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Abstract: The aim of this study is to numerically analyze spatial behaviors of solute particle transport
in a single fracture with spatially correlated variable apertures under application of effective normal
stress conditions. The numerical results show that solute particle transport in a single fracture is
strongly affected by spatial correlation length of variable apertures and applied effective normal
stress. As spatial correlation length increases, mean residence time of solute particles decreases and
tortuosity and Peclet number (a dimensionless number representing the relationship between the
rate of advection of solute particles by the flow and the rate of diffusion of solute particles) also
decreases. These results indicate that the geometry of the aperture distribution is favorable to solute
particle transport when the spatial correlation length is increased. However, as effective normal stress
increases, the mean residence time and tortuosity tend to increase but the Peclet number decreases.
The main reason for a decreasing Peclet number is that the solute particle is transported by one or
two channels with relatively higher localized flow rates owing to increase in contact areas resulting
from increasing effective normal stress. Based on the numerical results of the solute particle transport
produced in this study, an exponential-type correlation formula between the mean residence time
and the effective normal stress is proposed.

Keywords: single fracture; solute particle transport; spatial correlation length ratio; effective normal
stress; mean residence time; tortuosity; Peclet number

1. Introduction

The analysis of the fluid flow and solute transport in a single fracture is significant as it provides
useful information for assessing groundwater flow and movement of pollutants through crystalline
bedrock and for predicting the possible route of radioactive substances that have leaked from
radioactive waste disposal facilities into deep underground levels. A number of studies on fluid
flow and solute transport in a single fracture has been conducted so far and include laboratory or field
experiments [1–8] and numerical experiments [9–13].

It is known that fluid flow and solute transport in a rough single fracture is significantly affected
by the spatial variation of the aperture distribution owing to roughness and contact surfaces of the
fracture walls [12,14]. Such a spatially variable aperture results in a “channeling effect”, which means
that fluid and solute move through a relatively large aperture [12,15]. In addition, the effect of the
effective normal stress, which acts vertically against the fracture surfaces, increases the contact areas
between the fracture walls, thereby reducing the aperture distribution available for fluid flow or solute
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transport. These two phenomena eventually increase the tortuosity of fluid flow and solute transport
owing to reduced flow passing through a single fracture and connections between apertures.

Thompson [13] demonstrated that the velocity of solute transport tends to be higher or lower than
the mean flow velocity depending on the roughness of the fracture walls and contact surfaces. Jeong
and Song [10] conducted a numerical study on flows and solute transport in a rough fracture with
an anisotropic aperture distribution, and Tsang et al. [14] numerically studied the spatial dispersion
of a solute transported through a channel with one-dimensionally changing apertures. Ewing and
Jaynes [16] also conducted extensive numerical studies on factors such as size of the fracture and shape
of the mesh that affect solute transport in a single fracture, and Jeong and Song [10] examined fluid
flow and solute transport in a single fracture with variable aperture distribution that is generated using
fractal technique. Recently, Vogler et al. [17] presented the fully coupled hydro-mechanical method to
investigate the effect of fracture heterogeneity on fluid flow through fractures at laboratory scale but
they did not consider solute transport in fractures with hydro-mechanical effect.

In this study, spatial behaviors of solute particle transport in a single fracture with a variable
aperture distribution, which depend on the spatial correlation and effective normal stress, were
numerically investigated. The aim of this study is to propose a new empirical formula to describe the
relationship between mean residence time of solute particles and effective normal stress. The mean
residence time in the proposed empirical formula can be derived by analysis of breakthrough curves
for each level of effective normal stress and spatial correlation ratio.

2. Solute Transport Model: Random Walk Particle Following (RWPF) Model

In this study, it is assumed that solute transport through spatially varying apertures occurs
in a one-dimensional channel that connects individual elements constituting a single fracture. The
numerical simulation of solute particle transport was conducted using the random walk particle
following (RWPF) model [18]. This model was originally developed to simulate solute particle
transport in three-dimensional discrete fracture networks with a large number of individual fractures
(e.g., more than 10,000). The merit of this model—compared to the existing random walk particle
tracking (RWPT) model LaBolle et al. [11]—is that it does not require discrete mathematics for time
calculation, thereby increasing the efficiency of calculation when a large number of fractures is
generated within a given space.

