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Abstract: Deformation mechanisms of the slopes are commonly schematized in four different stages:
pre-failure, failure, post-failure and eventual reactivation. Traditional numerical methods, such as the
finite element method and the finite difference method, are commonly employed to analyse the slope
response in the pre-failure and failure stages under the assumption of small deformations. On the
other hand, these methods are generally unsuitable for simulating the post-failure behaviour due to
the occurrence of large deformations that often characterize this stage. The material point method
(MPM) is one of the available numerical techniques capable of overcoming this limitation. In this
paper, MPM is employed to analyse the post-failure stage of a landslide that occurred at Cook Lake
(WY, USA) in 1997, after a long rainy period. Accuracy of the method is assessed by comparing
the final geometry of the displaced material detected just after the event, to that provided by the
numerical simulation. A satisfactory agreement is obtained between prediction and observation
when an increase in the groundwater level due to rainfall is accounted for in the analysis.
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1. Introduction

Landslides often occur after long rainy periods due to changes in pore water pressure on a
potential sliding surface [1–4]. In saturated soils, an increase in pore water pressure with the associated
decrease in effective stress, causes a deformation process within the slope (pre-failure phase) which
could trigger a landslide owing to the complete development of a shear surface within the slope (failure
phase). Afterwards, the unstable soil mass moves and could undergo large displacements until a
new condition of equilibrium is attained (post-failure phase) [5]. However, slope stability is generally
analysed by considering the deformation processes occurring in the pre-failure and failure phases,
by using simplified methods [6–12] or numerical techniques based on the Lagrangian approach, under
the assumption of small strains [13–17]. In this latter approach, the computational mesh is embedded
in the material and deforms with it, giving rise to numerical shortcomings when elements become
highly distorted, as it occurs during the movement of the unstable soil mass. Consequently, these
methods are unable to analyse the post-failure phase of landslides due to the large deformations that
usually take place. However, an adequate analysis of this latter stage and a reliable prediction of the
landslide kinematics would be particularly useful for minimizing the associated risk or establishing
the most suitable mitigation measures for land protection. The above-mentioned drawbacks could be
overcome by employing methods based on the Eulerian approach [18], in which a computational mesh
is kept fixed in space while the mass moves through it, avoiding numerical problems associated with
mesh distortion. However, these methods are quite expensive from a computational point of view.
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In the recent years, alternative numerical techniques have been developed to model large
deformations, combining the performances of different approaches. Specifically, several methods are
available in the literature referring to both discrete and continuum approaches. The category of the
discrete approach includes the distinct element method (DEM) and the discontinuous deformation
analysis method (DDA). These methods were employed in several studies to analyse the post-failure
stage of landslides [19–22]. Among the continuum approaches, the most common ones are the smoothed
particle hydrodynamics method (SPH) [23–26] and the material point method (MPM) [27–38]. A detailed
examination of the above mentioned methods was provided by Soga et al. [39], who also pointed
out the effectiveness of MPM for dealing with problems of slope stability, including the analysis of
the post-failure behaviour when large displacements occur. In this method, the continuum body is
discretized by a set of subdomains. The properties of each subdomain are concentrated in a Lagrangian
point, called material point. Moreover, a background fixed Eulerian mesh is also required to solve
the governing equations. Information stored in the material points is mapped to the nodes of the
computational mesh at the beginning of each time step, so that the governing equations can be solved
and the unknown variables can be calculated. The obtained information is then used in order to update
acceleration, velocity and position of each material point, as well as to calculate stresses and strains.
In this way, large displacements are simulated by means of material points moving through a mesh
that is usually kept fixed. Therefore, MPM combines the advantages of the Lagrangian and Eulerian
formulations, avoiding their shortcomings [40].

In this paper, MPM is used to analyse the post-failure stage of a landslide that occurred in 1997 at
Cook Lake (WY, USA) after a long rainy period [41–43]. The triggering condition of this landslide was
investigated by Scheevel et al. [42], who reconstructed the groundwater conditions at the time of the
slope collapse. However, the above-mentioned studies provided no result concerning the landslide
kinematics after failure. The main objective of the present paper is to complete the study of the occurred
deformation processes of this landslide, extending the analysis to the post-failure stage.

