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Abstract: Multifractal analysis was successfully used to investigate the structure of river networks.
In this paper, we performed a multifractal analysis of river networks in an urban catchment
that is located on the Taihu Plain in the lower part of the Yangtze River Delta, China. Spatial
and temporal variations in the river networks during the period 1960–2010 were investigated.
The generalized multifractal dimensions (Dq) and the multifractal spectrum (f (α)) were calculated
using a box-counting method. The results indicate that: (i) the river networks in Wuchengxiyu
(WXCY), Yangchengdianmao (YCDM), and Hangjiahu (HJH) had obvious multifractal features
with capacity dimensions between 1.90 and 1.91 during the period 1960–2010. The multifractal
spectrums are asymmetrical inverted-hook-shaped curves with a dominant left arm. The variation in
the singularity component (∆α) changed the most in WCXY (an increase of ∼7.9%), and the height
variation in the multifractal spectrum (∆f ) increased by∼17.5% in HJH; (ii) the changes in ∆α and ∆f of
the tributaries in the three areas during the period 1960–2010 were consistent with those of the overall
river network, demonstrating the decisive role that the tributaries play in the complexity of the river
networks; (iii) compared to the natural factors, the influences of urbanization on the river networks
significantly changed with a higher urbanization level; and (iv) there were no border effects. Further
applications of multifractal theory in analyses of the relationship between a flood-forming regime
and the multifractal structures of river networks will attract more attention. Generally, this approach,
when successfully applied to studies of changes in river networks, is of theoretical significance for
better describing and quantifying the evolution of river networks’ structures.
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1. Introduction

Mandelbrot (1967) first proposed the concept of a fractal when describing the characteristics
of irregular coastlines in Britain [1]. Parisi and Frisch (1985) further developed the application of
multifractal analysis [2]. Since then, multifractal analysis has been used to describe and distinguish
many complex patterns, systems, and processes in nature. Compared to other research methods,
multifractal analysis provides a more in-depth study of a material, as using the multifractal spectrum
can reveal the properties of a singular distribution of quantities or states of a system [3].

Some earlier studies have found that multifractal analysis can be applied to river networks [4–6].
Large-scale river networks themselves are a kind of multifractal, and the sub-basins of river
networks are also fractal with a partial range of fractal dimensions [7]. Subsequently, hydrologists
and geomorphologists sought to discover fractal features in hydrological and geomorphological
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processes [8,9]. With the successful application of geometric fractal theory to explain the development
of river networks at the end of the 20th century [10,11], studies on the evolution of river network
patterns have been universally emphasized and carried out. Li et al. (2003) studied the fractal and
multifractal characteristics of the landform hatching lines of different tectonic types in the Tianshan
area of Xinjiang through the method of projection coverage [12]. Shen et al. (2009) used a multifractal
spectrum to analyze the geomorphologic features of a watershed. The results showed that multifractals
can provide new ideas for the quantitative study of geomorphological factors in the simulation of
watershed hydrological processes and the prediction of regional soil erosion [13]. Zhang et al. (2011)
accurately obtained information on the geomorphology of the Himalayas through a multifractal
spectrum. Over time, research methods have gradually shifted from traditional paper maps to 3S
technology [14]. In particular, the development of the digital elevation model (DEM) has had a profound
impact on the extraction and analysis of spatial patterns of river networks [15–18]. The influences
of DEM resolution and basin geometry are potential sources of error in a multifractal analysis [19].
Furthermore, beyond the description of the structural features of river networks, multifractal analysis
performs well in the simulation of drainage networks [20].

Studying the structure of river networks is the foundation for understanding a watershed’s
topography and hydrologic characteristics [21]. Accurately describing and estimating the changes in a
drainage network’s structure is vital to measuring streamflow, sediment processes [22,23], processes
of biodiversity dispersion [24], nutrient load, hydrological connectivity [25,26], and hydrological
extremes [27,28] in a watershed. Although the evolution of a river network is a natural process,
human activities dramatically affect the river network’s structure through urbanization and hydraulic
engineering [29]. Urbanization has the most significant impact on river networks, with changes in 60%
of the morphological parameters of river networks worldwide [30–32]. Therefore, it is necessary to
study the structural dynamics of river networks from multiple perspectives under urbanization.

Multifractal analysis methods have typically been applied to the spatial patterns of the structure of
river networks, particularly those of some small- and medium-scale natural basins [4,33] other than on
large-scale plains with dense rivers. From the perspective of river geomorphology, the spatial patterns
of the structure of large-scale river networks can be more comprehensively assessed by multifractal
analysis than by fractal analysis. Taihu Lake Basin, which is located in the lower reaches of the Yangtze
River Delta, has become one of the regions with the fastest-growing and highest level of urbanization
in China. Drastic changes in the river network’s structure, flood disasters, and other water-associated
environmental problems caused by rapid urbanization have attracted widespread concern both
domestically and overseas [27,34–41]. The aims of this study are to interpret the morphological
characteristics of the river network’s structure under a multifractal lens, to analyze the spatial and
temporal dynamics of the river network’s structure over the past 50 years, and finally to reveal the
relationship between the changes in the river network’s structure and the urbanization process.

