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Abstract: Analyzing the encounter frequency of high–low runoff and sediment yield is important
for the appropriate dispatching of runoff–sediment resources, as well as river regulation. However,
there have been no reports on the utilization of the pair-copula function in analyzing the
runoff–sediment characteristics from a probabilistic perspective and conducting probability control on
the runoff–sediment yields of different hydrologic stations. This paper builds marginal distribution
functions on the basis of kernel distribution theory. In addition, this paper builds the joint distribution
functions through pair-copula functions in order to analyze the encounter probability and the
compensation characteristics of high–low runoff and sediment at different stations on the Weihe
River in China, as well as the origins of runoff–sediment, to conduct probability control of river
runoff–sediment resource allocation. The results show that, in different periods, the synchronous
probability of high–low runoff of the Weihe River’s Xianyang and Huaxian Stations, and the Jinghe
River’s Zhangjiashan Station differ, while that of high–low sediment at the three stations changes
little—remaining at around 54%. Therefore, the sediment and runoff of the Weihe River apparently
have different origins. In years of high and low runoff, if the runoffs of the Xianyang and Zhangjiashan
Stations can be kept within a certain range, then the runoff of the Huaxian Station will be in a particular
range, at a certain probability. Sediment at the Huaxian Station can be controlled, in a similar way.
These results are of great significance for the water and sediment management department of the
Weihe river, in order to reasonably allocate water and sediment resources.

Keywords: copula; distribution probability; runoff; sediment

1. Introduction

Learning the characteristics of runoff–sediment migration and analyzing the encounter frequency
of high–low runoff–sediment of rivers will provide a theoretical basis for the development and
control of runoff–sediment resources. Thus, the key to analyzing the encounter probability of
high–low runoff–sediment is to establish the joint distribution function with several hydrological
variables. Presently, the study of the hydrological distribution function of two variables is relatively
mature. However, the establishment of three- and higher-dimensional joint distribution functions
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of multi-variables still need exploring [1]. Major research methods of calculating the hydrological
frequency with multi-variables include the normal distribution and normal transformation method,
the same marginal distribution construction method, the non-parametric estimation method, the
multi-to-one-dimension transformation method, and the empirical frequency method. However, some
of these methods require harsh assumptions, some of them are complicated to calculate, and some are
difficult to extend [1–4].

The copula function, however, is flexible to adapt. It does not require the same distribution for
marginal distributions, and its solution is quite simple. The copula function was first applied to the
hydrological field in 2003 [5] and is now applied widely to the hydrological field. Major research
results include: De Michele (2005) used the 2D copula function to calculate the designed flood yield
of dams, and Salvadori (2006) used the 2D copula function to study the statistical characteristics
of storms at sea [6,7]. De Michele (2013) and Linlin (2018) applied copula functions to analyze the
drought frequency and its recurrence interval [8,9]. Razmkhah (2016) [10] and Yan (2018) [11] used
the 2D copula function to study the relationship between precipitation and runoff. Recently, 3D and
higher-dimensional copula functions have also been applied. For example, Liu (2015), Pham (2016),
and Gyasi-Agyei (2012) [12–14] analyzed precipitation characteristics through the 3D copula function.
Ridolfi (2013) [15] evaluated levels of precipitation through the 3D copula function. Graele (2013) [16]
estimated the designed water level through the 3D copula function. Wahl (2012) [17] utilized the 3D
copula function to analyze hydrodynamic boundary conditions in coastal areas. So far, analysis of
encounter frequencies of high–low runoff–sediment mainly adopts 2D copula functions, which are
obviously incapable of satisfying practical needs. Additionally, some scholars analyzed the encounter
frequency of the high–low runoff–sediment of several variables through 3D-symmetric copula and
non-symmetric 3D and 4D copula of particular structures [17,18], but the particular structures were
limited, to some extent, and their parameters were, at times, complicated for finding the solution.
The study of using copula functions to analyze the relationship between runoff and sediment is
given in [19]. Empirical formulae and other deterministic methods were also used in the study of
the runoff–sediment relationship [20], but these deterministic methods ignored the randomness of
the variables. At present, methods of runoff and sediment regulation include genetic algorithms [21],
dynamic programming methods [22], multi-objective optimization algorithms [23], and so on, but,
sometimes, it is difficult to find the optimal solution of these methods. However, there have been few
studies using the copula function to analyze the control of runoff and sediment.

The pair-copula function is a relatively flexible method in building high-dimensional copula
functions, and its parameters are relatively simple to solve. While dealing with the joint probability,
we don’t need to consider whether the marginal distributions are the same, or the positive and
negative correlation between the variables [24]. Besides, multidimensional density functions can
be decomposed into several pair-copula functions in order to solve, decreasing the complexity of
the multidimensional joint probability distribution structure. Huaxiong (2014) used the vine-copula
pair-copula function to analyze the relationships among annual precipitation, annual evaporation
capacity, and annual runoff [25]. Vernieuwe (2015) [26] and Callau Poduje (2018) [27] analyzed
precipitation frequency through the vine-copula function. Shafaei (2017) analyzed flood frequency by
vine-copula [28]. However, analysis on the encounter frequencies of high–low sediment at different
river stations in compensation relationships, and research on probability control of the runoff–sediment
yield of different stations through pair-copula functions has not been carried out, yet.

Being the major tributary to the Yellow River, the Weihe River is regarded as the mother river of
Gansu and Shaanxi Provinces. It is the primary water supply for 29.5 million people living in Shaanxi
and Gansu Provinces, and in the Ningxia Hui Autonomous Region. Among numerous tributaries
to the Weihe River, the Jinghe River is the largest. Throughout history, the Weihe River has flooded
several times, and its downstream channels have often been congested due to sediment accumulation,
bringing huge economic losses to its bank areas. Recently, however, runoff–sediment yields of the
Weihe River have reduced sharply, worsening the trend of drought. As the social economy boosts,
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the utilization range and amount of runoff–sediment resources of the Weihe River also vary. The key
problem that the runoff–sediment resources dispatching department deals with is how to dispatch and
allocate the runoff–sediment resources of the upper and lower reaches of the Weihe River, reasonably.
Therefore, it is necessary to analyze the runoff–sediment characteristics of the Weihe River. Throughout
the years, scholars have studied the runoff–sediment characteristics of the Weihe and Jinghe Rivers,
respectively, from different perspectives [29–33].

