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Abstract: The influence of contact area, caused by normal deformation, on fluid flow and solute
transport through three-dimensional (3D) rock fractures is investigated. Fracture surfaces with
different Hurst exponents (H) were generated numerically using the modified successive random
addition (SRA) method. By applying deformations normal to the fracture surface (∆u), a series
of fracture models with different aperture distributions and contact area ratios (c) were simulated.
The results show that the contact area between the two fracture surfaces increases and more void
spaces are reduced as deformation (∆u) increases. The streamlines in the rough-walled fractures show
that the contact areas result in preferential flow paths and fingering type transport. The non-Fickian
characteristics of the “early arrival” and “long tail” in all of the breakthrough curves (BTCs) for fractures
with different deformation (∆u) and Hurst parameters (H) were determined. The solute concentration
distribution index (CDI), which quantifies the uniformity of the concentration distribution within
the fracture, decreases exponential as deformation (∆u) and/or contact area ratios (c) increase,
indicating that increased contact area can result in a larger delay rate of mass exchange between the
immobile zone around the contact areas and the main flow channel, thus, resulting in a longer time
for the solute to fill the entire fracture. The BTCs were analyzed using the continuous time random
walk (CTRW) inverse model. The inverse modeling results show that the dispersion exponent β
decreases from 1.92 to 0.81 as c increases and H decreases, suggesting that the increase in contact area
and fracture surfaces enhance the magnitude of the non-Fickian transport.

Keywords: rough-walled rock fractures; normal deformation; contact area ratio; non-Fickian transport;
CTRW model

1. Introduction

Fluid flow and solute transport in fractured rock masses play a critical role in many geoscience
and geoengineering disciplines, including groundwater contamination and remediation, nuclear waste
disposal, shales oil extraction, carbon capture and storage, and geothermal energy extraction [1–7]. In a
natural rock, the fracture network consists of numerous single fractures. Therefore, in order to improve
the understanding of the transport properties in fractured rock, fluid flow and solute transport in a
single fracture, which is the fundamental element of a fracture network, should be studied.

Using numerical and theoretical models, laboratory and field experiments, many previous studies
have shown that macroscopic solute transport through a single fracture is often non-Fickian [8–14]
and is characterized by the “early arrival” and “long tail”. Specifically, the “early arrival” means
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that the arrival time of the dimensionless particle concentration equals 0.5 in the BTCs, which is
earlier than that predicted by the Fickian transport model, while the “long tail” represents the longer
residence time of particles in the fracture [15]. Therefore, predictability of the observed non-Fickian is
essential for environmental and human health-related issues, such as radionuclide transport in the
subsurface or water quality evolution in managed aquifer recharge systems [11], as it controls the
early arrival and the long residence time of particles. It is well known that matrix diffusion can induce
non-Fickian transport [16] and that it plays an important role in transport processes in fracture–matrix
systems [1,10,17–19], but our interest in this study is in rock formations such as fractured granite,
in which the role of matrix diffusion is relatively minor and can often be ignored [20].

Geologic fractures always experience significant overburden stress or large displacement. Recently,
experiments and numerical modeling have shown that increasing the normal/shear deformation
increases the fracture roughness and the fracture contact area, resulting in lower relative permeability
values and an evolution of flow process [21–24]. For instance, Zhou et al. [25] and Chen et al. [26]
conducted a series of laboratory tests on fluid flow in rough fractures with normal loading, and they
found that the fracture aperture and fluid conductivity decreased notably with high normal stress.
Zhou et al. [25] also proposed that the normal loading could result in fracture closure, brittle damage
of surface asperities and an increase in the contact area, which leads to a tortuous flow paths in the
fractures. The surface roughness statistics for the experimental samples show that the surface roughness
is remarkably degraded after testing. Vogler et al. [27] carried out laboratory experiments and numerical
simulations to understand the coupled hydro-mechanical processes of fluid flow in heterogeneous
fractures, and found that a nonlinear fracture closure and fluid injection pressure increase with loading.
Liu et al. [28] numerically study the effect of shear on the evolutions of geometric and hydraulic
properties of 3D self-affine fractures. They found that as shear deformation increases, the streamlines in
the fracture become tortuous bypassing the contacts, showing obvious channeling flow phenomenon
because of a large number of contacts and the small mean aperture. While normal/shear deformation
has been shown to fundamentally impact fluid flow through rough-walled fractures, studies of
non-Fickian transport on the scale of individual fractures have only focused on the role of fracture
roughness and non-linear flow, while only a few studies have investigated the effects of normal
deformation on solute and/or contaminant transport processes in single rock fractures. Jeong et al. [29]
numerically investigated the flow and transport properties in a rough fracture under effective normal
stress conditions, showing that the flow paths offered to particles become isolated from main channels
due to the contact areas increasing with effective normal stresses. Koyama et al. [30] carried out
numerical simulations of particle transport in rock fractures with normal loading; their results show
that the effect of normal stress on the particle transport is significant, and dispersion becomes larger
with increasing normal stress. Zhao et al. [4] deduced an analytic solution to model the coupled
stress–flow–transport processes along a single 2D fracture embedded in a porous rock matrix. In their
study, they investigated the influence of fracture aperture closure on solute transport along the fracture
and into the rock matrix under increasing normal deformation conditions. Their results indicate that
the concentrations both along the fracture and within the rock matrix decrease with increasing normal
deformation due to the smaller fluid velocity (or fracture aperture). Kang et al. [31] reported the
emergence of non-Fickian transport through a 3D rough-walled fracture due to increasing normal
deformation. Their study showed that a larger number of contact areas in the highly deformed fracture
led to a heterogeneous flow dominated by preferential channels and stagnation zones, resulting in
non-Fickian transport behavior. Zou et al. [10] performed a direct numerical simulation of fluid flow
and solute transport in a 3D rough-walled fracture–matrix system with several contact areas induced
by normal and shear deformation. They found that the low-velocity and low-concentration zones
were mostly located around the contact areas, which resulted in the long tails of the solute spreading
within the fracture. Nevertheless, to the authors’ knowledge, quantifying the relationships between
the magnitude of the non-Fickian transport and the contact area ratio due to normal deformation has
not been attempted in previous studies.
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Based on the previous studies described above, in order to assess the significance of non-Fickian
character of solute diffusion, quantitative transport parameters should be introduced. To accomplish
this, several transport models have been developed, such as the fractional advection–dispersion
equation (FADE), the mobile–immobile method (MIM), the multi-rate mass transfer model and the
continuous time random walk (CTRW) model. A detailed description and comparison of these
transport models can be found in several previous studies [6,9,32–35]. By fitting non-Fickian BTCs
to the different transport models, it is possible to accurately estimate the transport parameters and
quantitatively evaluate the non-Fickian transport. The CTRW model was shown to be capable of
capturing both Fickian and non-Fickian transport, and the inverse CTRW model has been successfully
applied to many applications for characterizing non-Fickian BTCs. For example, the non-Fickian BTCs
in heterogeneous porous media and single variable-aperture fractures [9,36,37]. However, the capability
of the CTRW model to capture the non-Fickian characteristics induced by the contact area in a 3D
single fracture still needs to be investigated.

