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Abstract: Vegetation in natural river interacts with river flow and sediment transport. This paper
proposes a two-layer theoretical model based on diffusion theory for predicting the vertical
distribution of suspended sediment concentration in a flow with submerged vegetation.
The suspended sediment concentration distribution formula is derived based on the sediment
and momentum diffusion coefficients through the inverse of turbulent Schmidt number (Sct) or the
parameter η which is defined by the ratio of sediment diffusion coefficient to momentum diffusion
coefficient. The predicted profile of suspended sediment concentration moderately agrees with the
experimental data. Sensitivity analyses are performed to elucidate how the vertical distribution
profile responds to different canopy densities, hydraulic conditions and turbulent Schmidt number.
Dense vegetation renders the vertical distribution profile uneven and captures sediment particles
into the vegetation layer. For a given canopy density, the vertical distribution profile is affected by the
Rouse number, which determines the uniformity of the sediment on the vertical line. A high Rouse
number corresponds to an uneven vertical distribution profile.

Keywords: vegetation flow; diffusion theory; turbulent Schmidt number; two-layer; suspended
sediment concentration

1. Introduction

Vegetation is an important part of the river ecosystem. It can exist in the middle channel, grow on
the river bed, and populate both terraces and floodplains (Figure 1). Vegetation provides a habitat
for aquatic life and greatly influences the hydraulic conditions and morphology in a river ecosystem.
For example, canopies in river channels alter the structure of the turbulent flow and the velocity profile.
Meanwhile, the changing velocity profile affects the characteristics of sediment transport. The sediment
transport characteristics in canopy flow should be identified for the efficient management of floods
and the river ecosystem.
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The vertical distribution of suspended sediment concentration is a key point to characterize
sediment transport. Open channels flows are highly turbulent. Sediment particles are suspended
resulting from the combination of the turbulent diffusion of water flow and the action of particle
gravity. This basic concept underlies the theory of particle diffusion.

Diffusion theory is widely used in the study of the distribution of suspended particle concentration
along the vertical line. In essence, it reflects the continuous equation or mass conservation equation that
the suspended particles should satisfy when they are in equilibrium in the water flow. This equation
can be expressed by the Schmidt equation [1] as

εz
dSv

dz
+ ωSv = 0 (1)

where Sv is the mean concentration and ω is the settling velocity of sediment particles in still water.
The settling velocity is calculated by using the median particle size (d50) for non-uniform sediment.
In the environment of alluvial rivers with floodplain and low gradient of thalweg, grain sizes of the
suspended sediment and bed composition are usually in narrow ranges. Calculation with the median
particle size (d50) can approximately reflect the movement of particles of all grain sizes. εz is the vertical
diffusion coefficient of suspended particles. If εz is determined, then we can obtain the suspended
sediment concentration by integrating Equation (1). In fact, the diffusion coefficient varies along the
water depth. Furthermore, the turbulent diffusion coefficient of suspended sediment εz, which has
great influence on the vertical distribution profile of suspended sediment, is somewhat different from
the turbulent momentum diffusion coefficient εm [2]. The turbulent diffusion coefficients are generally
predicted in terms of the turbulent Schmidt number (Sct) or the parameter η which is defined by the
ratio of sediment diffusion coefficient to momentum diffusion coefficient [3]. The momentum exchange
coefficient εm can be described by the gradient of velocity (du/dz) and the shear stress (τ). Hence,
the relationship of the sediment diffusion coefficient and the momentum diffusion coefficient is closely
described as

εz =
1

Sct
· εm = η · εm = η · τ

ρ du
dz

(2)

where ρ is the water density.
Suitable available formulas of η have been proposed by previous researchers [2–6]. A widely

cited expression of η is chosen from Tsujimoto and the expression is given by [2]:

η = 1 + 1.56
(

ω

u∗

)2
(3)

where u∗ is the friction velocity. Pal and Goshal [3] investigated the effect of particle concentration
on sediment and momentum diffusion coefficients in open-channel sediment-laden turbulent flow
for dilute and non-dilute states. They found that with increasing particle concentration, the sediment
diffusion coefficient decreases more in comparison with the momentum diffusion coefficient for both
dilute and non-dilute sediment-laden flows.

