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Abstract: Riverbanks vary considerably in anti-scourability and consequently take various profiles.
By using an isosceles trapezoid as the generalized form of river channel cross-sections and then
incorporating the effects of bank angle into the variational analytical approach developed by Huang
and Nanson (2000), this study presents a detailed theoretical investigation of the self-adjustment of
alluvial channel forms. It is demonstrated that when alluvial channel flow achieves stable equilibrium,
a significant decrease in riverbank steepness leads to a slight decrease in maximum sediment (bedload)
discharge, and yet results in a significant increase in optimal channel width and a considerable
decrease in optimal channel depth. The hydraulic geometry relations, theoretically derived for bank
steepness to vary across a wide range, show that among the multivariant controls, the roles of bed
sediment size, channel roughness, flow discharge and sediment (bedload) discharge are independent
of bank steepness. While the effects of bank steepness illustrated in the theoretically derived hydraulic
geometry relations are highly consistent with the results of threshold theory and previous empirical
studies, limitations on using bank angle to reflect the anti-scourability of natural riverbanks are
also highlighted.

Keywords: alluvial rivers; riverbank anti-scourability; variational method; equilibrium; river channel forms

1. Introduction

Rivers are self-adjusting systems and able to reach a dynamic equilibrium state of neither erosion
nor deposition through adjusting their channel geometry and gradient [1,2]. The dynamic equilibrium
state of rivers is a very important concept in fluvial geomorphology and river engineering for it embodies
the physical mechanism governing the complex interactions among river flow, sediment transport
and channel forms. Although rivers in many circumstances can deviate from the state of dynamic
equilibrium, the state determines the adjusting direction of river channel forms as it acts as an attractor
in river systems [3–5]. In recent decades, many rivers encounter intensive human disturbances, such as
riverbank reinforcement, dam construction, floodplain occupation for urbanization and agricultural
development, logging practices and many more, and so it is urgent to know to what an extent these
rivers deviate from dynamic equilibrium, or if they are capable of regaining dynamic equilibrium.
Hence, determination of the state of dynamic equilibrium in river channel flow not only helps to
deepen our understanding on how rivers function properly, but can also offer valuable guides to the
practices of preservation and restoration of river systems [6].

For a long time, however, studies of river channel forms in equilibrium have been dominated with
empirical approaches, mainly in the forms of providing qualitative descriptions [7–9] or developing
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statistical hydraulic geometry relations [10–21]. Although the empirical studies have limitations,
typically on uncovering the physical mechanism underlying the self-adjustment of river systems,
they provide a reference for verifying the results of theoretical analyses.

In the process of developing equilibrium theory for understanding the behaviors of river systems,
there is a scientific problem that needs to be solved: three basic equations governing river channel
flow (flow continuity, friction and sediment transport equations) in contrast to four unknown variables
(channel width, depth, slope and flow velocity). To solve the mathematically nonclosure problem,
many hypotheses have been put forward largely in the way of developing an additional flow equation,
typically the so-called stability theories and extreme hypotheses. In the early stages, stability theories
were concentrated on the development of “threshold theory”, which assumes that sediment on the entire
channel boundary is in the critical state for incipient motion in order to make channel flow maintain
stability [2,7]. Later on, stability theories were focused on the conditions that make flow achieve
stability in alluvial channels with equilibrium banks and a mobile bed [22–25]. Although stability
theories provide a reasonable physical explanation for river channel-form adjustment, the analytical
methods they provided in terms of Newtonian formulations are very difficult to use, and the results
they produced are not very satisfactory in many cases [26].

Similar to stability theories, the approach of extremal hypotheses tries to adopt an extremal
condition as an additional flow equation, such as minimum energy gradient [27–34], maximum sediment
transport capacity [35], minimum energy loss rate [36–45], etc. Although this approach is relatively
easy to apply, its applications have led to considerable controversies. The main reasons of the
opponents against using extremal hypotheses are: (1) river channel width calculated by using extreme
hypotheses is always smaller than the observed; and (2) all extreme hypotheses are not based on
sufficiently convincing physical mechanisms [46,47]. On the contrary, the supporters argue that
extremal hypotheses are based on generally applicable physical principles, such as the principles of
minimum work, maximum entropy, etc. [48–50]. In addition, Eaton and Millar (2004) deem that the
opponents applied the extremal approach in an incomplete form and did not consider the impacts of
riverbank anti-scourability on river channel forms [49,51]. On the basis of a series of studies, Eaton and
Millar (2017) developed a so-called UBC model by incorporating the repose angle of bank sediment
into their extremal hypothesis-based framework. Since the incorporation makes the UBC model able to
reflect the effects of riverbank anti-scourability, the model provides acceptable computations of alluvial
channel forms in many situations [26].

Different from stability theories and extremal hypothesis approach, Huang and Nanson (2000)
developed a variational analytical approach, which elucidates the physical mechanism governing the
self-adjustment of river channel-forms in an easily understandable way. By using channel width/depth
ratio as a variational variable to reflect the shape of river channel cross-sections, it can be found
that the number of independent variables in the basic relationships governing alluvial channel flow,
i.e., relationships of flow continuity, resistance and sediment (bedload) transport, can be reduced and
the response of sediment discharge to the variation of channel width/depth ratio, illustrated simply
with a curve-drawing method. As a result, stable equilibrium state is identifiable where sediment
transport discharge reaches a maximum or energy gradient achieves a minimum. Importantly,
the conditions of maximum sediment transport discharge and minimum energy gradient have been
demonstrated to be the different realization forms of the general physical principle of least action in
river systems [3–6,52–55].

