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Abstract: Flash flooding is a phenomenon characterized by multiple variables. Few studies have
focused on the extracted variables involved in flash flood risk and the joint probability distribution of
the extracted variables. In this paper, a novel methodology that integrates the Apriori algorithm and
copula function is presented and used for a flood risk analysis of Arizona in the United States. Due to
the various rainfall indices affecting the flash flood risk, when performing the Apriori algorithm,
the accumulated 3-h rainfall and accumulated 6-h rainfall were extracted as the most fitting rainfall
indices. After comparing the performance of copulas, the Frank copula was found to exhibit the best
fit for the flash flood hazard; thus, it was used for a bivariate joint probability analysis. The bivariate
joint distribution functions of P–Q, PA–Q, PB–Q, and D–Q were established, and the results showed
an increasing trend of flash flood risk with increases in the rainfall indices and peak flow; however,
the risk displayed the least significant relation with the duration of the flash flood. These results are
expected to be useful for risk analysis and decision making regarding flash floods.
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1. Introduction

A flash flood is defined as an intense rainfall event or release of water that lasts for minutes
to a few hours [1]. Over the last few decades, flash flood events have had devastating impacts on
lives and infrastructure, and many flash flood deaths have occurred worldwide. Flash flooding has
a complex disaster-causing mechanism. It is caused by a combination of natural and anthropogenic
factors [2] including rainfall, topography, watershed, soil, land use, and anthropological activities.
Among these factors, rainfall is the major driving force and the most important cause, influencing the
magnitude of a flash flood event directly [3]. Intergovernmental Panel on Climate Change (IPCC)
has reported that the continued warming situation is expected due to the increase of heavy rainfalls
associated with tropical cyclones in some areas, thereby contributing to an increase in flood risks [4].
Many researchers have also implied that the increasing tendency in extreme rainfall activities including
severity, duration, and frequency could contribute to the increasing frequency and risk of flash floods
in some tropical and subtropical regions [5–7]. For example, a study conducted by Billi et.al showed
that compared with other factors, the increase in extreme rainfall is likely to play a more important role
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in the increased frequency of flash floods in Dire Dawa, Ethiopia [8]. Similarly, excluding some regions
from central India, an increased flash flood risk accompanied by an increasing trend of extreme rainfall
has been found, which is probably caused by climate change [9].

To understand how flood risk varies in different combinations of conditions, some approaches and
theories have been developed to derive the quantitative flood risk and construct flood risk maps in recent
years. Such methods include the hydrological-hydraulic modeling method [10–13], the multi-criteria
decision method [14–16], and the probabilistic analysis method [17,18]. Due to the non-stationarity
of flood series, flood frequency analysis is becoming more and more important for flood control and
water resource management. With the increasing availability of hydrological monitoring datasets and
historical flood datasets, a large flood hazard database could be constructed. Simple statistical methods
and probability analysis have been widely used, and numerous studies suggest that they perform well
for flash flood forecasting and flood mitigation policy decision-making [19–21]. However, the flash
flood hazard is regarded as a random process associated with multivariate dependences, so multiple
probability models have been used to make these analyses more reliable [22]. Copula functions,
one of the probability analysis methods that can be used to model random multivariates and their
dependences, are widely used in many study fields. In hydrological drought analysis, as drought
events are associated with streamflow, groundwater, soil moisture, and other hydrological processes,
the joint distributions of droughts are determined with copula functions [23–26]. In rainfall and
flood analysis, frequency analysis between flood characteristics including peak volume, duration,
and rainfall amount is carried out with bivariate copulas [27–30]. In recent years, copula functions have
also been applied to determine the relationships between rainfall and storm tides [31], between floods
and droughts [32], and for other multi-variable problems. Previous research has indicated that copula
functions perform well in capturing joint behaviors of multiple variables.

