0.0146
) 4) ©) ) @ ©) @ O ° €)) ®) @ @

F 0.1418 0.0998 0.0819 -0.0929 F 0.1719 0.1171 0.0895 -0.0543 0.149 0.1128 0.0951 -0.1052
B ) 8) ®) ©) ) ) G @ ? (8) (8) @ ®

E 0.1289 0.0885 0.0724 -0.0673 0.1654 0.1138 0.088 -0.0386 0.1265 0.0879 0.0725 -0.0721
) ©) ) © " © (©) G _© " ® ® 6 O

(x) indicated the position when the error is considered and compared between functions.

When BPH are analyzed, the best fitting function was Fg. When considering BPF, F,
was the expression with less error but the Fg is near such as BEH case. However, consid-
ering the analysis developed by [10], Fs; was chosen to define the characteristic curve of
the machine when other methods were compared to define the BEH, BPH and BPF. This
comparison will show in Section 3.2. Therefore, when the head curve is defined the func-
tion will be the following expression:

2
H= [—0.69 (0{ ) +0.122 ( ¢ ) +0.313 (L) +1.222a% — 1.267a + 1.294| (Am? + Bm + C)Q? (26)
QBEP QBEP

Besides, F includes both ratio of the rotational speed (a) and the ratio between
Q/Qser. The ‘a’ parameter also did other formulations in the published literature. Besides,
this study adds another parameter, Q/Qser. It considers the distance to the working zone
of the maximum efficiencies).

Table 7 shows the average errors for RMSE, MAD, MRD and BIAS when the non—di-
mensional value of he/q? is calculated. In this case, Fs was the expression, in which the
errors were low when BEH and BPH are observed. In all cases, BIAS values were low, and
this index was between 0 and +3%. These values are no significant because they show
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average errors, which are less than 3% when the head curve and power curve are esti-

mated.
Table 7. Average error indexes for %.
BEH BPH BPF
FM RMSE MAD MRD BIAS FM RMSE MAD MRD BIAS FM RMSE MAD MRD  BIAS
F 0.1 0.0741 0.0766 —0.0269 F 0.0754 0.0529 0.0549 -0.0241 F 0.1502 0.1162 0.1206 -0.0139
) ® 0 ®) o ® © ®) e RO ®)
F 0.073 0.056 0.0582 -0.0173 F 0.0523 0.0386 0.0398 -0.0145 F 0.1438 0.1111 0.1183 -0.0043
G © (6) ) ®) 2) ©) L) (4) ®) M
F 0.1017 0.075 0.0771 -0.0326 F 0.0763 0.0536 0.0553 -0.0264 F 0.1529 0.1171 0.1193 -0.0279
o0 @10 (10 (10 ) ©) ©) ) ) ©) ©) @)
E 0.0702 0.054 0.0568 -0.0099 F 0.0534 0.0407 0.0424 -0.0111 F 0.1415 0.1111 0.1213  0.013
NG (RN C) (4) R ) (4) (4) (4) N ¢ (©) @) (4)

F 0.0972 0.0723 0.0737 -0.0307 F 0.0849 0.0631 0.0649 -0.0301 F 0.2814 0.2218 0.2061 -0.1608
e ®  ® O a9 1) @) @) " (10 (1) (10  (10)
F 0.0677 0.0513 0.0539 -0.0138 F 0.0467 0.0356 0.0371 -0.0054 F 0.1433 0.1129 0.1164 -0.0407
) @®» @ ) © W M M @) © @ ©) 2) )

F 0.0669 0.0517 0.0552 -0.0002 F 0.0504 0.038 0.0399 0.0026 0.1388 0.1089 0.1192 0.0128
@ G @ D @ ) (©) ) oW 2) (4) ®)

F 0.0744 0.0572 0.0589 -0.0248 F 0.0554 0.0414 0.0424 -0.022 F 0.1422 0.1087 0.1147 -0.0118
V! @ O @) T ©) ©) @) ) M ey 2)

F 0.0659 0.0515 0.0551 0.003 E 0.0584 0.0451 0.0473 -0.0098 0.1451 0.1168 0.1307 0.0302
B (Y @ O @) G @ O ®) ) ® 0O (®)

F 0.0679 0.0522 0.055 -0.0076 0.0581 0.0441 0.0459 -0.0162 0.1437 0.1135 0.1247 0.0157

S CO B OO N ) B ©) I (O NN O B (O N O M B O N () B ©)
(x) indicated the position when the error is considered and compared between functions.

To develop the comparison of methods, Fs was chosen to define the power curve of
the machine, according to the expression shown in Table 1. The following expression en-
ables estimating the power when the head curve and efficiency curve are known in nom-
inal conditions.