Although the variational analytical approach developed by Huang and Nanson (2000) is physically
sound and able to provide acceptable calculations of river channel forms in many circumstances [53–56],
it has not taken into account the impacts of riverbank anti-scourability. So far, the variational analytical
approach has been applied only to river channels that take a rectangular cross-section, with the angle
of 90◦between riverbanks and riverbed. It is well known that the anti-scourability of riverbanks is
related closely to the angle of riverbanks or bank steepness in many situations [51,57–60], and so it is
necessary to examine the applicability of the variational analytical approach to the determination of the
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impacts of bank steepness on alluvial channel forms. Aiming at this objective, this study deploys an
isosceles trapezoid as the generalized cross-sectional form of alluvial channels, and then incorporates
the effects of bank angle into the variational analytical approach developed by Huang and Nanson
(2000) [53]. Consequently, conditions that make alluvial channel flow achieve stable equilibrium can
be defined and theoretical hydraulic geometry relations derived. Finally, the effects of bank angle
on alluvial channel forms are elucidated in detail, and the applicability of the theoretically derived
hydraulic geometry models is evaluated in comparison with the results from previous studies.

2. Basic Flow Relations in an Open Channel with Bedload Transport

Riverbanks are normally composed of various materials, and thus they differ significantly
in anti-scourability, consequently taking considerably different bank profiles. To study the effect
of riverbank anti-scourability on channel forms, many generalized models have been adopted to
reflect the variation of channel bank profile [12,13,26,49]. In terms of previous studies by Eaton and
Millar [26,49,51], this study adopts an isosceles trapezoid as the generalized cross-sectional form of
river channels at bankfull level as shown in Figure 1, and so the steepness of channel banks, or the angle
of channel banks θ, can be regarded as the main factor reflecting the anti-scourability of the banks.

For flow to maintain continuity in an alluvial channel, the following one-dimensional relationship
is applied:

Q = VA (1)

where Q, V and A are the flow discharge, average flow velocity and cross-sectional area of the channel
at bankfull level, respectively.

For uniform and turbulent flow in an open channel, the following Manning formula has been
widely applied to determine flow resistance:

V =
1
n

R2/3S1/2 (2)

where n, R and S are the roughness coefficient, hydraulic radius and channel slope of the study
channel, respectively.
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The shear force of flow has been widely regarded as the main driving factor for bedload
movement [61–65] and the resultant numerous bedload transport formulas take the generalized
form of:

qb = cbτ
i
0(τ0 − τc)

j (3)

where qb is the rate of bedload transport on the unit width of channel bed, cb is a coefficient, τb is
the average shear stress of flow acting on the entire cross-section of the channel (τ0 = γ RS), τc is the
critical shear stress for the incipient motion of bed sediment, and i and j are exponents.

In many circumstances, the following simplified form of Equation (3) has been demonstrated
capable of yielding acceptable results:

q∗b = cb
(
τ∗0 − τ

∗
c

) j
(4)
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where q∗b, τ∗0, τ∗c are, respectively, the dimensionless bedload transport rate on unit width of channel
bed, the dimensionless average flow shear stress, and the dimensionless critical flow shear stress,
which separately take the following specific expressions:

q∗b =
qb√

(γs/γ− 1)gd3
=

Qs/Pb√
(γs/γ− 1)gd3

; τ∗0 =
τ0

(γs − γ)d
=

γRS
(γs − γ)d

; τ∗c =
τc

(γs − γ)d
(5)

In Equation (5), Pb is the wetted perimeter of channel bed (equivalent to the width of channel bed
as shown in Figure 1), on which bedload transport takes place, Qs is the sediment discharge in the
form ofthe rate of bedload transport over the whole channel bed Pb, γs and γ are the specific weight of
sediment particles and water, respectively, ρs and ρ are the density of sediment particles and water,
respectively (2650 kg/m3 and 1000 kg/m3, respectively), g is the gravity acceleration (9.8 m/s2), and so
γs = ρsg and γ = ρg.

In Equation (4), cb, τ∗c and j have been given considerably different corresponding values in
various studies [61,64,65], among which, Huang (2010) argued based on a solid theoretical analysis of
the interactions among channel geometry, bedload transport and flow resistance, that j should take a
value of 5/3. Consequently, fitting Equation (4) with a wide range of laboratory observations yields the
most suitable values of cb and τ∗c to be 6 and 0.047, respectively, leading Equation (4) to take a specific
form of:

q∗b = 6
(
τ∗0 − 0.047

)5/3
(6)

3. Variational Analysis of the Effect of Channel-Form Adjustment on Bedload Transport

According to the variational analytical method developed by Huang and Nanson [53], the cross-
sectional shape factor of river channels, i.e., width–depth ratio ζ, needs to be treated as a variational
variable, which for the trapezoid-form channel shown in Figure 1 is defined as:

ζ =
W
D

(7)

where W and D are the width and depth of the channel, respectively.
For the channel form shown in Figure 1, the following geometric relationships maintain:

Pb = (ζ− 2 tanθ)D, R = (ζ− tanθ)(ζ+ 2 secθ− 2 tanθ)−1D (8)

By incorporating the channel geometrical relationships in Equations (7) and (8) into the
relationships of flow continuity and resistance presented in Equations (1) and (2), channel width W,
depth D and flow shear stress τ0 can be written as the functions of channel roughness coefficient n,
flow discharge Q, channel slope S and width–depth ratio ζ in the forms of:

W = (nQ)3/8S−3/16ζ(ζ+ 2 secθ− 2 tanθ)1/4(ζ− tanθ)−5/8

D = (nQ)3/8S−3/16(ζ+ 2 secθ− 2 tanθ)1/4(ζ− tanθ)−5/8

τ0 = γ(nQ)3/8S13/16(ζ+ 2 secθ− 2 tanθ)−3/4(ζ− tanθ)3/8
(9)

Consequently, by combining the bedload transport relationships presented in Equations (5) and
(6) with Equation (9) and the relationship of Qs = qbPb, bedload discharge Qs can be written as the
function of width/depth ratio ζ and angle of riverbank slope θ in the form of:

Qs =
K0(ζ+ 2 sec cθ−2 tanθ)1/4

(ζ− tanθ)5/8(ζ− 2 tanθ)−1

K1
(ζ+ 2 secθ−2 tanθ)1/4 (ζ− tanθ)3/8

(ζ+ 2 secθ−2 tanθ)
− 0.047

5/3

(10)
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where coefficients K0 and K1 take the following separate expressions:

K0 = 24.1275d3/2(nQ)3/8S−3/16

K1 =
γ(nQ)3/8S13/16

(γs−γ)d

(11)

Assuming that flow discharge at bankfull Q takes a value of 1600 m3/s, channel slope or energy
gradient S is 2/10,000, sediment size d is 0.3 mm, and n is 0.03, the variations of Qs with a change
in width–depth ratio ζ from 10 to 1000 are computed according to Equations (10) and (11) for bank
slope θ to take each of the specific values of 0◦, 30◦, 45◦ and 60◦. Figure 2 and Table 1 present the
computed results. It can be seen from Figure 2 that for each of the specific values of θ, an increase in
channel width–depth ratio ζ from 10 to 1000 makes Qs increase gradually at the early stage, then reach
a maximum and afterwards decline gradually. Importantly, it is seen clearly that in the situation of
Qs < Qsmaxm, a given QsQs can be satisfied with two values of channel width–depth ratio ζ and only
when Qs equals the maximum, or Qs = Qsmaxm, does channel width–depth ratio ζ take a unique value
of ζm.
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Figure 2. Relationships of bedload transport rate Qs against channel width/depth ratio ζ under different
values of bank angle θ.

As investigated in detail by Huang et al. (2004) and Nanson and Huang (2008, 2017, 2018),
the physical mechanism underlying the results presented in Figure 2 is that in the situation of
Qs = Qsmaxm, flow has no excessive power or energy to expend, and so can take only a unique channel
which is neither very narrower and deeper nor very wider and shallower [3–6]. In contrast, flow has
excessive power or energy to expend in the situation of Qs < Qsmaxm and so can take either a much
narrower and deeper channel or a much wider and shallower one, because the channels of the two
shapes can yield much larger boundary resistance. Hence, in theory, the situation of Qs = Qsmaxm

reflects the most stable equilibrium state of river-channel flow and is the objective for flow to adjust
channel geometry in the situation of Qs < Qsmaxm. That is to say, when a river channel possesses a fully
adjustable boundary, it can achieve the most stable equilibrium state after a self-adjusting process from
the situation of Qs < Qsmaxm. Therefore, the state of Qs = Qsmaxm reflects the equilibrium state of all
fully adjustable river channels (e.g., Huang et al., 2004; Nanson and Huang, 2008, 2017, 2018) [3–6].

If a river channel possesses only a partially adjustable boundary, it is not possible to adjust the
channel to the most stable equilibrium state of Qs = Qsmaxm when flow is in the situation of Qs < Qsmaxm.
As a result, the given conditions of channel slope, sediment size and straight single-channel planform
have to change to some degrees. In the situation of Qs > Qsmaxm, there is no mathematical solution of
channel width–depth ratio because flow is short of sufficient energy to transport sediment load. Thus,
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aggradation becomes necessary, making not only channel geometry but also the given conditions of
channel slope, sediment size and straight single-channel planform change to some degrees. These
changes are generally in very complex forms and have been addressed largely in empirical manners
(e.g., Schumm, 1971) [9].

Furthermore, it can be noticed from Figure 2 and Table 1 that when bank angle θ takes values
of 0◦, to 30◦, 45◦ and finally 60◦, the maximum values of Qs or Qsmaxx, become smaller and smaller,
with the corresponding values of 0.08733, 0.08708, 0.08670 and 0.08601 m3/s, respectively, while the
corresponding optimal values of the width–depth ratio, or ζm, become larger and larger, with the
corresponding values of 101, 113, 128.7 and 168.5, respectively. When θ= 30◦ is taken as a reference
level, it can be found from Table 1 that with θ taking respective values of 0◦, 45◦ and 60◦, ζm varies
in the wide range of from −10.62% to 49.12%, while Qsmax varies in the narrow range of from –1.23%
to 0.29%. This demonstrates clearly that bank slope θ exerts a much more significant influence on
optimal width–depth ratio of river channels, or ζm, than on the maximum sediment (bedload) transport
discharge Qsmax.

Table 1. Values of maximum sediment transport rate Qsmax and optimal channel width/depth ratio ζm

under different values of bank angle θ.

θ ζm
ζm−ζm0
ζm0

(%) Qsmax (m3/s) Qsmax−Qsmax0
Qsmax0

(%)

0◦ 101 −10.62 0.08733 0.29
30◦ 113 0 0.08708 0
45◦ 128.7 13.89 0.08670 −0.44
60◦ 168.5 49.12 0.08601 −1.23

When n, Q, S, and θ are taken as given constants, the following differential equations can be
derived from the relationships presented in Equation (9):

1
D

dD
dζ = −

(−3ζ−10 secθ+8 tanθ)
8(ζ−tanθ)(ζ+2 secθ−2 tanθ) ;

1
W

dW
dζ =

8(ζ−tanθ)(ζ+2 secθ−2 tanθ)+ζ(−3ζ−10 secθ+8 tanθ)
8(ζ−tanθ)(ζ+2 secθ−2 tanθ) ;

1
τ0

dτ0
dζ =

F−E tanθ−8(ζ−tanθ)2(ζ+2 secθ−2 tanθ)

8(ζ−tanθ)(ζ+2 secθ−2 tanθ)2

(12)

where coefficients F and E are determined separately by:

E = (−3ζ− 10 secθ+ 8 tanθ)(ζ+ 2 secθ− 2 tanθ);

F = [8(ζ− tanθ)(ζ+ 2 secθ− 2 tanθ) + ζ(−3ζ− 10 secθ+ 8 tanθ)](ζ+ 2 secθ− 2 tanθ)
(13)

Taking into account the relationship of Qs = qbPb = qb(W − 2D tanθ) and the bedload transport
relationship presented in Equation (3), the following differential relationship of Qs against ζ can
be derived:

1
Qs

dQs

dζ
=

1
W − 2D tanθ

d(W − 2D tanθ)
dζ

+

(
i +

τ0 j
τ0 − τc

)
1
τ0

dτ0

dζ
(14)