Previously, the selection of natural environment indices was the prime task in the probability
analysis of flood risk. Rainfall is considered to be an indispensable disaster-triggering factor of flash
flood hazard. The selection of rainfall indices directly determines the accuracy in assessing the flash
flooding risk. There are many rainfall indices of different durations; however, it is unknown which is the
best indicator to assess the hazard accurately and effectively. Furthermore, antecedent rainfall preceding
the flood occurrence would result in changes in antecedent soil moisture, which remains to be further
investigated [33–38]. In preceding studies, the criteria used to select specific rainfall indices varied.
For example, Abuzied et al. [39] used the maximum daily rainfall to evaluate the runoff behavior when
creating flash flood susceptibility maps in areas characterized by rugged mountainous topography and
high relief. Raynaud et al. [40] found that 72 h of rainfall accumulation was a more suitable predictor
of flash flooding based on the performance evaluation of EPIC (European Precipitation Index based on
Climatology). Youssef et al. [2] utilized the maximal 24-h precipitation over 25 years, 50 years, 100 years,
and 200 years as a third dataset to analyze the catastrophic flash flooding events in Jeddah. Moreover,
6-h precipitation data from a flood event were input into the proposed simulation model to assess the
flash flooding risk in the upper Teesta River basin [41]. Based on the daily precipitation, the 1-min
precipitation, 1-h maximum precipitation, and 12-h maximum precipitation, the characteristics of
heavy rainfall were analyzed in flash floods of Aichi Prefecture [42]. Additionally, to explore the
changing trends of extreme rainfall events in an area characterized by increasingly strong urbanization,
Palermo in Sicily, Italy, a series of maximum rainfall with a fixed duration including 1 h, 3 h, 6 h, 12 h,
and 24 h were analyzed by Aronica et al. [43]. The selection of rainfall indices in previous research
has mainly depended on experience or literature and was limited by the precipitation datasets; thus,
subjectivity and arbitrariness may exist.

Given the above concerns, the current study proposes a multivariate analysis method for assessing
the flash flooding risk. The motivation of this study is to determine the rainfall index of flood
hazards by using the Apriori algorithm, which is a more objective method for risk index selection;
another motivation is to propose a procedure for combined occurrence probability based on selected
flooding variates, therefore, the bivariate joint distributions of flooding variates are determined by
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using the Frank copulas. The results of this study are expected to benefit risk managers and water
authorities to better anticipate the potential variates of flash flood hazards, and better cope with the
flooding risk by considering the joint effects of multiple variates.

The rest of this paper is organized as follows. Section 2 describes the study area and datasets
used; Section 3 gives a description of the methodology used for this study including the Apriori
algorithm and the copula function model; Section 4 presents the major results and provides a discussion;
and Section 5 presents the conclusions of this work.

2. Study Area

As a demonstration, Arizona State on the Colorado River basin, which has experienced devastating
and deadly flash flooding in previous years, was taken as the study region [44]. The Colorado River
basin is one of the most highly engineered watersheds in the world. The basin goes through seven
states in the United States, and Arizona is one of the states located in the arid area [45]. The Colorado
River is located in the northwest of Arizona State, and the Rocky Mountains are at the southeast of
Arizona State. Flash flooding is a risk in this study region, and a severe challenge is being faced in
flash flood management in this arid area. According to the United States Geological Survey (USGS),
there are 134 streamgage stations in the study area (Figure 1). A total of 2066 flooding events recorded
in the period from 2008 to 2017 were used in this study, and the peak flow data were obtained from the
USGS, while the rainfall datasets were the hourly rainfall data from the NLDAS-2. Besides the role of
rapid rainfall in flood hazard, antecedent cumulative rainfall could also contribute to the occurrence of
flash floods. Based on a literature review and collection of rainfall indicators, six rainfall magnitude
indicators with different durations during these flooding events were calculated in this study, namely,
the maximum 1-h rainfall (P), accumulated 3-h rainfall (PA), accumulated 6-h rainfall (PB), accumulated
12-h rainfall (PC), accumulated 24-h rainfall (PD), and accumulated 72-h rainfall (PE), respectively,
and have been the most widely used in previous studies [5,7,39–43,46]. Further exploration was carried
out in this study to select the best ones for use in flash flood analysis. Simultaneously, four temporal
indicators were taken into consideration in this study including the flooding year (YR), flooding month
(MH), flooding days (FT), and flood duration (D) to analyze the temporal distribution of the flash
floods in the study area.
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Figure 1. Map of the study area.