Here, we demonstrate that an increase in contact area caused by normal deformation can induce
non-Fickian transport in fractures. Normal deformation (∆u) transforms the fracture’s geometry
from a relatively homogeneous flow structure to a very heterogeneous flow structure. The contact
area between the two fracture surfaces increases and more void spaces are reduced as the mean
fracture aperture decreases, after which the flow becomes organized into preferential flow channels
and stagnation zones. To study the impact of the contact area ratio (c) on the flow and transport,
a self-affine fractal model is applied to generate rough-walled fractures with different surface roughness
parameters (H) using the modified successive random addition (SRA) method. The evolutions of the
aperture distribution in the deformed rough-walled fracture are simulated based on the topographical
data for the generated fracture surfaces. Then, the flow and transport problem through deformed
rough-walled fractures is solved. Then, the influence of the normal deformation and contact area ratio
on the flow paths, permeability, and non-Fickian transport are estimated. The non-Fickian transport
properties resulting from the different H, ∆u, and/or c are systematically investigated. Our findings
further our understanding of solute transport through fractured media by linking the magnitude of
the non-Fickian transport behavior with the contact conditions in fractures.

2. Fracture Model

2.1. Fracture Generation

In geological formations, the surface roughness of natural rock fractures typically follows a
self-affine fractal distribution [38–43], which can be commonly simulated using fractional Brownian
motion (fBm). Several methods have been attempted in the previous study to employ fBm to generate
fracture surfaces [44,45]. The most widely used methods are Fourier transformation, the randomization
of the Weierstrass–Mandelbrot function, and SRA. In this study, the SRA algorithm is used to generate
fracture surfaces for its efficiency and straightforwardness [9,46–51].

The fracture wall height can be simulated from a two-dimensional fBm (or 2D Wiener–Brownian
stochastic process) as the realization of a random, continuous, single-valued function Z(X) with
X = (x, y). Then, the stationary increment, [Z(X + h) −Z(X)] with h =

(
hx, hy

)
, over the distance (lag)

h = (hx
2 + hy

2)1/2 has a centered Gaussian distribution with variance σ2 [46,52]. The statistical self-affine
property of the fBm increment can be expressed as〈

Z(X + rh) −Z(X)
〉
= 0 (1)

σ2(r) = r2Hσ2(1) (2)
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where 〈•〉 represents the mathematical expectation, H is the scaling parameter or the Hurst exponent
varying from 0 to 1 and related to the 3D fractal dimension (D) by D = 3 − H (for the surface; D = 2 − H
for the profile) [46,53], and r is a constant. The variance is defined as

σ2(r) =
〈
[Z(X + rh) −Z(X)]2

〉
(3)

Based on the scaling properties of fBm, a modified SRA algorithm was developed by Liu et al. [47]
and Ye et al. [46] to generate the fracture surfaces, and it improves the poor scaling and correlation
properties of the fractal distributions involved in the traditional SRA algorithms.

By using Liu’s algorithm, a series of self-affine surfaces were generated with different H values.
It should be noted that the H of natural rock fractures has proved to vary mostly between 0.45 and
0.87 [40,51,54]. Therefore, H values equal to 0.50, 0.55, 0.60, and 0.65 were selected in this study for
comparison. Limited by the computer power and its memory capacities of solving the Navier–Stokes
equation and advection–diffusion equation for the 3D self-affine rough fracture models with highly fine
representation of the fracture surfaces, a domain of the surface of 32 mm × 32 mm in size that consist
of a 128 × 128 grid was obtained with an interval of 0.25 mm. The choice of the sample interval is
reasonable to represent the geometrical features of fracture surfaces, as an interval range from 0.2 mm
to 0.4 mm was commonly employed in research when using a high-resolution 3D laser scanning system
to obtain the topographical data of rock sample surfaces [8,51,55]. A more detailed description for
generating self-affine surfaces using the modified SRA method is described by Ye et al. [46].

For generating the fBm distribution surface more accurately, we optimized the SRA method by
controlling the error between the input roughness parameter H and the fitted H value of less than
0.001. Figure 1 shows a simulated example with H = 0.50 and an analysis of the scaling property.
The calculation between the standard deviation (σ) and the lag (r) in the horizontal direction shows
that the fitted H value is almost equal to the input values. It is further verified that the modified SRA
algorithm is robust and is capable of generating fBm distributions accurately.
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Figure 1. (a) Example of self-affine surfaces generated using the modified successive random addition
(SRA) algorithm with Hurst (H) = 0.50; (b) Log–log plot of the standard deviation σ (mm) versus the
lag constant (r, mm).

2.2. The Relationship between the Aperture Distribution, Contact Area Ratio, and Normal Deformation

Since the response of fluid flow and solute transport through a fractured medium is highly
sensitive to fracture aperture, it is important to accurately simulate the variation in aperture during
the shear and compression processes. Previous studies have shown that the aperture distributions of
both natural and artificial fractures mostly exhibit truncated Gaussian distributions [56–58]. In this
study, the method proposed by Wang et al. [59] was applied to generate the apertures with truncated
Gaussian distributions.
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Initially, the lower surface of the fracture is generated through the above modified SRA algorithm
and is described using the function Z1(X). Then, the upper surface is generated by replicating
the lower surface and displacing it through shear deformation rd = (xd, yd). It is expressed as
Z2(X) = Z1(X + rd) + b0, where b0 is the mean aperture between the lower and upper surfaces in the
initial state. Therefore, the aperture distribution b(X) can be calculated using

b(X) =

{
Z2(X) −Z1(X) = Z1(X + rd) −Z1(X) + b0 i f Z2(X) −Z1(X) > 0

0 otherwise
(4)

The value of b(X) = 0 indicates the contact point between the two fracture surfaces. A 20 mm ×
20 mm aperture field was extracted from the central part of the original model to ensure a constant
analysis area, due to the decreasing nominal contact area between the upper and lower fracture surfaces
during shear deformation. Shear deformation rd = (1.5 mm, 0) was used in the generation of the
fractures. An initial mean aperture of b0 = 0.4 mm was adopted to ensure that the initial aperture
distribution satisfied the Gaussian distribution. Figure 2 shows the original 3D self-affine fracture and
the generated aperture distribution for H = 0.50.
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Figure 2. Generation of the original self-affine fracture with the upper surface displaced from the
lower surface.