This paper’s novelty is in adopting a pair-copula function to analyze the encounter frequency of
high–low annual runoff–sediment yields between different stations, which have a direct compensation
relationship, from a probabilistic perspective. Furthermore, the pair-copula function is used to
explore the origins of the runoff and sediment of the river, and to conduct probability control on the
downstream runoff and sediment yield. The major contributions of this paper include: (1) Analyzing
the 1960–2016 variation tendencies and sudden mutations of annual runoff and sediment yield of
the three hydrologic stations, on the basis of the RAPS (Rescaled Adjusted Partial Sums) method;
(2) Building the marginal distribution function of the annual runoff and sediment yield of each
observation station through the kernel distribution method; (3) Establishing the 3D copula function of
annual sediment yield and annual runoff yield of the three stations through a pair-copula function;
(4) Analyzing the encounter frequency of high–low runoff–sediment of the Weihe River Huaxian
and Xianyang Stations, and the branching Jinghe River Zhangjiashan Station, from a probabilistic
perspective; (5) Respectively analyzing the probability relationships of runoff and sediment yields
between the downstream Huaxian and Xianyang Stations, and the branching Zhangjiashan Station,
through conditional probability formulas; and (6) Estimating the designed runoff and sediment yields
of upstream stations, both in high and low runoff years, which can guarantee the runoff and sediment
yields of downstream stations in a particular range at a certain probability.

2. Materials and Methods

2.1. Research Area and Data

2.1.1. Brief Introduction to the Research Area

The Weihe River (104–110◦ E, 33–37◦ N) originates in the Niaoshu Mountains of Weiyuan County,
Gansu Province and mainly flows through Tianshui of Gansu Province and Baoji, Xianyang, Xi’an,
Weinan, and so on, of the Guanzhong Plain, Shaanxi Province. It joins the Yellow River in the Tongguan
County, Weinan City (Figure 1). The Weihe River is the largest tributary to the Yellow River, covering a
basin area of 134,800 km2. Its total length reaches 818 km. The upper reaches of the Weihe River start
at Weiyuan and end at the exit of the Baoji Canyon; the middle reaches start at the Baoji Canyon and
end at Xianyang; and the lower reaches of the river are from Xianyang to the Tongguan river estuary.
Huaxian Station is the mouth where the Weihe River joins the Yellow River. Four seasons are distinct
in the Weihe River basin, and precipitation is not uniformly distributed in the area. It is dry, with
little rain, in the winter, with heavy rains in the summer. In this area, the average annual precipitation
is 572 mm; however, more than 60% of the annual rainfall is from July to October. The rainfall
is scarce in January and December, much less than 1% of the annual precipitation. At Xianyang
Station, the annual average runoff is 36.8 × 108 m3 (1960–2016), and the annual sediment runoff is
0.88 × 108 t (1960–2016). As for flood season, water and sediment over the whole year take up 59%
and 85%, respectively. Downstream at the Huaxian Station, the annual average runoff is 63.4 × 108 m3

(1960–2016), and average sediment is 2.73 × 108 t (1960–2016); runoff and sediment in flood season
(from July to October) cover 60% and 89% or so, respectively, for the whole year. Mountainous areas of
the WRB (Weihe River basin) mark 84% of the total area of the WRB, which is composed of plateau
mountains and plain mountains. Plateau mountains of the WRB are mainly located in basins of the
Jinghe and upper Weihe Rivers. The topographic feature of WRB is “west high, east low”, where the
highest altitude in the west reaches 3495 m. From the west to the east, the terrain gradually becomes
lower and the river valley wider. The climate in the WRB is a warm-temperate, semi-wet, and semi-arid
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monsoon climate, with characteristics of a mountain basin climate. The average temperature of WRB
in a year is 12.8 ◦C [19].
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Figure 1. Locational map of the researching area.

The Jinghe River (106◦ E to 109◦ E, 34◦ N to 37◦ N) is the largest tributary to the Weihe River.
It originates in the east side of the Liupanshan Mountain, in Southeastern Weibaliang, Jingyuan
County, in the Ningxia Hui Autonomous Region. The total length of Jinghe River reaches 455.1 km,
covering a basin area of 45,400 km2, which is 33.7% of the WRB. The Jinghe River flows through the
Ningxia Hui Autonomous Region, as well as the Gansu and Shaanxi Provinces, and meets the Weihe
River in the Gaoling District, Xi’an City, Shaanxi Province. The topographic feature of the Jinghe River
Basin (JRB) is “northwest high, southeast low”. With very sparse vegetation (only making 10% of the
total area), soil erosion in the JRB area is severe, making it the main sediment source of the Weihe River.
Hydrologic stations of the Jinghe River are illustrated in Figure 1.

2.1.2. Data

The study collected the data of annual runoff and sediment yield from 3 hydrometric stations:
The Huaxian and Xianyang Stations of the Weihe River, and the Zhangjiashan Station (Figure 1) of
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its biggest branch, the Jinghe River, over 57 years (1960–2016). Among these, the runoff data were
recalculated by the measured flow data of the hydrological stations, with the observing frequency
being once every day, and the frequency was increased, based on the actual requirement (especially
in flood season). In this paper, the sediment yield was obtained by recalculating the index sediment
concentration, which refers to the average sediment concentration for one or several representative
vertical lines at the cross-section. Based on the measured samples at 3 hydrological stations for many
years, the correlation curve was drawn for every station, reflecting the index sediment concentration
and the average sediment concentration at the cross-section; the former was shown on the vertical
coordinate, and a horizontal coordinate indicated the latter. Because the correlation of the sediment
concentration and the average sediment concentration at the cross-section are very good, the average
sediment concentration at the cross-section was derived by the index sediment concentration and
the relation between it and the average sediment concentration at the cross-section. After that, the
sediment discharge could be acquired by the average sediment concentration at the cross-section and
the average flow at the cross-section. The vertical mixing method was mainly adopted for sampling
the index sediment concentration. Firstly, on the relevant observation points of the vertical lines, we
took the sampling respectively and mixed them into one sample, the sediment concentration of which
was taken as the average for the line. The relative water depths (the ratio between the underwater
penetration of instrument and water depth) of the points on the line are 0.2, 0.6 and 0.8; 0.2 and 0.8
assuming that there were two points; and 0.5 for one point. The mixing method of samples on the same
vertical line was to mix multiple samples into one sample in a certain proportion. Mixing at a ratio of
2:1:1 assuming that there were 3 points, 1:1 if there were 2 points. The number for the lines and the
points was determined in accordance with river bed characteristics and water and sediment conditions.
Sampling frequency was several times within one day during flooding, once a day during normal river
flow periods and once within 2 to 3 days in dry season. Daily sediment discharge at the cross-section
was calculated as follows: (1) Supposing that the index sediment concentration was taken several times
within a day, the flow weighting method was applied for calculating daily average sediment discharge,
and the formula was shown as follows: Within QS = ∑n