According to Equation (2), the key point to determine the momentum exchange coefficient is
the gradient of velocity decided by the vertical velocity distribution. Rouse et al. proposed a model
to describe the vertical distribution of suspended sediment concentration in an open-channel flow
without vegetation under which condition the longitudinal velocity is logarithmic [7]. The Rouse
formula can be expressed as

Sv

Svb
=

(
H − z

z
b

H − b

)ψ

(4)

where Svb is the mean concentration at z = b and H is the flow depth. ψ = ω/(ηκu∗) is the suspension
index or Rouse number and κ is the von Kármán constant.
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Yang et al. developed a simple relationship based on the two-layer approach for suspended
sediment concentration in a depth-limited flow with submerged canopy [8]. In their study,
the longitudinal velocity is assumed to be uniform in the canopy layer and logarithmic in the free
water layer. However, a break point exists at the top of the canopy, and the diffusion coefficient in the
canopy layer is calculated imprecisely, which undermines the applicability of the model to describe the
suspended sediment distribution of submerged canopy flow. Thus, an accurate longitudinal velocity
profile is important to establish a model of suspended sediment distribution.

Klopstra et al. proposed analytical expressions for velocity distribution [9]. The velocity profile in
the canopy layer is obtained based on the Boussinesq concept, whereas the logarithmic for the free
water layer is derived from Prandtl’s mixing length theory. The two-layer approach divides the flow
depth into the upper layer and the vegetation layer [8]. In the vegetation layer, the velocity is uniform.
Huai et al. proposed a three-layer approach by further dividing the canopy layer into inner and outer
layers [10]. Nepf et al. reported that the vertical turbulent structure within a canopy is dominated by
the vegetation morphology, which is characterized by the canopy height (h) and the plant frontal area
per unit canopy volume (a) [11]. De Serio et al. analyzed the experimental results which highlighted
the importance of the density of the vegetation as a key parameter in the advective processes [12].
The vertical turbulent transport of momentum is driven by the canopy-scale vortices. The region of
the canopy affected by these vortices is termed the exchange zone, in which the exponential velocity
profile is observed [13]. The length of the exchange zone extends from the top of the vegetation over a
distance called the penetration length (Figure 2) is described by the following equation:

δe =
0.23± 0.06

CDa
(5)

where CD is the canopy drag coefficient defined using a quadratic drag [14,15]. Below the exchange
zone, a relatively quiescent area is called the wake zone where the velocity is uniform. Above the
submerged canopy, the velocity profile is logarithmic [16].Water 2018, 10, x FOR PEER REVIEW  4 of 14 
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Figure 2. Schematic of the time-averaged longitudinal velocity (u(z)) model.

The study aims to develop a new relationship for suspended sediment transport in a flow with
submerged canopy, which is based on a new longitudinal velocity distribution model and the turbulent
Schmidt number. The longitudinal velocity profiles, which are logarithmic in the free water layer and
exponential in the canopy layer, are adopted and tested, respectively. In this framework, relationships
for the vertical distribution of suspended sediment concentration are proposed. Then, the proposed
formulas are verified by comparing with the experimental data. Finally, the proposed formulas are
used to study the effect of canopy density, hydraulic condition and the turbulent Schmidt number on
the vertical distribution of suspended sediment concentration.
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2. Methods

2.1. Flow Model

The velocity distribution model adopted in this study is widely cited but relatively simple in
structure. It provides great convenience for integral calculation to derive the vertical distribution
model of suspended sediment concentration. The flow model is described below.

For a flow with submerged canopy, the vertical distribution of mean velocity from the river bed to
the water surface highly depends on the relative importance of the river bed drag and the vegetation
drag. If the bed drag plays a dominant role in the flow compared with the canopy drag, then the
velocity distribution follows a turbulent boundary-layer profile, whereas the canopy is considered
into the bed roughness (sparse canopy). By contrast, if the canopy drag plays the more dominant part
compared with the bed drag, the discontinuity in drag that occurs at the top of the canopy (z = h)
generates a region of a shear resembling a free shear layer with an inflection point near the top of the
vegetation (dense canopy) [13]. A pronounced inflection point is expected to appear at the top of the
vegetation for CDah > 0.1 [13].