When rough-walled fractures are subjected to normal deformation ∆u, the two fracture walls
shift vertically due to the normal stress. However, due to the heterogeneity in the micro-geometrical
topography, the mechanism of fracture deformation is complex. For simplicity, the penetration model
suggested by Oron and Berkowitz [60] and Walsh et al. [56] was adopted to characterize the deformation
of the aperture distribution; a detailed explanation of the penetration model is described by Ye et al. [46].
Based on this model, the aperture distribution b(X) can be calculated using

b(X) =

{
Z2(X) −Z1(X) − ∆u i f Z2(X) −Z1(X) > ∆u

0 otherwise
(5)
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Figure 3 shows an example of the changes in the aperture distribution and contact area for different
normal deformation conditions (∆u = 0.15, 0.20, 0.25, 0.30 mm) for H = 0.50.Water 2020, 12, x FOR PEER REVIEW 6 of 26 
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As can be seen in Figure 3, the size of the apertures decreases and the contact area increases as the
normal deformation across the fractures increases. According to our previous study [46], the aperture
distribution for b ≥ 0 can be described as a function of a mean value of u and a standard deviation of σ:

f (b) =
1
√

2πσ
e−

(b−u)2

2σ2 for b ≥ 0 (6)

Thus, the frequency of the contact area with zero aperture value f (0) can be derived as:

f (0) = 1−
∫
∞

0
f (b)db = 1−

1
√

2πσ

∫
∞

0
e−

(b−u)2

2σ2 db =
1
2

erfc
(

u
√

2σ

)
(7)

where erfc is a complementary error function. In this study, the contact area is considered to be
zero between the two rough-walled fracture surfaces. Therefore, on account of aperture truncation,
the cumulative probability distributions of fracture aperture for fractures with different ∆u and H are
presented, as shown in Figure 4.
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Figure 4. Cumulative probability distribution of fracture aperture for fractures with different normal
deformations (∆u) and H.

As shown in Figure 4, for the case of ∆u = 0.00 mm, the cumulative probability distribution
curves show a typical Gaussian distribution for different H. However, as ∆u increases to 0.30 mm,
the cumulative probability distribution curves shift to the left, and shows a truncated Gaussian
distribution. For a certain H value, the frequency corresponding to b = 0 increases as ∆u increases,
indicating that the contact area between the two fracture surfaces increases, and more void spaces are
reduced by the normal deformation. An increase in the H value has the opposite impact on the contact
pattern and reduces the contact areas, and it can be found that the shape of the cumulative probability
distribution curve changes from a sharp curve to a broader curve as H decreases. This is due to the
fact that for H = 0.50, roughness spatial correlations are short, i.e., peaks are followed by valleys;
when applying a normal deformation to the surface, peaks are clutched together, and contact area
ratios increase with ∆u. As H increases, peaks and valleys become wider, resulting in less contact areas
clutched together under normal deformation, thus, the curve dependency between ∆u and c decreases.

In this study, the locations where the apertures are equal to or less than zero represent the
contact areas. The contact area ratio c (dimensionless) is proposed here to characterize the contact
characteristics, which is defined as the ratio of the area of the contacts to the total area of the fracture:

c =
Scontact

Stotal
× 100% (8)

where Scontact (M2) is the area of contacts, including dead voids, with no contribution to the flow;
and Stotal (M2) is the total area of the fracture. Figure 5 shows the changes in c for different ∆u
and different H. The results show that c increases with increasing ∆u, regardless of the value of H
used. Figure 5 also shows that the growth rate of c at smaller H values (i.e., H = 0.5) is higher than
that at larger H values (i.e., H = 0.65), directly indicating the important role of surface roughness in
developing contact area under normal deformation conditions. This is due to the fact that for H = 0.50,
roughness spatial correlations are short, i.e., peaks are followed by valleys; when applying a normal
deformation to the surface, peaks are clutched together, and contact area ratios increase with ∆u. As H
increases, peaks and valleys become wider, resulting in less contact areas clutched together under
normal deformation, thus, the curve dependency between ∆u and c decreases.
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Figure 5. Relationships between the contact area ratio (c) and H or ∆u for different fractures: (a) c versus
H; (b) c versus ∆u.

3. Direct Simulation of Conservative Solute Transport

3.1. Physical Considerations and Governing Equations

The aperture distribution of natural rock fractures is variable and plays an important role
in absorption and chemical reaction processes [1,10,18,19,61,62]. Bodin et al. [5,63] provided
a comprehensive review of the key physical mechanisms involved in fracture–matrix systems,
which mainly include solute advection, dispersion, and diffusion in the fracture; matrix diffusion
from the fracture into the matrix; fracture surface and matrix sorption; decay; and chemical reactions.
However, in this study, to highlight the variations with increasing normal deformation and contact area
ratio, we only consider three major transport mechanisms for simplicity: the advection, dispersion and
diffusion mechanisms within 3D self-affine fractures.

The fluid-flow field in a single rough-walled fracture can be solved directly using the Navier–Stokes
and continuity equations, which describe isothermal, incompressible, and homogenous single
Newtonian steady flow:

∇u = 0 (9)

ρ(u·∇u) −∇(µ∇u) = −∇P (10)

where ρ, u, P, and µ are the fluid density (kg/m3), velocity vector (m/s), total pressure (Pa), and dynamic
viscosity (Pa s), respectively. For the numerical simulations, the fracture surfaces were considered to
be non-slip boundaries (u = 0). A given pressure drop (Pa) was applied over the fracture’s length,
which is a Dirichlet boundary condition, to drive the fluid flow from left to right.