2. Materials and Methods

2.1. Study Area

The Taihu Lake Basin is located in the core area of the Yangtze River Delta in eastern China,
which includes the southern Jiangsu province, the northern Zhejiang province, most of Shanghai city,
and a part of Anhui province. It has a total area of 3.69 × 104 km2. The overall topography of the
river basin has a saucer shape, and a low plateau depression is centered on Taihu Lake. Hills and
plains are the two landform types of this area. The vast plain area in the central and eastern regions
covers 29,556 km2, accounting for ∼80% of the total area. The Taihu Lake Basin boasts superior natural
conditions, an abundance of products, and convenient transportation, and has been China’s major
economic and cultural center since ancient times. However, the underlying surface of this region has
undergone dramatic changes on account of rapid urbanization over the past 50 years, particularly
the river networks of the plain area in the centre of Taihu Lake Basin. The rivers and lakes have
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experienced a significant reduction in volume in this area [25,35–37]. Therefore, we selected the Taihu
Lake Plain, which is located in the core area of the Taihu Lake basin, as the study area (Figure 1).
Its total area is ∼15,757 km2. It includes the three water conservancy divisions of Wuchengxiyu
(WCXY), Yangchengdianmao (YCDM), and Hangjiahu (HJH), whose areas are 3928 km2, 4393 km2,
and 7436 km2, respectively. Meteorologically, the Taihu Plain is a subtropical monsoon climate zone.
It has an average temperature of 15–17 ◦C, and the temperature distribution is high in the south and
low in the north. The spatial distribution of precipitation gradually decreases from southwest to
northeast. The average annual amount of precipitation is 1115 mm. Affected by changes in monsoon
intensity, the interannual variation in precipitation is obvious and the distribution of rainfall during
the year is uneven.
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Figure 1. The location of the study area.

Due to the acceleration of urbanization and the construction of hydraulic engineering facilities,
a large number of natural river networks have been destroyed, which has significantly reduced the
flood control capacity of the river networks, accelerating the transfer of flood risks from cities to regions
and basins. Flood disasters have intensified due to the frequent extreme weather events in the part
of the Taihu Plain area that is affected by the subtropical monsoon climate, seriously threatening the
living environment of human beings and restricting the urbanization process and regional sustainable
development. Therefore, there is an urgent need to investigate the changes in the river networks in the
Taihu Plain area under urbanization.

2.2. Data Description

In order to investigate the multifractal behavior of river networks in the study area during different
periods, the extraction of river networks was the first and basic step. Digital data on the river networks
in the three areas during the 1960s and 1980s were derived from digitalized paper geographical maps
at a scale of 1:50,000, and the data from the 2010s were obtained by digitizing 1:50,000 digital line
graphics (DLGs). We first scanned and identified the river data from the paper geographical maps
and the digital line graphics, and then digitalized or extracted them into different width lines to
represent different river network orderings through ArcGIS 10.3. Finally, we used the results of a
national water conservancy survey of China and the latest Google Earth remote sensing image in
combination with a field investigation in typical areas for verification to ensure the correctness of the
river network representations.
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Referring to the river classification method named the Horton–Strahler principle [42], and
combined with rivers’ natural and social features, we conducted a river network ordering for the study
area. Rivers were divided into four hierarchies in WCXY, YCDM, and HJH. As shown in Table 1,
main rivers include 1st-order and 2nd-order rivers, of which rivers wider than 40 m are identified
as 1st-order, and 2nd-order rivers have widths that range from 20 m to 40 m. Those rivers with a
width between 10 m and 20 m served as 3rd-order rivers. Rivers narrower than 10 m were classified as
4th-order rivers. 3rd- and 4th-order rivers were considered to be tributaries in this paper [36,37].

Table 1. Rivers classification in study areas.

Types Orders Widths

Graphical Representation
Main

FunctionsPaper
Topographic Map Digital Line Graphics

Main Rivers
1st >40 m Double line rivers

(>0.8 mm)
Planar canal, surface rivers

and main channel Discharge
2nd 20–40 m Double line rivers

(0.4–0.8 mm)
Planar canal, surface rivers

and main channel

Tributaries
3rd 10–20 m Wide single line

rivers (0.3mm)
Linear surface rivers and

main channel Storage
4th <10 m Narrow single line

rivers (0.15mm) Linear branch channel

2.3. Methods

Mandelbrot (1972,1974) first proposed the multifractal theory [43,44], which was further developed
by Frisch and Parisi (1985) to study turbulent dissipative phenomena [2]. Halsey et al. (1986) then
applied the theory to the study of dynamic systems for analyzing strange attractors [45]. A single fractal
has strict self-similarity and symmetry across different scales with a unique fractal dimension. In fact,
dimensions are not the same at different scales, and it is insufficient to describe their characteristics.
It is often necessary to describe them with multifractal dimensions [46]. In other words, a multifractal
can be regarded as a cluster of single fractal sets with different dimensions [47–49]. These sets can be
considered to be an infinite number of generalized dimensions, Dq, as well as through the formalism of
the multifractal spectrum, f (α) [45].