To describe the flow velocity u(z) with submerged canopies, early research reported that u(z) is a
function of only u∗, a, h and CD. Kaimal and Finnigan hypothesized that the vertical distribution of
mean velocity for a sufficiently far above a submerged canopy (z > h) is logarithmic:

u(z) =
u∗
κ

ln
(

z− zm

z0

)
(6)

where zm is the displacement height and z0 is the roughness height. The two parameters both depend
on the vegetation density. In the previous study [17], the friction velocity in a canopy flow is calculated
according to the following formula:

u∗ =
√

gS(H − h) (7)

were S = ∂H/∂x+ sin θ [17] and θ is the bed slope angle. Jarvela pointed out h is the averaged deflected
height of the canopy for flexible vegetation [18]. However, when the relative depth of submergence is
small, replacing h with zm will have more accurate results [19].

The displacement height (zm) is similar with the penetration length scale (δe). It represents the
centroid of momentum penetration into the vegetation layer [20]. This similarity suggests the physically
intuitive scaling:

zm

h
≈ 1− 1

2
δe

h
= 1− 0.1

CDah
(8)

Which has been confirmed for ah ≈ 0.2 to 3 [21]. zm will be zero at CDah = 0.1. When zm

approaches zero, no inflection point can be found in the velocity profile. The great sparsity of the
canopy exerts a considerable influence on the velocity profile. The traditional logarithmic velocity
profile fits the sparse canopy condition well. For CDah > 1, the displacement height is approximately
equivalent to the canopy height. It denotes that the whole canopy is cut off from the overflow [13].

The roughness height (z0) is heavily affected by the canopy density. The relationship between z0

and ah differs significantly above and below the threshold of ah = 0.1 [22]. For sparse vegetation, z0 is
proportional to the drag generated by the full canopy because the flow penetrates the whole canopy,
i.e., z0/h ∼ CDah. On the contrary, the roughness height decreases with the increasing ah for dense
canopies. Luhar et al. suggested that for ah > 0.1, z0 = (0.04± 0.02)a−1 [21].

The velocity distribution model adopted in this paper divided the canopy layer into exchange
zone and wake zone. And in the wake zone, the longitudinal velocity is uniform while the velocity
profile in the exchange zone follows an exponential decay. However, in this paper, the velocity
distribution in the wake zone is assumed to be same as the velocity profile in the exchange profile. It is
because the gradient of velocity is important for calculating the momentum diffusion coefficient.
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Therefore, according to Harman et al. [23] and Nepf [13], the velocity profile below the canopy
height follows an exponential decay:

u(z) = u1 + (uh − u1)e
β(z−h)

l (9)

where uh is the velocity at the canopy height (z = h) and u1 =
√

2gS/(CDa) is the averaged velocity
in the wake zone (z < h− δe). uh can be calculated by Equation (6). The velocity-decay length-scale
(l/β in 10) can be determined using a mixing length (l) characterization of eddy viscosity, which leads
to β = u∗/uh and l = 2β3/CDa.

2.2. Reynolds Stress Distribution

Under the uniform, steady, and sufficiently developed turbulent open channel flow with
submerged canopy, the flow regime can be divided into two layers, the canopy layer (z < h) and the
free water layer (z > h).

Below the canopy height (z = h), Shimizu et al. proposed that the Reynolds stress distribution
conforms to an exponential profile for rigid canopy [24]. After analyzing a large amount of Reynolds
stress data, Dijkstra and Uittenbogaard found that the vertical distribution profiles for both rigid
and flexible vegetation are similar, in that the Reynolds stress conforms to an exponential profile and
the maximum value is near the top of the canopy [25]. In consideration of this study, the vertical
distribution of the Reynolds stress can be described as

τ = −ρu′w′ = −ρ u′w′
∣∣∣
z=h

eα(z−h) (10)

where α is a constant that can be determined later. u′ and w′ are the temporal fluctuations from the
means of the longitudinal and vertical velocities, respectively. According to the momentum balance of
the flow above the canopy, the interfacial shear stress between canopies can be described as [8]

− ρ u′w′
∣∣∣
z=h

= ρgS(H − h) = ρu2
∗ (11)

The constant α is related to the flow conditions and the characteristic of the canopy. On the basis
of studies with both model and experimental data, a simple estimate for the constant has been obtained
by [26]:

α =

√
CDa

0.03(H − h)
(12)

For the free water layer (z > h), the eddy viscosity model of Boussinesq was employed to describe
the Reynolds shear stress as

τ = ρυt
du
dz

= ρgS(H − z) (13)

where υt is the eddy viscosity.