i=1[(qiCsi + qi+1Cs(i+1))∆ti], QS represented
daily average sediment discharge in kg/s; qi was the average flow at the cross-section when it was at i,
indicated by m3/s; Csi was the average sediment concentration in kg/m3 at the cross-section when it
was at i. ∆ti was in h, showing the time interval between Csi and Cs(i+1); n was the times for measuring
the index within a day. (2) In cases where the index sediment concentration was obtained only once a
day, we took the average sediment concentration of the cross-section derived from the index sediment
concentration as the daily average sediment concentration of the cross-section, then multiplied it by the
daily average river flow, and the daily average discharge could be received for the day; (3) when taking
the index sediment concentration once every few days, and the index sediment concentration was not
measured, the average sediment concentration of the cross-section for each different day was acquired
by straight-line interpolation for the cross-section sediment concentration before and after the index
sediment concentration had been measured; after that, we multiplied it by the average river flow of
each different day, and the daily average sediment discharge for each day was obtained. The formula
for calculating annual sediment discharge in this paper was Ws = (86400 ∑m

i=1 Qs)/1011, and in it,
Ws was the annual discharge in 108 t, there were 86,400 s for a day, and m was the days of a year.
The aforementioned data were provided by the Shaanxi Provincial River Reservoir Administration.
The data were strictly controlled in quality before release, since the Bureau was authorized for data
statistics, publishing for all the rivers and reservoirs in the province.

2.2. Research Methods

2.2.1. Rescaled Adjusted Partial Sums (RAPS) Method

RAPS is used to standardize, and then study, time series data. This method could be applied
to the study of variation of the trend of time series data, to find the inflection points of the trend.
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The advantage of the method is to avoid the impacts of different data units and random errors on
analysis. Formula of RAPS is expressed, as follows:

RAPSk =
k

∑
t=1

yt − y
sy

. (1)

In the formula, k represents the number of observation data, yt represents the parameter observed
at time t, y represents the average value of the parameter sequence observed, and sy represents the
standard deviation [34].

2.2.2. Pair-Copula Function

Suppose that X = (X1, X2, · · · , Xn) is the n-dimensional vector in accordance with the joint
density function f (x1, x2, · · · , xn). Then, its marginal density function is fi(xi), (i = 1, 2, · · · , n), and it
can be inferred, in accordance with the conditional probability, that:

f (x1, x2, · · · , xn) = fn(xn)· fn−1|n(xn−1

∣∣∣xn)· fn−2|n−1,n(xn−2

∣∣∣xn−1,xn) · · · · f1|2,··· ,n(x1

∣∣∣x2, · · · , xn). (2)

According to Sklar’s Theorem [35], the multivariate joint distribution function can be described,
through the copula function and the marginal distribution function; that is:

F(x1, x2, · · · , xn) = C1,2,··· ,n[F1(x1), F2(x2), · · · , Fn(xn)]. (3)

In the formula, C1,2,··· ,n(·) represents the distribution function of an n-dimensional copula function,
and Fi(xi), (i = 1, 2, · · · , n) is the marginal distribution function.

Therefore, the joint density function can be described as:

f (x1, x2, · · · , xn) = c1,2,··· ,n[F1(x1), F2(x2), · · · , Fn(xn)]· f1(x1) · · · fn(xn). (4)

In the formula, c1,2,··· ,n(·) represents the density function of an n-dimensional copula function.
Next, combining this formula with the marginal condition probability distribution-based

pair-copula structural formula, proposed by Joe (1996) [36], we have:

F(x|v) =
∂Cxvj |v−j

[
F
(
x
∣∣v−j

)
, F
(
vj
∣∣v−j

)]
∂F
(
vj
∣∣v−j

)
∂F
(
x
∣∣v−j

) . (5)

In the formula, v is a d-dimensional vector, vj is a variable randomly taken from v, v−j is the
multidimensional variable which consists of all other components in v except the variable vj, and Cij|k
is the 2D pair-copula function. It can be obtained, by taking the partial derivative of x, that:

f (x|v) = c
[
F
(
x
∣∣v−j

)
, F
(
vj
∣∣v−j

)]
· f
(
x
∣∣v−j

)
. (6)

For 3D variables:

f (x1|x2, x3) = c13|2[F(x1|x2), F(x3

∣∣∣x2)c12[F1(x1), F2(x2)] f (x1), (7)

or
f (x1|x2, x3) = c12|3[F(x1|x3), F(x2|x3)c13[F1(x1), F3(x3)] f (x1). (8)

There are several pair-copula structures in higher-dimensional joint distributions. C-vine
(canonical vine) and D-vine are two special types of vines. If key variables, that guide the other
variables, can be found in the data, C-vine would be suitable for modeling. As for n-dimensional
variables, the C-vine pair-copula structure consists of n − 1 trees; each tree Tj has one node connected
to n − 1 edges. Figure 2 indicates the structure of a 4-dimensional C-vine [37].



Water 2019, 11, 510 7 of 19
Water 2019, 11, x FOR PEER REVIEW 7 of 19 

 

 
Figure 2. Structure of a 4-dimensional C-vine. 