We used the generalized fractal dimension (Dq) and the singularity spectrum (f (α)) of certain
singularity exponents to measure the multifractal features. We adopted the box-counting method of
fixed-size algorithms (FSA) [4,50] to analyze natural river networks in the Taihu Plain river network
area. The steps for computing multifractal measures of the river networks of WCXY, YCDM, and HJH
in different periods are as follows [5,46]:

(a) The determination of a multifractal spectrum should first calculate the river distribution
probability Qi(ε) of statistical features on the corresponding fractal structure. A box of size ε × ε is used
to cover the whole river network. Mi(ε) is the overall length of the rivers in box i, and the total length
of the studied river network is denoted M. The distribution probability of Qi(ε) (1) within each box is
obtained.

Qi(ε) =
Mi(ε)

M
(1)

(b) Define the partition function Xq(ε) (2), which is the weighted sum of the distribution probability
Qi(ε) of river networks to the q power.

Xq(ε) =
∑N(ε)

i=1

[
Qi(ε)

]q
(2)

N(ε) is the number of non-empty boxes in the whole river network under ε scale, and q∈(−∞, +∞)
is the weight factor. A different q represents the important role that different river network distribution
probability subsets play in the partition function. When Qi(ε) is subjected to multifractal natures, the
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partition function has a simple power law relationship (3) with the box size ε at different scales. τ(q) is
the mass exponent of the q power, and it can be computed through the slope of the fitting straight line
of ln(Xq(ε))~ln(ε).

Xq(ε) ∝ ε
τ(q) (3)

(c) The multifractal dimension Dq is defined as Equation (4), where q is the moment order, and
Dq varies with the variation in q. D0 is called the “capacity dimension” when q = 0. Dq = 1 is the
“information entropy”, and τ(q) is differentiable when q = 1. The limit dimensions D−∞ and D+∞

describe the scaling behavior of the regions where the measures are most concentrated or rarefied,
respectively.

Dq =

 τ(q)
q−1 , (q , 1)
τ(1), (q = 1)

(4)

(d) Establish the multifractal spectrum f (α) (5). f (α) can be obtained by means of the “Legendre
transform” through expression (4), as defined by the relations: α(q) = d(τ(q))

dq
f (α) = q · α(q) − τ(q)

(5)

where α is the Lipschitz–Hölder exponent. Each point on the f (α)~α curve represents the fractal
dimension of the subset of the same singular exponent α [46].

A typical multifractal spectrum is usually a unimodal function with smooth curves, either
bell-shaped or hooked, which provides more structural information (Figure 2). The multifractal
spectrum measures the complexity, irregularity, and unevenness of the fractal structure, while a
different singularity exponent α reflects the natures of different probability measure subsets. The width
of the multifractal spectrum quantitatively describes the degree and the range of variation within the
fractal structure, and it can be defined as ∆α (6). The larger ∆α is, the more obvious the polarization
trend is. In contrast, as the internal difference in the fractal structure decreases, the distribution area
of each subset becomes more concentrated and uniform. The variation in height of the multifractal
spectrum (∆f ) (7) mainly reflects the general subsets of all series. The high-probability subsets dominate
the trend when ∆f > 0, and vice versa. If ∆f = 0, the quantities of both subsets are equal.

∆α = αmax − αmin (6)

∆ f = f (αmin) − f (αmax) (7)
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3. Results

3.1. Determination of Multifractal Features

An assessment of the multifractal characteristics of a river network is the basic step in a multifractal
analysis. We calculated the double logarithmic curves of the partition function Xq(ε) and the cell size ε
(the size of the box ranged from 100 to 10,000 with an increment of 200) of the studied river networks
during different periods for a moment order q from –4 to 4 with an increment of 0.5. In order to simply
and clearly show the results, we exhibit only nine values. As shown in Figure 3, the curve cluster
fluctuates slightly when q < 0. In contrast, when q > 0, the trend becomes closer to a straight line and
the whole curve cluster has a good linear relationship with obvious scale invariance. Therefore, Xq(ε)

and ε satisfy the exponential law, which means that the distribution of river networks is scale-free
within the scope of the specified scale. This result reflects the obvious multifractal characteristics of
our studied river networks.
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The relationship between the mass exponents τ(q) and the moment order q is shown in Figure 4.
The value of τ(q) increases with the value of q, the trend lines are upper convex curves during the study
periods, and the slope of the curves approaches 1. The moment order q of WCXY and HJH has a lower
and the lowest τ(q) when q is smaller than 0 in the 1960s, 1980s, and 2010s. The three curves almost
coincide when –1 ≤ q ≤ 2. However, when q is larger than 2, the τ(q) of YCDM is the largest, the τ(q) of
HJH is the second largest, and the τ(q) of WCXY is the smallest. In other words, the time differences
are not obvious in all three areas over the whole time period. The upper convex curves also prove that
the river networks have a multifractal nature.
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Wuchengxiyu (WCXY), and Yangchengdianmao (YCDM) in the 1960s, 1980s, and 2010s.

