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Abstract: Due to the natural variability of the soil, hydraulic conductivity has significant spatial
variability. In the paper, the variability of the hydraulic conductivity is described by assuming that
it follows a lognormal distribution. Based on the improved Green–Ampt (GA) model of rainwater
infiltration, the analytical expressions of rainwater infiltration into soil with depth and time under
heavy rainfall conditions is obtained. The theoretical derivation of rainfall infiltration is verified by
numerical simulation, and is used to quantitatively analyze the effect of horizontal variability of
the hydraulic conductivity on slope stability. The results show that the variability of the hydraulic
conductivity has a significant impact on rainwater infiltration and slope stability. The smaller the
coefficient of variation, the more concentrated is the rainwater infiltration at the beginning of rainfall.
Accordingly, the wetting front is more obvious, and the safety factor is smaller. At the same time,
the higher coefficient of variation has a negative impact on the cumulative infiltration of rainwater.
The larger the coefficient of variation, the lower the cumulative rainwater infiltration. The conclusions
reveal the influence of the horizontal variation of hydraulic conductivity on rainwater infiltration,
and then the influence on slope stability.
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1. Introduction

Hydraulic conductivity is an important factor affecting rainwater infiltration, and then inducing
landslides. Rainwater infiltration into soil causes the increase in soil’s saturation and the corresponding
decrease in matrix suction. On the other hand, rainwater infiltration also will lead to an increase in soil
weight. All these adversely affect slope stability [1]. Due to the differences in material composition,
settlement conditions, stress history, and geological effects, etc., slope soil has significant spatial
variability of hydraulic conductivity [2–4]. In fact, among all the soil parameters, the hydraulic
conductivity shows the strongest variability, and the resulting impact on rainwater infiltration has to
be considered in the slope stability analysis. The coefficient of variation (CoV) of some soil parameters
is shown in Table 1.
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Table 1. Variation coefficient of different soil parameters.

Property Soil Classification CoV (%) Source

Unit weight (γ) 3–7 [5]
Natural water content (wn) Clay and silt 8–30
Liquid limit (wL) Clay and silt 6–30 [6]
Plasticity index (PI) Clay and silt 10–40
Effective stress friction angle (◦) 2–13 [7]
Undrained shear strength (su) 1 Clay 10–40
Undrained shear strength (su) 2 Clay 7–25 [6]

Saturated clay 68–90 [5]
Hydraulic conductivity Partly saturated clay 130–240 [8]

- 200–300 [9]
1 Unconfined compression test; 2 Unconsolidated-undrained triaxial compression test.

Table 1 shows that the degree of variation of the saturated hydraulic conductivity is the strongest.
Therefore, scholars around the world have extensively discussed the influence of the variability of the
hydraulic conductivity on infiltration, and the impact on slope stability. Santoso et al. [10] regarded the
saturated hydraulic conductivity as the random field of the static lognormal distribution, discussed the
influence of the spatial variability of the saturated hydraulic conductivity along the depth direction on
the infiltration of unsaturated soil by using the subset simulation method, and proposed probabilistic
framework for evaluating unsaturated slope stability. Jiang et al. [11] proposed a non-intrusive
stochastic finite element method for stability analysis of unsaturated soil slopes based on Latin
hypercube sampling, considering the spatial variability of multiple soil parameters, and carried out
reliability analysis of unsaturated soil slopes under steady seepage conditions.

The Monte Carlo method is often used in random field simulation. Based on the Monte Carlo
method, Qin et al. [12] established a model for bedrock layer slope stability considering the variation
of hydraulic conductivity, and analyzed the effect of the variation coefficient of hydraulic conductivity
and rainfall intensity on the failure probability of landslides. Zhu et al. [3] used the fast Fourier
transform technique to generate the random field of saturated permeability coefficient, and then
studied the influence of the variation of the hydraulic conductivity on the slope stability under rainfall
conditions based on the Monte Carlo method. Zhang et al. [13] proposed a probabilistic method for
predicting the occurrence time of rainfall-induced landslides considering the variability of hydraulic
conductivity based on the physical infiltration model and the Monte Carlo method. Dou et al. [14]
regarded the saturated permeability coefficient as a non-stationary random field, and considered the
decreasing trend of soil hydraulic conductivity with depth. Based on the Monte Carlo method the
one-dimensional non-stationary random field model was established.

Cho [15] developed a one-dimensional random field model based on KL (Karhunen–Loeve)
to establish the spatial variability of saturated permeability coefficient, and discussed the failure
mechanism of shallow weathered residual soil slope under rainfall conditions. Li et al. [16] constructed
a geological disaster meteorological risk early warning model based on the information method, and
took a certain area of Honghe Prefecture as an example to provide early warning of geological disasters
such as rainfall-induced landslides. Zhu et al. [17] undertook stochastic infinite slope analysis by
assuming saturated hydraulic conductivity as the only random variable to assess the effect of depth on
slope stability. The spatial variability of the saturated hydraulic conductivity considering the depth
dependency is generated using the generic random field theory. The results show that if the depth
dependency is not considered, the probability of failure is incorrectly estimated.