2.3. Suspended Sediment Concentration Model

Basing from diffusion theory, we assumed that εz is equivalent to εm. For a uniform, steady,
and fully developed turbulent open channel flow with submerged vegetation, the diffusion coefficient
εz can be estimated by combining Equations (6), (9), (10) and (13):

εz = η · εm = η · τ

ρ
du(z)

dz

= η
κgS
u∗

(H − z)(z− zm) (z > h) (14)

εz = η · εm = η · τ

ρ
du(z)

dz

= η
gS(H − h)l
β(uh − u1)

e(α−
β
l )(z−h) (z < h) (15)
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By integrating Equation (1) using Equations (14) and (15), the vertical distribution of suspended
sediment concentration is a submerged canopy flow can be described as

ln
(

Sv(z)
Sv(h)

)
= − ω

ηgS
u∗
κ

1
H − zm

ln
(

z− zm

H − z
H − h
h− zm

)
(z > h) (16)

ln
(

Sv(h)
Sv(z)

)
= − ω

ηgS
β

β− αl
uh − u1

H − h

[
1− e(

β
l −α)(z−h)

]
(z < h) (17)

Obviously, the vertical distribution profile is divided into two parts along the flow depth at the
top of the canopy. Notably, the sediment particles near the river bed within a certain range do not
belong to suspended load. Therefore, the minimum value of z is normally taken as the height equal to
5% of the flow depth (H) [8].

As mentioned before, zm approaches zero when CDah ≤ 0.1. Thus, the sparse canopy exerts less
influence on the velocity profile compared with the flow without vegetation. Actually, for the sparse
canopy, Equation (16) can be reduced to the form of the Rouse formula along the full flow depth.

3. Results and Discussion

3.1. Verification of Flow Model

To verify the flow model of Equations (6) and (9), we collected data from Ghisalberti and Nepf [27].
In their experiments, a constant flow depth (H) of 46.7 cm was employed, with the vegetation height (h)
of 13.9 cm or 13.8 cm. Model canopies consisted of circular wooden cylinders (d = 0.64 cm) arranged
randomly in holes into Plexiglas boards. The range of dimensionless plant densities (ad = 0.016~0.051)
is representative of dense aquatic meadows. Table 1 details the relevant flow parameters.

Table 1. Summary of experiment condition parameters in Ghisalberti and Nepf [27].

RUN Q, ×10−2 cm3 s−1 h, cm a, cm−1 S, ×10−5 u1, cm s−1 uh, cm s−1

A 48 13.9 0.025 0.99 1.30 2.50
B 17 13.9 0.025 0.18 0.50 1.00
C 74 13.9 0.034 2.50 1.70 3.50
D 48 13.9 0.034 1.20 1.10 2.40
E 143 13.8 0.040 7.50 3.50 6.70
F 94 13.8 0.040 3.20 2.40 4.60
G 48 13.8 0.040 1.30 1.10 2.30
H 143 13.8 0.080 10.00 2.70 6.30
I 94 13.8 0.080 3.40 1.70 4.00
J 48 13.8 0.080 1.30 0.77 2.10
K 17 13.8 0.080 0.26 0.27 0.94

Figure 3 shows the vertical distribution of the mean longitudinal velocity from the bed to the
water surface. Inside the canopy, the velocity profile predicted by Equation (9) agrees well with the
experimental data of Ghisalberti and Nepf [27]. In the free water layer, the velocity profile predicted by
Equation (6) is in moderate agreement with the measured data. However, the predicted mean velocity
near the free surface deviates significantly from the observations. This result is due to the velocity dip
caused by the small width-to-depth ratio used in their experiments [8].
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3.2. Verification of Suspended Sediment Concentration Model