3. Methods

In this study, a multivariate analysis method is proposed that integrates the Apriori algorithm
and copula function. First, data pre-processing was conducted by K-means clustering, and the various
rainfall indices were classified into several conditions; then, the Apriori algorithm was applied to
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extract the rainfall index for the risk analysis of flash floods; by using the copula function, bivariate joint
distribution of flood variates were determined, and the probability distributions and probability
isolines were analyzed. The flow-chart of the methodology in this study is shown in Figure 2.
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3.1. Apriori Algorithm

Association rules (AR), one of the instrumental technologies used in data mining, are used to
discover correlations and appear as regularities among items in the database [47,48]. Since association
rule algorithms can only process discrete data, it is necessary to discretize the collected continuous data
first. The K-means clustering approach, a method that is widely used to cluster large datasets because
of its simplicity, efficiency, and easy implementation, has led to its popular application for partitioning
data in a variety of fields [49–51]. It was applied in the present study to tackle the requirement of data
discretization. Its objective is to allocate a mass of objects into k clusters where each object belongs to
the cluster with the nearest mean, thereby minimizing the difference within the clusters.

There are some basic definitions and concepts used in the mining procedure of association
rules. Let I = {i1, i2, · · · , in}, D = {t1, t2, , tn} represent a set of all items (i) and a set of transactions (t),
respectively. A rule is defined as ‘X⇒ Y ’, where X ∈ I, Y ∈ I, X ∩Y = ∅. X is the antecedent and Y is
the consequent. This rule means that if ‘X occurred in D’, then there is a trend of ‘Y occurred in D’.

Additionally, there are two best-known parameters that are used to judge the rules [52]: ‘Support’
and ‘Confidence’. The former is used to measure the frequency of the item or the items in the rule
that occur together, and the latter is used to measure how often the rule has been found to be true.
These are defined by the formulas below, where |·| represents the number of elements in the set.

support (X) = |{X⊆D}|/|{D}| (1)

support (X⇒Y) = |{X∪Y⊆D}|/|{D}| (2)

confidence (X⇒Y) = |{X∪Y⊆D}|/|{X⊆D}| (3)

Moreover, the minimum support threshold (minSup) and minimum confidence threshold (minConf )
can be set to satisfy the demands of users. If support (X) ≥ minSup, X is a frequent item set; if support
(X⇒ Y ) ≥ minSup and confidence (X⇒ Y ) ≥ minConf, then X⇒ Y is a strong association rule.

Lift is employed to gauge the correlation between the components in a rule. When the lift is larger
than 1, X has a positive correlation with Y; when the lift is less than 1, X has a negative correlation
with Y:

lift (X⇒Y) = {X∪Y⊆D}/{X⊆D}/{Y⊆D}/{D}. (4)
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The Apriori algorithm was developed by Agrawal and Srikant [53] and has become a classical
technique for discovering frequent item sets. It uses a bottom-up iterative method, improving the
computing efficiency because of its connection steps and pruning steps. The Apriori algorithm usually
involves two steps: in the first step, given minSup, all of the frequent items in the database are filtered
out; in the second step, given minConf, all of the strong association rules are mined based on the
frequent item results.

3.2. Copula Function

Due to the dependent variables in the hydrological problems, copulas are functions that are
used to facilitate the modeling of the dependency between two or more variables, and they allow the
flexibility of choosing the marginal distributions of the individual variables [54]. Copulas were first
introduced in 1959. Sklar’s theorem states that, suppose there are random variables X1, X2, X3, . . . , Xn,
the distribution of marginals is F1(X1), F2(X2), F3(X3), . . . , Fn(Xn), respectively, and the joint behavior
of these variables can be characterized by the copula function, C:

F (x1, x2, · · · , xn ) = C
[
F1(x1), F2(x2), · · · , Fn(xn)

]
= C (u1, u2, · · · , un ) (5)

where F is the joint cumulative distribution function (CDF) of random variables; Fi(Xi) is the continuous
distribution of marginals; ui = Fi(xi) = P[Xi ≤ xi]; and i = 1, 2, . . . , n.

The Elliptic copula family and the Archimedean copula family have been widely used.
As a demonstration, the Elliptic copula family, with the Gaussian copula and t-copula members,
and the Archimedean copula family including the Gumbel copula, Clayton copula, and Frank copula
were selected for use in this study. The cumulative distribution expressions are shown in Table 1, let u,
v be random variables; Φ is known as a generator function of the copula and Φ−1 is the inverse of Φ;
θ is the copula parameter. More details on the theoretical properties of various copulas can also be
found in [55].