3.2. Multifractal Analysis

3.2.1. Multifractal Dimension Analysis

The spectrum of the generalized multifractal dimensions, Dq, was obtained through the least
squares linear regressions that were applied each one of the 17 fractal curves of parameter q = −4 to 4.
Comparisons of different areas and times are shown in Figure 5. The patterns of Dq and q changed little
during the 1960s, 1980s, and 2010s in all three areas. As shown in Figure 5, the multifractal dimension
Dq decreases with the increase in the moment order q. We can find that the curves of HJH decrease most
sharply in the 1960s and 2010s when q < –1, in contrast to the stationary curves of YCDM. When q > 1,
the curves of WCXY decrease most sharply and the curves of HJH and YCDM remain almost the same.
In particular, when q = 0, the capacity dimension D0 changed slightly during the 1960s, 1980s, and
2010s in the three areas. This may be due to the fact that the plain’s river networks are so dense that
they produce a certain error in the results.
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3.2.2. Multifractal Spectrum Analysis

The quantitative indicators (singularity, heterogeneity, and self-similarity) of the river networks can
be analyzed by the multifractal spectrum. All nine spectrums are asymmetrical inverted-hook-shaped
curves with a dominant length on the left parts. The variation in the singularity component, ∆α,
indicates the heterogeneity of the river network’s spatial distribution, and the larger ∆α represents a
more uneven spatial distribution pattern. As shown in Table 2, the ∆α of WCXY increased from 1.438
in the 1960s to 1.599 in the 1980s, and then declined to 1.552 in the 2010s. The ∆α of YCDM declined
from 1.023 in the 1960s to 0.988 in the 1980s, and then increased to 1.060 in the 2010s. The ∆α of HJH
increased from 1.496 in the 1960s to 1.525 in the 1980s, and then to 1.612 in the 2010s. The larger α side,
corresponding to the q < 0 part, describes the behavior of the higher distribution probability subsets,
which are the densely distributed rivers. In contrast, the smaller α that corresponds to the q > 0 part is
associated with the variation in the rivers with lower density. According to Figure 6, the geometric
complexity was more dependent on the sparse river networks in this catchment, which is consistent
with the above analysis.

Table 2. Multifractal characteristics of study areas in different periods.

Areas Periods D0 =
f (α0)

R2
q=0 α0 αmin αmax f (αmin) f (αmax) 4α 4f

Wuchengxiyu
(WCXY)

1960s 1.908 0.9976 2.031 1.278 2.716 0.508 1.370 1.438 0.862
1980s 1.907 0.9976 2.022 1.212 2.811 0.396 1.239 1.599 0.843
2010s 1.908 0.9976 2.017 1.182 2.734 0.373 1.279 1.552 0.906

Yangchengdianmao
(YCDM)

1960s 1.901 0.9977 2.049 1.356 2.379 0.666 1.748 1.023 1.082
1980s 1.903 0.9977 2.048 1.392 2.380 0.724 1.750 0.988 1.026
2010s 1.903 0.9977 2.044 1.334 2.394 0.631 1.733 1.060 1.102

Hangjiahu (HJH)
1960s 1.905 0.9977 2.034 1.351 2.847 0.612 1.262 1.496 0.650
1980s 1.905 0.9977 2.032 1.310 2.835 0.540 1.260 1.525 0.720
2010s 1.905 0.9976 2.041 1.266 2.878 0.468 1.232 1.612 0.764
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∆f describes the influence-dominated intensity of the dense and sparse river networks. The ∆f
of WCXY changed from 0.862 to 0.843 and then to 0.906 in the 1960s, 1980s, and 2010s, respectively.
The ∆f of HJH changed from 0.650 to 0.720 and then to 0.764 in the 1960s, 1980s, and 2010s, respectively.
The ∆f of YCDM declined from 1.082 in the 1960s to 1.026 in the 1980s, and then increased to 1.102
in the 2010s (Table 2). Temporally, the river network’s structure in the 1980s was most influenced
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by the densely distributed rivers. Note that the values of R2
q=0 shown in Table 2 are all greater than

0.99 and very close to 1. Furthermore, the values of R2
q,0, which are not shown in the table, are also

approximately 1.

4. Discussion

The multifractal analysis that was affected through the fixed-size algorithms reflected the
multifractal characteristics of the three river networks on the Taihu Plain in the 1960s, 1980s, and
2010s. In this study, we investigated the physical nature of the catchments through multifractal spectra
to reveal the properties of the spatial–temporal variations in the three river networks over different
periods. The Taihu Plain is located on a high-elevation plain along the bank of the river and the river
network plain that is centered in the Taihu Lake region [35]. Therefore, we can temporarily remove the
impact of geological structures on changes in river networks. We revealed the multifractal dynamics
of the study areas by comparing the characteristics in different periods, and assumed that the river
networks underwent drastic changes due mainly to urbanization over the past half century in the
study areas.

