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Abstract: Sinusoidal oscillating water flow at low pressure can improve the anti-clogging ability
of an emitter in drip irrigation or the water distribution of a nozzle in sprinkler irrigation and
reduce the cost and energy consumption of the irrigation system. In this study, the characteristics
of instantaneous pressure head attenuation of oscillating water flow along a pipeline have been
investigated. By using a complex function to solve the continuity equation and the momentum
equation of a pipeline with water hammer motion and using the Darcy–Weisbach formula to estimate
the head loss, a calculation model for the instantaneous pressure head of oscillating water flow
along a pipeline was developed. The measured value of the amplitude of the pressure head and the
average instantaneous pressure head in the experiments have been used to verify the corresponding
pressure head calculated by the model. The results show that the amplitude of the pressure head and
the average instantaneous pressure head decrease linearly along the pipeline. The calculated value
of the amplitude of the pressure head and the average instantaneous pressure head are basically
close to the corresponding measured pressure head. From the results of all the tests, the maximum
relative error of the calculated and measured value of the amplitude of the pressure head along the
pipeline was 9.44%. The maximum relative error of the calculated and measured value of the average
instantaneous pressure head along the pipeline was 8.37%. Hence, the model can accurately predict
the instantaneous pressure head of oscillating water flow along a pipe and provide a theoretical
basis for the application of oscillating water flow in irrigation systems and the design of irrigation
pipe networks.
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1. Introduction

An irrigation system with high operating pressure can mean a better water supply facility, but
both the cost and the energy consumption are high. Therefore, reducing the operating pressure of
an irrigation system can effectively reduce the cost and the energy consumption of the irrigation
system. Such an irrigation system can be widely used in underdeveloped areas and in areas with
inadequate water supply facilities. Hence, it is an important development in water-saving irrigation
technology [1–5]. Low-pressure drip irrigation can ensure good quality irrigation and decrease cost
and energy consumption; however, low operating pressure produces slower flow velocity through the
drip capillarity and emitter. The slower flow velocity produces slower vortex movement in the flow
passage. Hence, the emitter is more prone to clogging, which reduces the efficiency and working life of
the emitter and increases the maintenance cost of the irrigation system. If an emitter is clogged, it also
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reduces the uniformity of irrigation, which makes the application and development of low-pressure
drip irrigation and subsurface drip irrigation more challenging [6–9]. Further, for a sprinkler irrigation
system with low operating pressure, the spraying range of the sprinklers for irrigation is shorter,
thereby resulting in an uneven water distribution, and a higher peak sprinkler intensity. As such, it is
difficult to ensure the quality of the irrigation spray is good [10,11].

In order to solve the problem of clogging in an emitter, earlier studies conducted experiments
to investigate the influence of flow passage geometry parameters on the hydraulic characteristics
of the emitter. Based on the experimental results, the flow passage of the emitter was optimized so
as to improve the anti-clogging performance of the emitter under low pressure [12–15]. In order to
improve the spraying effect of the sprinklers under low pressure, auxiliary sprinklers, jet devices, and
water dispersing devices can be added or the original sprinklers can be replaced with non-circular
sprinklers [16–18]. All these methods can improve an irrigation system so that it can operate at low
pressure. But this is sometimes affected by financial considerations, and the improvements that can be
gained by using these methods are also very limited.