When bedload discharge Qs reaches a maximum, the following condition needs to be satisfied:

dQs

dζ
= 0 (15)

which, in combination with the relationships in Equations (12) and (14), yields the following condition:

τ0

τc
=

F1
−C1 + B1i

F1 −C1 + B1(i + j)
(16)
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where parameters F1, B, B1, C and C1 take the following respective expressions:

F1 = F(ζ− tanθ);

B = F− E tanθ− 8(ζ− tanθ)2(ζ+ 2 secθ− 2 tanθ);

B1 = B(ζ− 2 tanθ);

C = 2E tanθ;

C1 = C(ζ− tanθ)

(17)

When Equation (6) is adopted to determine the rate of bedload transport, i and j take respective
values of 0 and 5/3, and consequently Equation (16) becomes:

τ0

τc
=

F1
−C1

F1 −C1 + (5/3)B1
(18)

which is equivalent to:
τ0 − τc

τc
=

−(5/3)B1

A1 −C1 + (5/3)B1
(19)

It can be seen from Equation (19) that to satisfy the condition that bedload discharge Qs reaches
a maximum as defined in Equation (15), there is a lower threshold in the shear stress when τ0 = τc.
At the threshold, it can be found from Equation (19) that it requires B1 = 0, which, according to the
expression of B1 in Equation (17), can be satisfied with the condition of either B = 0 or ζ− 2 tanθ = 0.
Although B has a very complex relationship with θ and ζ as shown in Equation (17), it can be found
that the condition of B = 0 can be satisfied when ζ = tanθ or ζ = 2 secθ. As a whole, there are three
conditions that can make B1 = 0 in Equation (19). Nevertheless, only the condition of ζ = 2 secθ
can be regarded as reasonable because when θ = 0, the isosceles trapezoid cross-section of the study
channel becomes a rectangle as shown in Figure 1, which yields ζm = 2 as what has been demonstrated
in previous studies (e.g., Huang and Chang, 2006) [52]. Hence, the reasonable condition at the lower
threshold of τ0 = τc is:

ζmc = 2 secθ (20)

When bank angle θ takes respective values of 0◦, 30◦, 45◦ and 60◦, it can be computed from
Equation (20) that the optimal width–depth ratio at the threshold, or ζmc, takes values of 2, 2.3094,
2.8284 and 4, respectively. Clearly, the optimal width–depth ratio of the study channel at the lower
threshold increases significantly with an increase in bank angle θ or a decrease in bank steepness.

4. Effects of Riverbank Steepness on Equilibrium Channel Geometry

4.1. Equilibrium Channel Relations at the Lower Threshold

When river flow is at the critical state for the incipient motion of bed sediment, i.e., τ0 = τc,
combining Equation (20) with Equation (9) yields the following threshold equilibrium channel relations:

Wmc = aQ6/13≈0.46

Dmc = bQ6/13≈0.46

Smc = cQ−6/13≈−0.46
(21)

where coefficients a, b and c are determined respectively by the relationships of:

a = c−3/16n3/8(ζmc + 2 secθ− 2 tanθ)1/4(ζmc)(ζmc − tanθ)−5/8

b = c−3/16n3/8(ζmc + 2 secθ− 2 tanθ)1/4(ζmc − tanθ)−5/8

c = [0.047 (γs−γ)d
γ(n3/8)

(ζmc + 2 secθ− 2 tanθ)3/4(ζmc − tanθ)−3/8]
16/13

(22)
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Assuming n = 0.03, d =0.3 mm, ρs = 2650 kg/m3 and ρ = 1000 kg/m3, the values of coefficients a, b
and c in Equation (21) are then computed according to Equation (22) when bank angle θ takes respective
values of 0◦, 30◦, 45◦ and 60◦. Table 2 presented the computed results and it can be seen that with θ
taking different values, the coefficients in the relations change in complex forms. Specifically, coefficient
a increases significantly with an increase of θ, while coefficients b and c vary in complex forms within
very small ranges and maintain the relationship of b · c ≈ 4.6 · 10−5. This demonstrates clearly that
when flow in a river channel reaches the lower threshold, a decrease in riverbank steepness can result a
wider and shallower channel cross-section, while channel depth and slope remain almost unchanged.

Table 2. Equilibrium channel relations at the lower threshold under different values of bank angle θ.

θ ζm Values of the Coefficients in Equation (22)

0◦ 2
a = 3.5613
b = 1.7807
c = 2.6131× 10−5

30◦ 2.31
a = 4.3948
b = 1.9025
c = 2.4453× 10−5

45◦ 2.83
a = 5.2499
b = 1.8551
c = 2.5071× 10−5

60◦ 4
a = 6.7210
b = 1.6803
c = 2.7693× 10−5

4.2. Averaged Equilibrium Channel Relations

When flow in a river channel is in the state of τ0 > τc, it can be seen from Equations (18) and (19)
that there is no upper limit for Equation (15) to be satisfied or for sediment (bedload) discharge Qs to
reach Qsmax. Hence, when Qs = Qsmax, combining Equations (18) and (17) with Equations (7) to (9) and
the relationship of Qs = qbPb = qb(W − 2D tanθ), and then eliminating channel slope S such that the
optimal channel width–depth ratio ζm can be expressed as a function of flow discharge Q, sediment
discharge Qs, sediment size d, roughness coefficient n and the angle of channel banks θ in the form of:(

−(5/3)B1

F1−C1+(5/3)B1

)65/9 F1
−C1+(5/3)B1

F1−C1
(ζm−2 tanθ)13/3

(ζm−tanθ)7/3 (ζm + 2 secθ− 2 tanθ)1/3

= 3.0725 ∗ 102d−11/2 Q13/3
s

(nQ)2

(23)

Consequently, the following relationships can be derived by combining Equation (23) with
Equations (18), (17), (6) and (9) to determine equilibrium channel slope Sm, width Wm and depth Dm as:

Sm =
(

−(5/3)B1

A1−C1+(5/3)B1

)80/9
(ζm−2 tanθ)16/3

(ζm−tanθ)10/3 (ζm + 2 secθ− 2 tanθ)4/3
∗

(3.7136 ∗ 10−5d8 (nQ)2

Q16/3
s

)

(24)

Wm =
Qsζ

1.4768 ∗ 10−1d3/2
(

−(5/3)B1

A1−C1+(5/3)B1

)5/3
(ζ− 2 tanθ)

(25)

Dm =
Qsζ

1.4768 ∗ 10−1d3/2ζ
(

−(5/3)B1

A1−C1+(5/3)B1

)5/3
(ζ− 2 tanθ)

(26)

Equations (18) and (19) show clearly that theoretically there is no upper limit in the variation
of ζm, that is ζm can take any value in the range of ζmc to +∞ under the given conditions. However,
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the width–depth ratios of actual river channels rarely exceed 1000, and so we assume that the maximum
value of ζm is 1000. Nevertheless, Equation (18) shows that bank angle θ has a significant influence on
ζm and when θ takes a value of 60◦, letting ζm vary from ζmc to 1000 requires τ0/τc to change in the
range of from 1 to 195.70. By assuming that when θ takes values other than 60◦and letting τ0/τc vary
in the range of from 1 to 195.70 in all cases, the potential varying range of ζm for each given value of θ
can be calculated from Equation (18). Table 3 presents the calculated results, with the potential varying
ranges of ζm being defined in integers approximately.

Table 3. Values and potential varying ranges of optimal channel width/depth ratio ζm under different
values of bank angle θ.

θ ζm
Potential Varying

Range of ζm

0◦ 625 3–625
30◦ 749.8 3–749
45◦ 878.2 3–878
60◦ 1000 5–1000

Since the equilibrium channel relations presented in Equations (23)–(26) are in very complex
forms, typically the terms containing ζm. By allowing θ to take a value of 0◦ and ζm vary from 3 to 625
with an increment of 1 in terms of the results presented in Table 4, regression analyses are conducted
and the complex terms containing ζm in Equations (23)–(26) can be expressed approximately in the
averaged forms respectively as:(

−(5/3)B1

A1 −C1 + (5/3)B1

)65/9 A1
−C1 + (5/3)B1

A1 −C1
ζm

2(ζm + 2)1/3
≈ 1 ∗ 10−4ζm

8.8809, R2 = 0.998 (27)

(
−(5/3)B1

A1 −C1 + (5/3)B1

)80/9

ζ2
m(ζm + 2)4/3

≈ 4 ∗ 10−6ζm
12.5699, R2 = 0.9988 (28)

(
−(5/3)B1

A1 −C1 + (5/3)B1

)5/3

≈ 0.0935 ∗ ζm
1.7396, R2 = 0.9934 (29)

(
−(5/3)B1

A1 −C1 + (5/3)B1

)5/3

ζm ≈ 0.0935 ∗ ζm
2.7396, R2 = 0.9974 (30)

Incorporating relations in Equations (27)–(30) into Equations (23)–(26), the following averaged
equilibrium channel relations can be obtained:

Wm = 7.4642 ∗ 105d1.0773(nQ)0.3918Q0.1512
s = 7.4642 ∗ 105d1.0773n0.3918

(Qs
Q

)0.1512
Q0.5430

Dm = 1.3887 ∗ 105d1.6967(nQ)0.6170Q−0.3386
s = 1.3887 ∗ 105d1.6967n0.6170

(Qs
Q

)−0.3368
Q0.2802

Sm = 0.2268d0.2159(nQ)−0.8306Q0.7996
s = 0.2268d0.2159n−0.8306

(Qs
Q

)0.7996
Q−0.0310

(31)

In a similar way, the averaged equilibrium channel relations for bank angle θ to take respective
values of 30◦, 45◦ and 60◦ can be obtained. Table 4 presents the equilibrium channel relations for
all of the four cases when bank angle θ takes respective values of 0◦, 30◦, 45◦ and 60◦, and it can be
seen clearly that the four independent variables of sediment size d, channel roughness coefficient n,
flow discharge Q and sediment discharge Qs all play very important roles in shaping river channel
forms. To examine if bank angle θ affects the performance of the four variables, the varying ranges of
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the exponents of the four variables in four sets of equilibrium channel relations for bank angle θ to
take significantly different values of 0◦, 30◦, 45◦ and 60◦ are summarized from Table 4 as:

Wm = KWd1.0773∼1.0918n0.3918∼0.3966
(Qs

Q

)0.1407∼0.1512
Q0.5373∼0.5430

Dm = KDd1.6838∼1.6967n0.6124∼0.6170
(Qs

Q

)−(0.3368∼0.3269)
Q0.2802∼0.2855

Sm = Ksd0.2159∼0.2469n−(0.8194∼0.8306)
(Qs

Q

)0.7996∼0.7754
Q−(0.0310∼0.044)

(32)

where KW , KD and KS are coefficients.
It is seen clearly from Equation (32) that although bank angle θ takes significantly different values

of 0◦, 30◦, 45◦ and 60◦, the exponents of sediment size d, channel roughness coefficient n, flow discharge
Q and sediment discharge Qs in channel width, depth and slope relations all vary in very narrow
ranges. Hence, these exponents encounter almost no influences from bank angle or bank steepness
and so can be regarded as constants.

The variations of coefficients KW , KD and KS in Equation (32) when bank angle θ takes respective
values of 0◦, 30◦, 45◦ and 60◦ are presented in Figure 3. It is seen clearly that KW varies in a gradually
increasing form, taking values of 7.4642 × 105, 8.1238 × 105, 9.6346 × 105 and 11.387 × 105, respectively,
with an increase of up to 52.6%. Nevertheless, KD varies in a gradually decreasing form, taking values
of 1.3887 × 105, 1.2739 × 105, 1.1677 × 105 and 1.0892 × 105, respectively, with a 21.6% decrease in down.
However, KS varies not in a consistent form, increasing at the early stages and finally decreasing by
taking respective values of 0.2268 to 0.2744, 0.3103 and 0.2471. The difference between the maximum
and minimum values of KS is very small, with a value of 0.0835, and as such, KS can be regarded as a
constant of about 0.27. These results demonstrate clearly that an increase in riverbank angle, that is a
decrease in riverbank steepness, can result in a wider and shallower channel cross-section and vice
versa. Nevertheless, such a change in bank angle θ exerts only insignificant influences on channel
slope measured by the variation of coefficient KS.