4.1. Multifractal Analysis of the Main Rivers and Tributaries

Compared to traditional statistical methods, a multifractal spectrum can provide us with more
information about a river network’s features. To better reveal and understand the causes of changes
in the river networks over the last 50 years, we also calculated the multifractal spectrum of the main
rivers and tributaries by reference to the classification method for river networks [36,37]. As shown
in Figure 7a,b, similar to the spectrum of the whole area (Figure 6), the shapes of the spectra of the
main rivers and tributaries are all asymmetric, inverted-hook-shaped curves that are dominated by
left parts. Remarkably, the multifractal spectra of the main rivers are much smoother and the curves
of the tributaries seem to be consistent with the shape of the spectrum of the whole river network.
Therefore, we speculate that the changes in tributaries that were caused by urbanization may influence
the changes in the overall river network.
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∆α can quantitatively describe the level of inhomogeneity in the distribution probability of the
river networks. As shown in Table 3, we can see that the ∆α of the main rivers in WCXY increased from
1.727 in the 1960s to 1.804 in the 1980s, and then to 1.881 in the 2010s; the ∆α of the tributaries increased
from 1.489 in the 1960s to 1.643 in the 1980s, and then declined to 1.582 in the 2010s. During the period
1960–1980, the ∆α of the tributaries increased by 10.3% and that of the main rivers increased by 4.5%,
which is a magnitude of change that is greater than –3.7% and 4.3% during the period 1980–2010,
respectively. In YCDM, the ∆α of the main rivers increased from 1.105 in the 1960s to 1.149 in the
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1980s, and then declined to 1.100 in the 2010s, corresponding to change magnitude of 4.0%, –4.3%, and
–0.5% during the three periods; the ∆α of the tributaries declined from 1.138 in the 1960s to 1.076 in the
1980s, and then increased to 1.180 in the 2010s, corresponding to change magnitude of –5.4%, 9.7%,
and 3.7%. In HJH, the ∆α of the main rivers declined from 1.719 in the 1960s to 1.677 in the 1980s, and
then to 1.680 in the 2010s; and the ∆α of the tributaries increased from 1.522 in the 1960s to 1.575 in the
1980s, and then to 1.719 in the 2010s. The ∆α of the main rivers in HJH shows a trend of decreasing
first and then increasing; however, the overall trend is a decreasing one, while the ∆α of the tributaries
increased by ∼12.9% over the past 50 years. The calculated ∆α is relatively large, indicating that the
distribution patterns of the three river networks are more discrete and irregular. This is because the
plain’s river networks are very complicated. The river networks have higher spatial variation because
the tributaries became more complex regardless of whether the main rivers developed into a more
homogenized pattern (YCDM and HJH) or a heterogeneous pattern (WCXY). Besides this, the main
rivers and tributaries of WCXY changed faster during the period 1960–1980 than during the period
1980–2010. However, the change magnitude of the period 1980–2010 is larger than that of the period
1960–1980 for the main rivers and tributaries in YCDM and HJH.

In WCXY, the trend of variation in ∆f for the main rivers and tributaries is 1.700 to 1.642 and then
to 1.475 and 0.898 to 0.884 and then 0.915 in the 1960s, 1980s, and 2010s, respectively. The change
magnitude of the main rivers and tributaries was −3.4% and −10.2% and −1.6% and 3.5% during
the periods 1960–1980 and 1980–2010, respectively. The ∆f of the main rivers in HJH changed from
1.240 to 1.271 and then to 1.266 in the 1960s, 1980s, and 2010s, corresponding to a change magnitude
of 2.5% and −0.4%. The ∆f of the tributaries in HJH changed from 0.744 to 0.825 and then to 0.938.
The ∆f of the main rivers in YCDM increased from 1.509 in the 1960s to 1.583 in the 1980s (a magnitude
of 4.9%), and then declined to 1.519 in the 2010s (a magnitude of −4.0%); the ∆f of the tributaries
in YCDM declined from 1.269 in the 1960s to 1.175 in the 1980s (a magnitude of −7.4%), and then
increased to 1.303 in the 2010s (a magnitude of 10.9%). When ∆f > 0, the number of subsets with
maximum probabilities is less than the number of subsets with minimum probabilities. Therefore,
the distribution of river networks depends on the distribution of high-probability river networks to a
large extent, which indicates that the river networks in the study areas are densely distributed in most
areas. The river networks are more fully developed, complex, and uneven, and the density of the river
networks is high. More remarkably, the trends of change in ∆α and ∆f of the tributaries are consistent
with the changes in the entire river network, indicating that the tributaries of all three areas play an
important role in the complexity of the river networks.

Besides this, according to the shapes of the multifractal spectrums with poor symmetry,
the geomorphic morphology of the river networks under and above the average distribution density is
quite different, which is consistent with the findings of Wang et al. (2013) [46]. Furthermore, there was a
significant change in the curvatures of the right branch of the multifractal spectrums (Figures 6 and 7b),
indicating that the river networks within the distribution range may have undergone a sudden change
due to some factors such as human activities [46].
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Table 3. Multifractal features of the Main Rivers (1st and 2nd order) and Tributaries (3rd and 4th order) in studied periods.

Areas Periods
Entire Rivers Main Rivers Tributaries

Change Periods
Entire Rivers Main Rivers Tributaries

4α 4f 4α 4f 4α 4f Change
of 4α/%

Change
of 4f /%

Change
of 4α /%

Change
of 4f /%

Change
of 4α/%

Change
of 4f /%

WCXY
1960s 1.438 0.862 1.727 1.700 1.489 0.898 1960s–1980s 11.2 −2.2 4.5 −3.4 10.3 −1.6
1980s 1.599 0.843 1.804 1.642 1.643 0.884 1980s–2010s −2.9 7.5 4.3 −10.2 −3.7 3.5
2010s 1.552 0.906 1.881 1.475 1.582 0.915 1960s–2010s 7.9 5.1 8.9 −13.2 6.2 1.9

YCDM
1960s 1.023 1.082 1.105 1.509 1.138 1.269 1960s–1980s −3.4 −5.2 4.0 4.9 −5.4 −7.4
1980s 0.988 1.026 1.149 1.583 1.076 1.175 1980s–2010s 7.3 7.4 −4.3 −4.0 9.7 10.9
2010s 1.060 1.102 1.100 1.519 1.180 1.303 1960s–2010s 3.6 1.8 −0.5 0.7 3.7 2.7