Table 1. Cumulative distributions of copulas.

Copulas Cumulative Distribution Expressions

Gaussian copula C(u, v) =
∫ (Φ−1)(u)
−∞

∫ (Φ−1)(v)
−∞

1
2π
√

1−ρ2
exp

{
−

s2
−2ρst+t2

2(1−ρ2)

}
dsdt

t-copula C(u, v) =
∫
{t−1

k }(u)
−∞

∫
{t−1

k }(v)
−∞

1
2π
√

1−ρ2

[
1 + s2

−2ρst+t2

k(1−ρ2)

]− k+2
2

dsdt

Gumbel copula C(u, v) = exp
{
−

[
(−ln u)θ + (−ln v)θ

]{1/θ}
}
, θ ∈ [1,+∞)

Clayton copula C(u, v) =
(
u−θ + v−θ − 1

)−{1/θ}
, θ ∈ (0,+∞)

Frank copula C(u, v) = − 1
θ ln

[
1 +

{ (
e{−θu} − 1

) (
e{−θv}

− 1
)}

/
{ (

e{−θ} − 1
)} ]

, θ ∈ R

For the goodness of fit test, this study utilized the Square Euclidean distance (D2) and ordinary
least square (OLS) to assess the fitting quality between theoretical and empirical distributions of
samples and select the optimal copula. The goodness of fit is believed to be better when a smaller D2

or OLS value is obtained. The D2 and OLS are specifically written as follows:

D2 =
n∑

i=1

∣∣∣Ĉn(ui, vi) − Ĉ(ui, vi)
∣∣∣2 (6)

where Ĉn(u, v) is the empirical copula function.

OLS =

√√
1
n

n∑
i=1

(pei − pi)
2 (7)
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where pei is the empirical distribution of the joint probability of the i-parameter; pi is the theoretical
distribution of the joint probability of the i-parameter; and n is the number of parameters.

4. Results and Discussion

4.1. Association Rules

4.1.1. Classification Using K-Means Cluster

Four rainfall temporal indices, YR, MH, FT, and D were divided into four chronological groups,
as displayed in Table 2. The continuous indices P, PA, PB, PC, PD, and PE were classified into four
groups by using K-means clustering analysis, and in order of magnitude, these four groups were
considered to represent small, moderate, large, and heavy rainfall, respectively. This study regarded the
flooding return period as the classified judgement of the flood hazard magnitude. Similarly, four levels
of flood hazard were regarded: small-hazard, moderate-hazard, large-hazard, and heavy-hazard.
The classification results of the flood hazard and rainfall indices are shown in Table 2, and the
proportions of the four levels in the rainfall indices are shown in Figure 3. The results show that most
historical floods occurred within two days, with precipitation lasting no more than 24 h. Moreover,
almost 80% of historical floods had small and moderate rainfall of different durations, and floods
usually hit Arizona in the summer (from April to July) and winter (from January to March). It is
noticeable that the frequency of flooding events over the period from 2008 to 2017 was lower than that
over the period from 1998 to 2007.

Table 2. Classification results for the flood hazard and rainfall indices.

Rainfall Indicators
Classification

1 2 3 4

Temporal indicators

YR (1998, 2002) (2003, 2007) (2008, 2012) (2013, 2017)
MH (1, 3) (4, 6) (7, 9) (10, 12)
FT (Days) (1, 2) (3, 4) (5, 6) >6
D (Hours) (0, 24) (25, 72) (73, 120) >120

Magnitude indicators

P (mm) (0, 1.5) (1.5, 3.5) (3.5, 7) >7
PA (mm) (0, 2.5) (2.5, 7.5) (7.5, 16) >16
PB (mm) (0, 5) (5, 13) (13, 27) >27
PC (mm) (0, 8) (8, 21) (21, 42) >42
PD (mm) (0, 12) (12, 30) (30, 60) >60
PE (mm) (0, 16) (16, 40) (40, 80) >80

Flood return period Q (Year) (0, 5) (5, 20) (20, 50) >50

YR: flooding year; MH: flooding month; FT: flooding days; D: flood duration; P: maximum 1-h rainfall;
PA: accumulated 3-h rainfall; PB: accumulated 6-h rainfall; PC: accumulated 12-h rainfall; PD: accumulated
24-h rainfall; PE: accumulated 72-h rainfall.
Water 2020, 12, x FOR PEER REVIEW 7 of 16 

 

 
Figure 3. Proportion of the four levels in the rainfall indices. 