The solute transport through the 3D single rough-walled fracture was simulated using the
advection–diffusion equation coupled with the previously solved velocity field, which is expressed as

∂C
∂t

+∇·(uC) −∇·(Dm∇C) = 0 (11)

where C, t, and Dm are the solute concentration (kg/m3), time (s), and molecular diffusion coefficient
(m2/s), respectively. We assumed typical conservative solute transport, e.g., Cl− in water, and set Dm

equal to 2.03 × 10−9 m2/s, following the method of Yuan and Gregory [64].
The initial and boundary conditions were as follows:

ICdomain : C f (0 ≤ x ≤ L, 0 ≤ y ≤ L, z, t) = 0, t = 0 (12)

BCinlet : C f (x = 0, 0 ≤ y ≤ L, z, t) = C0, t > 0 (13)
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BCoutlet : ∂C f (x = L, 0 ≤ y ≤ L, z, t)/∂n = 0, t ≥ 0 (14)

where IC/BC is the initial/boundary condition, L is the longitudinal or vertical length of the fracture
(m), and n is the direction normal to the boundary. The initial concentration was assumed to be zero.
The inlet was a Dirichlet boundary assuming continuous injection with C0, whereas the outlet was an
open boundary with zero diffusive flux. It should be noted that the accurate velocity field calculated
by the Navier-Stokes equation (NSE) is the 3D vector field, but rather mean velocity; therefore,
the transport of solute by dispersion or mechanical mixing, caused by the non-uniform distribution of
the velocity field in the rough-walled fractures, was directly captured in the advection term ∇·(uC)
in the numerical simulation. Consequently, the advection, dispersion and diffusion processes are all
considered in this study [16].

The fluid flow and solute transport models, which are composed of nonlinear partial differential
equations coupled with the velocity, pressure, and concentration fields, were solved using the finite
element method (FEM) and were implemented using the commercial software of COMSOL Multiphysics
5.4 [65].

3.2. Direct Numerical Modeling Settings

The flux-weighted BTCs obtained from the numerical results can be expressed as a ratio of the
effluent solute mass to the fluid mass:

C f =

∫ b
0 uCdz∫ b
0 udz

(15)

To enable convenient comparison of the results, the concentration and time were normalized
as follows:

C′ = C f /C0 (16)

t′ = Qt/V (17)

where C′ is the dimensionless concentration, t′ is the dimensionless time or the pore volume (PV), Q is
the flow rate (m3/s), and V is the volume of the fracture (m3).

In this study, the Péclet number (Pe) is defined as the ratio of the rate of advection to the rate of
diffusion of the same solute driven by the gradient, and the Reynolds number (Re) is defined as follows:

Pe =
ub
Dm

=
Q

WDm
(18)

Re =
ρub
µ

=
ρQ
Wµ

(19)

W is the width of the fracture in Y direction (m).
The specific physical parameters and boundary conditions used in the simulations are summarized

in Table 1.

Table 1. Parameters and boundary conditions used in the simulations.

Parameter Name Symbol (unit) Value

Gravitational acceleration g (m/s2) 9.8
Water density ρ (kg/m3) 1.0 × 103

Water viscosity µ (Pa·s) 1.002 × 10−3 (20 ◦C)
Molecular diffusion coefficient Dm (m2/s) 2.03 × 10−9

Injection concentration C0 (kg/m3) 1.0
Inlet Pressure P (Pa) 0.05

Reynolds number Re (-) 7.885 × 10−5–0.007
Péclet number Pe (-) 0.039–3.567
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3.3. Inverse Modeling Using Breakthrough Curves

3.3.1. 1D Advection–Dispersion Equation (ADE) Model

In this study, it should be noted that in the numerical simulation, the solute transport by dispersion
or by mechanical mixing arises due to the non-uniform distribution of the velocity field within the
rough-walled fractures. In order to investigate the effects of the contact area ratio on the transport
behavior within the fractures, the least square fitting method based on the 1D ADE model was inversely
implemented to fit the BTCs obtained from the direct solute transport simulation. More details on this
method could be found in Dou et al. [9] and Hu et al. [15].

3.3.2. Continuous Time Random Walk

In order to determine whether non-Fickian transport occurs in the numerical simulation cases,
the continuous time random walk (CTRW) model is used. Following the example of Dentz et al. [66]
and Cortis and Berkowitz [67], this approach provides a solution for the one dimensional (1D)
Fokker–Planck equation with a memory term for the Laplace transformed concentration C̃(x, p):

pC̃(x, p) −C0(x) = −M̃(p)
[
uψ

∂
∂x

C̃(x, p) −DCTRW
∂2

∂x2 C̃(x, p)
]

(20)

where p is the Laplace variable, and x is the direction in which the particle moves. uψ and DCTRW
are the transport velocity and the dispersion within the framework of the CTRW model, respectively.
C0 (x) is the initial concentration, and M̃(p) is the memory function, which captures the non-Fickian
transport induced by the local heterogeneity or the local process, and the corresponding formulation is

M̃(p) = tp
ψ̃(p)

1− ψ̃(p)
(21)

where t is the characteristic time, and ψ̃(p) is the Laplace-transformed form ofψ(p). ψ(p) is a probability
density function (PDF), which is the core of the CTRW model and is defined as the probability rate for
a transition time t between the transport sites. In general, there are three different models for ψ̃(p):
the asymptotic model, the truncated power law (TPL) model, and the modified exponential model.
Details of the three different models of ψ̃(p) are described by Cortis and Berkowitz [67]. Here, we only
used the TPL model in the framework of the CTRW model, which is widely used to interpret transport
phenomena at different scales:

ψ̃(p) = (1 + τ2pt1)
β exp(t1p)

Γ
(
−β, τ2

−1 + t1p
)

Γ(−β, τ2−1)
(22)

where t1 is the characteristic transition time for the onset of the power law region, and t2 is the
cut-off time describing when the Fickian behavior dominates, τ2 = t2/t1. Γ() is the incomplete
Gamma function. β is a critical dispersion exponent characterizing the different types of solute
transport. As Cortis and Berkowitz [67] pointed out, 0 < β < 1 indicates highly non-Fickian transport;
while 1 < β < 2 is associated to moderate non-Fickian transport or moderately dispersive transport;
and β > 2 indicates Fickian transport with a Gaussian concentration plume. It should be noted that
both uψ and DCTRW depend on ψ̃(p), which is fundamentally different from the average flow velocity
(u) and the effective dispersion coefficient (DL) in the classical ADE model [9,36,37].
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4. Results and Discussion