Historically, irrigation systems have always used constant water pressure. In recent years,
oscillating pressure has been used in irrigation systems, which provides a new way to solve the
problems in irrigation. Oscillating pressure increases the flow turbulence in an emitter, which improves
the ability of the flow to transport particles, and significantly improves the anti-clogging performance
of the emitter [19–21]. The low sinusoidal oscillating pressure can improve the intensity distribution
of the sprinkler under low pressure thereby improving the economic benefit of the irrigation system.
Sprinkler irrigation that uses oscillating pressure shows a good prospect in reducing soil erosion
caused by runoff and salt and nutrient leaching and improving water utilization efficiency [22–25].
Oscillating water flow belongs to unsteady flow, and the studies of unsteady flow are mostly related
to the water hammer motion generated by the rapid change of water flow in hydropower stations,
pumping stations, and other systems [26–30]. Unlike the water hammer instantaneous pressure head,
which fluctuates irregularly with time, the instantaneous pressure head of oscillating water flow
fluctuates like a sine wave. The instantaneous pressure head in a pipeline fluctuates periodically
with time, and the maximum, average, and minimum instantaneous pressures are constants. The
instantaneous pressure head is formed by the superposition of the average instantaneous pressure head
and the pressure head deviation from the average, as shown in Figure 1. The relationship between the
instantaneous discharge of oscillating water flow and time is similar to that between the instantaneous
pressure head of oscillating water flow and time.
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At present, most of the studies on oscillating water flow focus on improving the clogging resistance
of emitters and improving the sprinkler intensity distribution, but studies on the temporal and spatial
variations of the instantaneous pressure head of oscillating water flow along a pipeline have not been
reported. For this reason, the characteristics of the instantaneous pressure head of oscillating water
flow changing with time was analyzed, for the first time, in this study. This was done by using a
complex function to solve the continuity equation and momentum equation for the water hammer
motion in a pipeline. It also uses the Darcy–Weisbach formula to estimate the head loss. The calculation
model of the instantaneous pressure head of oscillating water flow along a pipeline was developed.
The accuracy of the calculation model was verified with experimental data. Hence, the model can
provide a theoretical basis for the application of oscillating water flow in irrigation systems and the
design of irrigation pipe networks.

2. Materials and Methods

2.1. Experiments

2.1.1. Experimental Equipment and Procedure

The experiments were conducted at the Irrigation Hydraulics Laboratory, Northwest A&F
University, Yangling, China. The main components of the oscillating water flow pressure head test
system are the PVC pipes, water tank, pump, variable frequency drive, computer, pressure transducer
(range 0–0.6 MPa, accuracy 0.1%), and electromagnetic flowmeter (range 0.29–28.95 m3/h). The
oscillating water pressure was produced by an automatic pressure control system that consists of a
centrifugal pump with an electric motor, a variable-frequency drive (VFD), and a programmable logic
controller (PLC). The experimental procedure is as follows. First, the program for implementing the
designed oscillating pressure is uploaded to the PLC to control the VFD, which modifies the pump
motor speed. The maximum, average, and minimum of the instantaneous pressure heads and the
period of the oscillating water flow are set in the program. Second, the electric motor speed of the
centrifugal pump is controlled by the VFD to produce the designed oscillating pressure. The pressure
signal and flow signal are recorded by the PC equipped with the signal collector. Figure 2 shows a
schematic diagram of the test platform for measuring the pressure head of the oscillating water flow.
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2.1.2. Experimental Setup

The length of the PVC pipe was 60 m, the wall thickness of the pipe was 0.002 m, and the inside
diameter of the pipeline was 0.036 m. A pressure transducer was installed every 12 m along the pipe.
Three cases (i.e., Case D1, Case D2, and Case D3) were tested in the oscillating water flow tests. Table 1
shows the parameters for the oscillating water flow tests.

Table 1. Parameters for the oscillating water flow tests.

Case Average Pressure
Head (m)

Amplitude of
Pressure Head (m)

Average Discharge
(m3/h)

Amplitude of
Discharge (m3/h) Period (s)

D1 16 8 5.71 1.56 40
D2 10 6 4.33 1.51 60
D3 8 2 4.02 0.52 80

2.2. Calculation Model

As shown in Figure 1, the instantaneous pressure head and discharge of oscillating water flow
can be expressed as [19,31]:

H = H + h, (1)

Q = Q + q, (2)

where H is the instantaneous pressure head (m); H is the average instantaneous pressure head (m); h is
the pressure head deviation from the average (m); Q is the instantaneous discharge (m3/s); Q is the
average instantaneous discharge (m3/s); and q is the discharge deviation from the average (m3/s).

The instantaneous pressure head and discharge fluctuations can be expressed in terms of a sine
function, as follows:

h = h∗ sin(ωt), (3)

q = q∗ sin(ωt), (4)

where h∗ is the amplitude of the pressure head (m); q∗ is the amplitude of discharge (m3/s);ω is the
frequency of the oscillating water flow (rad/s), and t is time (s). Further,ω is related to T, as follows:

ω =
2π
T

, (5)

where T is the period of the oscillating water flow (s). The maximum instantaneous pressure head and
discharge can be obtained by substituting sin(ωt) = 1 into Equations (3) and (4), and then substituting
the corresponding h and q into Equations (1) and (2), respectively. Similarly, the minimum instantaneous
pressure head and discharge can be obtained by substituting sin(ωt) = −1 into Equations (3) and (4),
and then substituting the corresponding h and q into Equations (1) and (2), respectively.