The above studies are almost based on the numerical simulation of the random field with hydraulic
conductivity. In general, the Monte Carlo method is used to generate the random field of hydraulic
conductivity. Then, slope stability analysis is carried out for these random fields, and the failure
probability of the slope is obtained. All these methods require a large number of random fields to be
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simulated. On the one hand, the calculation efficiency is low. Secondly, we can only qualitatively study
the effect of the horizontal variability of hydraulic conductivity on slope stability.

In this paper, we focus on the quantitative analysis of the influence of horizontal variability of
hydraulic conductivity on slope stability. The structure of the paper is as follows. First, hydraulic
conductivity is considered as a random variable, and a random variable model is used to describe
the variability of hydraulic conductivity. Second, based on the improved Green–Ampt (GA) model of
rainwater infiltration, the analytical solution of rainwater infiltration with depth and time under heavy
rainfall conditions are obtained. Third, the safety factors of infinite slope under heavy rainfall conditions
are calculated based on the theory of unsaturated soil strength. In the end, the quantitative analysis of
the effect of the horizontal variability of hydraulic conductivity on slope stability is implemented.

2. Variability of Hydraulic Conductivity

The variability of hydraulic conductivity is due to its heterogeneity in spatial distribution,
and is affected by many factors. Field experiments conducted by Lei et al. [18] showed that the
ratio of the maximum value to the minimum value of soil hydraulic conductivity measured on a
40 m × 70 m plot could reach 1426, showing significant horizontal variability of hydraulic conductivity.
In addition, when the rainfall period is short and the intensity is high, rainfall-induced landslides are
generally shallow landslides, and the landslide body is generally longer. In this case, the influence
of the variability on rainwater infiltration cannot be ignored. Therefore, in slope design or landslide
prediction, when hydraulic conductivity is taken as a constant value without considering its variability,
rainwater infiltration into the landslide body will not be correctly reflected, and the impact of rainwater
infiltration on the slope stability also cannot be correctly evaluated. Many people have studied the
variability of hydraulic conductivity. In general, the saturated hydraulic conductivity Ks is considered
to follow a lognormal distribution, and the mean µKs , variance σKs or CoV of the saturated hydraulic
conductivity are used to describe its probability distribution. Correspondingly, ln Ks is a random
variable that obeys a normal distribution, µln Ks and σln Ks are its mean and variance respectively.
The relationship between the parameters is expressed as follows:

σ2
ln Ks

= ln

1 +
σ2

Ks

µ2
Ks

 = ln
(
1 + CoV2

)
, (1)

µln Ks = ln(µKs) −
1
2
σ2

ln Ks
, (2)

The probability density function of saturated hydraulic conductivity Ks is expressed as:

f (Ks) =
1

√
2πσln Ks Ks

exp

− 1
2σ2

ln Ks

(
ln Ks − µln Ks

)2
, (3)

The cumulative infiltration distribution function is as follows:

P[Ks > Ks(x)] =
1
2

erfc

 ln[Ks(x)] − µln Ks
√

2σln Ks

, (4)

where erfc is the complementary error function.

3. Infiltration Model

Rainfall enters the soil layers through the process of infiltration. Many infiltration models have
been developed, and can simulate the rainwater infiltration well. We apply the Green–Ampt model in
this paper to calculate water infiltration into soils. Thus, the following assumptions are made: First,
as rain continues to fall and water infiltrates, the wetting front advances at the same rate with depth,
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which produces a well-defined wetting front, like a piston movement. Second, the volumetric water
contents remain constant above and below the wetting front as it advances. Third, the soil-water
suction immediately below the wetting front remains constant with both time and location as the
wetting front advances. Meanwhile, soil surface becomes saturated immediately after heavy rainfall.

The driving force that induces the vertical infiltration into soils consists of two parts: one is gravity,
the other is the matric flow potential Φ of the unsaturated soil. For unsaturated soils, the hydraulic
conductivity and the matric flow potential are related with the relative volumetric water content.
We adopt the Brook and Corey model to determine the relationship between the relative hydraulic
conductivity and the water saturation, and the relationship between the relative matric flow potential
and water saturation, which are defined as [19]

Kr(s) = K/Ks = sη/λ, (5)

Φr(s) = Φ/Ks =
ψb

(1− η)sη−1/λ
, (6)

where s = (θ− θr)/(θs − θr) is the relative volumetric water content, which is water saturation, θs is
the saturated volumetric water content, θr is the residual volumetric water content, λ is a constant
fitting parameter reflecting the distribution index of soil pore size, η = 2 + 3λ, and ψb is the air entry
value of the pressure potential.