4.1. Flow Field in the Fracture

The numerical results for the fractures with H = 0.65 and H = 0.50 at three normal deformations
of ∆u = 0.00, 0.20, and 0.25 mm are used for illustration and comparison without loss of generality.
Figures 6 and 7 show the 3D distributions of the pressure, normalized velocity (U/Umax) and flow
streamlines, respectively, during different normal deformations in fractures with H = 0.65 and 0.50.
As can be seen in Figures 6a–c and 7a–c, for the case of ∆u = 0.00 mm, the iso-surface of the pressure
is almost straight along the direction perpendicular to the flow (y-direction) and the pressure varies
along the flow direction (x-direction) almost linearly in fractures with H = 0.65 and 0.50. However,
as ∆u increases, obvious heterogeneous or uneven distributions of the pressure start to appear in
the fractures. This phenomenon is more obvious for smaller values of H with a dramatic increase in
the contact area (Figure 7). These results are caused by the contact area and the local changes in the
aperture, indicating that the contact area and surface roughness have a significant effect on the overall
pressure distribution within the fractures.
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As can be seen in Figures 6d–f and 7d–f, the flow patterns throughout the fracture models change
significantly with increasing ∆u and decreasing H. For the case of ∆u = 0.00 mm and H = 0.65 (see
Figure 6d), the streamlines of the fluid flow are almost linearly distributed in the fracture domain.
However, the normalized flow velocity (U/Umax) in Figure 6d was heterogeneously distributed within
the fracture domain due to the variable distribution of the fracture aperture. As ∆u increases, such as
for the case of ∆u = 0.25 mm and H = 0.65, the contact spots block off the flow and, thus, the streamlines
go around the contact spots, resulting in preferential flow paths and a complex velocity distribution.
As H decreases, such as for the case of ∆u = 0.25 mm and H = 0.50, the streamlines are cut off by the
widely spread contact areas, causing a significant decrease in the flow area. As a result, the actual flow
paths and/or streamlines become more tortuous at larger ∆u and smaller H. This phenomenon is the
well-known channeling effect. At present, only numerical simulations can realistically illustrate the
process of the complex evolution of flow localization (channeling) under different normal deformation
conditions, since direct measurements and visualizations are not possible.

Figures 6d–f and 7d–f also show that the flow is channeled into the main high-speed streams with
many stagnant zones with very low velocities around the contact areas. It can also be found that the
velocity field within a fracture with a smaller H and larger ∆u is more complex, with the high velocity
regions being more discretely distributed.
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In order to analyze the influence of the normal deformation on the permeability of fractures with
different H values, the relative permeability (K/K0), which relates the permeability at ∆u (K) to the
permeability at ∆u = 0.00 mm (K0) in the flow direction, is calculated. Notably, the permeability in this
study is macroscopic permeability of the fracture, which is obtained by Darcy’s law. The evolution
of K/K0 for different H with respect to ∆u and the contact area ratio c is displayed in Figure 8.
For each fracture roughness, K/K0 decreases as ∆u increases from 0.00 to 0.30 mm. In particular,
when ∆u = 0.30 mm, K/K0 reaches a minimum value and ranges from 0.029 to 0.057 with different H,
indicating that the permeability for different roughness can be 17.5 or 34.5 times smaller than that at ∆u
= 0.00 mm. Comparisons of four fractures with the same ∆u show that K/K0 increases as H increases,
suggesting that under normal deformation conditions, permeability changes more in rougher fractures.
The same evolution of K/K0 with respect to c is shown in Figure 8a. It should be noted that when c
increases, the decrease in K/K0 for a smaller H is more significant than for larger H values. This is
because the aperture distribution within the rougher fracture is more heterogeneous than that within
the smoother fracture (as described in Section 2.2) which results in more tortuous flow paths, and thus
a notable decrease in the permeability of the entire fracture.
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4.2. Importance of Diffusion within the Fracture

In this section, the numerical simulations that do not consider the diffusion process were carried out
to illustrate the importance of the diffusion process in solute transport within a fracture. The simulation
results of the concentration distribution at dimensionless time PV = 0.6 for H = 0.50 at ∆u = 0.00 and
0.20 mm are presented in Figure 9a,c, respectively. For comparison, the corresponding simulation
results considering the diffusion process are also plotted in Figure 9b,d.Water 2020, 12, x FOR PEER REVIEW 13 of 26 
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Figure 9. Comparisons of the concentration distribution in different cases for H = 0.50 at pore
volume (PV) = 0.6. (a) Case1: ∆u = 0.00 mm, without diffusion process; (b) Case1 #: ∆u = 0.00 mm,
with diffusion process; (c) Case2: ∆u = 0.20 mm, without diffusion process; (d) Case2 #: ∆u = 0.20 mm,
with‘diffusion process.

The contour map of Case1 and Case2 shows that the concentration distributions are spotty and
highly fragmented spread along the fractures. Additionally, the transport strongly follows preferential
flow channels and exhibits notable fingering type transport paths. This transport behavior illustrates
the fact that the flow heterogeneity caused by the complex geometric structure of the fracture roughness
and contact areas (as described in Section 4.1) has a significant impact on the transport processes within
the fracture.
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As shown in Figure 9a,c, as ∆u increases from 0.00 to 0.20 mm, the transport channels in Case 2
become more tortuous than those in Case1 due to the increased contact area ratio. As can be clearly
seen in Figure 9c, the zones around the contact area are immobile domains where the dead zones
with zero concentrations are formed. The reason for this is that the velocity around the contact area is
almost 0; this cuts off the pathway for concentration transport into these zones when the absence of the
diffusion obstructs the exchange of the concentration between the immobile zone (zero flow velocity)
and the mobile zone (non-zero flow velocity).

