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Abstract: A series of physical experiments was conducted to study the geometry characteristics and 
evolution of sand waves under waves and currents. Large scale bedforms denoted as sand waves 
and small bedforms represented by ripples were both formed under the experimental 
hydrodynamic conditions. Combining the experimental data with those from previous research, the 
characteristics of waves and currents and measured sand waves were listed. Small amplitude wave 
theory and Cnoidal wave theory were used to calculate the wave characteristics depending on 
different Ursell numbers, respectively. The results show good agreement between the 
dimensionless characteristics of sand waves and the dimensionless wave characteristics with a 
smaller wave steepness. When the wave steepness is large, the results seem rather scattered which 
may be affected by the wave nonlinearity. Sand wave steepness hardly changed with bed shear 
stress. A simple linear relationship can be found between sand wave length and wave steepness. It 
is easy to evaluate the sand wave characteristics from the measured wave data. 
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1. Introduction 

Bed forms with different scales are widely observed on many shallow continental shelves. Small 
scale bedforms, known as ripples, are often superimposed on the large scale bedforms such as sand 
waves, sand ridges etc. They coexist under interaction between tides, winds, waves and other 
complicated hydrodynamic conditions [1,2]. Among these bed forms, sand waves are of particular 
concern.  

Sand waves are dynamic rhythmic bed forms with wave lengths of hundreds of meters and 
heights of several meters [3–5]. They can migrate up to tens of meters per year [6]. From an 
engineering point of view, migrating sand waves can affect submarine constructions and the safety 
of pipelines and cables [7,8]. Moreover, the generation and growth of sand waves can also decrease 
least navigable depths and increase the cost of dredging [7,9–11].  

Investigating the relationship between sand wave characteristics and hydrodynamics is very 
important for understanding sand wave generation and evolution. The morphology of submarine 
barchans and sand waves off the Dongfang coast in Beibu Gulf of South China Sea has been 
previously studied [12,13]. Many observations indicate that the morphological patterns strongly 
depend on the hydrodynamical conditions [14]. Belderson [15] indicated that sand waves only occur 
in areas where depth-averaged tidal currents are stronger than 0.5 m/s. The ripples superimposed on 
the sand waves can affect the bottom current dramatically. However, there are few studies and 
detailed descriptions of superimposed ripples.  
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Stability analysis, which considers the hydrodynamics and bed forms as a coupled system, is the 
most prevalent method to study the evolution of sand waves. Hulscher [16] described the formation 
mechanism of sand waves as the free instability of the sandy seabed subject to tidal motions. In 
Hulscher [16], the interactions between oscillatory tidal flows and sinusoidal bed perturbations gave 
rise to tidally-averaged residual currents, in the form of vertical recirculating cells directing from the 
trough to the crest of the sand waves [16,17]. More processes were later implemented into the model, 
such as residual currents [18], multiple tidal components [19], wind waves [5,20,21], biology [22,23], 
and graded sediment [24–27]. In addition to stability models, process-based morphodynamic models, 
such as Delft3D, were widely applied in the study of sand waves recently. More elaborate processes 
such as turbulence [17], and suspended sediment transport [28,29] can be handled by these kinds of 
models. Some Computational Fluid Dynamics (CFD) models were also used to describe sediment 
transport [30]. To date, few efforts have been dedicated to study the sand wave and its migration by 
physical experiments, except those of Cataño-Lopera et al. [1], Williams et al. [31], and Zhu et al. [32]. 
Cataño-Lopera et al. [1] described ripple configurations superimposed upon larger bottom features. 
Equations to predict the characteristics of sand waves using measured wave data were provided. 
However, it is still unknown how the wave nonlinearity affects the geometry characteristics and 
migration rules of sand waves, and therefore this is specially investigated in this manuscript. The 
aims of this paper are twofold: (1) to describe the experiment results of bedforms formed under waves 
and currents, (2) to study the relationship between sand wave characteristics and wave configuration 
using different wave theories. The remainder of the paper is organized as follows: Section 2 describes 
the experimental set-up and calculation of different wave theories based on the Ursell number. In 
Section 3, the dynamic and geometry characteristics of sand waves are analyzed. Finally, Sections 4 
and 5 contain the discussion and conclusions, respectively. 