2.2.3. Three-Dimensional C-Vine Pair-Copula Function Probability Calculation 

There is no explicit function expressing the C-vine pair-copula probability distribution. Thus, 
this paper adopts numerical integration to calculate [38]. For a 3-dimensional variable (𝑋 , 𝑋 , 𝑋 ), 
there is: 𝐹(𝑥 , 𝑥 , 𝑥 ) = 𝑓(𝑥 , 𝑥 , 𝑥 ) 𝑑𝑥 𝑑𝑥 𝑑𝑥= 𝑓(𝑥 )𝑓(𝑥 )𝑓(𝑥 )𝑐 [𝐹 (𝑥 ), 𝐹 (𝑥 )] 𝑐 [𝐹 (𝑥 ), 𝐹 (𝑥 )]𝑐 | [𝐹(𝑥 |𝑥 ), 𝐹(𝑥 |𝑥 )] 𝑑𝑥 𝑑𝑥 𝑑𝑥= 𝑐 [𝐹 (𝑥 ), 𝐹 (𝑥 )]𝑐 [𝐹 (𝑥 ), 𝐹 (𝑥 )]𝑐 | [𝐹(𝑥 |𝑥 ), 𝐹(𝑥 |𝑥 )] 𝑑𝐹 (𝑥 )𝑑𝐹 (𝑥 )𝑑𝐹 (𝑥 )= 𝜕𝐶 | [𝐹(𝑥 |𝑥 ), 𝐹(𝑥 |𝑥 )]𝜕𝐹(𝑥 |𝑥 )𝜕𝐹(𝑥 |𝑥 ) 𝜕𝐹(𝑥 |𝑥 )𝜕𝐹 (𝑥 ) 𝜕𝐹(𝑥 |𝑥 )𝜕𝐹 (𝑥 ) 𝑑𝐹 (𝑥 )𝑑𝐹 (𝑥 )𝑑𝐹 (𝑥 ).   

(10) 

Assume 𝑥 , 𝑥 , 𝑥  are 𝑠, 𝑡, 𝑚 , respectively, and their marginal distributions are 𝑢, 𝑣, 𝑤 , 
respectively. Then, 𝑑𝐹 (𝑥 ) = 𝑑𝑢 ,  𝑑𝐹 (𝑥 ) = 𝑑𝑢 ,  𝑑𝐹 (𝑥 ) = 𝑑𝑢 . It can be obtained, through 
integral variable substitution, that: 𝐹(𝑥 , 𝑥 , 𝑥 ) = 𝑓(𝑥 , 𝑥 , 𝑥 ) 𝑑𝑥 𝑑𝑥 𝑑𝑥 =| [ , ], [ , ] 𝑑𝑢 𝑑𝑢 𝑑𝑢 = 𝐶 | [ , ] , [ , ] 𝑑𝑢 . 

(11) 

This is the 1-dimensional integration of the copula distribution with 2-dimensional conditions. 
The 3-dimensional probability distribution can be solved through Gaussian Quadrature. 

2.2.4. Calculation of the Synchronous and Asynchronous Probability of High–Low Runoff–
Sediment 

The dividing frequency of high–low runoff is set as 𝑝 = 75%, 𝑝 = 25%, and the corresponding 
dividing annual runoff of high–low runoff is recorded as 𝑋  and 𝑋 . When the runoff X satisfies 𝑋 𝑋 , it is regarded as a high runoff; when the runoff X satisfies 𝑋 𝑋 𝑋 , it is regarded as 

Figure 2. Structure of a 4-dimensional C-vine.

It can be obtained from the C-vine structure that the general form of the C-vine density of a
n-dimensional variable is:

f (x1, x2, · · · , xn) =
n

∏
k=1

f (xk)
n−1

∏
j=1

n−j

∏
i=1

cj,j+i|1,··· ,j−1(F
(
xj
∣∣x1, · · · , xj−1

)
, F
(
xj+i

∣∣x1, · · · , xj−1
)
). (9)

The maximum-likelihood estimation method is adopted to estimate the parameters of a C-vine
pair-copula function [37].

2.2.3. Three-Dimensional C-Vine Pair-Copula Function Probability Calculation

There is no explicit function expressing the C-vine pair-copula probability distribution. Thus,
this paper adopts numerical integration to calculate [38]. For a 3-dimensional variable (X1, X2, X3),
there is:

F(x1, x2, x3) =
∫ x1
−∞

∫ x2
−∞

∫ x3
−∞ f (x1, x2, x3)dx1dx2dx3

=
∫ x1
−∞

∫ x2
−∞

∫ x3
−∞ f (x1) f (x2) f (x3)c12[F1(x1), F2(x2)]c23[F2(x2), F3(x3)]c13|2[F(x1|x2), F(x3|x2)]dx1dx2dx3

=
∫ x1
−∞

∫ x2
−∞

∫ x3
−∞ c12[F1(x1), F2(x2)]c23[F2(x2), F3(x3)]c13|2[F(x1|x2), F(x3|x2)]dF1(x1)dF2(x2)dF3(x3)

=
∫ x1
−∞

∫ x2
−∞

∫ x3
−∞

∂C13|2[F(x1|x2),F(x3|x2)]

∂F(x1|x2)∂F(x3|x2)
∂F(x1|x2)
∂F1(x1)

∂F(x3|x2)
∂F2(x2)

dF1(x1)dF2(x2)dF3(x3).

(10)

Assume x1, x2, x3 are s, t, m, respectively, and their marginal distributions are u, v, w, respectively.
Then, dF1(x1) = du1, dF2(x2) = du2, dF3(x3) = du3. It can be obtained, through integral variable
substitution, that:

F(x1, x2, x3) =
∫ s
−∞

∫ t
−∞

∫ m
−∞ f (x1, x2, x3)dx1dx2dx3 =∫ u

0

∫ v
0

∫ w
0

∂2C13|2

[
∂C12[u1,u2]

∂u2
,

∂C23[u2,u3]
∂u2

]
∂u1∂u3

du1du2du3 =
∫ v

0 C13|2

[
∂C12[u1,u2]

∂u2
, ∂C23[u2,u3]

∂u2

]
du2.