HJH
1960s 1.496 0.650 1.719 1.240 1.522 0.744 1960s–1980s 1.9 10.8 −2.4 2.5 3.5 10.9
1980s 1.525 0.720 1.677 1.271 1.575 0.825 1980s–2010s 5.7 6.1 0.2 −0.4 9.1 13.7
2010s 1.612 0.764 1.680 1.266 1.719 0.938 1960s–2010s 7.8 17.5 −2.3 2.1 12.9 26.1
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4.2. Multifractal Analysis of River Networks from Other Areas

Most of the existing studies quantitatively describe the fractal characteristics of changes in the
structure of river networks in different regions, particularly in urban areas such as the lower reaches of
river basins and the Yangtze River Delta [36,37,39,51]. However, a simple fractal analysis can only
reflect the complexity and stage of development of a river network’s structure as a whole, rather than
the structural changes in river networks at different spatial scales. For large river networks that consist
of many sub-basins, the geology, lithology, and vegetation types of the sub-basins are different and
complex, and it is insufficient to conduct a fractal analysis [7]. A multifractal is calculated by the
probability distribution function of river networks with a probability moment, which constitutes a
continuum function of fractal dimensions. It has been widely used to comprehensively describe the
complexity, singularity, and irregularity of structural changes in river networks in complete and partial
detail. Therefore, we used a multifractal analysis to quantitatively illustrate the structural changes in
river networks on the Taihu Plain.

Recent studies have applied multifractal analysis to natural river networks through various
techniques. De Bartolo et al. (2000) compared five sub-basins from the Calabrian river in Italy based
on a box-counting method and found the capacity dimensions to range between 1.76 and 1.89 [4].
In addition, within the same area, De Bartolo et al. (2004) applied two types of FSA algorithms,
including the box-counting method and the sandbox method. The results showed that the multifractal
and non-plane filling structures of the studied river networks through the sandbox method and
the f (α) spectrum were affected by the lithological features of the source rocks [5]. Lashermes and
Foufoula-Georgiou (2007) suggested that the patterns, areas, and widths of river networks in three
basins in the United States all have multifractal features [52]. Similar works revealed that both the
drainage structure and the resolution of digital elevation maps (DEM) could potentially affect the
results of a multifractal analysis [19]. A typical multifractal spectrum of an ideal natural river network is
an inverted U-shaped curve. Nevertheless, river networks are affected by the lithological conditions of
source rocks and anthropogenic factors [4–6,53,54], which produce asymmetric, inverted-hook-shaped
curves. Based on the previous literature, we found that the capacity dimensions of river networks
ranged from 1.83 to 1.93 in mountainous areas [4,5,53,54], while in low mountainous areas the capacity
dimensions of river networks ranged from 1.49 to 1.81 [19,20,54]. Besides this, the capacity dimensions
of river networks in the Lower Yellow River were found to range from 1.10 to 1.18 [55], and then
weakened dramatically to 1.05–1.35, due to the influence of the Xiaolangdi Reservoir [56].

Compared to other basins, our analyzed river networks are in the Taihu Plain area, where the
complex drainage networks have been affected by urbanization and water conservancy projects,
resulting in capacity dimensions that range from 1.90 to 1.91. The basin’s geomorphology is at an older
stage of geomorphological erosion when the capacity dimensions are between 1.89 and 2.0. The river
erodes and accumulates on both sides, and the downward erosion of the river is relatively weak. At this
stage, the topography of the basin is slightly undulating, based mainly on plain landforms [7]. Since our
study area is in the plain’s river networks area, the results are consistent with the actual situation.
However, the geological features of the Taihu Lake Basin have not changed much over the past 50 years.
The influences of human activities, including rapid urbanization processes and the construction of
water engineering facilities, play a significant role in the river networks’ evolution. Therefore, it is
necessary to understand the relationship between changes in river networks and urbanization.

4.3. Changes in River Networks and Urbanization

Changes in river networks are the result of a combination of geological features, topography,
climate, and human activities in the basin. They are affected mainly by human activities over a short
period of time, especially urbanization processes and the carrying out of water conservancy projects [51].
Since there are many uncertain factors that influence changes in river networks, it is difficult to construct
an accurate mathematical model to quantify the mapping relationship. Additionally, changes in river
networks have obvious continuity, and the data that are available for analysis in this study are very
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limited and do not meet the requirements of large sample sizes. In order to overcome the above
limitations, we adopted a grey correlation analysis to preliminarily quantify the relationship between
changes in river networks and urbanization level, in which the resolution of the grey correlation analysis
is 0.5 [36]. We selected TM remote sensing images of the study areas in 2014 for interpretation, and
combined the population and socioeconomic statistics of the same period to calculate the population,
economy, and spatial urbanization rate (denoted Up, Ue, and Us, respectively). Based on this, combined
with the rate of change of the river network index (including 4α, 4f, and Rd) in the period 1960–2010,
the grey correlation degree between the changes in river networks and the urbanization level was
calculated (Table 4).

Table 4. Grey Correlation between the river networks changes and urbanization level in Wuchengxiyu
(WCXY), Yangchengdianmao (YCDM) and Hangjiahu (HJH) in the 1960s, 1980s, and 2010s.