2. Experimental Installation and Methods 

2.1. Experimental Set-Up 

A series of experiments was conducted in the wave-current flume in the Hydraulic Lab at the 
Ocean University of China. Figure 1 shows the schematic layout of the physical model experiment. 
The length of the wave flume is 60 m; the height and the width are 1.5 m and 0.8 m, respectively. The 
waves are generated by a piston type wave maker at one side of the flume. A porous medium is used 
at the other end to absorb the waves. Uniform currents with positive or negative directions are 
generated by two circulating pumps. The flume is capable of generating waves of heights between 
0.03 m and 0.3 m and wave period between 0.5 s and 3 s. In the middle-rear of the wave flume, the 
bottom was covered by a sand bed 15 m in length, 0.8 m in width and 0.4 m in thickness with non-
cohesive sands. Two 1:10 concrete slopes were set at the both sides of the sand bed to avoid a sudden 
change of hydrodynamic conditions.  

 

Figure 1. Schematic diagram of model experimental layout. 

The wave height and wave period are measured with two wave gauges. During the experiments, 
50 Hz of sampling rate is used which is sufficient to measure the variation of water surface elevation 
for all the scenarios in this paper. The depth-averaged velocity is measured by ADV (Acoustic 
Doppler Velocimetry). The 0.6-depth method (One-point method) is used in the experiments to 
determine the depth-averaged velocity. A Trasonic Terrain automatic Measurement and analysis 
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System (TTMS) is used to measure evolution of the sand bed. The resolution of the system is ±1 mm 
in the vertical direction. 

The initial bed surface is flat at the beginning of each experiment. Under the waves and currents 
action, the bed elevation is measured every half an hour in the first hour, and then measured every 
hour. The experiment is complete when the bed achieves a dynamic equilibrium. In this paper, we 
assume that the bed has achieved a dynamic equilibrium when the change of bed is less than 5% of 
the sand wave elevation. Table 1 shows the experimental scenarios. The medium diameter in the first 
eight tests is 0.17 mm while it is 0.18 mm in the last two tests. 

Table 1. Experimental scenarios. 

Scenarios H (m) T (s) u0 (m/s) d (m) D50 (mm) 
1 0.10 2 0 0.6 0.17 
2 0.12 2 0 0.6 0.17 
3 0.14 2 0 0.6 0.17 
4 0.16 2 0 0.6 0.17 
5 0.14 2 −0.2 0.6 0.17 
6 0.14 2 0.2 0.6 0.17 
7 0.14 2 0.25 0.6 0.17 
8 0.14 2 0.35 0.6 0.17 
9 0.20 2 0 0.6 0.18 

10 0.22 2 0 0.6 0.18 
where H is wave height; T is wave period; u0 is depth-averaged current velocity; d is the water depth, 
and D50 is the median diameter of sediment. 

2.2. Water Characteristics Calculation 

The Ursell numbers (defined as 2 3/Ur HL d= , here L denotes wave length) computed for all 10 
tests in this paper were less than 26. Therefore, small amplitude wave theory can be adopted to obtain 
the wave configurations. An Ursell number larger than 26 corresponds to shallow water in almost 
half the cases of Cataño-Lopera et al. [1], so Cnoidal wave theory must be used. Consequently, 
different wave theories were used according to an Ursell number of 26. 

The bed shear stress is an important factor to induce the sediment incipient motion and 
transport. The dimensionless bed shear stress *T  can be expressed as: 

*
cw cr

cr

T τ τ
τ
−=  (1) 

where cwτ  is mean bed shear stress due to current and waves; crτ  is the critical bed shear stress, 
which is defined as: 𝜏௖௥ = (𝜌௦ − 𝜌௪)𝑔𝐷ହ଴𝜃௖௥ (2) 

where sρ  and wρ  are the densities of sediment and water, respectively; g  is gravitational 
acceleration; crθ  is the critical Shields number, which can be calculated according to the classical 
Shields curve. Here, we adopt a function of the dimensionless particle diameter *D  which is 
proposed by van Rijn [33]: 