3.1. Spatial Averaging of the Infiltration Model

In order to consider the influence of the spatial variability of the hydraulic conductivity on the
infiltration, the slope surface is evenly divided into numerous independent rectangular cube elements,
as shown in Figure 1. The soil properties of the heterogeneous field are assumed to be uniform along
the vertical direction of every infiltration element, but are allowed to vary in the horizontal directions.
The hydraulic conductivity of each rectangular infiltration element is the same, and the variation of
the hydraulic conductivity of different infiltration elements represents the variability of hydraulic
conductivity in the horizontal direction.
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Initially, we assumed the relative volumetric water content in the field to be identically si
everywhere, i.e., s = si at time t = 0. At time t, under given boundary conditions, the water saturation
at the surface becomes st, and the water saturation below the wetting front L is still si based on the
Green–Ampt model. Take the water saturation s as the main state variable, then Darcy’s law along the
vertical direction can be written as [20]

qz(z, t) = −Ks
∂Φr[s(z, t)]

∂z
+ K(z, t), (7)
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Integration of Equation (7) from the soil surface to the wetting front L in vertical direction leads to
the following depth-integrated Darcy’s law:∫ L

0
qz(z, t) dz =

∫ L

0
K(z, t)dz + Ks[Φr(st) −Φr(si)], (8)

Based on the assumption that the water content profile is rectangular above the wetting front,
and the water saturation below the wetting front is always kept at the initial state si, Equation (8) can
be rewritten as:

qz(0, t)L(t; Ks) = KsKr(s0)L(t; Ks) + Ks[Φr(st) −Φr(si)], (9)

where s0 is the water saturation at the surface. Considering only vertical flow along infiltration element,
the continuity equation becomes:

∂
∂t

{
(θs − θr)[s(z, t) − si]

}
= −

∂qz(z, t)
∂z

, (10)

Integration of Equation (10) from the soil surface to the wetting front brings about the following
depth-integrated continuity equation:

qz(0, t) = KsKr(si) +
∂
∂t
[(θs − θr)(st − si)L(t; Ks)], (11)

3.2. Equation Solving

Under heavy rain, the soil surface becomes saturated immediately, i.e., the surface water content
s0 = 1.0 is a constant. The only unknown variable of the depth-integrated Darcy’s law Equation (9) and
the depth-integrated continuity Equation (11) under this boundary condition is the wetting front L.
The combination of Equations (9) and (11) gives the differential equation for the wetting front location
L(t; Ks):

d
dt

[
L(t; Ks)

µKs

]
= 1 +

β

L(t; Ks)
, (12)

where parameters β and µ are defined by:

β =

[
Φr(s0) −Φr(si)

Kr(s0) −Kr(si)

]
, µ =

[
Kr(s0) −Kr(si)

(θs − θr)(s0 − si)

]
Equation (12) is separable, the initial condition is L(0; Ks)= 0 at t = 0, and its solution is expressed as:

tKsµ

β
=

L(t; Ks)

β
− log

[
1 +

L(t; Ks)

β

]
, (13)

Note that the wetting front location L(t; Ks) in Equation (13) is an implicit function of time t and
saturated hydraulic conductivity Ks. The wetting front location L(t; Ks) is a monotonically increasing
function of saturated hydraulic conductivity Ks for a fixed time t, i.e., the greater the saturated hydraulic
conductivity of the soil cube infiltration element, the greater the depth of the wetting front. Let us
define Ksz(L, t) as the hydraulic conductivity Ks which satisfies Equation (13) with a given L(t; Ks) and
a given time t. For any given z, t and Ks, L(t; Ks) < z is equivalent to Ks < Ksz(z, t), and L(t; Ks) > z is
equivalent to Ks > Ksz(z, t). The function Ksz(z, t) is defined by:

Ksz(z, t) =
β

µt

[
z
β
− log

(
1 +

z
β

)]
, (14)
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3.3. Saturation at Any Depth

Integration of s(z, t; Ks(x)) over the horizontal area of interest gives the mean water saturation at
vertical location z at time t:

〈s〉(z, t) =
1
A

x
As(z, t; Ks(x))dx =

1
A

x
A1

sidx +
x

A2

s0dx

, (15)

where A1 is the area occupied by soil of Ks(x) such 0 < Ks(x) < Ksz(z, t), and A2 is the area occupied
by soil of Ks(x) such that Ksz(z, t) < Ks(x) < ∞.