In the RWPF model, the spatial distribution of solute particles is determined through a stochastic
process. The probability density function for residence time of solute particles in RWPF model is

f (t) = 0.5
(

U +
xm

t

) 1√
4πDt

exp
[
(xm −Ut)

4Dt

]
(1)

where xm [m] refers to the length of the one-dimensional channel, D [m2/sec] to the longitudinal
dispersion coefficient, U [m/sec] to the mean velocity, and t [sec] to time.

The standard deviation of the spatial transport through the distribution of particles within a
one-dimensional channel is expressed as a function of longitudinal dispersion coefficient and time:

σ =
√

2Dt. (2)

The residence time of solute particles that are moved in the flow field is calculated as:

tm =
xm

U
. (3)

The RWPF model randomly extracts the location of solute particles x at tm, and as a result, the
mean residence time of solute particles is obtained between t = 0 and tm. When solute particles being
transported along the flow direction arrive at intersection i, as shown in Figure 1, they select and
move into any exit point based on the probability value and in proportion to the localized flow (P3
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or P4 in Figure 1). As part of the element with aperture (ei) and size ∆a× ∆a, the residence time of
solute particles ti is obtained by dividing the volume of the element (Vi) by the localized flow rate (Qij)
as follows:

ti =
Vi

0.5 ∑i Qij
=

ei∆a2

0.5 ∑i Qij
. (4)

In addition, if the mean residence time of solute particles is presumed to be constant along the
length of the fracture (∆a), the actual residence time of solute particles tr can be calculated as follows:

tr =
∆a

∆a + σε
ti (5)

where σ refers to the standard deviation of the normal distribution of distance travelled by solute
particles, and ε refers to a random number in the range [−1, 1] that is generated by the law of
normal distribution.
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Figure 1. Solute particles’ selection of routes at intersection i: black lines indicate the flow direction,
and gray lines the particle routes. Random numbers exist between 0 and 1.

The residence time of a single solute particle calculated at each element from inflow boundary to
outflow boundary is summed up to calculate the total residence time. This process applies to each of
the solute particles, and the total residence time calculated for the solute particles is obtained in form
of a breakthrough curve, thus indicating frequency of arrival of solute particles at the outflow point
with passing time. In addition, in order to consider the retardation of solutes caused by adsorption as
well as cracked walls and other factors, a retardation factor (R) is factored in to calculate the actual
residence time of solute particles tra:

tra = tr × R. (6)

In this study, the matrix diffusion and molecular diffusion within fracture walls was not taken
into consideration, and only spatial dispersion of solute transport caused by channeling phenomenon
due to variable aperture distribution is considered.

3. Verification of RWPF Model

The one-dimensional channel system used to verify the RWPF model is shown in Figure 2. This
channel system had a length of 50 m and consisted of 10 square-typed elements with a side length
of 5 m. As boundary conditions, the hydraulic head value of H1 = 600 m was imposed at the inflow
boundary, and H2 = 0 m at the outflow boundary.
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Figure 2. One-dimensional channel system applied to verify the RWPF (Random Walk Particle
Following) model.

The number of nodes was 12, and the distance between the nodes was 5 m. A total of 10,000
solute particles were injected into the left boundary (H1), and the solute particles moving through the
one-dimensional channel system arrived at the right boundary (Figure 2).

In this verification, the results of the simulation of solute transport based on retardation
factor (R) and longitudinal dispersion factor (D) were compared with the analytical solution of
the one-dimensional advection–dispersion equation in Equation (7) [19]. The applied values of R were
1.0, 2.0, 3.0, and 4.0, and those of D were 0.5, 1.0, and 5.0.

C(x, t)
C0

=
1
2

[
er f c

(
L−Ut
2
√

Dt

)
+ exp

(
UL
D

)
er f c

(
L + Ut
2
√

Dt

)]
(7)

where C0 [mg/m3] refers to the initial concentration, L [m] to the length of the one-dimensional channel,
U [m/sec] to the velocity of solute particles moving along the direction of flow, and D [m2/sec] to the
longitudinal dispersion coefficient.