𝜃௖௥ = ⎩⎪⎨
⎪⎧ 0.24𝐷∗ି ଵ    1 < 𝐷∗  ≤ 40.14𝐷∗ି ଴.଺ସ    4 < 𝐷∗  ≤ 100.04𝐷∗ି ଴.ଵ    10 < 𝐷∗  ≤ 200.013𝐷∗ି ଴.ଶଽ    20 < 𝐷∗  ≤ 1500.055    150 < 𝐷∗  (3) 

where the dimensionless particle diameter is, 
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𝐷∗ = 𝐷ହ଴ ቈ(𝜌௦ 𝜌௪ − 1⁄ )𝑔𝑣ଶ ቉ଵ ଷ⁄
 (4) 

where ν  is the viscosity coefficient of water. 
Figure 2 shows the calculation flow chart of total bed shear stress cwτ . With the measured wave 

period T  and water depth d , the wave length is calculated with the dispersion relation, 𝐿 = 𝑔𝑇ଶ2𝜋 tanh ൬2𝜋𝐿 𝑑൰ (5) 

Measured data: water depth d 
and wave period T 

wave length L

dispersion relations

Ursell Number Ur

with wave height H

Ur<26

get amplitude of near-bed wave orbital 
velocity um

get near-bed wave orbital velocity u

get wave induced bed shear 
stress τw

get current induced bed 
shear stress τc

current velocity u0

Yes - with Airy wave theory No - with Cnoidal wave theory

with wave friction coefficient fw
with current friction coefficient fc

get the total bed 
shear stress τcw

 
Figure 2. Flow chart to calculate the total bed shear stress. 

With the measured wave height H , the Ursell number can be obtained. When the Ursell number 
is less than 26, the amplitude of the near-bottom orbital velocity is calculated according to small 
amplitude wave theory, 𝑢௠ = 𝜋𝐻𝑇 1sinh(𝑘𝑑) (6) 

where k  is the wave number. 
The wave-averaged bed shear stress due to waves is calculated as, 𝜏௪ = 0.25𝑓௪𝜌௪𝑢௠ଶ  (7) 

where wf  is the wave-related friction factor, which is related to the amplitude of the wave particle 
and the ripple existing on the bed. We adopt the formulation of Swart [34], 

𝑓௪ = ൞exp ൬5.213 ቀ𝑎௠∆ ቁି଴.ଵଽସ − 5.977൰   𝑎௠∆ > 1.57  0.30                                                      𝑎௠∆ ≤ 1.57  (8) 

where Δ  is the wave related roughness, which is related to the estimated ripple height, 4 sηΔ = , 
here the ripple height sη  is set as 1.5 cm ; ma  is the near-bed peak orbital excursion, which can be 
solved as, 
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𝑎௠ = 𝑇2𝜋 𝑢௠ (9) 

When the Ursell number is larger than 26, Cnoidal wave theory must be used to evaluate the 
wave configurations. Based on the Cnoidal wave theory, wave period can be calculated as [35,36]: 

( )
( )
( )2

4
3 11 1 2 3

KdT
gH EH

d K

κ κ

κ
κ κ

 
 
  =  

   
+ − + −   

     

 (10) 

where κ  is the modulus of the elliptic integral; ( )K κ  and ( )E κ  are the first and second types of 
complete elliptic integrals, respectively. With the measured data of wave period, the parameter of κ  
can be solved using the Newton iterative method. Then the wave length with Cnoidal wave theory 
is: 

( )
316

3
dL K
H

κ κ=     (11) 

The time series of the wave particle velocity calculated with Cnoidal wave theory in shallow 
water is quite different from the small amplitude wave theory. The near-bed instantaneous velocity 
due to waves can be calculated by: 𝑢ඥ𝑔𝑑 = ቊ− 54 + 3𝑧௧2𝑑 − 𝑧௧ଶ4𝑑ଶ + ൬3𝐻2𝑑 − 𝑧௧𝐻2𝑑ଶ൰ cnଶ − 𝐻ଶ4𝑑ଶ cnସ

− 8𝐻𝐾ଶ(𝜅)𝐿ଶ ቆ𝑑3 − 𝑧ଶ2𝑑ቇ (−𝜅ଶsnଶcnଶ + cnଶdnଶ − snଶdnଶ)ቋ 
(12) 

where sn() , cn() , dn()  are Jacobian elliptical sinusoid function and Jacobian elliptical cosine 
function and Jacobian elliptical delta function, respectively; tz  is the distance from the wave trough 
to the seabed, the distance from the wave crest to the seabed is defined as cz . 