4.1.2. Associate Rules Mining Using the Apriori Algorithm 

The Apriori algorithm is used in association rule mining to explore relationships among all 
indicators and identify the most suitable rainfall indices that have the strongest associations with 
flash flooding hazard in the study area. 

First, the Apriori algorithm was used to explore frequent item sets. Based on the historical flood 
database of Arizona State over the period from 1998 to 2017, this study found that the mining results 
were satisfactory when minSup = 0.4 was used. As listed in Table 3, 30 frequent item sets were found 
in total, and the support indicates the frequency of flooding events of Arizona State. The results show 
that the top two frequent item sets of single indices were a maximum 3-h rainfall level of less than 
2.5 mm (PA1) and a maximum 6-h rainfall level of less than 5 mm (PB1), accounting for 66.0% and 
62.5%, respectively. Furthermore, ‘PA1, PB1’ accounted for the largest percentage among multiple 
frequent item sets with 56.3%, which indicates that PA1 and PB1 usually occur together in the 
historical flash flood database. For temporal indicators, ‘FT1’ accounted for the largest percentage of 
80.8%, which means that most of the historical flash floods occurred in the study area for one or two 
days only. The top three frequent item sets of multiple indicators were ‘PA1, FT1’, ‘PB1, FT1’, and 
‘PA1, PB1, FT1’, which further show that these three items appear frequently in the database. 

Second, the Apriori algorithm was further applied to investigate strong association rules in the 
database, and by setting minSup = 0.2 and minConf = 0.56, 78 strong association rules were generated. 
Figure 4 presents the distribution of these strong association rules, a scatter point in a color close to 
blue means that the lift of the rule was less than 1, namely, the components in the rule had a negative 
correlation, and vice versa. Table 4 only displays 31 rules with the support of more than 0.24 to get a 
better understanding of some specific rules. In terms of the strong association rules of a single rainfall 
magnitude index, ‘Rule 1: PA1->Q1’ (42.7%) and ‘Rule 2: PB1->Q1’ (39.6%) had the top two support 
values, far more than the third support (31.9%). Taking ‘Rule 1’ as an example, a support level of 
42.7% and a confidence level of 64.7% was found, which implies a strong association between PA1 
and Q1. The proportion of the flood events containing PA1 and Q1 was 42.7%, and 64.7% of the flood 
events containing PA1 also contained Q1. Furthermore, with respect to the rules of multiple rainfall 
magnitude indices, with a support level of 35.6% and a confidence level of 65.3%, ‘Rule 8: PA1, PB1-
>Q1’ also had a large amount of support and confidence. Regarding the temporal indices, the support 
values of ‘Rule 24: PA1, FT1->Q1’ and ‘Rule 25: PB1, FT1->Q1’ had the top two values, which were 
more than 32%. This again suggests that a high frequency of small-hazard flash flooding occurs with 
a small magnitude of 3-h and 6-h rainfalls. In other words, it can be concluded that the accumulated 
3-h (PA) and 6-h rainfall (PB) values are the most fitting rainfall indicators to assess the flash flood 
hazard compared with other rainfall magnitude indices. 
  

Figure 3. Proportion of the four levels in the rainfall indices.



Water 2020, 12, 2223 7 of 15

4.1.2. Associate Rules Mining Using the Apriori Algorithm

The Apriori algorithm is used in association rule mining to explore relationships among all
indicators and identify the most suitable rainfall indices that have the strongest associations with flash
flooding hazard in the study area.