Table 4. The averaged equilibrium channel relations under different values of bank angle θ.

θ ζm Averaged Equilibrium Channel Relations

0◦ 3 ≤ ζm ≤ 625

Wm = 7.4642 ∗ 105d1.0773(nQ)0.3918Q0.1512
s = 7.4642 ∗ 105d1.0773n0.3918

(Qs
Q

)0.1512
Q0.5430

Dm = 1.3887 ∗ 105d1.6967(nQ)0.6170Q−0.3386
s = 1.3887 ∗ 105d1.6967n0.6170

(Qs
Q

)−0.3368
Q0.2802

Sm = 0.2268d0.2159(nQ)−0.8306Q0.7996
s = 0.2268d0.2159n−0.8306

(Qs
Q

)0.7996
Q−0.0310

30◦ 3 ≤ ζm ≤ 749

Wm = 8.1239 ∗ 105d1.0804(nQ)0.3928Q0.1489
s = 8.1239 ∗ 105d1.0804n0.3928

(Qs
Q

)0.1489
Q0.5417

Dm = 1.2739 ∗ 105d1.6961(nQ)0.6168Q−0.3363
s = 1.2739 ∗ 105d1.6961n0.6168

(Qs
Q

)−0.3363
Q0.2805

Sm = 0.2744d0.2210(nQ)−0.8288Q0.7957
s = 0.2744d0.2210n−0.8288

(Qs
Q

)0.7957
Q−0.0331

45◦ 3 ≤ ζm ≤ 878

Wm = 9.6346 ∗ 105d1.0905(nQ)0.3966Q0.1407
s = 9.6346 ∗ 105d1.0905n0.3966

(Qs
Q

)0.1407
Q0.5373

Dm = 1.1677 ∗ 105d1.6838(nQ)0.6124Q−0.3269
s = 1.1677 ∗ 105d1.6838n0.6124

(Qs
Q

)−0.3269
Q0.2855

Sm = 0.3103d0.2469(nQ)−0.8194Q0.7754
s = 0.3103d0.2469n−0.8194

(Qs
Q

)0.7754
Q−0.044

60◦ 5 ≤ ζm ≤ 1000

Wm = 11.387 ∗ 105d1.0918(nQ)0.3960Q0.1420
s = 11.387 ∗ 105d1.0918n0.3960

(Qs
Q

)0.1420
Q0.5380

Dm = 1.0892 ∗ 105d1.6848(nQ)0.6140Q−0.3286
s = 1.0892 ∗ 105d1.6848n0.6140

(Qs
Q

)−0.3286
Q0.2854

Sm = 0.2471d0.2446(nQ)−0.8254Q0.7884
s = 0.2471d0.2446n−0.8254

(Qs
Q

)0.7884
Q−0.037
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Figure 3. Relationships between coefficients KW , KD and KS in equilibrium channel relations in
Equation (32) and riverbank angle θ: (a) Relationship between coefficients KW and θ; (b) Relationship
between coefficients KD and θ; and (c) Relationship between coefficients KS and θ.

When S is regarded as an independent variable and Qs a dependent variable, Qs is replaced in
terms of the relationship for determining Sm in Equation (31). As a result, the averaged equilibrium
channel relations derived from Equations (31) and (1) are consistent with so-called hydraulic geometry
relations as:

Wm = 152.4097d−0.0408(nQ)0.5489S0.1891

Dm = 0.0805d0.0909(nQ)0.2671S−0.4212

Vm = 0.0815d−0.0501n−0.8160Q0.1840S0.2321

(33)

In a similar way, the averaged hydraulic geometry relationships for θ to take respective values
of 30◦, 45◦ and 60◦ can be obtained. Table 5 presents the equilibrium channel relations for all of the
four cases when bank angle θ takes respective values of 0◦, 30◦, 45◦ and 60◦ and it is seen clearly that
the four independent variables of sediment size d, channel roughness coefficient n, flow discharge Q
and sediment discharge Qs all play very important roles in shaping river channel forms. To examine
if bank angle θ affects the performance of the four variables, the varying ranges of the exponents of
the four variables in four sets of equilibrium channel relations for bank angle θ to take significantly
different values of 0◦, 30◦, 45◦ and 60◦ are summarized from Table 5 as:

Wm = K′Wd−(0.0408∼0.0448)S0.1768∼0.1891(nQ)0.5431∼0.5489

Dm = K′Dd0.0909∼1.1019S−(0.4168∼0.4226)(nQ)0.2655∼0.2692

Vm = K′Vd−(0.0501∼0.0593)n−(0.8122−0.8160)S0.2321−0.4226Q0.1840∼0.1878

(34)

where K′W , K′D and K′V are coefficients.
Equation (34) shows clearly that although bank angle θ takes significantly different values of 0◦,

30◦, 45◦ and 60◦, the exponents of sediment size d, channel roughness coefficient n, flow discharge Q
and sediment discharge Qs in hydraulic geometry relations vary all in very narrow ranges. Hence, bank
angle or bank steepness exerts almost no influences on these exponents and so they can be regarded
as constants.
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Table 5. The averaged hydraulic geometry relations under different values of bank angle θ.