𝑧௖ = 𝑑 + 16𝑑ଷ3𝐿ଶ 𝐾(𝜅)ሾ𝐾(𝜅) − 𝐸(𝜅)ሿ (13) 

𝑧௧ = 𝑧௖ − 𝐻 = 𝑑 + 16𝑑ଷ3𝐿ଶ 𝐾(𝜅)ሾ𝐾(𝜅) − 𝐸(𝜅)ሿ − 𝐻 (14) 

cnଶ = cnଶ ൤2𝐾(𝜅) ൬𝑥𝐿 − 𝑡𝑇൰ , 𝜅 ൨ (15) 

snଶ = 1 − cnଶ ൤2𝐾(𝜅) ൬𝑥𝐿 − 𝑡𝑇൰ , 𝜅 ൨ (16) 

dnଶ = 1 − 𝜅ଶsnଶ ൤2𝐾(𝜅) ൬𝑥𝐿 − 𝑡𝑇൰ , 𝜅 ൨ (17) 

Two scenarios were used to evaluate the difference of velocity between small amplitude wave 
theory and Cnoidal wave theory. Scenario 3 (with water depth of 0.6 m, wave height of 0.14 m and 
wave period of 2 s) in Table 1 was used for the first test, while an experimental scenario (with water 
depth of 0.56 m, wave height of 0.104 m, and wave period of 4.1 s) from Cataño-Lopera et al. [1] was 
used for the second test. The Ursell numbers for the two tests were 12.33 and 55.5, respectively. 
Therefore, the small amplitude wave theory was used for the first test and the Cnoidal wave theory 
was used for the second test. The results can be found in Figure 3. 
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Figure 3. Time series of the wave particle horizontal velocity with different wave theories. The red 
dash line represents the first test and the wave velocity is symmetrical in a wave period. The blue 
solid line represents the second test and the wave velocity is larger following the wave direction but 
the duration is shorter. 

With Cnoidal wave theory, the wave period-averaged bed shear stress can be expressed as: 𝜏௪ = 1𝑇 න 12்
଴ 𝜌௪𝑓௪𝑢ଶd𝑡 (18) 

It is difficult to get the analytical solution from Equation (18), so a numerical integration method 

was used. With 
100
TTΔ = , 

( )( )
100 2

0

1 1
2w w w

i
f u i T T

T
τ ρ

=

 ≈ Δ Δ 
 

  (19) 

When the wave is combined with current, the current induced bed shear stress is: 

0 0
1
8c w cf u uτ ρ=  

 (20) 

where cf  is the current friction factor. When 10 2 / 400d< Δ < , cf  can be expressed as [37]: 

𝑓௖ = 0.113 ൬∆𝑑൰ଵ ଷ⁄
 (21) 

With all the equations above, the dimensionless bed shear stress can be obtained. Hydrodynamic 
conditions and characteristics of the measured sand waves are listed in Table 2. 

Table 2. Hydrodynamic conditions and characteristics of measured sand waves. 

Scenariosa 
H 

(cm) 
T 

(s) 
u0 

(m/s) 
d 

(m) 
D50 

(mm) 
hsw 

(cm) 
lsw 
(m) Ur wτ  cτ  crτ  *T  

1 10.0 2 0 0.6 0.17 1.09 2.28 8.81 3.49 0.00 0.15 22.10 
2 12.0 2 0 0.6 0.17 2.79 2.2 10.57 4.19 0.00 0.15 26.72 
3 14.0 2 0 0.6 0.17 3.18 1.96 12.33 4.92 0.00 0.15 31.49 
4 16.0 2 0 0.6 0.17 3.79 1.78 14.09 5.66 0.00 0.15 36.41 

0 2 4 6 8
time [s]

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

Airy wave
cnoidal wave
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5 14.0 2 -0.2 0.6 0.17 2.65 1.84 12.33 4.92 -
0.27 

0.15 29.71 

6 14.0 2 0.2 0.6 0.17 3.67 2.04 12.33 4.92 0.27 0.15 33.26 
7 14.0 2 0.25 0.6 0.17 5.64 2.41 12.33 4.92 0.42 0.15 34.26 
8 14.0 2 0.35 0.6 0.17 3.81 2.41 12.33 4.92 0.82 0.15 36.93 
9 20.0 2 0 0.6 0.18 6.2 3.9 17.62 7.22 0.00 0.16 44.05 