First, the Apriori algorithm was used to explore frequent item sets. Based on the historical flood
database of Arizona State over the period from 1998 to 2017, this study found that the mining results
were satisfactory when minSup = 0.4 was used. As listed in Table 3, 30 frequent item sets were found
in total, and the support indicates the frequency of flooding events of Arizona State. The results show
that the top two frequent item sets of single indices were a maximum 3-h rainfall level of less than
2.5 mm (PA1) and a maximum 6-h rainfall level of less than 5 mm (PB1), accounting for 66.0% and
62.5%, respectively. Furthermore, ‘PA1, PB1’ accounted for the largest percentage among multiple
frequent item sets with 56.3%, which indicates that PA1 and PB1 usually occur together in the historical
flash flood database. For temporal indicators, ‘FT1’ accounted for the largest percentage of 80.8%,
which means that most of the historical flash floods occurred in the study area for one or two days only.
The top three frequent item sets of multiple indicators were ‘PA1, FT1’, ‘PB1, FT1’, and ‘PA1, PB1, FT1’,
which further show that these three items appear frequently in the database.

Second, the Apriori algorithm was further applied to investigate strong association rules in the
database, and by setting minSup = 0.2 and minConf = 0.56, 78 strong association rules were generated.
Figure 4 presents the distribution of these strong association rules, a scatter point in a color close to
blue means that the lift of the rule was less than 1, namely, the components in the rule had a negative
correlation, and vice versa. Table 4 only displays 31 rules with the support of more than 0.24 to get
a better understanding of some specific rules. In terms of the strong association rules of a single
rainfall magnitude index, ‘Rule 1: PA1->Q1’ (42.7%) and ‘Rule 2: PB1->Q1’ (39.6%) had the top two
support values, far more than the third support (31.9%). Taking ‘Rule 1’ as an example, a support
level of 42.7% and a confidence level of 64.7% was found, which implies a strong association between
PA1 and Q1. The proportion of the flood events containing PA1 and Q1 was 42.7%, and 64.7% of the
flood events containing PA1 also contained Q1. Furthermore, with respect to the rules of multiple
rainfall magnitude indices, with a support level of 35.6% and a confidence level of 65.3%, ‘Rule 8:
PA1, PB1->Q1’ also had a large amount of support and confidence. Regarding the temporal indices,
the support values of ‘Rule 24: PA1, FT1->Q1’ and ‘Rule 25: PB1, FT1->Q1’ had the top two values,
which were more than 32%. This again suggests that a high frequency of small-hazard flash flooding
occurs with a small magnitude of 3-h and 6-h rainfalls. In other words, it can be concluded that the
accumulated 3-h (PA) and 6-h rainfall (PB) values are the most fitting rainfall indicators to assess the
flash flood hazard compared with other rainfall magnitude indices.

Table 3. Frequent item sets for the rainfall indices.

Frequent Item Set
(Single Indices) Support (%) Frequent Item Set

(Multiple Indices) Support (%) Frequent Item Set
(Multiple Indices) Support (%)

PA1 66.0 PA1, PB1 56.3 PA1, FT1 52.9
PB1 62.5 PB1, PC1 49.3 PB, FT1 50.2
PC1 53.5 PA1, PC1 46.6 PA1, PB1, FT1 45.0
PE1 52.7 PA1, PB1, PC1 45.4 PC1, FT1 42.8
PD1 48.2 PD1, PE1 45.0 PE1, FT1 42.3
P1 41.8 PC1, PD1 42.9 PA1, D1 41.8

FT1 80.8 PC1, PE1 42.6 D1, FT1 53.8
D1 66.7 PB1, PE1 42.5 YR1, FT1 47.3

YR1 58.1 PA1, PE1 41.5
MH1 42.1 PB1, PD1 41.4

PA1, PD1 40.0
PC1, PD1, PE1 40.0
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Table 4. Strong association rules mined by association rules.

Rule ID Rule Confidence (%) Support (%) Rule ID Rule Confidence (%) Support (%)

1 PA1−>Q1 64.7 42.7 16 FT1−>Q1 66.5 53.8
2 PB1−>Q1 63.4 39.6 17 D1−>Q1 66.3 44.2
3 PC1−>Q1 59.6 31.9 18 YR1−>Q1 67.8 39.4
4 PE1−>Q1 57.2 30.2 19 MH3−>Q1 78.2 30.5
5 PD1−>Q1 56.2 27.1 20 D1, FT1−>Q1 66.7 35.9
6 P2−>Q1 68.5 24.8 21 MH3, FT1−>Q1 78.8 26.8
7 P1−>Q1 59.0 24.6 22 YR1, D1−>Q1 68.2 26.2
8 PA1, PB1−>Q1 63.3 35.6 23 YR1, FT1−>Q1 68.2 32.2
9 PB1, PC1−>Q1 60.4 29.8 24 PA1, FT1−>Q1 65.1 34.4