The model of suspended sediment concentration is verified by the experimental data measured by
Wang et al., who conducted experiments in flume with flexible submerged canopies [28]. Their flume
was 33.0 m long, 0.50 m wide, and 0.50 m deep. The flow depth in the experiment was 35 cm.
The canopy used in their experiment was bent by flow, and the deflected height in water was 25.1 cm in
average. The frontal area per canopy volume (a) was 0.009 cm−1, and the mean diameter of sediment
was 11.38 µm, with the fall velocity ω = 0.009 cm/s. Figure 4 presents the vertical distribution of
suspended sediment concentration predicted by Equations (16) and (17). The results are compared
with the experiment data. #SS2 and #SS4 are two sampling positions in one experiment. Therefore,
we averaged the two sets of data, considering the deviation in experiments. The predicted profile
moderately agrees with the averaged data. However, a deviation remains between the predicted
profile and the measured data near the bed. Inferring from previous studies, a large concentration
of suspended sediment exists when the spatial position is lower. The predicted profile conforms to
the law while the measured profile failed. Neglecting the experiment error, the deviation may be
caused by the inhomogeneity of the natural vegetation used in the experiment, which enhanced the
complexity of the hydrodynamic conditions.
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measured by Wang et al. [28].

3.3. Sensitivity Analysis of Canopy Density

The canopy density is an important factor determining canopy flow. It exerts great influence
on the velocity profile, which affects the vertical distribution of suspended sediment concentration.
To investigate the effects of canopy density, we assumed the submerged canopy flow with sediment
particles (d50 = 0.005 cm) under the hydrodynamic in Table 1 for Runs A, D, and J. These three sets of
experiments have the same flow depth, discharge, and canopy height but different canopy densities.
Therefore, the bed slope (S) was adjusted to form the uniform flow. Table 1 shows that that the bed
slope increases with increasing canopy density. Meanwhile, the suspension index (ψ) decreases with
increasing bed slope under the same sediment particle settling velocity. Table 2 details the parameters
which will be used in the following analysis. The friction velocity is calculated by Equation (7) and the
inverse of turbulent Schmidt number is calculated by Equation (3).

Table 2. Parameters are used in the following analysis under the hydrodynamic in Table 1.

RUN u∗, cm s−1 ω, cm s−1 η ψ

A 0.56 0.16 1.12 0.62
B 0.24 0.16 1.66 0.98
C 0.90 0.16 1.05 0.42
D 0.62 0.16 1.10 0.57
E 1.56 0.16 1.02 0.25
F 1.02 0.16 1.04 0.37
G 0.65 0.16 1.09 0.55
H 1.80 0.16 1.01 0.21
I 1.05 0.16 1.03 0.36
J 0.65 0.16 1.09 0.55
K 0.29 0.16 1.45 0.93

Figure 5 shows the vertical distribution profile of the suspended sediment concentration predicted
by Equations (16) and (17). Obviously, the greater the canopy density, the more uneven the vertical
distribution of suspended sediment concentration. In addition, the proportion of suspended sediment
concentration above the canopy layer gradually decreases. Thus, the canopy layer can capture more
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sediment particles when the density of vegetation is greater. The main reason is that the greater canopy
density increases the resistance and decreases the average flow velocity. It makes the gravity effect
of sediment particles stronger than the turbulence effect. Thus, the sediment is deposited into the
canopy layer.
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3.4. Sensitivity Analysis of Hydraulic Condition

A vegetation area with determined canopy density is often subject to different hydraulic
conditions. To find the influence of hydraulic condition, we assumed the submerged canopy
sediment-laden flow under the hydrodynamic conditions in Table 1 for Runs E, F, G, H, I, J, and K.
The seven sets of experiments were divided into Group (1) and Group (2). Group (1) has Runs E, F,
and G with the same canopy density (a = 0.040), whereas Group (2) has Runs H, I, J, and K with the
same canopy density (a = 0.080). Figure 6 shows the vertical distribution profile of the two groups.
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For achieving uniform flow, the bed slope increases with increasing input discharge under the
same discharge so that the friction velocity will also increase under the same flow depth. Therefore,
greater input discharge corresponds to smaller suspension index. Figure 6 shows that the vertical
distribution profile is more even with the smaller suspension index. The greater input discharge
can bring more sediment particles and facilitate even distribution. The larger discharge renders the
turbulence effect stronger and thus the sediment particles more suspended. Conversely, the smaller
discharge increases the gravity effect and the deposition of the sediment particles. This finding is in
line with our basic understanding.