(11)
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This is the 1-dimensional integration of the copula distribution with 2-dimensional conditions.
The 3-dimensional probability distribution can be solved through Gaussian Quadrature.

2.2.4. Calculation of the Synchronous and Asynchronous Probability of High–Low Runoff–Sediment

The dividing frequency of high–low runoff is set as p f = 75%, pk = 25%, and the corresponding
dividing annual runoff of high–low runoff is recorded as Xp f and Xpk. When the runoff X satisfies
X ≥ Xp f , it is regarded as a high runoff; when the runoff X satisfies Xp f ≥ X ≥ Xpk, it is regarded as
normal runoff; and when the runoff X satisfies X ≤ Xpk, it is regarded as low runoff. The high–low
assessment for sediment yield is defined similarly.

Assuming F(x1, x2, x3) to be the joint distribution function for the annual runoff of the 3 different
stations, F(0.25, 0.25, 0.25) could be calculated by using formula (11); therefore, the value presents the
probability when the annual runoff of the stations are all at their lowest. Consequently, the probabilities
could also be available when they at their highest and at a normal level for the stations. Adding up the
three probabilities, we derive the synchronous probability of annual runoff; then, the asynchronous
probability is obtained as 1 minus the synchronous probability. Similarly, the synchronous and
asynchronous probability of sediment could be calculated in the same way.

3. Results and Discussion

3.1. Division of the Study Intervals

The RAPS values of the annual runoff and sediment yields of the Xianyang, Zhangjiashan, and
Huaxian Stations, from 1960 to 2010, were calculated. Figure 3 shows the variation tendencies of the
RAPS values.

It can be inferred from Figure 3 that the RAPS curves of runoff yield of the stations are consistent,
among which the runoff consistency between Xianyang and Huaxian Stations is better. The RAPS
curves also indicate that the sediment yield of Zhangjiashan and Huaxian Stations are consistent.
Considering the locations and runoff–sediment data of these stations, it can be concluded that
Zhangjiashan Station has a larger impact on Huaxian Station, in terms of sediment yield; while
Xianyang Station has larger impact on Huaxian Station, in terms of runoff yield.

Furthermore, from Figure 3a, it can be seen that RAPS values, for both the Huaxian and Xianyang
Stations, were maximal in the year 1990. Comparatively, the RAPS value was increasing before 1990,
and decreasing from 1990 to 2016; it manifests that, before 1990, runoff was high for the two stations,
while it decreased largely after 1990; furthermore, dramatic dropping-off occurred after 1993. On one
hand, this related to climate changes such as rainfall, temperature, and so on; on the other hand, it
was due to massive exploration of water resources within the Weihe River basin. For rainfall, annual
runoff, and average runoff, please see Figure 3c. Stations upstream of the Xianyang Station had similar
rainfall, which decreased slightly over a long period of time.

It can be inferred, from Figure 3b, that: The sediment RAPS values of the Huaxian and
Zhangjiashan Stations reached their maximum in 1996, while that of Xianyang Station reached a
maximum in 1981. This paper shall will take the inflection point of the Huaxian Station as the division
point of data of the 3 stations. Hence, the time intervals for data analysis of sediment yields are divided
into 1960–1996 and 1996–2016.

Why didn’t maximal sediment volume and maximal runoff volume occur in the same year? The
reason is that annual sediment strongly correlates to annual runoff volume; however, sediment also is
constrained by rainfall type, vegetation status, landforms, human activities, and so on, in the same
year. Therefore, the maximal RAPS value of the runoff volume at the Huaxian Station is in 1990, and
maximal RAPS value of sediment appears in 1996. To study the influences on Huaxian Station, exerted
by runoff volume and sediment volume from other two stations, the year of maximal RAPS at Huaxian
Station was selected to divide the time interval.
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Figure 3. Figure of annual runoff, sediment, and precipitation yield of Xianyang Station, Zhangjiashan
Station, and Huaxian Station. (a) RAPS figure of annual runoff. (b) RAPS figure of annual sediment. (c)
Figure of annual precipitation and runoff of Xianyang Station.

3.2. Establishment of the Marginal Distribution Function

Establishment of the 2D Joint Distribution Functions

In order to establish the joint distribution functions of the runoff and sediment yields of the three
stations, it is necessary to define the marginal distribution functions. According to kernel distribution
theory, this paper adopts a Gaussian Kernel to separately fit the marginal distribution functions of
the runoff and sediment yields in different time intervals and tests the distributions through the K–S
Method (Kolmogorov–Smirnov goodness-of-fit test) [39–41], in which D represents the test statistics.
The results of the K–S Test are listed in Table 1, while the function fitting results are shown in Figure 4.

It can be inferred, from Table 1, that if the significance level is 0.05, all the p-values fitted through
the kernel distribution method will be greater than 0.05, and so they pass the test. Therefore, the
kernel distribution can be adopted to fit the marginal distribution functions. Additionally, Figure 4
also shows, directly, that the kernel distribution function fits the marginal distribution functions of the
runoff and sediment yields of the three stations well.
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Figure 4. The marginal distribution function diagram of annual runoff and sediment yield of the Three
Stations: (a) Runoff of Xianyang Station. (b) Runoff of Zhangjiashan Station. (c) Runoff of Huaxian
Station. (d) Sediment of Xianyang Station. (e) Sediment of Zhangjiashan Station. (f) Sediment of
Huaxian Station.
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Table 1. Function fitting results of marginal distribution.

Runoff

Year 1960–1990 1990–2016 1960–2016

D p-Value D p-Value D p-Value

Xianyang 0.0972 0.2903 0.1266 0.0610 0.0652 0.5564
Zhangjiashan 0.0888 0.4695 0.1062 0.2348 0.0507 0.9680

Huaxian 0.0933 0.3636 0.1018 0.3157 0.0663 0.5824

Sediment

Year 1960–1996 1996–2016 1960–2016

D p-Value D p-Value D p-Value

Xianyang 0.0982 0.1818 0.1171 0.3157 0.1156 0.0718
Zhangjiashan 0.0681 0.9161 0.0995 0.6723 0.0646 0.6923

Huaxian 0.0986 0.1858 0.1062 0.4715 0.0642 0.6703

3.3. Analysis on the Runoff–Sediment Relationships between the Three Stations through Joint
Distribution Functions

3.3.1. Analysis on Runoff–Sediment Probability of the Three Stations through Pair-Copula Function

The correlations of runoff yields, in different time intervals, of the three stations are demonstrated
in Figure 5a–i. The correlations of sediment yields are demonstrated in Figure 5j–r.