In addition, the iso-surfaces of the concentration distributions in Case1 # and Case2 # are not as
rough as those in Case1 and Case2, and the concentration fronts in Case1 and Case2 migrate faster than
those in Case1 # and Case2 #, while the tails move slower than in Case1 # and Case2 #. This is due to
the transverse redistribution of the concentration caused by the diffusion process, which slows down
the speed of the solute fronts and enhances the mixing process in the tails. According to the analysis of
Fried and Combarnous [68], both advection and diffusion contribute significantly to transport process
when Pe between 0.4 and 5. Therefore, this comparison preliminarily validates the importance of the
diffusion process in the evolution of the concentration field within the fractures, as the Pe numbers
for Case1 # and Case2 # are 2.81 and 0.56, respectively, which indicates that the diffusion process is as
important as the advection process. This finding is important in case of emergency pollution accidents
in fractured rocks when the diffusion process is dominated or the value of Pe is between 0.4 and 5,
according to previous study [68].

The flux-weighted BTCs calculated from the numerical simulations for Case1, Case1 #, Case2,
and Case2 # are illustrated in Figure 10 to show the breakthrough features of the solute transport
within the fractures with or without considering the diffusion process. As was explained in Section 3.2,
the BTCs were calculated using continuous injection conditions. The transport for these cases is
non-Fickian and exhibits early arrival and long tail characteristics. The early arrival and long tail
in Case1 # and Case2 # are shortened and weakened, respectively, compared to those of Case1 or
Case2, suggesting that the diffusion process notably affects the transport characteristics. Therefore, it is
concluded that the final transport characteristics are caused by the combined effects of the advection
and diffusion processes, which can be described by Pe.

Water 2020, 12, x FOR PEER REVIEW 14 of 26 

 

In addition, the iso-surfaces of the concentration distributions in Case1 # and Case2 # are not as 
rough as those in Case1 and Case2, and the concentration fronts in Case1 and Case2 migrate faster 
than those in Case1 # and Case2 #, while the tails move slower than in Case1 # and Case2 #. This is due 
to the transverse redistribution of the concentration caused by the diffusion process, which slows 
down the speed of the solute fronts and enhances the mixing process in the tails. According to the 
analysis of Fried and Combarnous [68], both advection and diffusion contribute significantly to 
transport process when Pe between 0.4 and 5. Therefore, this comparison preliminarily validates the 
importance of the diffusion process in the evolution of the concentration field within the fractures, as 
the Pe numbers for Case1 # and Case2 # are 2.81 and 0.56, respectively, which indicates that the 
diffusion process is as important as the advection process. This finding is important in case of 
emergency pollution accidents in fractured rocks when the diffusion process is dominated or the 
value of Pe is between 0.4 and 5, according to previous study [68]. 

The flux-weighted BTCs calculated from the numerical simulations for Case1, Case1 #, Case2, 
and Case2 # are illustrated in Figure 10 to show the breakthrough features of the solute transport 
within the fractures with or without considering the diffusion process. As was explained in Section 
3.2, the BTCs were calculated using continuous injection conditions. The transport for these cases is 
non-Fickian and exhibits early arrival and long tail characteristics. The early arrival and long tail in 
Case1 # and Case2 # are shortened and weakened, respectively, compared to those of Case1 or Case2, 
suggesting that the diffusion process notably affects the transport characteristics. Therefore, it is 
concluded that the final transport characteristics are caused by the combined effects of the advection 
and diffusion processes, which can be described by Pe. 

  
Figure 10. Breakthrough curves (BTCs) at the outlets for Case1, Case1 #, Case2, and Case2 #. 

Figure 11 shows the values of Pe for the 20 simulation cases in this study. For a given fracture 
roughness, the Pe number decreases as Δu increases. It is clear that as Δu increases, the permeability 
of the fracture decreases and, thus, the flow rate (Q) in the fracture is decreased under the same 
pressure drop condition, resulting in a decrease in Pe. For all of the cases, the value of Pe ranges from 
0.04 to 3.57. This indicates that both the diffusion term and the advection term are important for this 
study and, thus, they are taken into consideration in the following analysis. 

0.5 1 1.5 2 2.5 3 3.5 4
0.0

0.2

0.4

0.6

0.8

1.0
 

D
im

en
si

on
le

ss
 c

on
ce

nt
ra

tio
n 

C
'

Dimensionless time PV

 △u = 0.00 mm(Case1#)
 △u = 0.00 mm(Case1)
 △u = 0.20 mm(Case2#)
 △u = 0.20 mm(Case2)

H=0.50

Figure 10. Breakthrough curves (BTCs) at the outlets for Case1, Case1 #, Case2, and Case2 #.

Figure 11 shows the values of Pe for the 20 simulation cases in this study. For a given fracture
roughness, the Pe number decreases as ∆u increases. It is clear that as ∆u increases, the permeability of
the fracture decreases and, thus, the flow rate (Q) in the fracture is decreased under the same pressure
drop condition, resulting in a decrease in Pe. For all of the cases, the value of Pe ranges from 0.04 to
3.57. This indicates that both the diffusion term and the advection term are important for this study
and, thus, they are taken into consideration in the following analysis.
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4.3. Evolution of the Concentration Field

In order to investigate the influence of normal deformation and contact area on the spatial
evolution of the solute, the same injected pore volumes (0.25, 0.50, 0.75, and 1.0 PV) in Figures 12 and 13
were chosen for H = 0.65 and 0.50 with ∆u = 0.00, 0.20, and 0.30 mm, respectively. As can be seen in
Figures 12 and 13, the evolution of the concentration field is sensitive to the contact area, especially for
the cases with H = 0.50 (Figure 13). For the case of ∆u = 0.00 mm (Figures 12a and 13a), the spatial
evolution of the solute is mainly affected by the surface roughness and aperture distribution of the
fracture (c = 0). It clearly shows that there were several preferential channels of solute transport along
the longitude direction of the fracture. This phenomenon may be explained by the fact that the flow
velocity within the fracture was heterogeneously distributed due to the variable distribution of the
fracture aperture, as stated in Section 3.1. In addition, the transport process is dominated by advection
within the fracture, i.e., the Pe numbers in the cases are larger than 1.0 (Pe = 3.57 for H = 0.65 and
Pe = 2.81 for H = 0.50). When ∆u increases from 0.00 to 0.20 mm (Figures 12b and 13b), the contact area
increases in the relatively small aperture regions (c = 5.27% for H = 0.50, and c = 0.26% for H = 0.65).
The solute around the zones with contact areas exhibited slower transport than the zones without
contact areas. When ∆u increases from 0.20 to 0.30 mm (Figures 12c and 13c), the solute around the
contact areas is further delayed; however, the fingering type transport disappears gradually compared
to the cases with ∆u = 0.00 mm. This is because of the low Pe numbers in the cases with ∆u = 0.30 mm
(i.e., Pe = 0.21 for H = 0.65 and Pe = 0.04 for H = 0.50), which indicates that the transport is dominated
by diffusion. As a result, the preferential transport caused by the channeling effects is masked by the
diffusion process. Nevertheless, due to the dominance of the diffusion process, the movement of the
solute in the cases with ∆u = 0.30 mm is still faster than in the cases with smaller ∆u.