When the probability density function or the frequency distribution function of Ks(x) over the
area A is known, we have the following relations:

1
A

x
A1sidx = si

∫ Ksz

0
fKs(Ks)dKs = siPr[Ks < Ksz(z, t)],

1
A

x
A2s0dx = s0

∫ 0

Ksz

fKs(Ks)dKs = s0Pr[Ks > Ksz(z, t)],

As mentioned earlier, the saturated hydraulic conductivity Ks obeys the lognormal distribution.
The probability Pr[Ks > Ksz(z, t)] can be explicitly expressed in terms of the complementary error
function according to Equation (4). Consequently, the analytical expression of time-space varying
mean areal water saturation is obtained as:

〈s〉(z, t) = si +
s0 − si

2
erfc[u(Ksz(z, t))], (16)

where the function u is defined as:

u(k) =
ln k− µln Ks
√

2σln Ks

4. Numerical Model

The theoretical model of rainwater infiltration under heavy rainfall conditions is established
above. Based on the different hydraulic conductivities of every soil infiltration elements, the rainwater
infiltration calculation considering the horizontal variation of hydraulic conductivity is implemented.
In order to verify the correctness of the theoretical infiltration model, a numerical simulation is done for
comparison. A Richards equation solver named suGWFoam is used for numerical simulation, which is
an open source 3D saturated-unsaturated groundwater flow solver based on OpenFOAM [21].

4.1. Model Establishment

Zavattaro et al. [22] measured near-saturated hydraulic conductivity in a 8 × 8 m plot on a silt
loam soil at Säby, in east central Sweden, to investigate the spatial dependence of near-saturated
hydraulic conductivity. In total, 37 measurement locations were located on the plot. The variability
was represented by a single parameter, the scale factor δi, following the Miller and Miller similar media
theory, based on which the saturated conductivity is scaled with the scale factor:

Ksi = Kref × δ
2
i , (17)

where Kref is the reference value of the plot, which is equal to 30.9 cm/h in the plot, and i refers to each
location. The contour map of the scale factor is shown in Figure 2.
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Figure 2. Contour map of scale factor δ.

The plot surface was divided into a grid of 16 rows and 16 columns, each square is 0.5 × 0.5 m in
size, and the hydraulic conductivity of each square is represented by that at the midpoint of the small
square, which is obtained by interpolation. Thus, each square corresponds to a soil column, and the
thickness of the soil layer is 3 m. The distribution of hydraulic conductivity in ParaView is shown in
Figure 3.
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The established model is shown in Figure 4. To focus on the initial infiltration, the upper part of
the model has a finer mesh than lower part. The boundary conditions are specified as follows: for top
surface, saturation is set to 1.0 at t = 0, and for four side surfaces, symmetry boundary is set. The initial
water content θi is set to 0.12 for the whole soil body.
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To model rainwater infiltration, the VG equation proposed by van Genuchten in 1980 is used [23]
with the expression as below

θ(h) =

 θr +
θs−θr

[1+(α|h|)n]
m i f h < 0

θs otherwise
, (18)

where θ is the soil water content, θr is the soil residual water content, θr = 0.067, θs is the soil saturated
water content, θs = 0.45, h is soil water potential, α is a scale parameter inversely proportional to mean
pore diameter, α = 0.49 cm−1, n and m are the shape parameters of soil water characteristic, n = 1.578,
m = 1 − 1/n. However, as expressed in Equations (5) and (6), the Brooks and Corey model is used in the
above theoretical derivation. The parameters used by the two models are not the same. Hence, the
parameters in Brooks and Corey are converted from those of the VG model according to the equivalent
conversion method proposed by Hubert J. Morel-Seytoux [24].

4.2. Results Comparison

The simulation of rainwater infiltration is completed by suGWFoam, and the spatial distributions
of water content in the plot at different times are obtained. Figure 5 shows the water content distribution
at t = 0.5 h displayed in ParaView.
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Result comparisons between the theoretical calculation and numerical simulation at different
times are shown in Figure 6.
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Due to the uncertainty of the hydraulic conductivity in the random field, we performed multiple
simulations. In each simulation, the original hydraulic conductivity was multiplied by a proportional
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coefficient ω, so that different probability distributions of Ks were verified. The calculation results are
shown in Figure 7.
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As can be seen in above figures, the difference between the numerical solution and theoretical
solution is small, which shows that the previous theoretical derivation can be used to calculate rainwater
infiltration under heavy rainfall conditions.

5. Slope Stability Analysis

The rainfall-induced landslides [25,26] generally take the form of shallow (typically 1–3 m deep),
translational slides, which form parallel to the original slope surface. A great deal of research shows
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that the potential slip surface of the infinite slope is almost always coincident with the surface of the
wetting front. In the paper, the infinite slope model is used to represent shallow landslides induced by
rainfall, as shown in Figure 8.
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The limit equilibrium method can be readily applied to calculate the factor of safety. The shear
resistance of the soil slice can be determined using the modified Mohr–Coulomb failure criterion [27,28]
for unsaturated soil:

τ f = c′+ (σn − ua) tanϕ′+ (ua − uw) tanϕb, (19)

where c′ is the effective cohesion, ϕ′ is the effective angle of friction, tanϕb is the change rate of shear
strength with matrix suction, σn is the total normal stress on the failure plane, ua is the pore-air pressure
on the failure plane, uw is the pore-water pressure on the failure plane, (σn − ua) is the net normal
pressure on the failure plane, (ua − uw) is the matric suction on the failure plane, and ϕb is the angle
that defines the shear strength increases with an increase in matric suction.