10 22.0 2 0 0.6 0.18 12.5 4.53 19.38 8.03 0.00 0.16 49.10 
11 19.6 2 0 0.56 0.25 26.9 5.8 20.12 7.47 0.00 0.22 32.57 

12 b 12.8 5.2 0 0.56 0.25 3.3 5.1 117.19 1.93 0.00 0.22 7.65 
13 19.2 6.9 0 0.56 0.25 11.9 6.8 347.56 1.80 0.00 0.22 7.07 
14 19.7 4.2 0 0.56 0.25 9.8 3.4 123.08 3.73 0.00 0.22 15.77 
15 17.7 1.6 0 0.56 0.25 2 1.5 10.32 7.08 0.00 0.22 30.79 
16 20.9 2.9 0 0.56 0.25 5.9 2.6 56.76 6.07 0.00 0.22 26.27 
17 10.7 3.4 0 0.56 0.25 7.7 3.4 37.88 2.63 0.00 0.22 10.81 
18 17.4 2.3 0 0.56 0.25 39.9 8.4 24.83 6.16 0.00 0.22 26.66 
19 15.1 5.9 0 0.56 0.25 11.5 5.1 186.26 1.86 0.00 0.22 7.37 
20 10.4 4.1 0 0.56 0.25 6 4.2 55.46 2.12 0.00 0.22 8.51 
21 14.7 4.1 0 0.56 0.25 8.6 4.1 82.12 2.95 0.00 0.22 12.24 
22 12.3 5.1 0 0.56 0.25 7.4 5.1 107.38 1.91 0.00 0.22 7.57 
23 19.6 1.9 0.17 0.56 0.25 13.5 5.1 17.75 7.60 0.20 0.22 34.04 
24 19.2 5.8 0.17 0.56 0.25 12.4 6.8 240.36 2.32 0.20 0.22 10.34 
25 19.7 3.7 0.17 0.56 0.25 8.2 4.1 92.73 4.38 0.20 0.22 19.58 
26 17.7 1.5 0.17 0.56 0.25 5 3.4 8.65 7.10 0.20 0.22 31.77 
27 11.3 3.6 0.17 0.56 0.25 3.5 4.1 45.68 2.63 0.20 0.22 11.71 
28 10.7 2 0.17 0.56 0.25 7.5 2.1 10.98 3.93 0.20 0.22 17.57 
29 12.1 5.1 0.17 0.56 0.25 14.5 6.3 105.38 1.88 0.20 0.22 8.33 
30 13 4.4 0.17 0.56 0.25 11.6 5.8 83.15 2.41 0.20 0.22 10.74 
31 23 2 0.17 0.56 0.25 12.5 2.3 23.61 8.95 0.20 0.22 40.08 

a. The first 10 scenarios were conducted in this paper, the last 21 scenarios were conducted by Cataño-
Lopera et al. [1]. b. The rows with brown color denote the shallow water, with Cnoidal wave theory. 

3. Results 

3.1. Dynamic Growth of Sand Waves 

Take Scenario 4 for example, Figure 4 shows the process of bed evolution during the experiment. 
First, the bed is flat at the initial time with the help of some calibration lines posted outside the glass 
of the flume. Second, fill the water into the wave flume until the depth reaches up to 0.6 m upon the 
sand bed. After the wave action has lasted for several minutes, ripples are formed alternatively on 
the bed. Third, after about 1-hour’s wave action, the ripples can be found all over the sand bed. Sand 
waves start to form. Finally, as Figure 4d shows, sand waves are generated. The height of the sand 
waves is of several centimeters and the length of about several meters. Ripples superimposed upon 
the sand waves present 2D or 3D patterns depending on their location over the large bedforms. 2D 
patterns of ripples can often be found at the crest or trough of sand waves, while 3D patterns are 
often found between the crest and trough. The ripples on the crest are usually larger than those at the 
trough. It is quite important to investigate the characteristics of ripples at different locations. They 
can affect the near-bed flow field and bed shear stress dramatically by changing the roughness 
coefficient.  
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Figure 4. Bed evolution over time during the experiment. (a) initial time; (b) several minutes later; (c) 
1 h later; (d) 10 h later. 