From Figure 5a–i, we can infer that the correlation of runoff between the Xianyang and Huaxian
Stations is the highest, especially during 1960–1990. The correlation of runoff between the Zhangjiashan
and Huaxian Stations is relatively high. From Figure 5j–r, we can see that the correlation of sediment
between the Zhangjiashan and Huaxian Stations is the highest; however, during 1996–2016, sediment
yields of the Xianyang and Huaxian Stations are somehow related, but their correlation is relatively low.

Furthermore, this paper adopts R packages [42,43] to estimate the parameter θ of the copula
function. In order to make the solution for the pair-copula function easier to obtain, this paper chose
the optimal copula function among all the common functions frequently adopted in the fields of
hydrology, including the Gumbel, Frank, and Clayton-copula functions. Additionally, this paper tests
the copula function through Rosenblatt’s transformation method, proposed in [32], in which 5000
Monte Carlo simulations were used. See Table 2 for calculation results.

Table 2. Selection and test of joint distribution functions of the runoff and sediment yields of the
three stations.

C-Vine Year Variables Copula θ p-Value

Runoff

1960–1990 3, 2 Frank 11.83
0.423, 1 Frank 36.22

1, 2; 3 Frank −0.69

1990–2016 3, 2 Gumbel 1.35
0.533, 1 Frank 29.21

1, 2; 3 Frank −0.91

1960–2016 3, 2 Gumbel 2.39
0.313, 1 Gumbel 8.14

1, 2; 3 Frank −0.03

Sediment

1960–1996 3, 1 Gumbel 2.50
0.073, 2 Gumbel 4.59

2, 1; 3 Frank −7.73

1996–2016 3, 1 Clayton 2.82
0.403, 2 Clayton 7.18

2, 1; 3 Frank −4.96

1960–2016 3, 1 Frank 10.27
0.313, 2 Frank 16.35

1, 2; 3 Frank −4.44

Note: 1 represents the Value of Xianyang Station, 2 represents the value of Zhangjiashan Station, and 3 represents
the value of Huaxian Station.
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Figure 5. Correlation of runoff (a–i) and sediment (j–r) yields of the Three Stations.

It can be inferred, from Table 2, that if the significance level is 0.05, then the C-vine pair-copula
functions we built will pass the test, which could then be used to describe the joint distribution
functions of annual runoff and annual sediment yields of the Xianyang, Zhangjiashan, and
Huaxian Stations.

3.3.2. Probability Analysis on High–Low runoff and Sediment Yield of the Three Stations

The high–low runoff and sediment probability of the three stations can be calculated through
the C-vine copula function in Table 2. The probabilities of synchronous and asynchronous high–low
runoff–sediment of the three stations are listed in Table 3.

Table 3. Probabilities of synchronous and asynchronous high–low runoff–sediment of the three stations.

Year LLL NNN HHH Synchronous Asynchronous

Runoff
1960–1990 0.1815 0.3626 0.1815 0.7256 0.2744
1990–2016 0.0886 0.2477 0.1082 0.4445 0.5555
1960–2016 0.1427 0.3146 0.1720 0.6293 0.3707

Sediment
1960–1996 0.1154 0.2833 0.1541 0.5528 0.4472
1996–2016 0.1778 0.2723 0.0879 0.5320 0.4680
1960–2016 0.1485 0.3075 0.1596 0.6156 0.3844

Note: LLL stands for synchronous low runoff/sediment of the three stations; NNN stands for synchronous normal
runoff/sediment of the three stations; and HHH stands for synchronous high runoff/sediment of the three stations.

We can learn, from Table 3, that the probability of synchronous high–low runoff yields of the
lower Weihe River’s Huaxian and Xianyang Stations, and the Jinghe River’s Zhangjiashan Station
reached their maximum value in 1960–1990; which was approximately 73% and was obviously greater
than the asynchronous probability. From 1990 to 2016, the synchronous probability descended sharply
and was slightly less than that of the asynchronous probability. However, the synchronous probability
of high–low sediment yields changed little, which was a bit higher than the asynchronous probability.

According to the research on the runoff–sediment utilization along the Jinghe and Weihe Rivers,
we have found that, since the 1990s, as the social economy boosted, the development and utilization
of the water resources of the Jinghe River increased significantly in river basins upstream of the
Zhangjiashan Station, which, to some extent, impacted the probability of synchronous high–low runoff
yields of the Huaxian, Zhangjiashan, and Xianyang Stations from 1990 to 2016.

Additionally, synchronous probabilities of high–low runoff yields between every two stations in
different time intervals were calculated by a C-vine pair-copula function, built through Table 2: The
probability of synchronous high–low runoff–sediment yields of the Xianyang and Huaxian Stations,
and the probability of synchronous high–low runoff–sediment yields of the Zhangjiashan and Huaxian
Stations. The results are demonstrated in Figure 6.
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Figure 6. Probability of synchronous high–low runoff–sediment of the two stations. Note: HH stands
for synchronous high runoff/sediment of the two stations; NN stands for normal runoff/sediment of
the two stations; LL stands for synchronous low runoff/sediment of the two stations; and 60–90 stands
for the time interval of 1960 to 1990, and similarly for the others. (a) is the probability of synchronous
high–low runoff of the two stations, with unit of %; and (b) is the probability of synchronous high–low
sediment of the two stations, with unit of %.