The factor of safety for homogeneous infinite soil slope can be written as:

Fs =
τ f

τm
=

c′+ (σn − ua) tanϕ′+ (ua − uw) tanϕb

zγ cosα sinα
, (20)

where γ is the unit weight of soil, z is the depth of the wetting front during infiltration process, and α is
the slope angle.

Vanapalli et al. [29] determined the relationship between ϕb and the relative volumetric water
content s through a micro-analysis of unsaturated soil.

tanϕb = s · tanϕ′, (21)

We adopt the fitting formula proposed by Brook and Corey [30] to determine the relationship
between the water content and the matric suction:

ψ(s) = ψb · s−1/λ,

Thus, Equation (20) can be rewritten as:

Fs =
tanϕ′
tanα

+
c′ −ψbγws1− 1

λ tanϕ′
zγ sinα cosα

, (22)

where γw is the unit weight of water. Note that the safety factor of slope is related with the depth of
the wetting front and the water saturation, which are functions of the saturated hydraulic conductivity
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of soils and the rainfall duration. Thus, the safety factor of the slope varies with time during rainfall,
and is affected by the hydraulic conductivity of soils.

In addition, owing to rainwater infiltration into the soil, the weight of the soil also increases,
which is expressed as:

γt = γ+ ∆θ · γw, (23)

where γt is the unit weight of soil at time t, and ∆θ is the increase in volumetric water content.
Substitute the expression of the increase in volumetric water content ∆θ = θi + (θs − θr)(st − si) into
Equation (23), the unit weight of the soil can be rewritten as:

γt = γ+ γw · [θi + (θs − θr)(st − si)], (24)

Throughout the preceding discussion, the safety factor of the slope can be evaluated, and the
corresponding solution procedure is shown in Figure 9.
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6. Case Study

A hypothetical natural unsaturated soil slope, whose surface was covered by a layer of 1.0 m thick
sandy clay loam, was adopted as an example, and the slope angle is equal to 30 degrees. The soil is
uniformly dry, and the soil surface was held to be saturating at the beginning of the infiltration. Some of
parameters are summarized in Table 2 [31]. Among them, only the saturated hydraulic conductivity
was treated as a random variable obeying lognormal distribution, and the mean µKs of the saturated
hydraulic conductivity was fixed.

Table 2. Parameters for the study case.

Parameters Definition Value

Ks Saturated hydraulic conductivity µKs = 0.43 cm/h
θs Saturated volumetric water content 0.398
θr Residual volumetric water content 0.068
θi Initial volumetric water content 0.148
ψb Air entry value 0.2809 m
λ Pore distribution index 0.25
γd Unit dry weight of soil 16.5 kN/m3

c′ Effective cohesion 3.0 kPa
ϕ′ Effective angle of internal friction 18◦

6.1. Rainfall Duration

Infiltration is a process in which rainwater falling to the ground surface enters the soil. In general,
the longer the infiltration time, the more rainwater seeps into the soil. At the same time, the infiltration
is affected by the variability of hydraulic conductivity, and is not distributed evenly in the whole
field. In this section, the influence of rainfall duration on rainwater infiltration and the corresponding
safety factor under the condition of variation of hydraulic conductivity is discussed. To this end, for a
specific soil hydraulic conductivity mean and coefficient of variation, the changes of water content in
the soil and the corresponding safety factor are calculated with time increase. Many factors affect the
variability of soil saturated hydraulic conductivity, which varies in a larger range. The in-situ test data
collected by Duncan [5] shows that the coefficient of variation of the saturated hydraulic conductivity
ranges from 68–90%, as shown in Table 1. By analyzing a lot of soil samples of a loess slope from the
South Jingyang Plateau, northwest China, Wei Wang [32] concluded that Kh and Kv measurements of
the loess samples collected in the trench and adit all show log-normal distribution, and the hydraulic
conductivity varied between 53% and 114%. In the case study, the coefficient of the variation of the
saturated hydraulic conductivity (CoV) takes 60%.