Using the TTMS, the bed level change was measured with an accuracy of 1 cm. Figure 5 shows 
the bottom evolution over time. With the FFT (Fast Fourier Transformation) method, the wave height 
can be obtained. In this case, the height of the sand wave is about 3.79 cm, and the length is about 
1.78 m after 5 h. Note in Figure 5 the sand wave reaches a quasi-steady condition after 5 h when no 
obvious bed changes can be observed. 

 

Figure 5. Bottom evolution over time: the generation of a sand wave. 

The growth rate of sand waves is calculated with the FFT method of bed level at different times. 
From Figure 6 the first half hour shows the growth rate is about 1.04 cm/h which is not very large. At 
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this stage ripples start to appear along the bed and large bedforms are formed gradually. The growth 
rate reaches the largest value which is about 1.42 cm/h in the second half hour and the main geometric 
characteristics of sand waves begin to be formed. Then from the second to the fifth hour, the growth 
rate decreases gradually at about 1.01 cm/h, 0.78 cm/h, 0.50 cm/h, and 0.27 cm/h, respectively. The 
change of bed is less than 5% of the sand wave elevation at the fifth hour, so with the first 5 h wave 
action the sand waves have reached a balanced state. At an average of 10 h, the growth rate is about 
0.4 cm/h. 

 
Figure 6. The growth rate of a sand wave as a function of time. 

3.2. Geometry Characteristics of Sand Waves 

Dimensionless bed shear stress was used to evaluate the measured sand wave characteristics. 
The hydrodynamic conditions and measured data of sand waves are listed in Table 2. The measured 
data of the bed forms denote the long type sand waves, not the ripples superposed on the waves. 
Notice that Cnoidal wave theory is used when the Ursell number is larger than 26 which make the 
results more accurate. Figure 7 shows the relationship between dimensionless sand wave height and 
dimensionless shear stress. The data is rather scattered. A simple linear relationship was used to 
evaluate change regulation with all the data. The black line is the fitting curve and the formula is as 
follows. ℎ௦௪𝑑 = 0.162 − 0.000226𝑇∗ (22) 

Dimensionless sand wave height decreases slightly with increase of dimensionless bed shear 
stress. The correlation coefficient is about 0.02 which shows poor correlation between dimensionless 
sand wave height and bed shear stress. The data is rather scattered when the dimensionless shear 
stress is larger than 30, so the hydrodynamic conditions were analyzed. Among these scenarios, the 
result of Scenario 18 is quite different which is much larger than the others. In addition, the wave 
steepness of seven scenarios (9, 10, 11, 15, 23, 26, 31) is quite large (larger than 0.04) which is marked 
by “x” in the figure. Without considering these data, the nonlinear fitting curve is the blue line. The 
fitting formula can be expressed as, ℎ௦௪𝑑 = exp (−1.583 − 0.028𝑇∗) (23) 

The correlation coefficient is about 0.49 which was obviously improved. A declining trend can 
also be found from this formula. 
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Figure 7. The relationship between the measured dimensionless sand wave height and dimensionless 
shear stress. The blue circles represent the results of experiments of this paper with a medium 
diameter of 0.17 mm and the dark ones of 0.18 mm. The red circles represent the results of experiments 
conducted by Cataño-Lopera et al. [1]. The range of the dimensionless shear stress is about 7–49. 

Figure 8 shows the negative relationship between dimensionless sand wave length and 
dimensionless bed shear stress. The results rather show scatter when all the data are considered. The 
black line shows the fitting curve with linear relationship and the formula is as follows, 𝑙௦௪𝑑 = 9.68 − 0.121𝑇∗ (24) 

The dimensionless sand wave length decreases with increasing bed shear stress. The correlation 
coefficient is about 0.47. When the eight tests are not considered, there is a better nonlinear relation 
(i.e., the blue line in Figure 8). The fitting equation is, 𝑙௦௪𝑑 = exp(2.6 − 0.0427𝑇∗) (25) 

This equation also shows the decline trend of the sand wave length with dimensionless bed 
shear stress. The correlation coefficient is improved to 0.87. In general, the dimensionless sand wave 
length decreases with increasing bed shear stress.  
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l sw
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Figure 8. The relationship between the measured dimensionless sand wave length and dimensionless 
shear stress. 