10 PA1, PC1−>Q1 60.4 28.1 25 PB1, FT1−>Q1 63.9 32.1
11 PA1, PB1, PC1−>Q1 60.6 27.5 26 PA1, PB1, FT1−>Q1 63.6 28.6
12 PD1, PE1−>Q1 56.1 25.2 27 PA1, D1−>Q1 62.4 26.1
13 PB1, PE1−>Q1 57.9 24.6 28 PC1, FT1−>Q1 59.6 25.5
14 PC1, PD1−>Q1 56.1 24.1 29 YR1, PA1−>Q1 66.4 24.9
15 PC1, PE1−>Q1 56.4 24.0 30 PB1, D1−>Q1 61.3 24.3

31 PE1, FT1−>Q1 57.3 24.3

4.2. Probability Distribution Analysis

Assuming that the peak flow (Q, m3/s), duration (D, h), maximum 1-h rainfall (P, mm), accumulated
3-h rainfall (PA, mm), and accumulated 6-h rainfall (PB, mm) of flash flood events were continuous
random variables, the marginal distributions of flood variables were analyzed, and the bivariate joint
distribution functions of P–Q, PA–Q, PB–Q, and D–Q were conducted.

Taking P–Q as an example, the frequency histograms are shown in Figure 5. The results show that
the unsymmetrical peak flow was concentrated at less than 200 m3/s and the maximum 1-h rainfall
was distributed less than 5 mm. The variables do not obey a normal distribution, thus, the parametric
methods (i.e., Gamma distribution, Weibull distribution) were evaluated using the OLS and AIC
criteria. The results are present in Table 5, which provides a comparison for justifying the best fitting
marginal distributions. Due to the lower OLS and AIC value, Gramma distribution was chosen for
marginal distribution of Q and P in this study.

Table 5. Performance of parametric methods for fitting marginal distributions of various floods.

Various Distribution OLS AIC

Q Gamma * 0.0859 −3403.7079
Weibull 0.0873 −3379.9767

P
Gamma * 0.0168 −5670.2897
Weibull 0.0195 −5457.7115

The best fits are marked with “*” and are presented in bold.
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Among the various copula function families mentioned in Section 3.2, the Gaussian copula,
t-copula, Gumbel copula, Clayton copula, and Frank copula were used to determine the joint
distribution of P–Q. Furthermore, m-copula, based on the Clayton copula, Gumbel copula, and Frank
copula was developed. The formulation is written as follows [56]:

m-Copula = α1Clayton(θ1) + α2Gumbel(θ2) + α3Frank(θ3) (8)

where, θ1, θ2, and θ3 are the parameters of the Clayton copula, Gumbel copula, and Frank copula,
respectively, and α1 + α2 + α3 = 1.

The probability density distributions of various copula functions were estimated, as shown

in Figure 6. The parameters of different copula function are as follows: ρ(Gaussian) =

(
1.0000 0.0614
0.0614 1.0000

)
;

ρ(t) =

(
1.0000 0.0778
0.0778 1.0000

)
, k = 11.6; θ(Gumbel) = 1.0378; θ(Clayton) = 0.1518; θ(Frank) = 0.4275;

in m-Copula, α1 = 0.2407, α2 = 0.4370, α3 = 0.3223, θ1 = 0.7818, θ2 = 1.0000, θ3 = 0.4275.
The performance of each copula function was evaluated by the Square Euclidean distance (D2) and

ordinary least square (OLS), as shown in Table 6. The results indicate that the six copula functions all
passed the D2 test and OLS test, and the smallest value was shown with the Frank function. Therefore,
the Frank copula was adopted for further analysis of flood characteristics, and the bivariate joint
probability distributions of P–Q were estimated. The results are shown in Figure 6. The combined
probability of the maximum 1-h rainfall and peak flow can be found in Figure 7. With an increase
in P, the combined occurrence probability of flood hazard increases correspondingly; with an increase
in Q, the combined occurrence probability of flood hazard also increases. For example, when the
maximum 1-h rainfall is 5 mm and the peak flow is 200 m3/s, the flood occurrence probability is 0.65;
when the maximum 1-h rainfall increases to 10 mm, the flood occurrence probability increases to 0.72,
correspondingly; when the maximum 1-h rainfall is 5 mm and the peak flow is 500 m3/s, the occurrence
probability of floods is 0.84.