Changes in saturation (denoted by s) can intuitively reflect the infiltration process of rainwater.
The saturation profiles at different times are plotted in Figure 10, and clearly show the process of
rainwater infiltration. At time t = 2.0 h, the infiltration distance is about 0.1 m. At time t = 4.0 h,
the infiltration distance is about 0.15 m. At time t = 8 h, the infiltration distance is about 0.25 m. At time
t = 16.0 h, the infiltration distance is about 0.5 m. It is obvious that the infiltration distance increases
with time, and the infiltration rate decreases significantly over time. On the other hand, it also can be
seen that the saturation profiles have an extended leading portion at deeper locations, and as time
increases, the leading edge of the saturation profiles is longer. This is because the rainwater moves
faster at those elements of larger Ks value, which results in the differences between different infiltration
elements, and the differences will grow bigger with time. The distribution of the wetting fronts of all
infiltration elements determines the shape of the saturation.
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Figure 11 shows the safety factor (denoted by Fs) profiles at different times. It can be seen that the
safety factors decrease with depth in the shallower ground, then increase below the wetting fronts.
Therefore, there is a minimum safety factor near the surface at different times, which explains the
reason why the shallow landslide occurs during rainfall. This is because the water content decrease
with rainfall infiltration above the wetting front, which induces a decrease in matrix suction, and the
corresponding decrease in safety factors, and below the wetting front the water content remains the
same as the initial value. Subsequently, as depth increases, the soil saturation does not change much.
Accordingly, the contribution of the matrix suction to the safety factor also does not change much.
Meanwhile, owing to the increase in soil weight, the safety factor continues to show a decreasing trend
with depth increase, as shown in Equation (22). Minimum safety factor value is reached at the bottom.
It also shows that the potential slide plane is not always coincident with the wetting front, and sliding
may also occur at the bottom along the bedrock plane. The wetting front and the bedrock plane are two
potential sliding planes that need to be taken into account, and Ma et al. [33] discusses the problem for
an infinite slope.
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When rainfall duration lasts a longer time, like time t = 16 h as shown in Figure 11, the decrease in
safety factors at the wetting front is not obvious at this time compared with other times. At the depth
of about 0.5 m, the local minimum safety factor occurs. As the depth further increases, the contribution
of matrix suction to the safety factor gradually increases; correspondingly, the safety factor increases
slowly. This is because the water content has a slow change with depth, and matrix suction also has a
corresponding process with depth. To illustrate this point, the matrix suction profiles at different times
are plotted in Figure 12, in which it can be seen that the matrix suction is about 800 kPa corresponding
to the initial water content. With rainfall infiltration, the water content of soil above the wetting front
increases, and the corresponding matrix suction decreases. For a shorter time period, the shorter the
time, the steeper the change in the matrix suction along depth, as shown in Figure 12. At the time
t = 16 h, the change in the matrix suction with depth is slower, which is consistent with the saturation
profile in Figure 10, and induces the formation of the safety factor profile in Figure 11.
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6.2. Coefficient of Variation

The coefficient of variation, also known as “relative variability,” is equal to the standard deviation
of a distribution divided by its mean, and represents the spatial variability of soil saturated hydraulic
conductivity. A larger coefficient of variation indicates higher spatial variability of the saturated
hydraulic conductivity. In this section, the coefficient of variation was chosen to be 20%, 50%, 80% and
150%, respectively, in order to evaluate the influence of the variability of hydraulic conductivity on
rainwater infiltration and the safety factor of the slope.

6.2.1. Saturation

Rainfall infiltration into soil leads to an increase in saturation. In this section we will discuss how
the variability of hydraulic conductivity affects the change in soil saturation.

Figure 13 shows the saturation profiles under different variability of hydraulic conductivity
conditions at different times. For comparison, coefficient of variation CoV = 0 is also considered,
representing a uniform soil layer. From Figure 13, it is seen that the smaller the coefficient of variation,
the more obvious the change in saturation. For example, the saturation profile of uniform soil layer has
a right angle at the wetting front, indicating a steep decrease in saturation, and the saturation profile
with a coefficient of variation of 1.5 is the slowest in change of saturation along depth from the top to
the bottom of the slope. This is because the smaller the CoV of the saturated hydraulic conductivity,
the more uniform the soil in the horizontal layer is; likewise, the smaller the difference of the saturated
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permeability coefficient is, the easier it is to achieve synchronous infiltration between different soil
cube elements. This is consistent with the results of numerical simulations by Chen et al. [20].
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Figure 13. Saturation profiles under different variability of hydraulic conductivity conditions at
different times.
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6.2.2. Safety Factor

Rainfall infiltration induces an increase in water content, which adversely affects the stability of a
slope. How the variability of hydraulic conductivity affects the change in safety factor of a slope is
discussed in this section. The safety factor profiles under different variability of hydraulic conductivity
conditions at different times are shown in Figure 14. It can be seen that the smaller the coefficient of
variation of the saturated hydraulic conductivity, the smaller the safety factor at the corresponding
wetting front, and the higher the increase in safety factor below the wetting front. By contrast, the larger
the coefficient of variation, the smaller the safety factor at the corresponding wetting front, and the less
obvious the increase in the safety factor below the wetting front. In particular, when the coefficient
of variation is 1.5, the slope safety factor decreases monotonously from the top to the bottom of the
slope, which is different from other coefficients of variation. This corresponds to the distribution of
saturation at different times. The smaller the coefficient of variation, the higher the saturation above
the wetting front. The lower the corresponding matrix suction of soil, and the smaller the safety factor
of the slope at the wetting front. Similarly, the lower the saturation below the wetting front, the higher
the corresponding matrix suction of soil, and the greater the safety factor of the slope. On the other
hand, the larger the coefficient of variation, the smoother the curve of the saturation profile, and the
lower the saturation above the wetting front, the higher the corresponding matrix suction, and the
higher the safety factor of the slope, so that below the wetting front the change of saturation is not
obvious, the corresponding change of matric suction is also not obvious, and the change in safety factor
of the slope is slow.