In this study, to compare analytical results from Equation (7) with numerical ones, it was assumed
that C(x, t)/C0 was equivalent to NP/NP0, where NP was the number of solute particles arrived at
boundary H2 and NP0 the initial number of solute particles imposed at boundary H1. Figures 3 and 4
show the comparison of the analytical solution with the simulation results of solute particle transport
with R and D, respectively. As a result, it could be observed that simulation results of solute transport
from the applied RWPF model agreed relatively well with analytical results in this study. In order to
verify these comparisons more quantitatively, the RMSE (Root Mean Square Error) was estimated. The
average of estimated RMSEs for four different values of R was 0.0025 and 0.0032 for three different
values of D.
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the value of R was fixed to 3.0.

4. Solute Transport Simulation with Spatial Correlation Length and Effective Normal Stress

4.1. Simulation Condition

Simulations were performed to analyze the spatial behavior of solute transport within a single
fracture in relation to spatial correlation length and mechanical effect of aperture distribution. In this
study, 101 × 101 nodes were generated on the square surface of a fracture of size 100 m × 100 m, and
it was assumed that the aperture distribution followed the law of log-normal distribution. In order to
generate a spatially correlated aperture distribution, the turning bands algorithm and a geostatistical
method was applied [20,21]. In this study, six correlation length ratios (correlation length (λ)/length
of a single fracture (L), where the correlation length can be defined as a degree of the geometric
correlation of apertures distributed within a given single fracture; length of a single fracture was fixed
to 100 m) were considered. The considered correlation length ratios were: λ/L = 0.0 (no correlation),
0.1, 0.2, 0.3, 0.4, and 0.5. In addition, for mechanical effects, it was assumed that the effective normal
stress (σ′) was applied to a single fracture, with an increase in 5.0 MPa steps from 0.0 up to 35.0 MPa.

It was assumed that no retardation affecting solute particle transport—such as adsorption at
fractured walls—existed (that is, R = 1.0), and the value of D was 1.0 m2/sec. The Monte–Carlo
simulation (30 random numbers) was conducted for each value of λ/L, and σ′ applied for solute
transport simulation. Analysis results presented are mean values.

Table 1 represents σ′ and closures used in solute transport simulation with mechanical effect.
Results of the flow field used to simulate solute transport were reported by Jeong [20].

Table 1. Effective normal stresses (σ′) and closures used in this study [20].

Effective Normal Stress [MPa] Closure [µm]

0.0 0.0
5.0 139.0

10.0 212.0
15.0 258.0
20.0 289.0
25.0 312.0
30.0 329.0
35.0 342.0
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In order to simulate solute particle transport using RWPF numerically, first of all, flow velocity
distributions for applied effective normal stresses and spatial correlation length ratios were required.
The model used in this study consisted of two parts: the first was the flow model and the second the
RWPF model. Solute particle simulation was conducted immediately after the flow simulation was
finished under steady-state condition.

Figure 5 illustrates the square-typed single fracture and boundary conditions used in this study.
The hydraulic head is prescribed as 100 m (H1) at the left boundary and 0 m (H2) at the right boundary.
A total of 10,000 solute particles were injected along the boundary H1, and the solute particles were
transported from the left to the right boundary. In this study, flow simulation results performed by
Jeong [20] were for each level of effective normal stress and spatial correlation length ratio.
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4.2. Breakthrough Curves and Mean Residence Time

Figure 6 shows the variation of breakthrough curves of solutes based on λ/L and σ′. The red line
indicates the average of each breakthrough curve simulated using 30 random numbers, and the blue
line indicates their cumulated breakthrough curve. When σ′ increased, the peak value of breakthrough
curves tended to decrease gradually but the spatial dispersion increased. In case of no correlation,
when σ′ increased, the time required to reach the peak value gradually decreased. These results were
the same in case of λ/L, but once σ′ exceeded a certain value (15.0 MPa in this study), the time required
to reach the peak value demonstrated a nearly constant trend. These results were delivered as solute
particles that were transported through a nearly identical channel distribution owing to increase in
contact surface after the value of σ′ exceeded 15.0 MPa.

Figure 7 shows the mean residence time of solutes with the values of λ/L and σ′. The
mean residence time remained almost constant when the values of λ/L increased along with σ′

to 10.0 MPa, but gradually increased from σ′ = 15.0 MPa. This was because increase in effective normal
stress enlarged the contact surface within a single fracture, thereby increasing transport distance of
solute particles.