According to Equations (1)–(4), both the instantaneous pressure head and the discharge of
oscillating water flow comprise a term for steady flow and an addition term for unsteady flow. The
instantaneous pressure head and discharge of oscillating water flow for the steady flow term is the
average instantaneous pressure head and discharge. The unsteady flow term is the product of the
amplitude of the pressure head, the amplitude of discharge, and the sine function. Therefore, in the
calculation model, the instantaneous pressure head of oscillating water flow can be calculated from the
amplitude of the pressure head and average instantaneous pressure head.

2.2.1. The Calculation of the Amplitude of the Pressure Head

The continuity equation and the momentum equation for water hammer motion are as follows [32]:

Momentum equation :
∂H
∂x

+
1

gA
∂Q
∂t

+
fQn

2gDAn = 0, (6)
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Continuity equation :
∂Q
∂x

+
gA
a2
∂H
∂t

= 0, (7)

where A is the cross-sectional area of the flow in the pipe (m2); g is the acceleration due to gravity
(9.8 m/s2); D is the inside diameter of the pipe (m); f is the Darcy–Weisbach friction factor; a is the wave
speed (m/s); n is the exponent of the flow velocity in the friction-loss term; x is the distance along the
pipeline in the direction of flow (m); and t is time (s). The wave speed, a, and the Darcy–Weisbach
friction factor, f, can be calculated as follows [33–35]:

a =

√
β
ρ√

1 + 2rβ
δE

, (8)

f =
0.3164
Re0.25 , (9)

Re =
vD
υ

=
2Q
πrυ

, (10)

where β is the equivalent bulk modulus of water (2.19 × 109 N/m2); ρ is the density of water
(1000 kg/m3); r is the inner radius of the pipe (m); δ is the thickness of the pipe wall (m); E is the
modulus of elasticity of the pipe material (2.6× 109 N/m2); Re is the Reynolds number of the average
instantaneous pressure discharge, v is the flow velocity in the pipe (m/s), and υ is the kinematic
viscosity of water (1.01× 10−6 m2/s).

Since the average instantaneous discharge and pressure head are time invariant, and the average

instantaneous discharge is constant along the length of the pipeline, ∂Q∂t = ∂H
∂t = ∂Q

∂x = 0. Further,

∂Q
∂t

=
∂q
∂t
∂Q
∂x

=
∂q
∂x
∂H
∂t

=
∂h
∂t

(11)

and
∂H
∂x

=
∂H
∂x

+
∂h
∂x

, (12)

∂H
∂x

= −
fQ

n

2gDAn . (13)

The friction term in Equation (6) can be written as:

fQn

2gDAn =
f
(
Q + q

)n

2gDAn ≈
fQ

n

2gDAn +
nfQ

n−1

2gDAn q + . . . (14)

where, since q〈Q, the series in Equation (14) converges, the higher-order terms can be omitted.
On the other hand, since the friction loss is considered, substituting Equations (11)–(14) into

Equations (6) and (7) can linearize the friction loss. Hence, with the linearized friction loss,
Equations (6) and (7) become:

∂h
∂x

+
1

gA
∂q
∂t

+ Rq = 0, (15)

∂q
∂x

+
gA
a2
∂h
∂t

= 0, (16)

where R is the linearization resistance per unit length of the pipe, which can be expressed as follows [36]:

R =
fQ

gDA2 . (17)
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The separation of variables method can be used to solve the linearized equations (Equations (15)
and (16)) by taking the partial derivatives. By canceling h and q, Equations (15) and (16) become:

∂2h
∂x2 =

1
a2
∂2h
∂t2 +

fQ
a2DA

∂h
∂t

, (18)

∂2q
∂x2 =

1
a2

∂2q
∂t2 +

fQ
a2DA

∂q
∂t

. (19)

The solutions of Equations (18) and (19) are as follows [37]:

h = est(C1eµx + C2
−µx), (20)

q = −
gAs
a2µ

est(C1eµx
−C2

−µx), (21)

where
s = iω, (22)

µ =

√
−
ω2

a2 +
gAωRi

a2 . (23)

The pressure head and discharge deviation from the average are both functions of position x and
time t. In oscillating water flow, the pressure head and discharge deviation from the average are very
close to or completely the same as the sine function with time as the independent variable. Therefore,
the pressure head and discharge deviation from the average can be expressed in the form of complex
functions, as follows:

h = h∗(x)eωti, (24)

q = q∗(x)eωti, (25)

where i is the imaginary unit, i.e., i =
√
−1 ; h∗(x) and q∗(x) are the complex functions of x.