Water 2020, 12, x FOR PEER REVIEW 18 of 23 

 

6.2.2. Safety Factor 

Rainfall infiltration induces an increase in water content, which adversely affects the stability of 
a slope. How the variability of hydraulic conductivity affects the change in safety factor of a slope is 
discussed in this section. The safety factor profiles under different variability of hydraulic 
conductivity conditions at different times are shown in Figure 14. It can be seen that the smaller the 
coefficient of variation of the saturated hydraulic conductivity, the smaller the safety factor at the 
corresponding wetting front, and the higher the increase in safety factor below the wetting front. By 
contrast, the larger the coefficient of variation, the smaller the safety factor at the corresponding 
wetting front, and the less obvious the increase in the safety factor below the wetting front. In 
particular, when the coefficient of variation is 1.5, the slope safety factor decreases monotonously 
from the top to the bottom of the slope, which is different from other coefficients of variation. This 
corresponds to the distribution of saturation at different times. The smaller the coefficient of 
variation, the higher the saturation above the wetting front. The lower the corresponding matrix 
suction of soil, and the smaller the safety factor of the slope at the wetting front. Similarly, the lower 
the saturation below the wetting front, the higher the corresponding matrix suction of soil, and the 
greater the safety factor of the slope. On the other hand, the larger the coefficient of variation, the 
smoother the curve of the saturation profile, and the lower the saturation above the wetting front, the 
higher the corresponding matrix suction, and the higher the safety factor of the slope, so that below 
the wetting front the change of saturation is not obvious, the corresponding change of matric suction 
is also not obvious, and the change in safety factor of the slope is slow. 

 
(a) t = 2.0 h 

 
(b) t = 4.0 h 

0 20 40 60
Fs

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Cov = 0.0
Cov = 0.2
Cov = 0.5
Cov = 0.8
Cov = 1.5

Figure 14. Cont.



Water 2020, 12, 2567 19 of 23Water 2020, 12, x FOR PEER REVIEW 19 of 23 

 

 
(c) t = 8.0 h 

 
(d) t = 15.0 h 

Figure 14. Evolution of safety factor profiles over time. 

From the perspective of slope stability, It can be concluded that in the early stage of rainfall, such 
as time t = 2 h or t = 4 h in this example, the smaller the coefficient of variation, the smaller the 
corresponding safety factor, and the higher the slope instability probability. In the late stage of 
rainfall, for example, at time t = 15 h in this example, the difference in safety factor is not significant 
for different coefficients of variation, because at this time the upper part of the soil layer is saturated 
regardless of the coefficient of variation. 

6.2.3. Cumulative Infiltration 

The safety factor of the slope is related to antecedent accumulative infiltration. Figure 15 shows 
the variation of cumulative infiltration with time under different coefficients of variation. With 
increase in time, the cumulative infiltration gradually increases. At the same time, the larger the 
coefficient of variation, the smaller the corresponding cumulative infiltration. When the coefficient of 
variation is 0.2, the cumulative infiltration is close to the cumulative infiltration under uniform 
infiltration, i.e., variation coefficient equals zero. With the increase of the coefficient of variation, the 
difference of cumulative infiltration is also increasing. When the coefficient of variation reaches 1.5, 
the difference in cumulative infiltration is significant. This is because when the coefficient of variation 
becomes larger, the difference in the coefficient of hydraulic conductivity among the cube elements 
also becomes larger, which affects the cumulative infiltration. Figure 16 shows the curves of the 
probability density function for different coefficients of variation. It can be clearly seen from the 
curves that when CoV = 0.5, the average value of saturated hydraulic conductivity is about 2.59 cm/h, 
and the PDF curve is basically symmetrical with the average value. That is, the number of saturated 
hydraulic conductivity for the cube infiltration elements above the average and below the average is 
substantially equal, in which case the accumulative infiltration is close to the cumulative infiltration 
under uniform soil condition. As the coefficient of variation increases, the average value shifts 
significantly to the left, meaning that the generated saturated hydraulic conductivity is much less 
than the average value, and the larger the coefficient of variation, the more obvious this trend is. 
Therefore, under the assumption of lognormal distribution of saturated hydraulic conductivity, the 
higher coefficient of variation has a negative impact on the cumulative infiltration. 

Figure 14. Evolution of safety factor profiles over time.