2
P = [0.993 (0{ Y ) - 0.494( Y ) - 0.156( Y ) —0.471a? + 0.38a + 0.73[9.81 - ny(Am? + Bm + C)Q?® (27)
BEP QBEP QBEP

3.2. Comparison of the Proposal Study vs. Other Published Methods Applied to BEH, BPH and
BPF

The proposed methodology was compared with five different published methods.
These were: (i) classical affinity laws [18]; (ii) Carravetta et al. [22]; (iii) Fecarotta et al. [20];
(iv) Pérez-Sanchez et al. [17]; and (v) Tahani et al. [11].

h=cd?
Af finity Laws 7= a3
p=a
e=1

h = 1.0253 15615
q = 1.0323a%7977

p = 0.9741a?3207
e = —0.4013a? + 0.845a + 0.5606

Carraveta et al., (2014)



Water 2021, 13, 1880

13 of 18

h = 0.972a16%3
q = 1.004a°825
p=—-
e =—0.317a? + 0.587a + 0.707

Fecarotta et al., (2016)

h = 1.89a% — 1.54a + 0.74
q = 1.08a%”

p = 4.59a? — 6.33a + 2.50
e =—0.36a% — 0.69a + 0.66

Pérez — Sanchez et al., (2018)

h = 0.9962q10851
q = 0.9974q03651

p = 0.9767a 14888
e = —4.3506a? + 8.8879a — 3.544

Tahani et al., (2020)

The last cited methods were operated to get the best efficiency head, best power head
and best power flow. The BEH, BPH and BPF for each method were compared with the
experimental database for each machine. In all cases, when the average error indexes were
calculated, the proposal of non—dimensional parameters (i.e., i/q> and he/q?) showed the
minor error values of BEH, BPH and BPF.

Figure 4a,b shows error indexes classified in the different methods. When the non-di-
mensional parameter, (he/q?), is observed similar results were obtained. The proposed
functions were the best compared to the other five methods. RMSE, MAD and MRD were
0.067, 0.051 and 0.054, respectively. When these error indexes were compared with the
second-best value (affinity laws or Carravetta’s method), the error values decreased be-
tween 26.5, 28.8 and 25.4%. For BPH, the trend of the results was similar. The proposed
method was the most accurate, decreasing the errors between 25 and 32% compared with
the second-best-option functions (Carravetta’s). When BPF was analyzed, RMSE, MAD
and MRD decreased 14.3, 12.4 and 13.4%, respectively. The use of MOALs demonstrated
better accuracy in the operational curves when these results are compared with the affin-
ity laws, which are simpler, but they showed higher errors [11,17,19,22]. Figure 4 shows
the decrease of the error in the different curves. Therefore, although the expressions use
high degree equations, they improve the simulation of the PATs when they operate under
variable rotational speeds.
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0.25
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error 0.20 4
indexes 4365
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0.00 4 t
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u Carravettaetal. 0147 01039 0081 -0.0944 01563 0128 0.0935 -0.09 0.1436 0104 00832 -0.0783
w Fecarotta et al. 01464 01025 0.0796 -0.0914 01872 0.1252 0.094 -0.0869 0.1444 0.1045 00839 -0.0752
Pérez-Sanchez etal. 01544 0123 0.1065 -01066 0.194 0.1468 0.1204 -01022 0.1394 0.1109 0.0968 -0.0904
w Tahani etal. 01478 01054 0088 -0.0964 01759 0.1218 0.0933 -0.092 0.1292 0.0916 00763 -0.0802
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Figure 4. (a) Error indexes for the different methods applied to h/g%; (b) error indexes for the different methods applied to

helq?.

If h/q? (Figure 4a) is considered for BEH, the RMSE, MAD and MRS errors were
0.1077, 0.0755 and 0.622, respectively. These errors decreased between 17.4, 16 and 0.7%
respectively, compared to the second-best method (affinity laws). If the BPH is analyzed
similar results were obtained. The proposed functions were the best and the error indexes
were reduced between 9 and 16% compared to the second-best method. When the error
indexes were calculated for the BPF, the proposed study was the best, and the error values
decreased 20.1, 17.5 and 14.9% for RMSE, MAD and MRD respectively.

When h/g? is analysed in Figure 4a, the proposed regression expression showed errors
between 8.6% and 49.8% less than the obtained errors by application of the affinity laws,
which was the second-best method for BEH and BPH, being the third when BPF was cal-
culated. RMSE value was 0.1 for BEH and BPF, while it was 0.148 when BPH was esti-
mated. If the MAD and MRD were analysed in this table, these values were around 0.07
and 0.06 respectively when BEH was compared. If BPH is compared, the MAD and MRD
errors 0.1 and 0.08 respectively when they were 0.12 and 0.09 when the second—best
method (affinity laws) is compared.