Urbanization Rate
Wuchengxiyu

(WCXY)
Yangchengdianmao

(YCDM) Hangjiahu (HJH)

4α 4f Rd 4α 4f Rd 4α 4f Rd

Up 0.770 0.773 0.684 0.690 0.607 0.645 0.561 0.615 0.661
Ue 0.736 0.727 0.706 0.661 0.594 0.633 0.650 0.618 0.676
Us 0.809 0.749 0.834 0.680 0.605 0.642 0.690 0.817 0.865

AVG 0.772 0.750 0.741 0.677 0.602 0.640 0.634 0.683 0.734

Note: Rd (km/km2) represents river density which is the total length of river per unit area in a catchment, which is
an important characteristic of river networks evolution and has a significant impact on the storage and discharge
capacity of the watershed. The expression of river density is: Rd = L/A, where L represents the total length of river
(km), and A is the area of basin (km2) [35,36,39]. Rd of WCXY declined from 3.80 in 1960s to 3.27 in 1980s, and then
to 2.93 in 2010s; In YCDM, Rd increased from 3.54 in 1960s to 3.87 in 1980s, and then decreased to 3.41 in 2010s; and
Rd in HJH decreased from 3.75 in 1960s to 3.24 in 1980s, then to 2.93 in 2010s. Up is the ratio of non-agricultural
population to total regional population; Ue is the ratio of non-agricultural GRDP (Gross Regional Domestic Product)
to regional GRDP; Us is the ratio of urban construction land area to total area; and AVG is the average of Up, Ue
and Us.

As shown in Table 4, all values of the grey correlation are positive and greater than the resolution
coefficient of the grey correlation analysis (0.5), indicating that changes in river networks are significantly
affected by urbanization, and the river networks change violently with a higher urbanization level.
Specifically, WCXY has the highest urbanization level of the three areas, and its river networks’ changes
are the most significantly affected by urbanization. Generally, in order of the average grey correlation
degree of various changes in the river networks’ features, it goes: 4α > 4f > Rd in WCXY, 4α > Rd > 4f
in YCDM, and Rd > 4f > 4α in HJH. This result shows that urbanization leads to an increase in the
impervious area and a significant impact on the changes in river networks. Combined with a field
investigation, we found that, in the YCDM and HJH areas, a large number of branch channels were
excavated in the 1980s due to agricultural water conservancy activities and the needs of agricultural
irrigation, causing dramatic changes in the structure of the tributaries. The 4α and 4f of the tributaries
increased by 9.7% and 10.9% and 9.1% and 13.7% in YCDM and HJH, respectively (Table 3), which is a
result that is similar to those of Han et al. (2015) [39]. The river system is constantly evolving due to
human activities, including a large number of urban construction projects and landfill in the branch
channels, thus destroying the natural ecosystem of the rivers. The disappearance of the rivers has also
aggravated the urban flooding problem. In order to solve the waterlogging problem inside urban
areas, humans continue to dredge and broaden the main river, as well as change some tributaries
to main streams. Therefore, the river system and human activities feedback into and restrict each
other, and they adapt to each other and reach a certain balance [39]. This is consistent with Chin’s
(2006) conclusion that fluvial morphology adapts to urbanization [30]. However, the changes in river
networks are still dramatic in the Taihu Plain river networks area, and the relationship between human
activities and the river system remains far from equilibrium. We need to further understand the
relationship between human activities and changes in river networks.
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4.4. Limitations and Outlook

In regard to the border effects, the multifractal analysis of our studied river networks led to
capacity dimensions Dq=0 or D0 that were all close to 1.91 < 2. These results are seemingly in conflict
with the findings of some previous studies, which discovered D0 = 2 and considered the river networks
to be “empty space” [57,58]. Ijjasz-Vasquez et al. (1992) revealed that the border effects possibly
resulted from boxes overlying the edges of the basins, as the application of the box-counting method
biased the results [58]. This case is similar to the findings of De Bartolo et al. (2000) [4]. Our work seems
to be consistent with previously published work on the hypothesis of non-plane-filling structures
of natural river networks [59] and confirms the opinion that values of f (α0) less than 2, which were
obtained by De Bartolo et al. (2004) through the sandbox method [5], avoid the border effects that
are produced by the box-counting algorithms. Additionally, the capacity dimension D0 was found to
change slightly in the three areas in different periods. These slight variations can be attributed to the
fact that the plain’s river networks are too dense to obtain good results. In this study, we only used
the box-counting method of a fixed-size algorithm to calculate the multifractal spectrum, and we did
not use other methods, including the Barycentric fixed-mass method [60] and the sandbox method, to
conduct a comparative analysis. We will consider adopting the fixed-mass method and the sandbox
method for further research in future studies.

Recent studies suggest that multifractal dimensions may affect the hydrologic response, and
the Multifractal Instantaneous Unit Hydrograph (MIUH) was proposed [33,53]. Gaudio et al. (2006)
believe that the flood peaks would increase with the increase in both the generalized fractal dimensions
and the Lipschitz–Hölder exponents [53]. Similarly, Zhang et al. (2015) built a mathematical model
to reflect the relationship between flood frequency and fractal dimension, which showed that the
number of flood events increased with the decrease in the fractal dimension of the river networks [27].
Wang et al. (2016) also established a relationship between the Hurst index of the water level and the
fractal dimension, revealing that changes in a river network under urbanization have an influence on a
river network’s storage capacity [61]. Besides this, Gires et al. (2017) applied fractal analysis to quantify
how well the spatial structures of imperviousness of urban catchments performed in hydrological
models [62]. All the directions of the abovementioned studies will be given more attention in future
work, particularly the relationship between a flood-forming regime and the multifractal structures of
the river networks in the plain’s river networks area.