θ ζm Averaged Hydraulic Geometry Relations

0◦ 3 ≤ ζm ≤ 625

Wm = 152.4097d−0.0408(nQ)0.5489S0.1891

Dm = 0.0805d0.0909(nQ)0.2671S−0.4212

Vm = 0.0815d−0.0501n−0.8160Q0.1840S0.2321

30◦ 3 ≤ ζm ≤ 749

Wm = 162.449d−0.0414(nQ)0.5479S0.1871

Dm = 0.0776d0.0934(nQ)0.2655S−0.4226

Vm = 0.0798d−0.0520n−0.8134Q0.1866S0.2395

45◦ 3 ≤ ζm ≤ 878

Wm = 171.5476d−0.0448(nQ)0.5453S0.1815

Dm = 0.0736d0.1041(nQ)0.2669S−0.4216

Vm = 0.0792d−0.0593n−0.8122Q0.1878S0.2401

60◦ 5 ≤ ζm ≤ 1000

Wm = 205.509d−0.0441(nQ)0.5431S0.1768

Dm = 0.0698d0.1019(nQ)0.2692S−0.4168

Vm = 0.0697d−0.0578n−0.8123Q0.1877S0.2400

The variations of coefficients K′W , K′D and K′V in Equation (34) are presented in Figure 4 for bank
angle θ to take respective values of 0◦, 30◦, 45◦ and 60◦. It is seen clearly from Figure 4 that K′W varies
in a gradually increasing form, taking respective values of 152.4097, 162.499, 171.5476. and 205.509,
with an increase of up to 34.84%. Nevertheless, K′D varies in a gradually declining form, taking
respective values of 0.0805, 0.0776, 0.0736 and 0.0698, with a maximum decrease of down to 86.71%.
Although varying in a very small range, K′V takes a slowly and then faster declining form, taking
respective values of 0.0815, 0.0798, 0.0792 and 0.0697, with a maximum decrease of 85.52% in down.
These results demonstrate clearly that an increase in bank angle or a decrease in riverbank steepness
can result in a wider and shallower channel cross-section with a lower velocity and vice versa.Water 2019, 11, x FOR PEER REVIEW 13 of 19 
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5. Comparison of Theoretical Results with Previous Studies

5.1. Equilibrium Channel Relations at the Lower Threshold

When the equilibrium channel relations at the lower threshold presented in Equation (21) are
compared with those from classic “threshold theory” (e.g., Lane, 1952) [66], a perfect agreement is
achieved in the reflection of the roles of flow discharge in determining river channel width, depth and
slope, as shown in Table 6. However, there is a considerable difference between width/depth ratios.
This is because the classic “threshold theory” assumed that sediment at every point on the wetted
perimeter of the cross-section is in a state of impending motion. This embodies a very idealistic case
because the banks and bed of natural river channels commonly differ significantly in the states of
motion such that the width–depth ratios of the channels can take values of as low as 2 (e.g., Nanson
et al., 2010) [67]. Because our study is concerned with river channels that possess different states of
motion on channel banks and bed, the theoretical results of width–depth ratios obtained in our study
are much closer to those of natural river channels as observed by Nanson et al. (2010) [67].

Table 6. The lower threshold channel relations in comparison with “threshold theory”.

Channel Geometry Factors This Study Threshold Theory (Lane, 1952) [66]

Width (W) W ∝ Q0.46 W ∝ Q0.46

Depth (D) D ∝ Q0.46 D ∝ Q0.46

Slope (S) S ∝ Q−0.46 S ∝ Q−0.46

Width/depth ratio (W) 2–4 7.05–8.61*

* The angle of repose takes values of 30–35◦.

5.2. Averaged Equilibrium Channel Relations

It has long been identified that flow discharge Q is the predominated factor determining alluvial
channel forms, with “regime theory” developed empirically from field measurements in stable canals
in India, Pakistan, and the USA in early 20th century gaining worldwide recognition [10,67]. However,
studies on natural river channel forms have shown that the roles of flow discharge in the one-variant
hydraulic geometry model of W ∝ Qb, D ∝ Q f and V ∝ Qm vary considerably not only from one river to
another, but even from one reach to another on the same river, with exponents b, f and m taking values
ranging respectively within 0.3–0.6, 0.2–0.5 and 0.0~0.2 most frequently (Rhodes, 1987) [68]. As a result,
the development of multivariant models has been practiced in recent decades. In particular, through
examining the applicability of a relationship developed based on flume experimental observations
between shear stress distribution on channel banks and bed with channel width/depth ratio in a wide
range of stable canals and natural river channels, Huang and Warner (1995) established the following
multivariant hydraulic geometry model [69]:

W = CWQ0.5n0.355S−0.156

D = CDQ0.3n0.383S−0.206

V = CVQ0.2n0.383S−0.206

(35)

where coefficients CW , CD and CV are determined by bank strength. Using the hydraulic geometry
model presented in Equation (35), Huang and Nanson (1998) performed a detailed analysis of
worldwide observations on river channel forms and bank compositions, and identified that bank
strength in relation to bank compositions can produce a three-fold change in channel width and about
a two-fold change in depth, or 2 ≤ CW ≤ 6.5 and 0.33 ≤ CD ≤ 0.63, respectively [13].
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Equation (35) shows clearly that besides flow discharge Q channel slope S, channel roughness
coefficient n and bank strength also play very important roles in shaping river channel forms.
Nevertheless, the hydraulic geometry relations theoretically derived in this study as presented in
Table 5 shows that sediment size d is also a very important factor that needs to be taken into account in
determining river channel forms. In fact, the influence of sediment size on channel forms has long been
recognized [68]. Hence, our theoretical results provide a more comprehensive hydraulic geometry
model. Importantly, when the effects of the other factors including channel slope S, sediment size
d, channel roughness coefficient n and bank scourability are not very significant and can be ignored
without causing significant errors as they are in the simple case of stable canals, Table 7 presents the
comparison of the one-variant hydraulic geometry relations theoretically derived in this study with
those summarized by Rhodes (1987) and developed by Huang and Warner (1995) [68,69]. It can be
noticed that the exponents of flow discharge Q obtained in our theoretical study fall into the most
frequently occurred ranges given by Rhodes (1987), and are almost identical with the results obtained
in the semi-theoretical study of Huang and Warner (1995) [69].