For all of the cases, based on the analysis in Section 4.2, we conclude that the solute first passes
without penetrating the zones near contacts, then, it invades them due to the diffusion. These contact
areas result in the formation of an immobile region and can provide strong resistance against spreading
and mixing. Consequently, the transport of the solute is significantly delayed by the contact areas,
as shown in the cases of ∆u = 0.30 mm in Figures 12c and 13c.
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4.4. BTCs, First Arrival Times and the Residence Time Distributions (RTDs)

In order to analyze the influence of the contact area ratio and normal deformation on solute
transport, the corresponding flux-weighted BTCs were calculated for different values of H and ∆u,
as shown in Figure 14. The typical early arrival and long tail characteristics were observed in all of
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the BTCs, indicating non-Fickian transport. As was discussed in Sections 4.1 and 4.2, the preferential
transport caused by the complex aperture distribution and contact area was likely responsible for
the ubiquitous non-Fickian transport. In fact, for the cases with ∆u = 0.00 mm, the non-Fickian
characteristics were not obvious. However, the early arrival tends to be enhanced as ∆u increases,
which is directly caused by the enhanced preferential transport and diffusion process within the
fracture, as stated in Sections 4.2 and 4.3.
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Figure 14. Variations of BTCs at the outlets for fractures with different ∆u and H. The inserted figures
show the best-fitted BTCs using the advection–dispersion equation (ADE) and continuous time random
walk–truncated power law (CTRW–TPL) models.

To quantify the relationship between the observed early arrival characteristic and the contact
area ratio c in Figure 14, the normalized first breakthrough time Ts′ of the solute transport was
calculated using

Ts′ =
Ts
Ts0

(23)

where Ts is the first breakthrough time (when C′ equals 1 × 10−5) for ∆u = 0.15, 0.20, 0.25, and 0.30 mm,
and Ts0 is the first breakthrough time for ∆u = 0.00 mm.

Figure 15 shows the relationship between Ts′ and c for all numerical simulation cases. The results
show that as c increases, Ts′ decreases rapidly, and it is less than 0.83 when c ≥ 0.03%. In particular,
when c = 22.04%, Ts′ reaches a minimum value of 0.26, indicating that the contact area ratio significantly
affects the breakthrough time of the solute transport within the fractures.

According to the behaviors of the velocity fields and concentration fields within the fracture domain
(Sections 4.1 and 4.3), the presence and development of the contact areas within the rough-walled
fractures divide the fracture into immobile and mobile regions, which represent the zero-velocity or
low-velocity zone and the relatively high-velocity zone, respectively. This mobile-immobile region
causes solute exchange between the two regions across the fracture aperture because of the solute
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diffusion mechanism. Thus, this phenomenon is most likely responsible for the long tails of the BTCs.
In order to characterize the long tail characteristics of the BTCs, the residence time distributions (RTDs)
were calculated for the solute transport within the fractures under different normal deformations.

In this study, the RTDs were derived from the time derivative of the BTCs, RTDs(t) = dC′(t)
dt . Figure 16

shows the RTDs for solute transport through the fractures for different values of H and ∆u. The tail after
the peak is apparent in the RTDs and follows a power-law drop (especially for large ∆u). The degree
of the power-law drop increases as ∆u increases. This is attributed to the increase in the number of
contact spots cutting off the transport channels, thus increasing the arrival time of the solute at the
fracture outlet.
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Figure 16. Variations of residence time distributions (RTDs) for fractures with different ∆u and H.

4.5. Uniformity of the Concentration Distribution within the Fracture

The numerical simulations revealed the important non-uniform concentration distribution within
the fracture caused by the surface roughness and the contact areas, especially when the contact area
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ratio c increases (see Figures 12 and 13). As can be found in Figures 6, 7, 12 and 13, the solute
concentration in the main flow channel is higher than that in other channels, especially the low velocity
zones. However, this non-uniform concentration distribution tends to be uniform for continuously
injected solute. The evolution from non-uniform to uniform concentration distribution determines the
magnitude of the tails of the BTCs, i.e., the longer the evolution process, the heavier the tail. Here,
the metric of concentration distribution index (CDI) proposed in our previous study [15] is applied to
quantify the properties of the non-uniform concentration distribution. The CDI is defined as the ratio
between the total solute concentration within the full-scale fracture domain at dimensionless time t′ or
PV and the solute concentration of the uniform distribution state, which is mathematically equal to the
volume of the entire fracture. The CDI is given by

CDI =

t
Ω C′(x, y, z, t′)dxdydz

t
Ω C0dxdydz

=

t
Ω C′(x, y, z, t′)dxdydz

VC0
(24)

where Ω is the fracture domain or integral domain, and C′(x, y, z, t′) (kg/m3) is the solute concentration
within the fracture at dimensionless time t′ or PV. It should be noted that the larger the value of
CDI(t′), the more uniform the concentration distribution within the fracture domain.

Figure 17 illustrates the temporal evolution of CDI for H = 0.50, 0.55, 0.60, and 0.65 and ∆u = 0.15,
0.20, 0.25, and 0.30 mm. For all of the cases, CDI was less than 1.0 after one PV, suggesting the presence
of the non-uniform concentration distribution within the fracture. The CDI value at PV = 1.0 was
analyzed to quantify the differences between various rough fractures with different normal deformation
values (Figure 18). As can be seen in Figure 18, the CDI at PV = 1.0 decreased as ∆u increases, suggesting
that increasing the contact area enhances the non-uniform concentration distribution within the fracture
domain. This is likely the reason that the transport channel becomes more complex with increasing
contact area, leading to a longer time for the solute to spread and mix around the contact spots,
thereby delaying the time required to reach a uniform distribution (CDI = 1.0). Therefore, for large ∆u,
heavier tails were observed in the BTCs and RTDs.
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Figure 17. Temporal evolution of the concentration distribution index (CDI) for fractures with different
∆u and H.
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Figure 18. Relationships between the CDI (PV = 1.0) and H or ∆u: (a) CDI versus H; (b) CDI versus ∆u.