2. The Material Point Method

The material point method was originally proposed by Sulsky et al. [44] to model problems of
solid mechanics involving large deformations. In this approach, the continuum medium is discretized
as a set of subdomains, named material points (Figure 1). The material point is a Lagrangian point,
in which any information pertaining the subdomain is concentrated, such as density, acceleration,
velocity, displacement, mechanical characteristics, external loads and state variables.
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Each material point moves attached to the solid skeleton. This aspect provides the Lagrangian
description of the continuum. To solve the governing equations, the material points are overlaid on a
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computational mesh (Eulerian mesh) which is usually kept undeformed during the whole simulation
and does not carry any information. This mesh has to be built to cover the entire space where the
material points are expected to move during simulation.

The calculation scheme of MPM for a single time step is shown in Figure 2. At the beginning of
each time step, information is transferred from the material points to the mesh nodes using interpolation
shape functions (Figure 2a). Then, the governing equations are solved at the nodes to obtain the nodal
accelerations (Figure 2b), and the resulting values are used in order to update accelerations, velocities
and displacements of the material points and to calculate stresses and deformations of them (Figure 2c).
Finally, the position of the material points is updated before considering the next time step (Figure 2d).
No information associated with the mesh is required. In this way, large displacements are calculated
with the mesh remaining undeformed during the numerical simulation. This ensures the solution
accuracy even when the material points undergo large displacements. In conclusion, MPM allows
overcoming the limitations of the Eulerian and Lagrangian approaches. If compared with the Eulerian
approach, the computational cost is substantially reduced. In addition, the mesh distortion problems
are avoided unlike in the Lagrangian approach.

Water 2020, 12, x FOR PEER REVIEW 3 of 13 

 

Each material point moves attached to the solid skeleton. This aspect provides the Lagrangian 
description of the continuum. To solve the governing equations, the material points are overlaid on a 
computational mesh (Eulerian mesh) which is usually kept undeformed during the whole 
simulation and does not carry any information. This mesh has to be built to cover the entire space 
where the material points are expected to move during simulation. 

The calculation scheme of MPM for a single time step is shown in Figure 2. At the beginning of 
each time step, information is transferred from the material points to the mesh nodes using 
interpolation shape functions (Figure 2a). Then, the governing equations are solved at the nodes to 
obtain the nodal accelerations (Figure 2b), and the resulting values are used in order to update 
accelerations, velocities and displacements of the material points and to calculate stresses and 
deformations of them (Figure 2c). Finally, the position of the material points is updated before 
considering the next time step (Figure 2d). No information associated with the mesh is required. In 
this way, large displacements are calculated with the mesh remaining undeformed during the 
numerical simulation. This ensures the solution accuracy even when the material points undergo 
large displacements. In conclusion, MPM allows overcoming the limitations of the Eulerian and 
Lagrangian approaches. If compared with the Eulerian approach, the computational cost is 
substantially reduced. In addition, the mesh distortion problems are avoided unlike in the 
Lagrangian approach. 

 

 
Figure 2. MPM calculation scheme: (a) map information from material points to grid nodes; (b) 
solution of the governing equations at the nodes; (c) update of the material point information; (d) 
update of the material point position. 

Two different formulations of MPM can be distinguished: the single-point formulation and the 
double-point one (Figure 3). In the single-point formulation, soil is considered as a unique medium 
that is discretized by a set of material points. Each material point represents both solid and fluid 
phases. Dry soils, pure liquids and saturated soils under fully drained or undrained conditions can 
be modelled using the one-phase single-point formulation [34,35,45,46]. On the contrary, the 
behaviour of saturated soils and unsaturated soils under transient conditions should be modelled 
using the two-phase single-point formulation [36,47] and the three-phase single-point formulation 
[48,49], respectively. In these approaches, a set of material points is again used, with the fluid 
pressures that are considered as additional variables. 

In the double-point formulation, solid and fluid phases are represented separately by means of 
two distinct sets of material points. Each material point carries only information of the phase that it 
represents. This approach is suitable to analyse engineering problems where the pore fluids move 
separately from the solid phase [32,50]. However, this latter formulation is much more expensive 
from a computational viewpoint than the single-point formulation. 

In the present study, the single-point formulation is used. Specifically, the one-phase 
single-point formulation is employed to model the soil behaviour above the groundwater level, and 
the two-phase single-point formulation is used when the soil is submerged in water, and the effects 
of the relative motion between solid and water phases are considered not significant [29,47]. Both 
formulations are implemented in the Anura3D software (developed by the Anura3D MPM Research 
Community [51]), which was used herein to perform the analysis presented in the subsequent 
section. 

Figure 2. MPM calculation scheme: (a) map information from material points to grid nodes; (b) solution
of the governing equations at the nodes; (c) update of the material point information; (d) update of the
material point position.