Substituting Equations (24) and (25) into Equations (20) and (21) gives:

h∗(x) = C1eµx + C2e−µx, (26)

q∗(x) = −
ωgAi
µa2

(C1eµx
−C2e−µx). (27)

As shown in Figure 3, cross-section 1–1 and cross-section 2–2 are any two cross-sections along the
pipeline. Water flows from cross-section 1–1 to cross-section 2–2. According to the pressure head and
discharge at cross-section 1–1, the integral constants C1 and C2 can be written as:

C1 =
1
2

(
h∗1 −

µa2

ωgAi
q∗1

)
, (28)

C2 =
1
2

(
h∗1 +

µa2

ωgAi
q∗1

)
, (29)

where h1
∗ is the amplitude of the pressure head at cross-section 1–1 (m); and q1

∗ is the amplitude of
discharge at cross-section 1–1 (m3/s).

Substituting Equations (28) and (29) into Equations (26) and (27) and introducing the hyperbolic
function, the solutions for the amplitudes of the pressure head and discharge at any position x along
the pipeline are:

h∗2 = h∗1 cosh iµx−
µa2

ωgAi
q∗1sinhiµx, (30)
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q∗2 = −
ωgAi
µa2 h∗1sinhiµx + q∗1 cosh iµx, (31)

where h2
∗ is the amplitude of the pressure head at cross-section 2–2 (m); and q2

∗ is the amplitude of
discharge at cross-section 2–2 (m3/s).
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2.2.2. The Calculation of the Average Instantaneous Pressure Head

The average instantaneous pressure head of oscillating water flow along a pipeline can be
calculated using the Darcy–Weisbach formula, which is widely used to calculate the head loss along
the pipeline [38].

Hf = f
x
D

v2

2g
, (32)

where Hf is average instantaneous pressure head loss along pipeline (m).
Then, the average instantaneous pressure head of oscillating water flow at cross-section 2–2 of the

pipeline is:
H2 = H1 −Hf, (33)

where H1 is average instantaneous pressure head at cross-section 1–1 (m); H2 is the average
instantaneous pressure head at cross-section 2–2 (m).

Figure 4 shows a flowchart for calculating the instantaneous pressure head of oscillating water flow.
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3. Results and Discussion

3.1. Results

Using the calculation model (Section 2.2), Table 2 shows the measured and calculated value of the
amplitude of the pressure head along the pipeline for Case D1, D2, and D3. Table 3 shows the measured
and calculated value of the average instantaneous pressure head along the pipeline for Case D1, D2,
and D3. In Case D1, D2, and D3, the maximum relative error ( |Measured value − Calculated value|

Measured value × 100%) of
the calculated and measured value of the amplitude of the pressure head along the pipeline was 9.44%.
The maximum relative error of the calculated and measured value of average instantaneous pressure
head along the pipeline was 8.37%. These results show that the amplitude of the pressure head and the
average instantaneous pressure head calculated by the calculation model are accurate. Therefore, the
model can be used to calculate the instantaneous pressure heads of oscillating water flow in a pipeline.

Table 2. The measured and calculated values of the amplitude of the pressure head along the pipeline.

Pipe Length
(m)

D1 D2 D3

Calculated
Value (m)

Measured
Value (m)

Relative
Error (%)

Calculated
Value (m)

Measured
Value (m)

Relative
Error (%)

Calculated
Value (m)

Measured
Value (m)

Relative
Error (%)

0 8.00 7.91 1.14 6.00 6.10 1.64 2.00 2.05 2.44
12 7.54 7.88 4.31 5.63 5.46 3.11 1.88 1.94 3.09
24 7.07 6.69 5.68 5.27 5.69 7.38 1.76 1.88 6.38
36 6.61 6.04 9.44 4.90 5.05 2.97 1.64 1.56 5.13
48 6.15 6.53 5.82 4.54 4.17 8.87 1.52 1.67 8.98
60 5.69 5.32 6.95 4.18 3.93 6.36 1.41 1.53 7.84

Table 3. The measured and calculated values of the average instantaneous pressure head along
the pipeline.