A similar analysis can be developed by looking at Figure 4b. The proposed expres-
sion regressions were the best when BEH, BPH and BPF were defined using all previous
cited methods and the errors calculated. If BEH is analyzed, the proposed expressions in
this research reduced the error indexes (RMSE, MAD and MRD) by around 30% compared
to Affinity laws and Carravetta’s method, which were the second and third best methods
for this BEH curve. In this curve, the BIAS was near —1%. If BPH is analyzed, a similar
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analysis was done. The error indexes reduced between 33 and 36% the error of the sec-
ond-best method, while the BIAS value was 0.5% for BPH. Finally, if BPF is observed, the
proposed expressions decreased the error indexes. Particularly, RMSE, MAD and MRD
decreased 21, 23 and 30% respectively between the proposed method and Carravetta’s
method.

If BPF is analyzed, RMSE error was 0.14. It decreased by 14% compared to the sec-
ond-best method (Carravetta’s method). MAD and MRD got similar values, which were
reduced by 12.4 and 14.1%, respectively.

Both parameters, h/q? and he/q? showed the proposed regression using Fs enabled to
estimate the best efficiency head, best power head and best power flow. Three lines are
strategic considerations when water managers define operations rules to maximize the
energy recovery using micro hydropower systems.

3.3. Application of the Proposed Curves to Experimental Machine

The proposed empirical regressions were applied to a tested experimental machine
to show the accuracy of the expressions applied in real case studies. In this case, the tested
machine was NK-140 125/127 [28], being a specific speed in turbine mode of 31.16 rpm
(m, kW). Its BEP operating as the turbine was 17.99 1/s, 30.31 m w.c. with an efficiency of
0.695. The machine was tested on six different rotational speed, being 3000 rpm its nomi-
nal rotational speed. Figure 5a shows the head as a function of the flow of the BEH. The
m value for this machine is 0.056. If this curve is analyzed, Figure 5b shows the curve,
which defines the power as a function of the flow. Both figures show good accuracy when
making visual comparison. When the error was measured, RMSE and MRD were 0.077
and 0.059 respectively, being BIAS equal to 0.0585. If the head curve is analyzed using the
proposed expressions in NK-140 125/127, the average error values of RMSE and MRD
were 0.2195 and 0.0096, respectively. The error values decreased around 65.6% in both
errors when they were compared to affinity laws. When the power curve is analyzed,
RMSE and MRD were 0.0123 and 0.005 respectively. These errors decreased and MRD
errors decreased around 82.6% compared to affinity laws. The expressions indicate the
good fit for the whole range of nst when Figures 4 and 5 are considered and the errors are
evaluated.

Figure 5c shows the operation curve (H-Q), representing the best power head. This
is the most important curve since the operation based on this curve is the best to maximize
the recovered energy, when variable operation strategy is applied in a water pressurized
systems. Comparison of the power curve between the estimated and experimental BPH
values (Figure 5d) also shows a good fit.

Figure 5e,f show the difference between trend parabolas and tested curves when
BEH, BPH and BPF were considered both the curves (i.e., head and power curve). These
three curves (i.e., BEH, BPH and BPF) are the curves, which should be considered when
regulation strategies want to be considered to maximize the recovered energy.
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Figure 5. (a) H-Q for BEH; (b) P-Q for BEH; (c¢) H-Q for BPH; (d) P-Q for BPH; (e) H-Q for BEH, BPH and BPF; (f) P-Q

for BEH, BPH and BPF.
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4. Conclusions

The present research proposed a new modification of the affinity laws (MOAL) when
applied to pumps working as turbines. These new expressions were compared to the rest
of the published methods and affinity laws, showing the best results in the estimation of
the best efficiency head, best power head and best power flow. Analyses of these curves
in other published researches showed that they are key in the operation of the recovery
systems to maximize recovered energy. Therefore, the modified affinity laws proposed in
this study were found to decrease the error indexes by 8 to 30% compared with existing
methods, and can help water system managers to improve the accuracy of energy predic-
tions.

The analysis of the different tested curves as well as the consideration of the analyti-
cal expressions showed the importance of the Qgpy value. This value should be consid-
ered when the machine is chosen, and it is always greater than Qg ;. Therefore, the PATs
system could operate under the best power head conditions when the constrain Qg i <
Qgpy’ is satisfied.

Incorporating these curves (i.e.,, BEH, BPH and BPF) when the potential recovery is
analyzed by water managers is crucial to get the best results, when the BPH achieves the
best results in terms of recovered energy. However, the analysis of BEH and/or BPF is
recommended because it can be useful when the recovered energy is not the main goal to
be achieved and other factors such as valves regulation or sustainable measures are con-
sidered.

These MOAL were validated when the specific speeds of the PATs systems were be-
tween 5 and 50 rpm using 15 different machines and 87 different rotational speed. The
analysis showed the need to increase the tests applied on axial machines to increase the
operating range by the research community. Future researches should focus on develop-
ing axial machines analyses. These machines are significant in the water pressurized sys-
tems because there are many potential recovery points in which the flow is high, but the
recoverable head is low, and therefore, the recovery systems should be established by ax-
ial machines.
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