The suspension index (ψ) in the vertical distribution law of the suspension load determines the
uniformity of the sediment on the vertical line. The smaller the suspension index, the more uniform
the distribution of the suspended load. The results in Figure 6 agree with this rule, whereas those
in Figure 5 disagree. The situation reveals that the vertical distribution profile is heavily affected by
the canopy density. In addition, for a determined canopy density, the uniformity is controlled by the
suspension index.

3.5. Sensitivity Analysis of the Inverse of Turbulent Schmidt Number

The inverse of turbulent Schmidt number or the parameter η has great influence on the suspended
sediment concentration profile. To investigate the effect of the parameter η, the submerged canopy
flows containing different median particle size (d50) were assumed under the same hydrodynamic
condition (Run H in Table 1). The relevant calculation parameters are presented in Table 3.

Table 3. The relevant calculation parameters for analyzing the influence of the parameter η.

RUN d50, cm ω, cm s−1 u∗, cm s−1 η ψ

I 0.005 0.16 1.80 1.01 0.21
II 0.006 0.22 1.80 1.02 0.30
III 0.007 0.30 1.80 1.04 0.40
IV 0.008 0.40 1.80 1.08 0.51
V 0.009 0.50 1.80 1.12 0.62
VI 0.010 0.61 1.80 1.18 0.72
VII 0.011 0.74 1.80 1.26 0.81
VIII 0.012 0.87 1.80 1.36 0.88
IX 0.013 1.01 1.80 1.49 0.94
X 0.014 1.16 1.80 1.65 0.98
XI 0.015 1.32 1.80 1.83 1.00

.
Figure 7 presents the proposed vertical distribution profile of the eleven runs. According to

Equation (3), it can be known that the parameter η increases with the settling velocity under the same
hydrodynamic condition, while the Rouse number (ψ) also increases. Observing from Figure 7, it can
be found that the suspended sediment distribution profile becomes more and more non-uniform from
Run I to Run XI. However, the changing range of the vertical distribution profile gradually gets smaller.
That indicates the increasing inverse of turbulent Schmidt number or the parameter η gradually has
less impact on the particle concentration profile.
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4. Conclusions

A model to describe the vertical distribution of the diffusion coefficient in a flow with submerged
canopies was presented. The diffusion coefficient (εz) has different distributions in the canopy layer
and the free water layer. The diffusion coefficient follows a linear distribution above the canopy height
while an exponential profile inside the canopy layer. Expressions for the vertical distribution profile of
suspended sediment concentration were then derived. The verification result reveals that the model
moderately agrees with the experimental data.

Sensitivity analysis was performed for canopy density, hydraulic conditions and turbulent
Schmidt number. Under the same hydrodynamic conditions, the vertical distribution becomes more
uneven with increasing canopy density. Greater canopy density corresponds to more sediment particles
in the vegetation layer. For a determined canopy density, the hydraulic conditions mainly change the
suspension index, i.e., it increases with the increasing discharge. In addition, the vertical distribution
becomes less uniform. It meets the vertical distribution law of the suspension load, as confirmed by
Rouse formula. The parameter η has great influence on the vertical distribution profile. The distribution
of suspended sediment concentration becomes uneven with a larger η. However, the variation of
the vertical distribution of suspended sediment gradually becomes smaller with the increasing
parameter η.

For practical purposes, further research should focus on the effect of the depth ratio and the
different canopy characteristics. Additional experiments are also needed to determine the application
scope of the model and verify the effects of the canopy density. Furthermore, the relationship between
the sediment diffusion coefficient and momentum diffusion coefficient adopted in this study is
investigated in the open-channel flow without vegetation. Therefore, the influence of vegetation
on the relationship can be further studied.
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