Figure 18a,b show the CDI as a function of the roughness parameter H for different normal
deformation levels and as a function of ∆u for different H, respectively. As can be seen in Figure 18a,
the fitted trend lines vary linearly with increasing H for increasing CDI, and CDI is larger than 0.90
when ∆u = 0.00 mm, while it is smaller than 0.8 when ∆u = 0.30 mm, indicating that surface roughness
has an important effect on the spreading and mixing process in solute transport. In contrast, when ∆u
increases, the CDI decreases exponentially (Figure 18b), indicating that the increased c, caused by
the normal deformation, results in a longer time for the solute/contaminant to fill the entire fracture.
Therefore, the contact area within the fracture plays an important role in delaying the solute exchange
between the region around the contact areas and the main flow channel, which directly results in the
tails of BTCs.

4.6. Inverse Model for Non-Fickian BTCs

To further investigate the impact of contact area on the non-Fickian transport behavior, the ADE
and CTRW models were used to fit all of the BTCs in this study. The inserted subfigures in Figure 14
show the best-fit results of the BTCs using the ADE and CTRW models. The root mean square error
(RMSE) was introduced to quantify the goodness-of-fit, which is given as follows:

RMSE =

√∑N

i=1

(
C f it,i −Cmodel,i

)2
/N (25)

where C f it,i and Cmodel,i represent the solute’s concentration at the ith point to be compared with the
fitting results and the numerical results, respectively; N is the number of data points in the BTC.

Figure 19 shows the boxplots of the RMSE of the BTCs between the numerical simulations and the
fitted results for all cases. The boxplots in Figure 19 reveal that the mean, maximum, and minimum
values of the CRTW fitting are smaller than the ADE fitting, and the RMSE of the CTRW fittings is
smaller than 1%, indicating that the best-fit results of the BTCs from the CTRW model are better than
those from the ADE model. This is because the TPL model embedded in the CTRW is capable of
capturing the early arrival and long tail phenomena, while the ADE falls short. Physically, the difference
between these two models is that the TPL–CTRW model uses a transition probability function that
allows for local heterogeneity, so it more accurately models the actual solute transport dynamics,
while the ADE inherently treats heterogeneous fractures as homogeneous media with a flow velocity
and dispersion coefficient that are constant in space and time.

β is the estimated parameter of the CTRW model for the numerical simulation cases, and it is
often applied as a metric for quantifying the degree of non-Fickian transport. Therefore, analyzing β
provides insight into the mechanism of the impact of contact area on non-Fickian transport. As can be
seen in Figure 20, βmostly ranges from 0.8 to 2, indicating a moderate non-Fickian transport regime for
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these cases, as described in Section 3.3.2. As can be seen in Figure 20a, the estimated β is smaller within
the fracture for lower H values, indicating that increased surface roughness enhances the heterogeneity
of the solute transport or non-Fickian transport. In addition, Figure 20b,c show that β decreases
exponential as ∆u and/or c increase, further suggesting that the normal deformation-induced contact
area plays a critical role in non-Fickian transport within the rough-walled fracture. The connections
we established between β and H, ∆u and c allow for the upscaling of the effects of local spreading
and mixing processes around the contact areas within the CTRW framework, at least for 3D single
rough-walled fractures.
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Figure 19. Boxplots of the root mean square error (RMSE) of the BTCs between the numerical
simulations and the fitted results: (a) ADE fitting; (b) CTRW fitting.
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5. Conclusions and Suggestions

In this study, a series of 3D self-affine fractal models were established to study the combined
effects of surface roughness and the contact area on non-Fickian transport. Fractures with different
surface roughnesses (H) were considered. The fracture surfaces were generated using the modified
successive random addition (SRA) method. Normal deformation (∆u) was applied on the upper
surface by fixing the lower surface. The evolutions of the aperture distribution and contact area ratio
(c) within the deformed rough-walled fractures were analyzed. In addition, the flow and transport
problem through the deformed rough-walled fractures was solved. The influence of ∆u and c on
the flow paths, permeability, and non-Fickian transport was estimated. The non-Fickian transport
properties resulting from H, ∆u, and c were systematically investigated. The following conclusions
were drawn from the results of this study:

(1) As ∆u increases, the contact area between the two fracture surfaces increases and more void
spaces are reduced. The streamlines within the rough-walled fractures show that the contact areas
block off the flow and, thus, the streamlines go around the contact areas, resulting in preferential
flow paths and a complex velocity distribution. The spatial evolution of the solute within the
fractures for different c values shows that the transport exhibits a strong channeling effect and
notable fingering type transport paths, indicating that the contact conditions have a crucial effect
on the flow paths and solute transport.

(2) The non-Fickian early arrival and long tail characteristics in all of the BTCs for fractures with
different ∆u and H values were captured. The normalized first breakthrough time (Ts’) at the
outlet for different c values was used to quantify the characteristic of the early arrival of the BTCs.
As c varies from 0% to 22.04%, Ts’ decreases from 0.83 to 0.26, indicating that the breakthrough
time of solute transport is shortened as the contact area ratio increases.

(3) The uniformity of the concentration distribution within the fracture was quantified using the
concept of the concentration–dilution index. The temporal evolution of the dilution index reveals
that the immobile zone around the developing contact areas provides strong resistance to solute
transport and delays the solute exchange with the main flow channel. We conclude that the
dilution index at a given pore volume (PV) can effectively describe the relationship between
the magnitude of the tails of the BTCs and the delayed rate of solute exchange. Although the
solute exchange processes between the main flow channel and the contact area cannot be directly
quantified, our results qualitatively highlight the fact that the tails are caused by the increasing
contact area and surface roughness.

(4) The CTRW–TPL model is quite capable of capturing the effect of contact area ratio on non-Fickian
transport in 3D rough-walled fractures. The estimated β values of the CTRW model decrease from
1.92 to 0.81 as c increases from 0% to 22.04% and H decreases from 0.65 to 0.50, indicating that the
developed contact area and rougher fracture surface increase the magnitude of the non-Fickian
transport. The connections we established between β and ∆u and c allow for the upscaling of the
effects of the local spreading and mixing processes around the contact areas within the CTRW
framework, at least for 3D single rough-walled fractures.
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