Table 7. Comparison of the hydraulic geometry relations obtained in this study with the studies by
Rhodes (1987) [68] and by Huang and Warner (1995) [69].

Hydraulic Geometry
Factors This Study Hydraulic Geometry Model

(Rhodes, 1987) [68]
Huang and Warner

(1995) [69]

Width (W) W ∝ Q0.5431∼0.5489 W ∝ Q0.3∼0.6 W ∝ Q0.5

Depth (D) D ∝ Q0.2655∼0.2692 D ∝ Q0.2∼0.5 D ∝ Q0.3

Velocity (W) V ∝ Q0.1840∼0.1876 V ∝ Q0.0∼0.3 V ∝ Q0.2

Although it is generally known that bank strength or scourability can exert significant influences
on river channel forms, there have been no appropriate methods to directly quantify bank strength.
As a result, many qualitative indices are adopted, such as noncohesive sand, gravels, cohesive sand,
tree size and more. In very detailed forms, Huang and Nanson (1998) adopted these indices in
their quantification of the influences of riverbank strength on channel forms and found that bank
strength can produce a three-fold change in channel width and about a two-fold change in depth [13].
For convenience to conduct mathematical analysis, this study uses bank angle to reflect bank strength
and our theoretical results show clearly in Figures 3 and 4 that with a change in bank angle from 0◦ to
60◦, channel width can increase by 34.84%, while channel depth declines by 13.29%. While the trends
of the influences of bank strength on channel width and depth illustrated in our theoretical results
are consistent with the semi-theoretical study of Huang and Nanson (1998), large differences occur
in the ranges of the influences. This is because bank angle deployed in our study can reflect bank
strength of natural river channels only in the simple cases where alluvial channel banks are composed
of noncohesive sand to cohesive sand. Indeed, Huang and Nanson (1998) also identified that the effects
of bank strength are in the small ranges of increasing 62.2% on channel width and decreasing 26.7% on
channel depth [13].

Table 8 presents a comparison of the theoretical results obtained in this study with the
semi-empirical results by Huang and Nanson (1998) for the situations in which alluvial channel
banks are composed of noncohesive sand to cohesive sand [13]. While it is seen clearly from Table 8
that the theoretical analysis of this study produces results highly consistent with field observations,
it also highlights the need for a more detailed study on how to accurately embody the complexity and
influences of bank strength on river channel forms.
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Table 8. Comparison of riverbank steepness effects on river channel forms between the theoretical
results of this study and the semi-empirical results by Huang and Nanson (1998) [13].

Theoretical Results of this Study Results of Huang and Nanson (1998) [13]

Bank angle
θ

Channel width
change (%)

Channel depth
change (%) Bank type Channel width

change (%)
Channel depth

change (%)

0◦ 0 0 Cohesive sand
or gravels 0 0

30◦ 8.8 −8.3
45◦ 29.1 −15.9

60◦ 52.6 −21.6 Noncohesive
sand 62.2 −26.7

6. Conclusions

Although it is well known that bank anti-scourability or bank strength exerts significant impacts
on river channel forms, there has been lacking a suitable method to determine the impacts. In light of
the recent advancement on understanding the self-adjusting mechanism governing river channel-form
adjustment, this study applies the variational analytical approach developed by Huang and Nanson [53]
to investigate the influence of bank anti-scourability on alluvial channel forms. Riverbanks are normally
composed of various materials and take considerably different profiles, and as such, this study uses an
isosceles trapezoid as the generalized cross-sectional form of river channels. Taking the angle of channel
banks θ as the main factor to reflect the anti-scourability of riverbanks, our detailed mathematical
analysis of the variation of sediment (bedload) discharge with changes in the variational variable of
channel width/depth ratio and bank angle θ yields the following results:

(1). For a given bank angle θ, flow achieves stable equilibrium in alluvial channels when sediment
discharge reaches a maximum at a width–depth ratio which is not very large nor very small. With a
change in bank angle θ from 0◦to 60◦to reflect a decrease in the steepness of channel banks, maximum
sediment discharge declines slightly while optimal width/depth ratio increases very significantly.
This is because the change in bank angle, while the channel bed remains unchanged, can result in
a significant change in channel width and width–depth ratio, while the hydraulic radius changes
only slightly.

(2) When flow in alluvial channels is at the critical state for the incipient motion of bed sediment,
the roles of flow discharge in our theoretically derived equilibrium channel relations are in a perfect
agreement with those from classic “threshold theory”, and the width–depth ratios obtained in our
study are much closer to those of natural river channels.

(3) When flow in alluvial channels has excessive shear to transport sediment (bedload), our
theoretical analysis shows that equilibrium channel relations are determined by multiple variables,
including flow discharge, bed sediment size, channel roughness coefficient, sediment (bedload)
concentration or channel slope and bank angle. Importantly, this study finds that only when the effects
of the other variables on channel forms are so small as to be ignored, such as in irrigation canals, are the
roles of flow discharge in shaping channel forms highly consistent with the results of empirically based
studies. Hence, the hydraulic geometry model developed in this study not only has a sounder physical
base, but also takes a more comprehensive form than the other models developed previously.

(4) When bank angle changes from 0◦ to 60◦, no significant responses can be found in the roles of
flow discharge, sediment size, channel roughness coefficient and sediment discharge or channel slope
in the averaged hydraulic geometry relations, and yet an increase of 34.84% in channel width and a
decrease of 13.29% in channel depth take place.

Rivers have a self-adjusting character in shaping channel forms and the variational analytical
approach developed by Huang and Nanson has been proven physically sound and robust in uncovering
the character in many circumstances [5,6,52,53,62]. Using this approach, this study successfully develops
a hydraulic geometry model in which the effects of riverbank anti-scourability on channel forms gain
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reasonable quantifications. However, this study is conducted with an assumption that the cross-sections
of river channels can be illustrated with an isosceles trapezoid. In reality, however, this assumption is
valid only in very limited circumstances and so care needs to be taken when applying the theoretical
results of this study in practical problems solving.
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