Two different formulations of MPM can be distinguished: the single-point formulation and the
double-point one (Figure 3). In the single-point formulation, soil is considered as a unique medium
that is discretized by a set of material points. Each material point represents both solid and fluid phases.
Dry soils, pure liquids and saturated soils under fully drained or undrained conditions can be modelled
using the one-phase single-point formulation [34,35,45,46]. On the contrary, the behaviour of saturated
soils and unsaturated soils under transient conditions should be modelled using the two-phase
single-point formulation [36,47] and the three-phase single-point formulation [48,49], respectively.
In these approaches, a set of material points is again used, with the fluid pressures that are considered
as additional variables.

In the double-point formulation, solid and fluid phases are represented separately by means of
two distinct sets of material points. Each material point carries only information of the phase that it
represents. This approach is suitable to analyse engineering problems where the pore fluids move
separately from the solid phase [32,50]. However, this latter formulation is much more expensive from
a computational viewpoint than the single-point formulation.

In the present study, the single-point formulation is used. Specifically, the one-phase single-point
formulation is employed to model the soil behaviour above the groundwater level, and the two-phase
single-point formulation is used when the soil is submerged in water, and the effects of the relative
motion between solid and water phases are considered not significant [29,47]. Both formulations are
implemented in the Anura3D software (developed by the Anura3D MPM Research Community [51]),
which was used herein to perform the analysis presented in the subsequent section.
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3. Run-Out Simulation of the Cook Lake Landslide

In this section, a landslide that occurred in 1997 at Cook Lake, WY, USA, is considered (Figure 4).
This landslide was triggered by a significant increase in the groundwater level after a long rainy period
involving the two preceding years. Several studies are available in the literature, in which a detailed
description of the landslide is provided along with an analysis of the failure process that occurred
in the slope [41–43]. According to the classification by Cruden and Varnes [52], this landslide can be
categorised essentially as a translation slide. The size of the landslide was about 420 m in width and
380 m in length (Figure 4), with a height of the head scarp of about 15 m. The outline of the landslide
is documented by Scheevel et al. [42] and highlighted in Figure 4, for the sake of completeness. The
subsoil of the Cook Lake area consists of three different geological formations: Lakota Formation,
Morrison Formation and Redwater Member [53]. Lakota Formation, of Cretaceous origin, is made up
of claystone, siltstone and conglomeratic sandstone. Morrison Formation consists mainly of siltstone
and claystone. Finally, Redwater Member is made up of shale, glauconite, sandstone and limestone.
Both Morrison Formation and Redwater Member are of Jurassic age. The landslide involved mainly
the Morrison Formation and Redwater Member, whereas the Lakota Formation was slightly involved.
Both Morrison Formation and Redwater Member exhibited a soil-like behaviour due to a weathering
process that affected these units [41]. In particular, on the basis of the Atterberg limits, the Morrison
Formation can be classified as a low-plasticity silt, and the Redwater Member as a low-plasticity
clay [41].

Unit weight γ, intercept cohesion c’ and angle of shearing resistance ϕ’ of the Morrison Formation
and Redwater Member are shown in Table 1. These strength parameters were obtained from laboratory
tests documented in the published studies [41–43]. Many soil samples were taken at different depths
from the ground surface to the slip surface. Afterwards, these samples were subjected to direct shear
tests. Specifically, 12 samples were taken from the Morrison Formation and 16 from the Redwater
Member [41]. Every soil sample was subjected to different cycles of sharing to determine the residual
shear strength parameters [41]. The soil properties used in the present study were directly provided by
Santi et al. [41]. They can be seen as representative parameters of the above-mentioned formations.
On the contrary, geotechnical data concerning the Lakota Formation are not available.

Table 1. Material properties [42].

Geological Unit γ (kN/m3) c’ (kPa) ϕ’ (◦)

Morrison Formation 19 18 33
Redwater Member 20 28 14
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Figure 4. The Cook Lake landslide: (a) location of Cook Lake; (b) aerial view of the landslide (after [42]).

A schematic geological section of the slope is presented in Figure 5. It refers to the cross-section
A-A’ the trace of which is indicated in Figure 4. The topographic profile shown in Figure 5 refers
to the pre-failure condition, and was acquired from the USGS National Elevation Database [41].
As can be seen from this figure, the Lakota Formation practically was not involved in the landslide
body. The subsoil model also shows the slip surface location reconstructed by the authors of [41,42],
along with the topographic profile of the slope detected after the event and the run-out distance of
the landslide (defined as the distance between the toe of the slip surface and the tip of the displaced
material). The slip surface was located at an average depth of about 30 m, with a maximum depth of
50 m in the upper zone of the slope (Figure 5). The post-failure profile was reconstructed on the basis
of the 1-ft resolution survey produced by the U.S Forest Service [41].