Increasing λ/L tended to shorten the mean residence time largely because an increase in λ/L
provided a flow-favorable channel [20], which then decreased the travel distance of solute particles.
In case of no correlation, however, the mean residence time began to drastically increase from the point
of σ′ = 15.0 MPa, which indicated that the aperture distribution with effective normal stress had an
adverse effect on solute particle transport compared to that in case of spatial correlation length ratio.
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4.3. Tortuosity of Solute Particles

In this study, an analysis of the spatial behavior of the particles that are transported through a
curved channel with a varying aperture distribution or contact surface was conducted, and the travel
routes of solute particles were determined. If particles passed through a single fracture having a
varying aperture distribution or contact surface, they tended to travel via a curved route, as shown in
Figure 8a. However, if solute particles traveled through a consistent aperture distribution across the
entire single fracture, they showed a linear route, as shown in Figure 8b. The tortuosity of traveling
solute particles could be obtained using the following equation [22]:

τ2 =

(
Lp

L

)2
(8)

where Lp [m] referred to the travel distance of the solute particles passing through a single fracture
with varying aperture distribution; and L [m] referred to the travel distance of the particles in a single
fracture with a consistent aperture distribution, which was the same as the length of a single fracture.
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Figure 9 illustrates the trajectories of solute particles passing through areas with relatively large
localized flows based on an increasing effective normal stress σ′ for λ/L = 0.3. Increasing effective
normal stress resulted in larger contact surfaces, which gradually increased the travel distance of the
solute particles.
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Figure 10 shows variations in tortuosity calculated using Equation (8) with λ/L and σ′. Increase in
σ′ resulted in a higher tortuosity because the increased effective normal stress resulted in larger contact
surfaces and an increased travel distance of solute particles. In contrast, increase in spatial correlation
length decreased the tortuosity because an increased spatial correlation length tended to generate an
aperture distribution that is favorable to transport of solute particles. In addition, it could be observed
that a higher effective normal stress generated wider differences in tortuosity based on correlation
length. When λ/L values of 0.1 and 0.5 were compared, no significant difference was observed at
σ′ = 0.0 MPa, but a difference of 0.7 and 1.3 was found at σ′ = 15.0 and 35.0 MPa, respectively. These
results indicated that the aperture distribution with a longer correlation length was more favorable
to transport of solute particles. In contrast to the correlation condition, tortuosity tended to increase
along a nearly linear trend according to effective normal stress in case of no correlation, thus indicating
that the aperture distribution that was favorable to transport of solute particles was not created.
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4.4. Spatial Dispersion of Solute Particles

Peclet numbers can be defined as dimensionless numbers indicating the relationship between
the rate of advection of solutes caused by flows and the rate of molecular diffusion. In this study, the
Peclet numbers of solute particles for different values of λ/L and σ′ were estimated using the method
suggested by Neretnieks et al. [23].

Figure 11 illustrates the variation in Peclet with λ/L and σ′. The Peclet number was drastically
reduced for all λ/L values until the point of σ′ = 10.0 MPa. However, after σ′ exceeded 10.0 MPa,
the Peclet number tended to approach a certain constant value. This was because solute particles
moved across the entire single fracture when σ′ values were small, but if σ′ values increased, solute
particles moved through one or two major channels, as shown in Figure 5. In addition, while the Peclet
number decreased as λ/L values increased until σ′ = 10.0 MPa, the Peclet number tended to approach
a constant value at a faster pace when the σ′ values exceeded 10.0 MPa and λ/L values increased.
This tendency reflected that as λ/L values increased, aperture distribution was more favorable to
transport of solute particles. In case of no correlation, the Peclet number decreased exponentially when
σ′ increased, in contrast to the case with correlation. When the value of σ′ was zero, the Peclet numbers
varied from 14.6 (λ/L = 0.5) to 27.6 (λ/L = 0.1), according to the values of λ/L. Nerentnieks et al. [23]
obtained Peclet numbers within the range of 9 and 27 in a laboratory experiment using granite samples
with a diameter of 30 cm, and Moreno et al. [24] showed Peclet numbers varying from 9 to 80 for
granite samples with a diameter of 27 cm. In a numerical experiment using a two-dimensional aperture
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model, Moreno et al. [12] suggested that the results of the experiment indicated Peclet numbers varying
from 2 to 40 when effective normal stress increased. Furthermore, Thompson [13] used the fractal
technique to observe a variation of Peclet numbers from 1 to 20 for solute transport within a single
fracture with a spatially correlated aperture distribution. Thus, the results obtained in this study were
consistent with results obtained from such indoor and numerical experiments.
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4.5. Empirical Formula for Calculating Mean Residence Time of Solutes