Pipe Length
(m)

D1 D2 D3

Calculated
Value (m)

Measured
Value (m)

Relative
Error (%)

Calculated
Value (m)

Measured
Value (m)

Relative
Error (%)

Calculated
Value (m)

Measured
Value (m)

Relative
Error (%)

0 16.00 15.91 0.57 10.00 9.94 0.60 8.00 7.92 1.01
12 15.15 15.32 1.11 9.48 9.83 3.56 7.54 7.26 3.86
24 14.30 14.76 3.12 8.95 9.18 2.51 7.08 7.28 2.75
36 13.45 12.79 5.16 8.43 8.02 5.11 6.62 6.14 7.82
48 12.60 13.65 7.69 7.90 8.52 7.28 6.16 6.61 6.81
60 11.74 12.54 6.38 7.38 6.81 8.37 5.70 5.30 7.55

Figure 5 shows the measured and calculated values of the instantaneous pressure head at 12
and 60 m pipe lengths for Case D1, D2, and D3. It can be seen that the calculated and measured
instantaneous pressure heads are close to each other. It can also be seen from Figure 5 that the period
remains unchanged when oscillating water flows along the pipeline.

Figure 6 shows the measured value of the amplitude of the pressure head and the average
instantaneous pressure head along the pipeline for Case D1, D2, and D3. It can be seen that the
amplitude of the pressure head and the average instantaneous pressure head decrease linearly along
the pipeline. The instantaneous pressure head loss of oscillating water flow in the pipeline is caused by
the friction resistance of the pipeline to the flow and the drastic change of discharge, which leads to the
powerful mixing and collision of water particles. The relevant laws can provide a basis for further
research in the calculation of the instantaneous pressure head of oscillating water flow.
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3.2. Discussion

In this study, the calculation model for the instantaneous pressure head of oscillating water flow
along a pipeline was developed. In order to verify the accuracy of the calculation results from the
model, three cases (Cases D1, D2, and D3) were tested. The experimental results show that the model
can be used to accurately calculate the instantaneous pressure head of oscillating water flow along
the pipeline. However, using the model developed in this study to calculate the amplitude of the
pressure head of oscillating water flow requires a lot of complicated calculations to be solved by a
computer. To some extent, it is less convenient and inefficient to calculate the amplitude of the pressure
head of oscillating water flow using the model in the practical design of irrigation pipeline network,
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especially without the help of computer. Therefore, it is necessary to develop formulas that are more
convenient and efficient to calculate the amplitude of the pressure head of oscillating water flow. The
development of the model in this study can be used as a theoretical basis for developing formulas,
for example, the influencing factors affecting the movement of oscillating water flow in a pipeline in
the model. These influencing factors include the flow influencing factors (e.g., amplitude of pressure
head, amplitude of discharge, period, equivalent bulk modulus of water, density of water, kinematic
viscosity of water) and the pipeline influencing factors (e.g., inner radius of the pipe, thickness of the
pipe wall, modulus of elasticity of the pipe material). The amplitude of the pressure head and the
average instantaneous pressure head both decrease linearly along the pipeline. These theoretical bases
can be used to further simplify and optimize the model and to develop the formula. Further, they are
of great significance for the design of irrigation pipe networks and the wide application of oscillating
water flow in irrigation systems.

4. Conclusions

By using a complex function to solve the continuity equation and the momentum equation of a
pipeline with water hammer motion and using the Darcy–Weisbach formula to estimate the head loss,
a calculation model for the instantaneous pressure head of oscillating water flow along a pipeline was
developed. The measured values of the amplitude of the pressure head and the average instantaneous
pressure head in the experiments were used to verify the corresponding pressure head calculated by
the model. The results show that the amplitude of the pressure head and the average instantaneous
pressure head decrease linearly along the pipeline. The calculated value of the amplitude of the
pressure head and the average instantaneous pressure head are basically close to the corresponding
measured pressure heads. From the results of all the tests, the maximum relative error of the calculated
and measured value of amplitude of pressure head along the pipeline was 9.44%. The maximum
relative error of the calculated and measured value of average instantaneous pressure head along
the pipeline was 8.37%. Hence, the model can accurately predict the instantaneous pressure head of
oscillating water flow along a pipe and provide a theoretical basis for the application of oscillating
water flow in irrigation systems and the design of irrigation pipe networks.
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