According to Santi et al. [41] and Scheevel et al. [42], after a rainy period of two years, a large
portion of the subsoil was submerged in water due to an increase in the groundwater level. The critical
groundwater level corresponding to the slope failure was established by the above-mentioned authors
on the basis of field observations and the results of a back-analysis carried out using the limit
equilibrium approach. The location of this critical level is also indicated in Figure 5. For a more
complete understanding of the deformation processes of the Cook Lake landslide, the post-failure stage
is analysed in this study using the material point method implemented in the Anura3D software [51].
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one-phase single-point formulation was used for the soils above the groundwater level, which are 
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Figure 5. Schematic geological section of the slope affected by the landslide (section A-A’, whose trace
is indicated in Figure 4) with an indication of the slip surface, the topographic profile detected after
the landslide and the critical groundwater level (after [42]). The toe of the slip surface, the tip of the
displaced material and the run-out distance are also indicated.

The analysis was carried out under plane-strain conditions, referring to the section A-A’ indicated
in Figure 4. The starting point of this analysis is the slope condition represented in Figure 5. In addition,
Figure 6 shows the adopted computational mesh with an indication of the unstable soil mass delimited
by the slip surface, and the location of the critical groundwater level, as documented in the paper by
Scheevel et al. [42].
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Figure 6. Computational mesh of the slope with an indication of the unstable soil mass bounded by the
slip surface, and the location of the critical groundwater level that caused slope failure.

The mesh is made up of triangular elements with an average size of 3 m. This value was selected
as the maximum element size capable to provide converging results, in accordance with the results of a
sensitivity analysis preventively carried out in the present study. The initial distribution of the material
points was three points per element. Boundary conditions were simulated by rollers on the left and
right vertical sides of the model to constrain the horizontal displacements, and by hinges located at the
bottom where both vertical and horizontal displacements were prevented. The one-phase single-point
formulation was used for the soils above the groundwater level, which are hence considered as dry
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materials with nil pore water pressure. In other words, the effects of the partial saturation of this slope
portion are disregarded. The two-phase single-point formulation was used for the submerged soils.
Therefore, it is assumed that water moves attached to the solid skeleton, and pore water pressure
is an additional variable. A hydrostatic water pressure distribution is assumed in the calculations.
Since an explicit dynamic formulation was employed in ANURA3D to solve the governing equations,
the solution was conditionally stable. Therefore, a time-step less than a critical value must be used
in the calculations to ensure numerical stability. This critical value can be assessed according to the
Courant–Friedrichs–Levy condition [54]. However, when the two-phase single-point formulation
is used, the critical time-step ∆t is strongly influenced by the hydraulic conductivity, k. Specifically,
the lower k, the lower ∆t and consequently the higher the computational costs. Therefore, a high value
of k is assumed (k = 0.01 m/s) in the present study to reduce the calculation time [55]. As a consequence,
the analysis was carried out under drained conditions, and excess pore water pressures that may have
occurred during sliding were ignored. It was found that a value of ∆t = 0.01 s is sufficient to satisfy the
stability condition for the case study under consideration.

The initial stress state of the slope was generated using the well-known gravity loading procedure
under the hypothesis that the involved soils behave as linear elastic materials. Since Young’s modulus
E’ and Poisson’s ratio ν’ were not available, typical values of these parameters were used in the
calculations. Specifically, Young’s modulus is assumed to be equal to 60 MPa and 70 MPa for the
Morrison Formation and Redwater Member, respectively [56], with ν’ = 0.3 for all involved materials.
The authors also ascertained that a different choice of E’ and ν’ (satisfying the afore-mentioned stability
condition) did not significantly affect the conclusions of the present study. After generating the initial
stress state, the post-failure stage of the landslide was simulated by employing an elastic perfectly
plastic Mohr–Coulomb model in conjunction with a non-associated flow rule to model the behaviour
of the materials involved in the landslide body. In this connection, the values of the shear strength
parameters in Table 1 were used. Furthermore, the angle of dilation was assumed to be nil. On the
contrary, a linearly elastic behaviour was kept for the soils outside the landslide body shown in
Figure 6. In this way, the soil mass delimited by the slip surface became unstable due to the pore water
pressures acting on the slip surface, and was left free to move downwards until a new condition of
equilibrium was attained. Different analyses were performed to analyse the effects of the groundwater
table location on the run-out process of the landslide. It was found that the best agreement between
prediction and observation was obtained when the critical groundwater table shown in Figures 5 and 6
was considered. The respective results are documented in Figures 7–9.
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Specifically, Figure 7 shows the final configuration of the displaced material provided by the
numerical simulation. The original ground surface and the slope profile detected just after the