The steepness of sand waves is defined as /sw sw swh lσ = . As Figure 9 shows, the linear fitting 
formula can be expressed as follows. 𝜎௦௪ = 0.0156 + 0.000255𝑇∗ (26) 

 
Figure 9. The relationship between the measured sand wave steepness and dimensionless shear 
stress. The black line is the fitting curve for all the data. 

Equation (26) shows that the steepness increases slightly with increase of the dimensionless 
shear stress. The data seems still rather scattered when the eight larger wave steepnesses of the wave 
conditions are excluded. However, the sand wave steepness seems to be a constant number which is 
about 0.02. 

The dimensionless sand wave characteristics above are rather scattered, and here another 
method was used. The relationship of the dimensionless sand wave length denoted as /swl L  and the 
dimensionless shear stress can be found from Figure 10. The black line is the linear fitting line which 
is, 
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Figure 10. The relationship between the measured dimensionless sand wave length and 
dimensionless shear stress. 

The correlation coefficient is about 0.44. Excluding the eight tests, a good trend can be found as 
the blue line. The ratio of sand wave length and wave length is a constant with curve fitting, the value 
is about 0.44 which corresponds with Cataño-Lopera et al. [1]. 

Because of the complication of the calculation of dimensionless shear stress with Cnoidal wave 
theory in shallow water, the relationship between sand wave length and wave steepness is 
represented in Figure 11. Considering the large wave steepness, the fitting equation reads, 

2 0.0032 2.227swl H
gT L

= − +  (28) 

 

Figure 11. The relationship between the measured dimensionless sand wave height and 
dimensionless wave length. 

Without considering the large wave steepness, the fitting equation is (the blue one in Figure 11):  

2 0.124 1.151swl H
gT L

= +  (29) 

The correlation coefficients are 0.758 and 0.767, respectively. The wave characteristics are easy 
to obtain, then the sand wave length can be evaluated directly. 

4. Discussion 

Tidal currents are the most critical environmental factors that control the formation and 
evolution of sand waves, as confirmed by many field observations and linear stability analyses. In 
the present study, we argue that waves and currents both have an important effect on sand waves.  

4.1. Comparison with the Results of Cataño-Lopera et al. [1]  

Cataño-Lopera et al. [1] chose the representative parameter Reynolds wave number (Rew) to 
express measured values. Twenty one data of tests with waves alone and combined currents were 
used to analyze the relationship between dimensionless geometric configuration of sand waves and 
Rew. The wave characteristics were obtained using small amplitude wave theory for all cases though 
Ursell number was larger than 26 in about half of the experiments. In this paper, Cnoidal wave theory 
was used to calculate the wave characteristics for the experiments with a large Ursell number. 
Additionally, two different sediment diameters were used in this paper, and the Reynolds wave 
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number was no longer suitable as the dimensionless parameter because sediment configuration 
needs to be considered. Therefore, the dimensionless bed shear stress was used as the hydrodynamic 
parameter in this paper. 

For the cases of Cataño-Lopera, most of the dimensionless shear stress was in the range of 7 to 
20, with some data scattered in the range of 30 to 40. The results of our experiments supplement the 
range of shear stress data in the range from 20 to 30. For dimensionless height and length of sand 
waves (as Figure 7, Figure 8 and Figure 10 show), they are highly correlated when the dimensionless 
shear stress is less than 30. The results had poor correlation when the shear stress was larger than 30. 
According to the wave steepness, the cases larger than 0.04 represent a different trend. Without 
considering these cases, Equations (23), (25), (29) show good agreement with the measured data.  

The measured data is scattered while the wave steepness is large, which may be caused by the 
wave nonlinearity. When the wave steepness is larger than 0.04, small amplitude wave theory is less 
accurate in calculating the orbital velocities and bed shear stress. Our equations gave a better 
relationship for cases when wave steepness was less than 0.04. 

Sand wave steepness is 0.02 in our study which is in accordance with Cataño-Lopera et al. [1]. 
The ratio of sand wave length and wave length is about 0.44 which is also in accordance with Cataño-
Lopera et al. [1].  