From the perspective of slope stability, It can be concluded that in the early stage of rainfall,
such as time t = 2 h or t = 4 h in this example, the smaller the coefficient of variation, the smaller the
corresponding safety factor, and the higher the slope instability probability. In the late stage of rainfall,
for example, at time t = 15 h in this example, the difference in safety factor is not significant for different
coefficients of variation, because at this time the upper part of the soil layer is saturated regardless of
the coefficient of variation.

6.2.3. Cumulative Infiltration

The safety factor of the slope is related to antecedent accumulative infiltration. Figure 15 shows
the variation of cumulative infiltration with time under different coefficients of variation. With increase
in time, the cumulative infiltration gradually increases. At the same time, the larger the coefficient
of variation, the smaller the corresponding cumulative infiltration. When the coefficient of variation
is 0.2, the cumulative infiltration is close to the cumulative infiltration under uniform infiltration,
i.e., variation coefficient equals zero. With the increase of the coefficient of variation, the difference of
cumulative infiltration is also increasing. When the coefficient of variation reaches 1.5, the difference in
cumulative infiltration is significant. This is because when the coefficient of variation becomes larger,
the difference in the coefficient of hydraulic conductivity among the cube elements also becomes larger,
which affects the cumulative infiltration. Figure 16 shows the curves of the probability density function
for different coefficients of variation. It can be clearly seen from the curves that when CoV = 0.5,
the average value of saturated hydraulic conductivity is about 2.59 cm/h, and the PDF curve is basically
symmetrical with the average value. That is, the number of saturated hydraulic conductivity for the
cube infiltration elements above the average and below the average is substantially equal, in which
case the accumulative infiltration is close to the cumulative infiltration under uniform soil condition.
As the coefficient of variation increases, the average value shifts significantly to the left, meaning that
the generated saturated hydraulic conductivity is much less than the average value, and the larger the
coefficient of variation, the more obvious this trend is. Therefore, under the assumption of lognormal
distribution of saturated hydraulic conductivity, the higher coefficient of variation has a negative
impact on the cumulative infiltration.
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As stated above, the difference in coefficient of variation leads to a difference in the accumulative
infiltration during the same period of time, and this difference also leads to different slope stability.
The variation of safety factors at the wetting front with time are shown in Figure 17. It can be seen
that at the same time, the larger the coefficient of variation, the higher the corresponding safety factor,
which is consistent with the water content distribution along depth, because the larger the coefficient
of variation, the smoother the curve of the saturation profile. By contrast, the lower the coefficient of
variation, the higher the saturation at the wetting front, and the lower the matrix suction, which results
in a smaller safety factor. In addition, as time increases, the safety factor decreases, and the difference
between the safety factors corresponding to a different coefficient of variation is also smaller. This is due
to the fact that when the rainwater infiltrates for a certain period of time, regardless of the coefficient
of variation, the upper soil is almost completely saturated, as shown in Figure 13d, resulting in an
increasingly small difference in safety factors.
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7. Conclusions

By improving and simplifying the GA model, this paper deduces the analytical formula of the
failure probability of the infinite slope under heavy rainfall conditions, and quantitatively analyzes the
influence of the horizontal variability of saturated hydraulic conductivity on the slope stability. Finally,
some conclusions are summarized as follows.

(1) For a certain coefficient of variation, there is a local minimum at the wetting front in the initial
period of the rainfall and, as time increases, the reduction of the safety factor at the wetting front
becomes insignificant until it disappears.

(2) At the initial stage of rainfall, the smaller the coefficient of variation, the more rainwater is
concentrated in the upper part of the soil layer, and the smaller the safety factor. With the increase
of time, the influence of the change in coefficient of variation on slope stability becomes less
significant in the later period of rainfall.

(3) There are two potential slip surfaces due to the influence of matrix suction and the increase in soil
weight with depth. In general, with the increase of depth, the safety factor gradually decreases,
and the safety factor at the bottom of the weathered layer is the lowest. Thus, the bottom is a
potential sliding surface. The above discussions show that in the early stage of rainfall, there is
a significant reduction of the safety factor at the wetting front. Therefore, the wetting front is
also a potential sliding surface, which is caused by sudden changes in matrix suction induced by
rainfall infiltration.

(4) The high coefficient of variation of hydraulic conductivity has a negative impact on the cumulative
infiltration of rainwater. The larger the coefficient of variation, the lower the cumulative infiltration.
Correspondingly, the larger the coefficient of variation, the higher the safety factor at the initial
stage of rainfall. Meanwhile, with the increase of time, the difference between the safety factors
corresponding to coefficients of variation is becoming increasingly small.

The effect of slope angle on rainwater infiltration was neglected. The effect is complicated by
many confounding factors [34], and due to the current technology level and theory, the main influence
is ambiguous, which may result in a contradictory view. In addition, the results show that hydraulic
conductivity has an impact on rainwater infiltration and corresponding slope stability. Thus, in slope
stability analysis, special attention should be paid to the variability of hydraulic conductivity.
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