It can be inferred, from Figure 6, that the probability of synchronous high–low runoff of the
Huaxian and Xianyang Stations was obviously greater than that of the Huaxian and Zhangjiashan
Stations; while the probability of synchronous high–low sediment of the Huaxian and Zhangjiashan
Stations was obviously greater than that of the Huaxian and Xianyang Stations. The results indicate
that the runoff yield of the lower Weihe River mostly came from Xianyang Station, in the middle
reaches; meanwhile, the sediment yield of the lower Weihe River mostly came from Zhangjiashan
Station, in the tributary Jinghe River. This is consistent with the conclusion drawn by Fuqiang Chen [44]
and Xinwu Tu [45], using the ratio of water and sediment of the three hydrologic stations. Also, the
probability of synchronous high–low runoff of the Weihe River’s Huaxian Station and the Jinghe
River’s Zhangjiashan Station in 1960–1990 is obviously greater than that in 1990–2016, while the
probability of synchronous high–low runoff of the Huaxian and Xianyang Stations changes little
between 1960–1990 and 1990–2016. In accordance with Figure 3, the major reason for this phenomenon
is that the annual runoff, from 1990 to 1996, for the Zhangjiashan Station, was in high runoff period; in
contrast, the runoff at Huaxian Station was in low runoff in the same period. That is, the high and low
runoff of the two stations are obviously not in the same period. Moreover, the Zhangjiashan Station
is situated the upstream of the Huaxian Station, and a high annual runoff at Zhangjiashan doesn’t
bring a high annual runoff to Huaxian, downstream. Therefore, the characteristic of water coming
to Huaxian from Zhangjiashan isn’t obvious. However, the synchronous probability of the high and
low runoff at Xianyang and Huaxian was always larger than 90% in 1960–1990 and 1990–2016, which
shows the characteristic of water coming to Huaxian from Xianyang more obviously.

Next, this paper adopts the C-vine pair-copula function and conditional probability formulas,
built through Table 2, to calculate the probabilities of high runoff (sediment) of the Huaxian Station
caused, respectively, by high, normal, and low runoff (sediment) of the Xianyang Station, and the
probabilities of high runoff (sediment) of the Huaxian Station caused, respectively, by high, normal,
and low runoff (sediment) of the Zhangjiashan Station, which are listed in Table 4. Probabilities of
low runoff (sediment) of the Huaxian Station caused, respectively, by high, normal, and low runoff
(sediment) of the Xianyang Station and the probabilities of low runoff (sediment) of the Huaxian
Station caused, respectively, by high, normal, and low runoff (sediment) of the Zhangjiashan Station
are demonstrated in Table 5.
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Table 4. Probabilities of high runoff (sediment) of the Huaxian Station caused, respectively, by high,
normal, and low runoff (sediment) of the Xianyang and Zhangjiashan Stations.

Year P(Hxy|Hhx) P(Hzjs|Hhx) P(Nxy|Hhx) P(Nzjs|Hhx) P(Lxy|Hhx) P(Lzjs|Hhx)

Runoff
1960–1990 0.9236 0.7744 0.0764 0.2248 0 0.0008
1990–2016 0.9052 0.4732 0.0948 0.4128 0 0.1140
1960–2016 0.9244 0.7232 0.0756 0.2636 0 0.0132

Sediment
1960–1996 0.7364 0.8624 0.2528 0.1372 0.0108 0.0004
1996–2016 0.5648 0.7488 0.4264 0.2512 0.0088 0
1960–2016 0.7452 0.8784 0.2528 0.1216 0.0020 0

Note: P is the probability; Hxy represents the high annual runoff/sediment yield of Xianyang Station; Hhx represents
the high annual runoff/sediment yield of Huaxian Station; Nzjs represents the normal annual runoff/sediment
yield of Zhangjiashan Station; and Lzjs represents the low annual runoff/sediment yield of Zhangjiashan Station;
similarly for the others.

Table 5. Probabilities of low runoff (sediment) of the Huaxian Station caused, respectively, by high,
normal, and low runoff (sediment) of Xianyang and Zhangjiashan Stations.

Year P(Hxy|Lhx) P(Hzjs|Lhx) P(Nxy|Lhx) P(Nzjs|Lhx) P(Lxy|Lhx) P(Lzjs|Lhx)

Runoff
1960–1990 0 0.0008 0.0764 0.2248 0.9236 0.7744
1990–2016 0 0.1140 0.0948 0.4916 0.9052 0.3944
1960–2016 0 0.0132 0.1160 0.3596 0.8840 0.6272

Sediment
1960–1996 0.0108 0.0004 0.3472 0.2020 0.642 0.7976
1996–2016 0.0088 0 0.2064 0.0920 0.7848 0.9080
1960–2016 0.0020 0 0.2416 0.1808 0.7564 0.8192

Note: The meanings of P, Hxy, Lhx, Hzjs, Nxy, Nzjs, Lxy, Lhx, and Lzjs are the same as in Table 4.

In Table 4, from 1990 to 2016, the probability was 91% for the high runoff at Huaxian Station being
caused by high runoff at Xianyang Station; while the probability is no less than 9% for the high runoff
at Huaxian Station being caused by normal runoff at Xianyang Station; which means the high runoff at
Huaxian Station is very unlikely to have resulted from low runoff at Xianyang Station. The probability
shows 47% for the high runoff at Huaxian being caused by the high runoff at Zhangjiashan—the
probability was decreased by 44%, compared with the one at Xianyang. The probability of the high
runoff at Huaxian being caused by normal runoff at Zhangjianshan is 41%, and it was 12% likely to
have resulted from low runoff at Zhangjiashan. The data depict that, from 1990 to 2016, the high
runoff at Huaxian was mainly because of high runoff at Xianyang. Besides, from Table 4, from 1960
to 1990, the high runoff at Huaxian was mainly because of the high runoff at Xianyang, no matter
whether it was in 1960–1996 or in 1996–2016, the high sediment at Huaxian Station was mainly caused
by Zhangjiashan Station. It may also be the same case, that a low runoff at Huaxian Station was caused
by Xianyang Station, from Table 5; however, the low sediment at Huaxian Station was influenced by
Zhangjiashan Station.