4.2. Bedforms with Dimensionless Shear Stress 

Sand waves and sand ripples coexist under the waves and currents. Dimensionless shear stress 
is a key parameter in this paper. According to van Rijn [38], the flow conditions in an alluvial channel 
are usually classified into: (1) Lower flow regime with plane beds, mini-ripples, mega-ripples, and 
dunes. (2) Transition flow regime with washed-out dunes and sand waves. (3)  Upper flow regime 
with plane bed or anti-dunes. The upper regime which is defined as occurring for * 25T ≥ , is 
characterized by a dominating suspended load transport. It was found from van Rijn [38] that the 
sand bed would be out of plane and start anti-dunes when the parameter was beyond 25. However, 
this concept has been challenged by Yalin [39] and Julien [40]. According to their work, lower-regime 
bedforms can be observed at values of *T  well beyond 25 in very large rivers. Measurements from 
Table 2 include values of * 25T ≥ . Sand waves can be found under the upper flow regime of van Rijn. 
Our experimental results confirmed the findings of Yalin [39] and Julien [40].  

Wave energy dissipation and bottom roughness are important parameters in many 
hydrodynamic and morphodynamic models for coastal oceans, lakes and estuaries [41]. It is 
important to describe the topography of ripple pattern properly since it determines the net shear 
stress over the flow field. Xiong et al. [42] calculated the wave height of ripples based on the formulas 
of Boyd et al. [43] and Allen [44]. The scales are comparable to the results of Zhao et al. [45] at Dongtai. 
It was found that the ripple-related bottom shear stress is much larger than the skin-friction shear 
stress. In our experiments, the ripple pattern can be found all over the sand waves. It is reasonable to 
use Equation (8) to evaluate the roughness.  

5. Conclusions 

In this paper, a series of experiments was conducted to study sand bed configurations under 
waves and currents in the wave flume. Both the experimental results of this paper and previous 
research show that ripples and sand waves coexist together by waves alone and combined currents. 
Several conclusions can be drawn from the observations and analyses: 

(1) Sand ripples can represent 2D patterns or 3D patterns depending on the location of the large-
scale sand waves. The 2D ripples existing on the crest are much larger than those on the trough. 

(2) Based on the Ursell numbers of different hydrodynamic conditions, the dimensionless bed 
shear stresses were calculated with different wave theories. Geometry characteristics of sand waves 
such as height, length, and steepness were very scattered for all cases. Without the cases of large wave 
steepness, the sand wave height and length both decreased with increase of the dimensionless bed 
shear stress. The sand wave steepness hardly changed with bed shear stress. 
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(3) A simple linear relationship can be found between the sand wave length and wave steepness. 
It is easy to evaluate the sand wave characteristics from the measured wave data. 
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Notation 

The following symbols are used in this paper: 
H  = wave height 
T  = wave period 

0u  = depth-averaged current velocity 
d  = water depth 

50D  = median diameter of sediment 
Ur  = Ursell number 
L  = wave length 

*T  = dimensionless bed-shear stress 

cwτ  = mean bed shear stress due to current and waves 

crτ  = critical bed shear stress 

sρ  = density of sediment 

wρ  = density of water 
g  = gravitational acceleration 

crθ  = critical Shields number 

*D  = dimensionless particle diameter 
ν  = viscosity coefficient of water 

mu  = amplitude of the near-bottom wave orbital velocity 

wf  = wave friction factor 

cf  = current friction factor 

wτ  = wave-averaged bed shear stress due to waves only 

cτ  = bed shear stress due to current only 
k  = wave number 

ma  = near-bed peak orbital excursion 
Δ  = wave related roughness 

sη  = ripple height 
κ  = modulus of elliptic integral 

( )K κ  = the first kind complete elliptic integral 

( )E κ  = the second kind complete elliptic integral 
u  = near-bed instantaneous velocity due to waves 
sn()  = Jacobian elliptic sinusoid function 
cn()  = Jacobian elliptic cosine function 
dn()  = Jacobian elliptic delta function 

tz  = distance from the wave trough to the sea bed 

cz  = distance from the wave crest to the sea bed 

swh  = sand wave height 
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swl  = sand wave length 

swσ  = sand wave steepness 
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