Water 2020, 12, 2817 10 of 13

landslide are also shown in this figure, for the sake of comparison. As can be seen, the post-failure
configuration obtained from the numerical simulation is in satisfactory agreement with the observed
one. The maximum difference between the calculated and the measured profiles is on the order of
a few meters. The run-out distance, the depletion zone and the deposition one obtained from the
numerical simulation are very similar to those actually observed. In particular, a run-out distance of
about 50 m is evaluated with the cumulated displacement attaining a maximum value of about 75 m
(Figure 7). These results also prove that the simplified assumptions made in the present study are
reasonable. Specifically, the effects of the partial saturation of the soils above the groundwater table
and those of the excess pore water pressures built up during sliding (which have been ignored in the
present analysis) should not have significantly affected the run-out process of the considered landslide.
In other words, these effects seem to have played a role of minor importance in the present case study.

Finally, Figures 8 and 9 show the evolution of the landslide at different times, in terms of
displacement (Figure 8) and velocity (Figure 9) of the material points. Starting from a configuration
just after the slope failure (Figure 8a), the landslide body moved essentially as a translational slide
(Figure 8b,c) until the soil mass reached a condition of equilibrium (Figure 8d). The maximum thickness
of the displaced material was approximately 35 m. The sliding mass velocity was initially in the order
of 3–5 m/s (Figure 9a). With increasing time, velocity attained a maximum value of 6 m/s in the lower
zone of the landslide body (Figure 9b), which was also the last portion of the sliding soil mass to stop
(Figure 9c).

Summarizing, the obtained results confirm the exact location of the critical groundwater level
found by Scheevel et al. [42] and highlight the important role played by the associated pore water
pressures on the post-failure behaviour of the Cook Lake landslide.

4. Discussion

This paper deals with the modelling of problems involving large displacements in the geotechnical
engineering field. Specifically, attention is focused on the post-failure stage of landslides whose analysis
is often ignored in engineering practice. Indeed, deformation and failure mechanisms of slopes, which
are generally classified in pre-failure, failure, post-failure and reactivation stages, are commonly
analysed by means of simplified methods or traditional numerical techniques. Among simplified
methods, the limit equilibrium method is the most widely employed for analysing the failure stage.
As well known, it only allows the evaluation of a safety factor to express the overall stability conditions
of the slope. Instead, traditional numerical techniques, such as the finite element method or the finite
difference method, are usually employed for simulating the pre-failure stage as well as the failure and
reactivation phases. However, these techniques are affected by severe drawbacks when the calculated
deformations and displacements take high values, as usually happens in the post-failure stage of many
landslides. In these circumstances, a mesh distortion can occur with a consequent loss of accuracy of
the solution and underestimation of the soil displacements. Different numerical techniques have been
developed in recent years to overcome these limitations. Among them, MPM is particularly suitable to
analyse real problems involving large displacements.

In the present study, this method is used to analyse the post-failure stage of the Cook Lake landslide
in order to complete the understanding of the deformation processes occurred during this landslide.
The obtained results confirm the suitability and capability of MPM to provide useful information on
the kinematics of the moving soil mass and on the entire run-out process of the displaced material.
This represents a good perspective from an engineering point of view, since the above-mentioned
information could be particularly useful for establishing the most adequate stabilization measures and
minimizing the risk of catastrophic damages [57].

5. Conclusions

This paper focuses attention on a landslide that occurred at Cook Lake (WY, USA), which was
triggered by an increase in the groundwater level owing to rainfall. Several studies were published on
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this landslide, where useful data can be found such as the location of the groundwater level at the
time of the slope collapse. To provide a more complete understanding of the deformation processes
occurred, the post-failure stage is analysed in the present study using MPM, which is an advanced
numerical technique capable of dealing with large deformation problems. The final configuration of
the displaced material provided by the numerical simulation effectively matches the profile detected
after the landslide, when the above-mentioned critical groundwater level is accounted for. In addition,
some kinematical aspects of the run-out process are highlighted to provide further information about
the considered landslide. This study also shows that an adequate analysis of the post-failure stage
and a reliable prediction of the landslide kinematics are very useful for better understanding the
deformation mechanisms of the landslides and consequently minimizing the associated risk.
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