Based on the above analysis, the bivariate joint probability distributions of D–Q, PA–Q, and PB–Q
were also determined. Table 7 presents the statistical parameters of samples in different bivariate joint
probability distributions. Suppose x1, x2, . . . , xn are the samples of flood various, EX is defined as the
mean value of samples; Cv is the variation coefficient, which is used to measure the relative dispersion;
and Cs is the deviation coefficient, which is used to describe the asymmetry on the sides of mean value.

EX = 1
n

n∑
i=1

xi

Cv = σ
EX

Cs =
∑n

i=1(xi−EX)
3

nσ3

(9)
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where σ is the mean square error.
Table 8 presents the values of the estimated parameter θ of the Frank copula in different bivariate

joint probability distributions, and bivariate joint probability distributions of PA–Q, PB–Q, and D–Q
are shown in Figure 8. The results show that the bivariate joint probability increased as the amount
of rainfall increased, and the contour curves displayed similar shapes. The combined probability
of the rainfall index and peak flow can be found in Figure 8a,b. For example, when the maximum
3-h rainfall is 6 mm and the peak flow is 200 m3/s, the flood occurrence probability will be 0.60;
when the maximum 3-h rainfall is 5 mm and the peak flow is 400 m3/s, the flood occurrence probability
increases to 0.60. Furthermore, when the maximum 6-h rainfall is 10 mm and the peak flow is 250 m3/s,
the flood occurrence probability is 0.65, and when the maximum 6-h rainfall is 5 mm and the peak
flow is 300 m3/s, the flood occurrence probability decreases to 0.46. The results also highlight that the
combined occurrence probability based on the Frank copula described the relative relation of multiple
various, in this way, more objective characteristics of flood hazards were displayed.

For flood duration, as can be seen in Figure 8c, the combined probability of duration and peak
flow is generally less than 0.60. The flash flood risk is mostly affected by the peak flow rather than the
duration. The results correspond to the characteristics of flash floods that occur suddenly and within
a duration of 6 h.
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Table 6. Evaluation results of copula functions.

Copulas Gaussian t-Copula Gumbel Clayton Frank m-Copula

D2 0.0215 0.0220 0.0205 0.0431 0.0191 * 0.0211
OLS 0.0056 0.0056 0.0054 0.0079 0.0052 * 0.0055

The best fits are marked with “*” and are presented in bold.
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Table 7. Statistical parameters.

Parameters Q D P PA PB

Ex 167.7823 31.0648 2.6108 3.4423 6.6121
Cv 1.0172 0.7754 0.7402 1.0070 0.8961
Cs 2.6335 3.5025 1.6482 1.9617 2.5160

Table 8. Parameter θ of the Frank copula.

Parameter Q D–Q P–Q PA–Q PB–Q

θ 0.4275 0.7239 0.4275 0.3751 0.4313

5. Conclusions

Flash flooding is a phenomenon characterized by peak flow, duration, and rainfall indices. In this
paper, the rainfall indices were mined by the Apriori algorithm, and the most fitting rainfall indices for
flood risk analysis were extracted. Then, the combination probability distributions of flood variables
were linked by the copula function, and based on the margination distribution and goodness-of-fit test,
the best fit copula model was obtained. The following specific conclusions were made:

(1) Using the Apriori algorithm, accumulated 3-h rainfall and accumulated 6-h rainfall were extracted
as the most fitting rainfall indices, and these can be used for the risk analysis of flash floods.

(2) The bivariate joint distributions of flooding properties were determined by using the Frank
copula, and then the bivariate joint distribution functions of P–Q, PA–Q, PB–Q, and D–Q were
conducted. The increasing flash flooding risk trend was illustrated with increases in rainfall
indices and peak flow; however, the risk displayed the least significant relation with the duration
of flash floods. These results are expected to be useful for risk analysis and decision making
in flash flood assessment.
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