The mean residence time tm of solute particles could be considered to be the actual mean residence
time, thus reflecting effects of contact surface within a fracture and changing aperture distribution.
This mean residence time was associated with the mean residence time t′m that was calculated for a
single fracture with a consistent aperture distribution:

t′m =
V

Qmean
=

emL2

Qmean
(9)

where em [m] referred to the average of aperture distribution purely provided for solute transport
without considering ratios of contact surface based on effective normal stress, and Qmean indicated the
average flow calculated using the cube law.

Figure 12 illustrates relations between σ′ and tm/t′m with λ/L, which showed an exponentially
increasing tendency when σ′ increased. Based on these results, an empirical formula for σ′ and tm/t′m
could be obtained as shown in Equation (10):(

tm

t′m

)
= a exp

(
bσ′

)
(10)

where a and b were parameters to be determined, and b represented the inverse dimension of σ′.
Equation (10) could be considered to analyze the relationship between the variation of mean

residence time of solute particles and the applied effective normal stress in a single fracture with
spatially correlated aperture distribution more quantitatively.
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Table 2 presents the correlation coefficient (CR) and the values of the constants a and b based on
λ/L calculated from data of relations between σ′ and tm/t′m and from curve fitting of Equation (10).
In general, CR tended to be 0.94 or higher in case of spatial correlation length. Therefore, Equation (10)
reflected the simulated results of mean residence time of solutes well. In case of no correlation, however,
the tendency of tm/t′m based on values of λ/L was slightly different from that in correlated condition,
and the calculated CR value was 0.80, thus resulting in a slightly lower compatibility compared to that
in correlation condition. The empirical formula of σ′ and tm/t′m suggested in this study was expected
to be applicable for providing solute particle transport characteristics for individual fracture factors
constituting fracture networks generated within a three-dimensional space, as in the study conducted
by Nordqvist et al. [25].
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The estimated parameters a and b did not show a tendency to increase or decrease apparently
and regularly with variation of tm/t′m and λ/L and had a tendency to be more or less independent.

Table 2. Values of parameters a and b of Equation (10) determined based on λ/L.

λ/L No Correlation 0.1 0.2 0.3 0.4 0.5

a 0.9481 0.8350 0.8213 0.7761 0.8113 0.9086
b 0.0056 0.0229 0.0243 0.0316 0.0316 0.0202

CR 0.7999 0.9592 0.9472 0.9545 0.9833 0.9818

5. Conclusions

In this study, a numerical experiment was conducted to obtain characteristics of solute particle
transport in a single fracture with apertures that were changed by spatial correlation length and
effective normal stress. The results suggest that solute particle transport within a single fracture was
significantly affected by the degree of spatial correlation length of aperture distribution and effective
normal stress applied. With an increasing spatial correlation length, the mean residence time of solute
particles were reduced and the tortuosity and Peclet numbers also decreased. This means that when
the spatial correlation length increased, the aperture distribution within a single fracture became more
favorable to transport of solute particles.

When the effective normal stress increased, however, the mean residence time and tortuosity
tended to increase and the Peclet numbers decreased slightly. In particular, when the effective normal
stress was 10.0 MPa or higher, the Peclet numbers tended to approach a certain constant value. This
was because solute particles moved through one or two channels with relatively large localized flows
owing to enlarged contact surfaces caused by increased effective stress.

Based on the results of solute particle transport simulation, this study also presents an exponential
empirical formula to describe the relationship between effective normal stress and mean residence
time of solute particles. This formula is expected to be used to estimate basic data for describing solute
particle transport characteristics within individual fractures as analysis of the spatial behavior of solute
transport in a three-dimensional fracture network was performed. However, the values of parameters
a and b listed in Table 2 are limited to a single fracture of 100 m × 100 m. In order to become Equation
(10) a more generalized formula, parameters a and b need to be determined with various sizes of
single fractures.
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