5. Conclusions

In this study, we carried out a multifractal analysis of river networks in the context of urban
catchments located on the Taihu Plain, China. Based on the river networks that were derived from
digitalized paper geographical maps at a scale of 1:50,000 in the 1960s and 1980s and 1:50,000 digital line
graphics in the 2010s, we investigated the generalized multifractal dimensions (Dq) and the multifractal
spectrum (f (α)) through the box-counting method of a fixed-size algorithm. Both positive and negative
values of a moment order q were used to determine the multifractal features. The multifractal features
of river networks and the characteristics of their spatial and temporal variation in WCXY, YCDM, and
HJH in different periods were then explored. Finally, the driving factors of structural changes in the
river networks were discussed. The following conclusions were obtained:

(1) The river networks we studied have obvious multifractal characteristics with values of fractal
capacity dimensions between 1.90 and 1.91 in the three areas in the period 1960–2010. The multifractal
spectrum was left-part dominant for WCXY, YCDM, and HJH in the different periods, indicating that
the river networks were influenced by the densely distributed rivers. From the 1960s to the 2010s,
the ∆α in WCXY showed the tendency to first increase and then decrease, whereas the trend of YCDM
was the opposite, and the ∆α increased steadily in HJH. Generally, the rate of change of ∆α increased
by approximately 7.9%, 3.6%, and 7.8% in WCXY, YCDM, and HJH over the last 50 years, respectively.
The ∆f in WCXY and YCDM had the same varying tendency. The ∆f in HJH continued to increase by
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approximately 17.5%. The increases in ∆α and ∆f changed the density and spatial heterogeneity of the
river network’s distribution under urbanization.

(2) To better evaluate the changes in the studied river networks, we also calculated the multifractal
spectra of the main rivers and tributaries. The results show that the ∆α of the main rivers increased
by 8.9% in WCXY and decreased by approximately 0.5% and 2.3% in YCDM and HJH, respectively.
The ∆α and ∆f of the tributaries in the three areas all increased as a whole, in which HJH changed the
most, with an increase of 12.9% and 26.1%, respectively. The trends of change in the ∆α and ∆f of the
tributaries in the three areas were consistent with that of the entire river network, indicating that the
tributaries play a significant role in the complexity of the river networks.

(3) The changes in river networks were significantly affected by urbanization, and the river
networks changed dramatically with a higher urbanization level. All of the average grey correlation
values between the changes in river networks and the urbanization level were greater than 0.6 and
greater than the resolution coefficient of the grey correlation analysis (0.5), and their order was 4α > 4f
> Rd in WCXY, 4α > Rd > 4f in YCDM, and Rd > 4f > 4α in HJH. Compared to the natural factors,
human activities have a more significant influence on changes in the river networks.

(4) There were no border effects in our multifractal analysis. Besides this, we did not dig
deeper into which factors would influence the results. Therefore, a comparative analysis through
the fixed-mass method and the sandbox method will be considered in further research. Similarly,
applications of multifractal analysis to quantify changes in river networks under urban hydrology
conditions based on hydrological models or mathematical models will be paid more attention in our
future works, particularly with respect to investigating the linkage between the flood-forming regime
and the multifractal structures of the river networks.

In general, multifractal analysis can be used as an efficient means for evaluating changes in river
networks. It provides a new method and idea for further studying the influences of changes in river
networks. It is of theoretical significance for understanding, describing, and quantifying the evolution
of river network structures.
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Symbols and Abbreviations

WCXY the water conservancy region of Wuchengxiyu
YCDM the water conservancy region of Yangchengdianmao
HJH the water conservancy region of Hangjiahu
3S Remote sensing (RS), Geography information systems (GIS) and Global positioning systems (GPS)
DEM the digital elevation model
DLG the Digital Line Graphic
FSA fixed size algorithms
E the box size of the overlay network
Qi(ε) the river distribution probability in box i of ε × ε grid
Mi(ε) the overall length of the rivers in box i
M the total length of the studied river networks



Water 2019, 11, 2283 16 of 18

Xq(ε) the partition function
N(ε) the number of non-empty boxes covered the overall river networks of ε × ε grid
q∈(−∞, +∞) the weight factor or probability moment
τ(q) the mass exponent of the q power
Dq: the multifractal dimension or generalized fractal dimension
A singularity exponent
f (α) the multifractal spectrum
∆α the variation of singularity component or the width of the multifractal spectrum
∆f the heights variation of multifractal spectrum
R2

q=0 determination coefficient of q = 0
TM Landsat Thematic Mapper
Up the ratio of non-agricultural population to total regional population
Ue the ratio of non-agricultural GRDP (Gross Regional Domestic Product) to regional GRDP
AVG the average of Up, Ue and Us

Rd (km/km2) the river density
MIUH the Multifractal Instantaneous Unit Hydrograph
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