3.3.3. Probability Control of Runoff and Sediment Yield of the Three Stations

As the social economy boosts, the utilization range and amount of runoff–sediment resources
of the Weihe River also vary. The burning problem is to control and guarantee the reasonable
allocation of the runoff–sediment resource utilization of the upstream and downstream Weihe River,
effectively. Hence, this paper adopted joint distribution functions and conditional probability formulas
to calculate the conditional probabilities we need, and to guarantee the balance between runoff yield
and sediment yield of both the upstream and downstream Weihe River and its tributary, the Jinghe
River, at a relatively large probability. Utilizing the formula of conditional probability, the marginal
distribution function and C-vine pair-copula function, built using the 1990–2016 runoff yields and
considering the regulation abilities upstream of the Huaxian Station in high runoff years, the adjusted
frequency will be set as 0.4 < prunoff < 0.6. Then, if the runoff frequencies of the Xianyang and
Zhangjiashan Stations, which are located upstream of the Huaxian Station, are set as 0.4 < prunoff
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< 0.6, then the probability that the runoff frequency of the Huaxian Station is 0.4 < prunoff < 0.6
(40.82 × 108 m3 < Xrunoff < 48.1 × 108 m3) will be 0.778. Similarly, in low runoff years, considering the
regulation abilities upstream of the Huaxian Station, the runoff frequency is 0.1 < prunoff < 0.25, and the
calculation results are listed in Table 6. If further soil and water conservation works are strengthened
upstream of the Huaxian Station, as well as decontamination of the river channels on a regular basis,
the sediment yield of the downstream Weihe River will reduce significantly. Considering the present
measures upstream of the Huaxian Station, and applying the marginal distribution function and
C-vine copula function built using the 1996–2016 sediment yields, the adjusted frequencies of sediment
yields of the three stations are measured and calculated, respectively, with 0.4 < psediment < 0.6 in high
sediment years, and 0.1 < psediment < 0.25 in low sediment years. See Table 6 for the calculation results.

Table 6. Typical conditional probability.

Typical Conditional Probability

Runoff
P(40.82 < Runoffhx < 48.10|26.50 > Runoffxy > 18.70, 10.10 > Runoffzjs > 7.00) = 0.7780
P(32.50 < Runoffhx < 17.80|14.50 > Runoffxy > 5.80, 5.60 > Runoffzjs > 2.30) = 0.7055

Sediment
P(1.49 > Sedihx > 0.92|0.22 > Sedixy > 0.12, 1.21 > Sedizjs > 0.80) = 0.8156

P(0.57 > Sedihx > 0.41|0.074 > Sedixy > 0.06, 0.61 > Sedizjs > 0.22) = 0.9517

Note: Runoffhx represents the annual runoff yield of the Huaxian Station, Runoffxy represents the annual runoff
yield of the Xianyang Station, Runoffzjs represents the annual runoff yield of the Zhangjiashan Station; all the
units are 108 m3. Sedihx represents the annual sediment yield of the Huaxian Station, Sedixy represents the annual
sediment yield of the Xianyang Station, Sedizjs represents the annual sediment yield of the Zhangjiashan Station; all
the units are 108 m3.

The following can be inferred from Table 6: In low runoff years, if the annual runoff yield of
the Xianyang Station is adjusted to somewhere between 5.80 × 108 m3 and 14.50 × 108 m3, while
that of the Zhangjiashan Station is between 2.30 × 108 m3 and 5.60 × 108 m3, then the probability
of the annual runoff yield of the Huaxian Station being between 17.80 × 108 m3 and 32.50 × 108 m3

will be 70.55%. Similarly, in high runoff years, if the annual runoff yield of the Xianyang Station is
adjusted to somewhere between 18.70 × 108 m3 and 26.50 × 108 m3, while that of the Zhangjiashan
Station is between 7.00 × 108 m3 and 10.10 × 108 m3, then the probability of annual runoff yield
of the Huaxian Station being between 40.82 × 108 m3 and 48.10 × 108 m3 will be 77.8%. If the
annual sediment yield of the Xianyang Station is adjusted to somewhere between 0.22 × 108 m3 and
1.21 × 108 m3, then the probability of annual sediment yield of the Huaxian Station being between
0.92 × 108 m3 and 1.49 × 108 m3 is 81.56%. In practical applications, different conditional probabilities
can also be calculated, as needed, through the established joint distribution functions and conditional
probability formulas.

4. Conclusions

The characteristics of high–low runoff–sediment variation are closely related to river regime
stability, channel evolution, and river–lake relations, among other aspects. Studying the characteristics
of high–low runoff–sediment yields of rivers is essential in revealing the sediment-evolutionary
relationships of rivers and administrating runoff–sediment resources. Compensation relationships
of runoff and sediment can be found between the upstream and downstream, and the mainstream
and branches of rivers. Analyzing the encounter frequency of high–low runoff and sediment yield is
important for the appropriate dispatching of runoff–sediment resources, as well as river regulation.
This paper emphasizes the certain probability relationships of runoff yield and sediment yield between
different hydrologic stations in different reaches of the river and introduces the pair-copula function
for analyzing the high–low runoff–sediment compensation characteristics. The data adopted in this
paper come from the observation data of three stations of the Weihe River and its tributary, the Jinghe
River. The conclusions are as follows:
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(1) The pair-copula function is flexible in adoption and simple in parameter solution. It has
obvious advantages, in terms of building multidimensional joint distribution functions. Kernel
distribution theory and C-vine pair-copula functions were used to obtain the annual runoff and
sediment marginal distribution functions and the runoff–sediment joint distribution functions of
the three stations of the Weihe River, in different time intervals, accurately.

(2) The synchronous and asynchronous encounter probabilities of high–low runoff between the three
stations, and between each pair of stations, were accurately calculated. Meanwhile, through
conditional probability formulas, the probabilities that the high, normal, and low status of runoff
and sediment yield of downstream hydrologic stations were caused by different statuses of
different upstream stations were also calculated.

(3) The designed runoff–sediment yields of upstream stations were estimated, in order to guarantee
the runoff–sediment yields of downstream stations being in a certain range, in high and low
runoff years, respectively.

The C-vine pair-copula function was built, according to the annual data of runoff and sediment
yields of the three stations and the encounter frequencies of synchronous high–low runoff–sediment,
as well as different conditional probabilities, were obtained. Furthermore, if the joint distribution
function can be built on the basis of monthly data, according to which the encounter frequency of
synchronous high–low runoff–sediment in flood and non-flood seasons can be obtained, the study will
then be in better practice.
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